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Biografikì Shme�wma

O Stulianì K| Phqwr�dh genn jhke sthn Aj na sti18Oktwbr�ou 1940| To 1963 p re to d�plwma tou Hlektro-lìgou MhqanikoÔ apì to emp| Th diet�a 1963�1965 èkaneth stratiwtik  tou jhte�a| Apì to 1968 mèqri to 1971 èkanemetaptuqiakè spoudè sto Tm ma Majhmatik¸n tou Pa-nepisthm�ou tou Sik�gou, ìpou kai ekpìnhse th didaktorik tou diatrib  me thn ep�bleyh tou A. Zygmund|Apì to 1972 mèqri to 1983 erg�sthke w ereunht  stokpe Dhmìkrito|Apì to 1983 kai met� dietèlese kajhght  tou MajhmatikoÔ tm mato touPanepisthm�ou Kr th|To 1991 eklèqthke kajhght  tou neosÔstatou Panepisthm�ou th KÔprou, stoopo�o ìmw parèmeine mìno kat� to akadhmaðkì èto 1991�1992|Kat� thn di�rkeia th akadhmaðk  stadiodrom�a tou d�daxe w episkèpthkajhght  se di�fora panepist mia th Gall�a kai twn hpa|To kÔrio ereunhtikì tou èrgou afor� thn klasik  armonik  an�lush kai idia�-tera ta trigwnometrik� polu¸numa kai thn suzug  sun�rthsh|To 1980 tou aponem jhke to diejnè majhmatikì brabe�o {prix salem}|Pèjane sti 18 Ioun�ou tou 1992 sth Madr�th kat� thn di�rkeia diejnoÔ su-nedr�ou Armonik  An�lush|
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Shme�wma twn epimelht¸n
To 2002 sto Tm ma Majhmatik¸n tou Panepisthm�ou Aiga�ou dìjhke to m�-jhma LATEX kai Postsript| Met� apì sunennìhsh me thn Qrus�njh Phqwr�dou(aderf  tou Stèliou Phqwr�dh) epilèxame na d¸soume stou foithtè gia ex�skhshthn antigraf  twn shmei¸sewn ston Apeirostikì Logismì tou Stèliou Phqwr�dh|Sunerg�sthkan pollo� foithtè kai gr�fthke to megalÔtero mèro tou keimènou|Apì eke�no to shme�o èprepe na g�noun di�fora pr�gmata:� na diorjwje� o k¸dika pou e�qan gr�yei oi foithtè o opo�o, ìpw  tanfusikì, e�qe poll� TEXnik� l�jh,� na sumplhrwjoÔn ìsa komm�tia den e�qan antigrafe�,� na kataskeuastoÔn ta sq mata se hlektronik  morf ,� na sqediaste� (TEXnik�) h paroÔsa èkdosh,� na kataskeuaste� h grammatoseir� pou ja qrhsimopoioÔsame,� na g�nei antiparabol  tou keimènou me to prwtìtupo|Ta duo teleuta�a apoteloÔsan kai to duskolìtero mèro tou egqeir mato|H antiparabol  ègine gramm -gramm  me to prwtìtupo ke�meno ìpw autìemfan�zetai sthn pr¸th qeirìgrafh èkdosh apì ti Ekdìsei SÔgqronh Epoq |Glwssikè allagè den èginan| àginan ìmw allagè pou sqet�zontai me thnorjograf�a kai to suntaktikì kaj¸ kai allag  twn perissotèrwn suntm sewn sepl rei ekfr�sei ({gia par�deigma} ant� gia {p|q|}, k|lp|)|àginan ep�sh merikè (l�ge) epemb�sei sto majhmatikì perieqìmeno toubibl�ou| Sugkekrimèna ìsa (profan ) l�jh entop�same kat� thn antiparabol me to prwtìtupo ta diorj¸same| Gia par�deigma, sto kef�laio 7 o orismì toupeperasmènou sunìlou den  tan swstì| To prwtìtupo ègrafe ìti èna sÔnoloe�nai peperasmèno an e�nai se èna pro èna kai ep� antistoiq�a me to sÔnolo twnfusik¸n arijm¸n (de prwtìtupo)|ätan o Stèlio Phqwr�dh stam�thse th daktulogr�fhsh twn shmei¸se¸n tou,emfan�sthke sto Tm ma Majhmatik¸n th Kr th o pr¸to �sw upologist  sthnEll�da pou ètreqe to prìgramma TEX me merik  (all� se ikanopoihtikì bajmì)upost rixh gia ta ellhnik�| To mhq�nhma, èna vms, onomazìtan T�lw kai oi� ix�



Shme�wma twn epimelht¸n
qr ste ergazìtan se autì mèsw twn legìmenwn {dummy terminals}| Gia ta ag-glik� to TEX qrhsimopoioÔse ti grammatoseirè tou Knuth all� gia ta ellhnik�e�qe mia polÔ idia�terh grammatoseir�| To mhq�nhma, kai h egkat�stash tou TEXpou e�qe,  tan se qr sh mèqri to 1998, opìte kai aposÔrjhke| Se autì to mhq�-nhma, me thn idia�terh eke�nh grammatoseir� gia ta ellhnik�, gr�fthkan pollèergas�e (gia par�deigma foitht¸n) ìpw kai shmei¸sei apì tou did�skonte|E�maste s�gouroi pw pollo� sun�delfoi èqoun akìma ektup¸sei apì ton T�lw|Gia istorikoÔ lìgou loipìn apofas�same ti shmei¸sei tou Stèliou Phqw-r�dh na ti anaparag�goume me eke�nh th grammatoseir�| H grammatoseir� aut èqei qaje�| àtsi èprepe na epanasqediaste� apì thn arq  me b�sh ektup¸sei apìton T�lw pou e�qame krat sei| Ektì ìmw apì thn merik  upost rixh pou pare�-qe, th prosjèsame di�fora pr�gmata pou èlleipan, ìpw tonismèna kefala�a,pezokefala�a k|a|Oi shmei¸sei tou Stèliou Phqwr�dh qrhsimopoi jhkan gia arket� qrìnia stoTm ma Majhmatik¸n tou Panepisthm�ou Kr th, gia thn didaskal�a tou maj matotou ApeirostikoÔ LogismoÔ, kai mia olìklhrh geni� apofo�twn tou Panepisthm�ouKr th, e�qan mia pr¸th epaf  me thn austhr  An�lush, mèsa apì ti sel�deaut¸n twn shmei¸sewn|S mera loipìn parousi�zoume autì to ke�meno ìpw nom�zoume ìti ja to e�qeparousi�sei eke�no an zoÔse kai metèfere ta arqe�a tou ston T�lw| Elp�zoumeìti ektì apì thn, idiìtuph �sw, apìdosh tim  sth mn mh tou, oi shmei¸sei autèsthn nèa, kai �sw pio elkustik  morf  tou, ja apotelèsoun ousiastikì bo jhmagia tou ne¸terou majhmatikoÔ|

Ariste�dh Kontoge¸rghAnt¸nh TsolomÔth Karlìbasi, S�mo 2006|
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Shme�wma twn epimelht¸n th pr¸thèkdosh1

O Stèlio Phqwr�dh (1940�1992)  lje sto Panepist mio Kr th to 1983|Up rxe kajhght  tou MajhmatikoÔ tm mato, sto opo�o d�daske k�je ex�mhno kaiapì èna diaforetikì m�jhma|Gia poll� apì aut� ta maj mata ( kai idia�tera gia ta maj mata th An�lush)ègraye didaktikè shmei¸sei, merikè apì ti opo�e qrhsimopoioÔntai akìmh a-pì �llou did�skonte, all� ìqi susthmatik�| Exa�resh apoteloÔn oi {prìqeireshmei¸sei} pou ègraye o Stèlio thn �noixh tou 1985 gia to m�jhma {Apeiro-stikì Logismì I} kai kajier¸jhkan apì tìte w èna apì ta basik� bohj matatwn prwtoet¸n foitht¸n tìso tou MajhmatikoÔ Tm mato, ìso kai tou tm matoth Epist mh twn Upologist¸n tou Panepisthm�ou Kr th| M�lista, apì ìsognwr�zoume, ti �die shmei¸sei qrhsimopoioÔn kai sto Majhmatikì Tm ma touPanepisthm�ou KÔprou|A ton�soume, ìmw, ed¸ ìti kai o �dio o Stèlio ti shmei¸sei autè tifrìntise idia�tera apì thn arq | M� autì ennooÔme ìti e�nai oi mìne shmei¸seitou, gia ti opo�e jèlhse na antikatast sei to arqikì tou qeirìgrafo me èna pioeuparous�asto ke�meno (o �dio den jewroÔse ta gr�mmata tou euan�gnwsta kai oanagn¸sth mpore� na kr�nei mìno tou apì merikè ask sei pou, ek twn ustèrwn,prìsjese o Stèlio se k�poia kef�laia)|àtsi �rqise na daktulografe� mìno tou ta qeirìgrafa, all� oi duskol�e pousun�nthse ton an�gkasan, met� ti 29 pr¸te sel�de na stamat sei|To upìloipo ke�meno gr�fthke apì th Gi�nna Kurèzh, upoy fia foit tria tìtetou MajhmatikoÔ Tm mato, h opo�a antègraye me ton wra�o grafikì qarakt rati idiìqeire shmei¸sei tou Stèliou|Par� thn epimèleia, ìmw, kai thn front�da me thn opo�a o Stèlio eto�mazeti shmei¸sei tou, oudèpote sumf¸nhse na ekd¸sei se bibl�o k�poie apì autè|H ap�nthsh tou sti protropè poll¸n sunadèlfwn tou  tan p�ntote h ex : {Au-tè den e�nai oÔte kan shmei¸sei| E�nai prìqeire shmei¸sei| E�nai grammèneanagkastik� se polÔ mikrì qronikì di�sthma kai akoloujoÔn upoqrewtik� to pe-rieqìmeno kai tou stìqou, pou thn stigm  aut  prìblepe o Odhgì Spoud¸n ma|An k�pote èqw ton qrìno kai apofas�sw na gr�yw èna bibl�o gia par�deigma gia1Ekdìsei SÔgqronh Epoq , 1996 � xi�



Shme�wma twn epimelht¸n th pr¸th èkdosh
ton Apeirostikì Logismì, den e�mai kajìlou s�gouro ìti ja moi�zei kai polÔ meti twrinè mou shmei¸sei}Dustuq¸, h zw  den èdwse ston Stèlio thn eukair�a aut | Ma èmeinan mìnooi {prìqeire shmei¸sei} tou|àtsi, sthn Hmer�da pou diorg�nwse to Majhmatikì tm ma tou Panepisthm�ouKr th, sti 7 Maòou 1993, sthn mn mh tou Stèliou, diatup¸jhke apì polloÔ h�poyh na ekdojoÔn se bibl�o toul�qiston oi shmei¸sei tou ApeirostikoÔ Logi-smoÔ|äloi sumf¸nhsan gia mia tètoia èkdosh kai m�lista èdwsan ston ManìlhKatsoprin�kh arketè parathr sei tou, gia k�poie paral yei, abley�e kaidieukrin�sei pou kat� thn gn¸mh tou èprepe na mpoun sto ke�meno|Me autì ton trìpo, ìmw, mazeÔthkan (ektì apì k�poie ousiastikè diorj¸-sei, pou èprepe na g�noun kai ti perissìtere apì ti opo�e ti gn¸rize  dh kaio Stèlio) apì thn m�a arketè akìma epexhg sei kai leptomèreie, kai apì thn�llh èna meg�lo arijmì ask sewn, pou h enswm�tws  tou mèsa sto ke�menoja �llaze arket� to Ôfo tou suggrafèa|Gia ton lìgw autì apofas�same na ekdoje� t¸ra to prwtìtupo ke�meno, afoÔk�name mìno merikè apara�thte diorj¸sei se autì, me tètoio trìpo ¸ste na mpo-re� na diabaste� kai tautìqrona na fa�nontai ta shme�a ìpou èginan oi diorj¸sei|Gia dieukìlunsh tou anagn¸sth prosjèsame perieqìmena me b�sh tou t�tloutou keimènou| àtsi, parad�noume ston kaloproa�reto anagn¸sth fwtografik  me-tafor� tou prwtotÔpou keimènou, elp�zonta na ma sugqwrèsei gia ìse �llediorj¸sei diapist¸sei ìti den k�name| O �dio o Stèlio èbaze pr¸th �skhsh stoufoithtè tou na tou broun ìso g�netai perissìtera sf�lmata ({l�jh}, ìpw èlege)sti shmei¸sei tou|Mia tètoia èkdosh, qwr� idia�tera pollè metabolè kai alloi¸sei tou arqi-koÔ keimènou, antapokr�netai kai se epijum�a th adelf  tou Stèliou, Qrus�njhPhqwr�dou, h opo�a kai anèlabe na thn prowj sei| A euqhjoÔme ìti mellontik�ja parousiaste� mia èkdosh beltiwmènh kai epimelhmènh, sÔmfwna me ti parath-r sei twn sunadèlfwn pou d�daxan autè ti shmei¸sei|Dekèmbrio 1995Oi majhtè tou Stèliou Phqwr�dhManìlh Katsoprin�kh kai StaÔro Papadìpoulo
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Eisagwg 

Skopì tou mèrou tou ApeirostikoÔ LogismoÔ me to opo�o ja asqolhjoÔme e�-nai h melèth orismènwn basik¸n idiot twn twn pragmatik¸n sunart sewn miapragmatik  metablht |Stou perissìterou kl�dou twn Majhmatik¸n arq�zoume me th melèth enìbasikoÔ sunìlou, ta stoiqe�a tou opo�ou ikanopoioÔn k�poie jemeli¸dei sqèsei,ti opo�e deqìmaste axiwmatik�| Sth sunèqeia proqwroÔme sth melèth sunart -sewn oi opo�e or�zontai se kat�llhla uposÔnola tou basikoÔ autoÔ sunìlou|Ston Apeirostikì Logismì to basikì sÔnolo e�nai to sÔnolo R twn pragmatik¸narijm¸n|Sto shme�o autì prèpei na k�noume dÔo parathr sei :(i) Istorik� h an�ptuxh tou ApeirostikoÔ LogismoÔ, kaj¸ kai twn perissotèrwn�llwn kl�dwn twn Majhmatik¸n, den ègine me autì ton trìpo| An kai haxiwmatik  mèjodo sta Majhmatik� prwtoemfan�sthke apì tou klassikoÔqrìnou (kai parèmeine san mèjodo sta Majhmatik� ousiastik� monadik ),h{axiwmatikopo�hsh} tou ApeirostikoÔ LogismoÔ epiteÔqjhke mìli sto tèlotou perasmènou ai¸na|(ii) Tìso to basikì sÔnolo ìso kai oi kl�sei sunart sewn pou melet�me stoudi�forou kl�dou twn Majhmatik¸n mèqri s mera, èqoun �mesh sqèshtìso me �llou kl�dou twn Majhmatik¸n ìso kai me �lle epist me|P|q| ta pr¸ta �qnh tou ApeirostikoÔ LogismoÔ sthn klassik  epoq   tan�mesa sundedemèna me th Gewmetr�a (m ko perifèreia, embad� kai ìgkoigewmetrik¸n sqhm�twn k|l|p|) H shmantik  an�ptuxh pou gn¸rise o kl�domet� thn Anagènnhsh upagoreÔthke se polÔ meg�lo bajmì apì an�gkeFusik¸n Episthm¸n (Astronom�a, Mhqanik ,: : :)|Den up�rqei amfibol�a ìti o Apeirostikì Logismì apotele� èna apì ta shmanti-kìtera episthmonik� epiteÔgmata tou anjr¸pou| Xekin¸nta apì diaisjhtik� aplèkai genik� paradektè arqè, petuqa�nei mia sÔnjesh pou prokale� jaumasmì tì-so gia th logik  enìtht� th ìso kai gia ton ploÔto twn apotelesm�twn th| Oiefarmogè tou kai h allhlep�drash me �llou kl�dou th epist mh, se oloènakai auxanìmeno rujmì, e�nai anar�jmhte kai anantikat�state|� xiii�



Eisagwg 
E�nai apolÔtw apara�thto na katano sei o neoeisagìmeno sto jèma kai tidÔo autè ìyei th jewr�a| H k�je m�a, ìso shmantik  kai endiafèrousa kai nae�nai, mình th odhge� e�te se èna ìmorfo, all� �sw �qrhsto komyotèqnhma,   seèna apèranto d�so apì logik� swstoÔ, kai �sw apokroustikoÔ, tÔpou, pou hmình shmas�a tou ja e�nai ìti e�nai {anagka�o kakì}|
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1K E F A L A I O
Oi pragmatiko� arijmo�
1|1 H gewmetrik  par�stashJewroÔme dÔo diaforetik� shme�a O kai E, to E dexi� tou O, p�nw se mia euje�aX 0X| MporoÔme na jewr soume tou pragmatikoÔ arijmoÔ san ta shme�a aut th euje�a| H diaisjhtik  eikìna pou èqoume sto mualì ma e�nai na antistoiq�sou-me se k�je shme�o M th X 0X thn apìstash tou M apì to O, an to M br�sketaidexi� apì to O (Sq ma 1|1) kai p�roume to OE gia mon�da|PSfrag

x′ xN 0 E M

Sq ma 1|1àtsi, gia par�deigma, to M antistoiqe� (proseggistik�) ston arijmì 2;5 kai toN ston �0;5|
1|2 Fusiko�, akèraioi, rhto� arijmo�H melèth twn pragmatik¸n arijm¸n arq�zei sun jw me to sÔnolo N twn fusik¸narijm¸n 1, 2, 3, 4, : : : To �jroisma kai to ginìmeno dÔo fusik¸n e�nai p�ntoteèna fusikì arijmì| An stou fusikoÔ episun�youme to 0 kai tou ant�jetoÔtou, pa�rnoume to sÔnolo Z twn akera�wn arijm¸n 0, �1, �2, : : : To �jroisma, toginìmeno kai (kat� ant�jesh pro tou fusikoÔ) h diafor� dÔo akera�wn e�naip�ntote èna akèraio arijmì| An stou akera�ou episun�youme kai ìla takl�smata m=n, ìpou m, n akèraioi kai n 6= 0, tìte pa�rnoume to sÔnolo Q twn



1| Oi pragmatiko� arijmo�
rht¸n arijm¸n| Ektì tou ajro�smato, tou ginomènou kai th diafor� t¸ra kaito phl�ko (kat� ant�jesh pro tou akera�ou) dÔo rht¸n q=r, ìpou r 6= 0, e�naip�ntote rhtì arijmì|Aplè gewmetrikè kataskeuè sto ep�pedo d�noun th gewmetrik  par�stashtwn rht¸n arijm¸n| Sto Sq ma 1|2, gia par�deigma, blèpoume thn kataskeu  tourhtoÔ 2=3 (shme�o L)|

x′ xO Λ E

Ξ

N
M

Sq ma 1|2
1|3 �rrhtoi arijmo��dh apì thn arqaiìthta anakalÔfthkan pragmatiko� arijmo� oi opo�oi den e�nairhto�| Gia par�deigma, to m ko th diagwn�ou enì tetrag¸nou me pleur� 1 den e�nairhtì arijmì|H polÔ wra�a apìdeixh autoÔ tou jewr mato e�nai gnwst  apì tou klassikoÔqrìnou kai èqei w ex  :An gr�youme x gia to m ko th diagwn�ou, tìte ja èqoume (Pujagìreio je¸-rhma) x2 = 12 + 12 = 2:A upojèsoume loipìn, gia na odhghjoÔme se �topo, ìti o x e�nai rhtì, dhlad x = m=n ìpou m, n akèraioi me n 6= 0| Aplopoi¸nta, an qreiaste�, to kl�smam=n mporoÔme akìmh na upojèsoume ìti {oi m kai n den e�nai kai oi dÔo zugo�}|Ja èqoume loipìn 2 = m2=n2   m2 = 2n2kai epomènw om2, �ra kai om, e�nai zugì, dhlad m = 2m1 gia k�poio akèraiom1| Tìte ìmw 2n2 = 4m21   n2 = 2m21kai epomènw o n2, �ra kai o n, e�nai zugì| Ft�same loipìn se �topo kai ètsisumpera�noume ìti o x den e�nai rhtì|Oi pragmatiko� arijmo� oi opo�oi den e�nai rhto� lègontai �rrhtoi|To sÔnolo ìlwn twn pragmatik¸n, rht¸n kai arr twn, ja sumbol�zoume meto gr�mma R| Apì ta ìsa e�pame mèqri t¸ra g�netai fanerì ìtiN $ Z$ Q $ R:� 2�



1|4 àna axiwmatikì sÔsthma gia tou pragmatikoÔ arijmoÔ
Mìno h sqèsh Q 6= R den e�nai tetrimmènh| E�nai ìmw �mesh sunèpeia thprohgoÔmenh prìtash|
1|4 àna axiwmatikì sÔsthma gia tou pragmatikoÔarijmoÔàna trìpo austhr  eisagwg  twn pragmatik¸n arijm¸n ja  tan na d¸soumeèna axiwmatikì qarakthrismì twn fusik¸n arijm¸n (gia par�deigma, me ta le-gìmena axi¸mata tou Peano) kai, sth sunèqeia, na d¸soume mia akrib  ènnoiasti diadoqikè episun�yei nèwn stoiqe�wn pou anafèrame sti prohgoÔmeneparagr�fou| Ja mporoÔsame, gia par�deigma, na or�soume tou akera�ou sandiatetagmèna zeÔgh fusik¸n (m;n) maz� me kat�llhlou nìmou gia isìthta,prìsjesh kai pollaplasiasmì akera�wn|Sto mualì ma fusik� ja èqoume thn antisto�qhsh tou (m;n) me ton akèraiom�n kai epomènw ja or�zame : (m;n) = (m0; n0) an kai mìno anm+n0 = n+m0,(m;n) + (m0; n0) = (m+m0; n+ n0), (m;n)(m0; n0) = (mm0 + nn0;mn0 + nm0)|Den ja akolouj soume aut n thn {kataskeuastik } pore�a, par� to meg�loendiafèron pou parousi�zei, all� ja jewr soume tou pragmatikoÔ arijmoÔ sanèna mh kenì sÔnolo R me ti ex  qarakthristikè idiìthte:(a) To R e�nai diatetagmèno s¸ma|(b) K�je mh kenì kai fragmèno pro ta p�nw uposÔnolo tou R èqei �nw pèra(ax�wma sunèqeia)|Ofe�loume bèbaia na epexhg soume tou ìrou pou emfan�zontai ston parap�-nw qarakthrismì twn pragmatik¸n arijm¸n|Diatetagmèno s¸ma| H idiìthta (a) ekfr�zei sunoptik� ìti oi sun jei pr�xei(prìsjesh, pollaplasiasmì, Ôparxh 0, 1, Ôparxh antijètou kai antistrìfou) ka-j¸ kai h sqèsh diat�xew � 5 � e�nai orismène sto R kai èqoun ti idiìthtepou perimènoume| Upojètoume ìti o anagn¸sth e�nai exoikeiwmèno me autè tiidiìthte kai gi� autì den ti epanalamb�noume ed¸| (blèpe 7|1)Ax�wma sunèqeia| Prèpei na exhg soume tou ìrou {fragmèno pro ta p�nw}kai {�nw pèra}|àna uposÔnolo A tou R lègetai fragmèno pro ta p�nw, an up�rqoun � 2 R ¸stegia k�je x 2 A na isqÔei, x 5 �| K�je tètoio � lègetai {�nw fr�gma} tou A|�nw pèra   supremum enì pro ta p�nw fragmènou sunìlou A lègetai èna �nwfr�gma � tou A to opo�o èqei thn idiìthta : � 5 �0 gia k�je �nw fr�gma �0 tou A(sumbolismì: � = supA)|E�nai fanerì ìti to �nw pèra, an up�rqei, e�nai monadikì| Pragmatik� an �, �0e�nai �nw pèrata enì sunìlou (A � R) tìte � 5 �0 kai �0 5 � dhlad  � = �0|To ax�wma th sunèqeia lèei, ìti gia k�je fragmèno pro ta p�nw kai mh kenìuposÔnolo twn pragmatik¸n A, to supA up�rqei (sto R)| äpw ja g�nei fanerìapì ta parade�gmata pou akoloujoÔn h idiìthta aut  den isqÔei an antikatast -soume to R me to Q |Parade�gmata: Exet�zoume ta sÔnola� 3�



1| Oi pragmatiko� arijmo�A = f0; 1; 3g;B = fx : x < 0g� = fx 2 R : x > 0x2 < 2g;� = fx 2 R : x > 0x2 � 2g;E = fx 2 Z : x diaire�tai me to 3gTa A;B;�;� e�nai fragmèna pro ta p�nw| Gia A;B, gia par�deigma, oarijmì 3 e�nai èna fr�gma tou (tetrimmèno)| Ep�sh tetrimmèno e�nai na doÔmeìti supA = 3|Ta � kai � e�nai ep�sh fragmèna pro ta p�nw| Epeid  profan¸ � � �arke� na de�xoume ìti to � e�nai fragmèno pro ta p�nw (kai m�lista k�je �nwfr�gma tou � e�nai kai �nw fr�gma tou �; giat�?) Isqur�zomai pr�gmati ìti, giapar�deigma, to 2 e�nai �nw fr�gma tou �| àstw pragmatik� x 2 � prèpei nade�xw ìti x � 2| An ìmw x > 2, tìte x2 > 4 kai ètsi apokle�etai to x na an keisto �, diìti tìte x2 � 2 < 4 < x2|To ax�wma th sunèqeia ma exasfal�zei ìti up�rqoun ta supA(= 3), supB,sup�, sup�|E�nai eÔkolo na doÔme ìti supB = 0| Pragmatik� an x 2 B , tìte x � 0 �rato 0 e�nai �nw fr�gma tou B|An a èna �llo �nw fr�gma tou B, tìte apokle�etai a < 0 (diìti tìte a=2 < 0,�ra kai a=2 2 B, kai ja èprepe a=2 < a, opìte (afoÔ a < 0) kai 1=2 > 1 , poufusik� e�nai �topo) | Sun�goume loipìn ìti 0 � a pou apodeiknÔei ton isqurismìma |Parat rhsh 1|4|1 Ta parade�gmata A;B de�qnoun ìti to sup enì sunìlou mpo-re� na an kei (per�ptwsh sunìlou A)   na mhn an kei (per�ptwsh sunìlou B) stojewroÔmeno sÔnolo|E�nai fanerì ìti � 6= ; (gia par�deigma, 1 2 �) �ra, apì to ax�wma thsunèqeia, up�rqei èna pragmatikì arijmì x ¸ste x = sup�|Isqurismì: x2 = 2 kai x > 0|O isqurismì de�qnei ìti up�rqei (sto R) h {jetik  tetragwnik  r�za tou 2},en¸ gnwr�zoume ìti den up�rqei sto Q |Apìdeixh| Gia thn apìdeixh arke� na de�xoume ìti kai oi dÔo upojèsei x2 < 2kai x2 > 2 odhgoÔn se �topo| E�nai profanè ìti x > 0|àstw pr¸ta x2 < 2| Ja de�xw ìti up�rqei " me 0 < " � 1 ¸ste x + " 2 �, toopo�o profan¸ antif�skei me to ìti to x e�nai to sup� (kai �ra �nw fr�gma tou�)| Arke� loipìn na dialèxw to " ¸ste(x+ ")2 = x2 + 2"x+ "2 < 2 kai 0 < " � 1;dhlad  "(2x+ ") < 2� x2 kai 0 < " � 1:Arke�, gia par�deigma, na p�rw" = min�1; 12 ; 2� x22x+ 1�� 4�



1|4 àna axiwmatikì sÔsthma gia tou pragmatikoÔ arijmoÔ
(min fa; bg shma�nei ton pio mikrì apì tou a; b an a 6= b, kai ton a an a = b |An�loga or�zetai to maxfa; bg)|�skhsh: minfa; bg = a+b�ja�bj2 , maxfa; bg = a+b+ja�bj2 |Pr�gmati me aut  thn epilog  tou " kai epeid  upojèsame x2 < 2 ja èqoume0 < " � 1 kai "(2x+ ") � "(2x+ 1) � 12 2� x22x+ 1(2x+ 1) < 2� x2:àstw t¸ra x2 > 2| Ja de�xw t¸ra, gia na ft�sw p�li se �topo, ìti up�rqei" > 0 ¸ste x � " e�nai �nw fr�gma tou �| Arke� loipìn na dialèxoume to " > 0ètsi ¸ste x � " > 0 kai (x � ")2 > 2, diìti tìte gia k�je y 2 � ja èqoumey2 < 2 < (x� ")2, dhlad  y < x� "|Jèlw loipìn na brw " > 0 ¸ste 0 < " < x kai x2 � 2"x+ "2 > 2| Arke�, giapar�deigma, na p�rw " = x2�22x (giat�?)|äpw kai sthn per�ptwsh � to sup� up�rqei kai m�lista sup� � sup�|An t¸ra y 2 �, tìte y2 < 2   y2 = 2| Sthn pr¸th per�ptwsh y 2 � kai �ray � sup� kai sth deÔterh y = sup�, dhlad  y � sup�| Kai sti dÔo peript¸seiloipìn sun�goume ìti to sup� e�nai �nw fr�gma tou �, epomènw sup� � sup�|Telik� loipìn sup� = sup�|A exet�soume tèlo to sÔnolo E| E�nai diaisjhtik� fanerì ìti to E dene�nai fragmèno pro ta p�nw| Prèpei na to de�xoume basizìmenoi sta axi¸matapragmatik¸n a kai b mìno|ParathroÔme kat� arq� ìti E = f3k : k 2 Zg| A upojèsoume ìti to E e�naifragmèno| Epeid  to E e�nai profan¸ mh kenì (gia par�deigma, 3 2 E) ja up�rqeito supE, èstw b = supE| Tìte ìmw b � 1 < b kai �ra ja up�rqei stoiqe�o touE pou e�nai megalÔtero tou b � 1, dhlad  ja up�rqei k 2 Z ¸ste 3k > b � 1|Sun�goume ìti 3(k + 1) = 3k + 3 > b � 1 + 3 = b + 2 > b kai 3(k + 1) 2 E,pou e�nai fusik� �topo (giat� br kame stoiqe�o tou E gn sia megalÔtero apì tosupE)|Parat rhsh 1|4|2 Gia mh ken� sÔnola A pou den e�nai fragmèna pro ta p�-nw gr�foume supA = +1 (To sÔmbolo +1 diab�zetai {sun �peiro}| Ja tosunant�me suqn� sth sunèqeia)|Ja doÔme t¸ra mia diaisjhtik� faner  kai polÔ shmantik  idiìthta twn prag-matik¸n|An " tuqa�o jetikì pragmatikì arijmì kai a èna �llo pragmatikì tìteup�rqei èna fusikì n ¸ste n" > aSun jw ekfr�zoume thn idiìthta aut  lègonta {to s¸ma twn pragmatik¸n Re�nai Arqim deia diatetagmèno}| H apìdeixh e�nai �mesh sunèpeia tou axi¸mato thsunèqeia kai ousiastik� th d¸same sto parap�nw par�deigma E| Pragmatik�, anden up�rqei tètoio n 2 N, tìte to sÔnoloA = fn" : n 2 Ng ja e�nai fragmèno prota p�nw kai (profan¸) mh kenì| Ja up�rqei epomènw to supA, èstw supA = b|Epeid  b � " < b, ja up�rqei èna stoiqe�o m";m 2 N , tou A ¸ste b � " < m",dhlad  b < (m+ 1)"| All� (m+ 1)" 2 A kai ft�same se �topo|� 5 �



1| Oi pragmatiko� arijmo�
Parat rhsh 1|4|3 Mpore� na deiqte� ìti up�rqoun diatetagmèna s¸mata sta opo�aden isqÔei h idiìthta aut | Epomènw h isqÔ th stou pragmatikoÔ arijmoÔexart�tai ousiastik� apì to ax�wma th sunèqeia (blèpe 7|1)|E�nai istorik� endiafèron na shmei¸soume ed¸ ìti h parap�nw prìtash ana-fèretai me jaumast  saf neia apì ton Arqim dh sto èrgo tou {Tetragwnismì thorjogwn�ou k¸nou tom  (parabol )} ìpou kai diablèpei, se mia epoq  pou k�je�llo par� xekajarismènh  tan h ènnoia tou pragmatikoÔ arijmoÔ, thn an�gkh naupojèsei thn idiìthta aut  axiwmatik�| Gr�fei metaxÔ �llwnSUMBAINEIDET
NPROEIRHMEN
N�E
RHMAT
NEKASTON MHDENOS HSSON T
N ANEU TOUTOUTOU LHMMATOS APODEDEIGMEN
N PEPISTEUKENAI ARKEI DE ES TAN OMOIAN PISTIN TOUTOIS ANAGMEN
N T
N U� AM
N EKDIDOMEN
N(| | | pisteÔetai de ìti èkaston twn anwtèrw jewrhm�twn den ustere� twn jew-rhm�twn, ta opo�a apede�qjhsan qwr� th bo jeian tou l mmato toÔtou, mou e�naide arketìn, e�n ta up� emoÔ eurejènta jewr mata èqoun ton autìn bajmìn alhje�-a, ìpw ta anwtèrw anaferìmena| | | (E|S| Stam�th: Arqim dou tetragwnismìparabol )|)Tele�w an�loga me ton orismì twn fragmènwn pro ta p�nw sunìlwn kaitou supremum or�zontai ta fragmèna pro ta k�tw sÔnola kai to in�mum (k�twpèra), to opo�o sumbol�zoume inf | Pio sugkekrimèna an A � R kai gia k�jex 2 A, a � x, tìte to a lègetai k�tw fr�gma tou A| To inf A e�nai èna k�twfr�gma megalÔtero   �so apì k�je �llo k�tw fr�gma| An gr�youme �A gia tosÔnolo fx : �x 2 Ag, tìte e�nai tetrimmèno na doÔme ìti inf A = � sup(�A), ap�ìpou sun�goume �mesa to je¸rhma (ìqi ax�wma!):Je¸rhma 1|4|4 K�je mh kenì fragmèno pro ta k�tw sÔnolo èqei k�tw pèra|
1|5 Ask sei1| De�xte ìti gia k�je jetikì arijmì m up�rqei akrib¸ m�a jetik  tetragwnik r�za tou, dhlad  akrib¸ èna jetikì arijmì m ¸ste (pm)2 = m|2| E�nai o arijmì p2 +p3 rhtì? Èdia er¸thsh gia ton arijmì 1 +p52 !n + 1�p52 !n ; n 2 N:

3| De�xte ìti mia ikan  sunj kh gia na isqÔei h sqèsh: ja� bj < " gia a; b 2 Rkai " > 0, e�nai na up�rqei x 2 R ¸ste: ja�xj < "=2 kai jb�xj < "=2| E�naih sunj kh aut  anagka�a? An nai tìte bre�te ìla ta x 2 R pou ikanopoioÔnthn anagka�a sunj kh|4| De�xte ìti metaxÔ dÔo tuqa�wn diaforetik¸n pragmatik¸n arijm¸n up�rqeièna �rrhto| � 6�



1|5 Ask sei
5| De�xte ìti k�je fragmèno pro ta p�nw uposÔnolo tou N e�nai peperasmèno|IsqÔei h �dia idiìthta gia to Z? gia to Q ?6| D¸ste par�deigma, an�loga me ta parade�gmata th paragr�fou 1|4, giak�tw fr�gmata kai melet ste ta me ton �dio trìpo|7| Pragmateute�te thn Ôparxh th p2 san in�mum enì kat�llhlou sunìlouA|8| An A � R, A 6= ;, kai jèsoume �A = fx 2 R : �x 2 Ag, tìte inf A =� sup(�A)9| D�netai A = fj��j : �2 < � � 5;�4 < � � 3g| Bre�te, an up�rqoun tasupA, inf A kai exet�ste an an koun   ìqi sto A|10| An A � R, A 6= ; kai to A den e�nai fragmèno pro ta p�nw, tìte or�zoumeto supA na e�nai to sÔmbolo +1| De�xte ìti: supA = +1 an kai mìnoan isqÔei {gia k�je M 2 R up�rqei x 2 A ¸ste x > M}| D¸ste an�logoorismì gia to inf A = �1|11| An jèlate na epekte�nete ton orismì twn supA; inf A sthn per�ptwsh A = ;,ti ja prote�nate? P�rte gia dedomèno ìti prot�sei th morf  {�1 ) �2}jewroÔntai alhje� an h prìtash �1 e�nai yeud , anex�rthta apì to an e�naialhj    ìqi h �2|
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2K E F A L A I O
Pragmatikè Sunart sei
2|1 Merik� qr sima uposÔnola tou Räpw anafèrame sthn eisagwg , to kÔrio mèlhma ma ja e�nai na melet soumesunart sei orismène p�nw se uposÔnola twn pragmatik¸n|Genik�, me ton ìro sun�rthsh, ennooÔme mia antisto�qhsh metaxÔ twn stoiqe�-wn enì sÔnolou A, to opo�o ja onom�zoume ped�o orismoÔ th sun�rthsh, kaistoiqe�wn enì sÔnolou B, to opo�o ja onom�zoume ped�o tim¸n, ¸ste se k�je stoi-qe�o a tou A na antistoiqe� akrib¸ èna stoiqe�o tou B| Suqn� qrhsimopoioÔme tagr�mmata f; g; h; : : : gia sunart sei kai gr�foume f(a) gia to stoiqe�o tou ped�outim¸n pou antistoiqe� sto a| Prin proqwr soume se parade�gmata, ja exet�soumemerik� uposÔnola tou R pou emfan�zontai sun jw san ped�a orismoÔ| Sqedìnp�ntote s�utì to m�jhma to ped�o tim¸n B ja e�nai to R (tètoie sunart seilègontai pragmatikè)|2|1a' Diast mataTa ped�a orismoÔ twn pragmatik¸n sunart sewn ja e�nai sun jw diast mata|Me ton ìro autì ennooÔme uposÔnola tou R th morf :SÔnolo SÔmbolo Onomas�afx : � < x < �g (�; �) anoiqtì di�sthma �; �fx : � < xg (�;1) anoiqtì di�sthma �;1fx : � > xg (�1; �) anoiqtì di�sthma �1; �R (�1;1) Pragmatiko�fx : � � x � �g [�; �℄ kleistì di�sthma �; �fx : � � xg [�;1) kleistì di�sthma �;1fx : � � xg (�1; �℄ kleistì di�sthma �1; �fx : � < x � �g (�; �℄fx : � � x < �g [�; �)



2| Pragmatikè Sunart sei
To proteleuta�o di�sthma lègetai hmianoiqtì (  hm�kleisto) akribèstera anoi-qtì arister� kai kleistì dexi�| An�logh onomas�a èqei kai to teleuta�o di�sthma|Sta parap�nw ta �; � e�nai pragmatiko� arijmo� me � < �| Ta sÔmbola �1;+1,diab�zontai {me�on �peiro} kai {sun �peiro} ant�stoiqa|

2|1b' Eswterik� shme�a|àna shme�o x enì uposunìlou A tou R lègetai eswterikì shme�o tou A an up�rqei" >0 ¸ste to anoiqtì di�sthma (x� "; x+ "), pou ja to onom�zoume kai "-perioq tou x, na perièqetai sto A : (x� "; x+ ") � AParathre�ste ìti ìla ta shme�a twn diasthm�twn th morf  (�; �), (�;1),(�1; �) , (�1;1) e�nai eswterik� shme�a | àstw gia par�deigma x 2 (�; �),dhlad  � < x < �| An gr�youme " = min fx� �; � � xg, tìte (x � "; x + ") �(�; �) (blèpe sq ma 2|1)|

α = x − ε x x + ε β

ε

( ))
fx < x+ " � x+ � � x = �g

Sq ma 2|1
Ta shme�a twn upolo�pwn diasthm�twn e�nai ep�sh eswterik� me pijan  exa�-resh k�poia �kra| Gia par�deigma � 2 [�;1) all� opoiad pote "-perioq  tou �,(�� "; �+ ") me " > 0 , perièqei arijmoÔ mikrìterou tou � (gia par�deigma ton�� "2 kai epomènw den perièqetai sto [�;1℄ (sq ma 2|2)|

α − ε α α + ε

α − ε
2

( ) )

Sq ma 2|2
Se p�ra pollè peript¸sei h melèth mia pragmatik  sun�rthsh aplousteÔ-etai sta eswterik� shme�a tou ped�ou orismoÔ th kai to gegonì autì dikaiologe�thn eisagwg  aut  th ènnoia| � 10 �



2|2 Parade�gmata pragmatik¸n sunart sewn|
2|2 Parade�gmata pragmatik¸n sunart sewn|2|2a' Akolouj�e|An mia sun�rthsh a èqei ped�o orismoÔ tou fusikoÔ N, a : N ! R , tìte lègetaiakolouj�a| Sthn per�ptwsh aut  gr�foume sun jw �n ant� (an); n = 1; 2; : : : kaimil�me gia thn akolouj�a fang; n = 1; 2; : : : ant� gia th sun�rthsh a : N ! R| Jagr�foume ep�sh a1; a2; : : : ; an; : : : gia thn akolouj�a fang; n = 1; 2; : : :Parade�gmata: an = 1=n; n = 1; 2; : : : ; bn = n; n = 1; 2; : : : ; n = (�1)n; n =1; 2; : : : |
2|2b' Poluwnumikè sunart sei|Me ton ìro autì ennooÔme fusik� sunart sei f : R ! R pou or�zontai apìtÔpou th morf  : f(x) = �0 + �1x+ � � �+ �nxn; x 2 Rìpou �0; �1; �2; : : : ; �n e�nai dedomènoi pragmatiko� arijmo� kai �n 6= 0| O arijmìn lègetai bajmì th poluwnumik  sun�rthsh| An �1 = :::: = �n = 0, dhlad an f(x) = �0; x 2 R h sun�rthsh lègetai stajer� kai o bajmì th e�nai 0 an�0 6= 0 en¸ den or�zetai bajmì an �0 = 0 (orismènoi suggrafe� or�zoun sthnper�ptwsh aut  san bajmì to �1)| Oi poluwnumikè sunart sei pr¸tou bajmoÔlègontai sun jw grammikè|
2|2g' Rhtè sunart sei|Me ton ìro autì ennooÔme sunart sei f : A ! R pou or�zontai apì tÔpou thmorf  f(x) = P (x)Q(x) = �0 + �1x+ � � �+ �nxnb0 + b1x+ � � �+ bmxmdhlad  e�nai phl�ka dÔo poluwnÔmwn| To A ed¸ e�nai to sÔnolo twn pragmatik¸nx gia tou opo�ouQ(x) 6= 0 kai upojètoume ìti to polu¸numoQ den e�nai h stajer�0| ApodeiknÔetai ìti se aut  thn per�ptwsh up�rqoun to polÔ m pragmatiko�arijmo� x gia tou opo�ou isqÔei Q(x) = 0| Oi arijmo� auto� lègontai r�ze touQ| H apìdeixh e�nai eÔkolh me epagwg  w pro to bajmì m tou Q| Gia m = 1,dhlad  gia Q grammik , èqoume akrib¸ m�a r�za| àstw t¸ra m > 1 kai a miar�za tou Q| To upìloipo th dia�resh tou Q me x� � ja èqei bajmì < 1, dhlad ja e�nai mia stajer� kai epomènw Q(x) = (x��)�(x) +  gia k�poio polu¸numo�(x)| Jètonta x = � blèpoume ìti  = 0 kai epomènw Q(x) = (x � �)�(x)|To �(x) èqei bajmì m � 1 kai gia k�je r�za � tou Q me � 6= � ja èqoumeQ(�) = 0 = (� � �)�(�), dhlad  �(�) = 0| K�nonta thn epagwgik  upìjesh ìtito �(x) èqei to polÔ m� 1 r�ze sun�goume ìti to Q(x) èqei pr�gmati to polÔ mr�ze (ti r�ze tou � kai thn �)|Parathr sei: �11 �



2| Pragmatikè Sunart sei
(i) Up�rqei èna sobarì logikì kenì se ìsa e�pame| H arq  th epagwg  isqÔeifusik� kai ja th qrhsimopoi soume eleÔjera kai sth sunèqeia| Ja prèpeiìmw na de�xoume ìti e�nai sunèpeia twn axiwm�twn pou paradeqt kame(a kai b)| Up�rqei èna akìmh sobarìtero kenì| Den èqoume akìmh or�seipoioi apì tou pragmatikoÔ e�nai oi Fusiko�| Jèloume bèbaia to sÔnolo twnFusik¸n na perièqei tou 1; 1 + 1(= 2); 2 + 1(= 3); : : : kai mìnon autoÔ|Prèpei loipìn na e�nai èna sÔnolo N pou ikanopoie�:(a') 1 2 N,(b') an n 2 N tìte kai n+ 1 2 N|Tètoia ìmw sÔnola mpore� na up�rqoun poll� (gia par�deigma to �dio toR, to Q ,| | | ) Or�zoume loipìn to sÔnolo twn Fusik¸n N na e�nai h tom ìlwn twn uposunìlwn twn pragmatik¸n pou ikanopoioÔn ti (ia') kai (ib'),me �lla lìgia to N e�nai to {mikrìtero} sÔnolo pragmatik¸n pou ikanopoie�ti (ia') kai (ib'), (giat�?)|
(ii) Oi rhtè sunart sei f(x) = P (x)=Q(x) pou exet�same, e�nai eidikè pe-ript¸sei twn legìmenwn algebrik¸n sunart sewn, dhlad  sunart sewn fpou ikanopoioÔn tautotik� sto ped�o orismoÔ tou mia poluwnumik  ex�swshdÔo metablht¸n:a0(x) + a1(x)f(x) + � � �+ ak(x)(f(x))k = 0ìpou a0; a1; : : : ; ak, poluwnumikè sunart sei kai h ak den e�nai h sta-jer  sun�rthsh 0| H rht  f = PQ gia par�deigma ikanopoie� thn P (x) +Q(x)f(x) = 0|Ja gnwr�soume argìtera kai �lla shmantik� parade�gmata algebrik¸n su-nart sewn, ìpw gia par�deigma f(x) = px; x > 0|

2|2d' Trigwnometrikè sunart seiJewroÔme dÔo k�jetou �xone X 0OX, Y 0OY sto ep�pedo kai jumìmaste ìti sek�je (diatetagmèno) zeug�ri pragmatik¸n arijm¸n (x; y) antistoiqe� monos mantaèna shme�o tou epipèdou me tetmhmènh x kai (dhlad  proshmasmènh probol  ston�xona X 0OX) kai tetagmènh (dhlad  proshmasmènh probol  ston �xona Y 0OY )y| JewroÔme ep�sh mia perifèreia me kèntro 0 kai akt�na 1 diagrammènh me for�ant�jeth me th for� twn deikt¸n tou rologioÔ|ParathroÔme kat� arq� ìti gia k�je pragmatikì # up�rqei èna shme�oM(x; y)p�nw sthn perifèreia ¸ste to tìxo dAM na e�nai # akt�nia| Fusik� se diaforetikoÔarijmoÔ #, ', e�nai dunatìn na antistoiqe� to �dio shme�oM | H ikan  kai anagka�asunj kh gi� autì e�nai: {#� ' = akèraio pollapl�sio tou 2�}|� 12 �



2|2 Parade�gmata pragmatik¸n sunart sewn|
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Sq ma 2|3
Oi sunart sei sin (hm�tono), os (sunhm�tono) kai tan (efaptomènh) or�zontait¸ra w ex :sin# = y # 2 R os# = x # 2 R tan# = yx # 2 R � f(2k + 1)�2 : k 2 ZgMe b�sh tou orismoÔ autoÔ mporoÔme eÔkola na broÔme ti gnwstè sqèseimetaxÔ twn trigwnometrik¸n aut¸n sunart sewn| Upojètoume ìti o anagn¸sthe�nai exoikeiwmèno me autè|Upenjum�zoume mìno thn ex  anisìthta pou ja ma qreiaste� argìtera|j sin#j � j#j � j tan#j ; j#j < �2Arke� na exet�soume thn per�ptwsh 0 < # < �2 (giat�?) kai na parathr soume ìti(blèpe sq ma 2|3) 2 sin# =MM 0 �\MM 0 = 2#�13 �



2| Pragmatikè Sunart sei
kai 12# = embadìn OAM � embadìn OAN = 12 AN = 12 tan#(h teleuta�a isìthta prokÔptei �mesa apì thn omoiìthta twn trig¸nwn ONM kaiOAN | H AN e�nai fusik� h efaptomènh th perifèreia sto A)|Mia apl  parat rhsh gia ti trigwnometrikè sunart sei sin# kai os# e�naiìti e�nai periodikè me per�odo 2�, dhlad  ikanopoioÔn th sqèshf(#+ 2�) = f(#); # 2 R; f = sin#   f = os#:An t¸ra k e�nai èna fusikì arijmì tìte gia to sin (kai ìmoia gia to os) jaèqoume:sin(x+ k � 2�) = sin(x+ (k � 1)2�) = � � � = sin(x+ 2�) = sin(x)dhlad  ìqi mìno to 2� all� kai k�je pollapl�siì tou, 2k� k 2 N, e�nai per�odo|To 2� e�nai m�lista h pio mikr  jetik  per�odo| Pragmatik� an 0 < a < 2�kai sin(# + a) = sin(#) gia ìla ta #, tìte, pa�rnonta # = 0, èqoume sin(a) =sin(0) = 0, dhlad  (afoÔ 0 < a < 2�) a = �| Pa�rnonta t¸ra # = �=2 èqoumesin(� + �=2) = sin(�=2), dhlad  -1=1 pou e�nai �topo|Parat rhsh| H eisagwg  twn trigwnometrik¸n sunart sewn pou d¸same pa-rap�nw, èqei to {meionèkthma}, ìti sthr�qthke sthn gewmetrik  epopte�a| Ja èprepeloipìn,   na dikaiolog soume, me b�sh ta axi¸mata twn pragmatik¸n arijm¸n,ta gewmetrik� epiqeir mata pou qrhsimopoi same,   na d¸soume �llou orismoÔ,qwr� autì to meionèkthma| Sth sunèqeia èprepe na d¸soume epiqeir mata, poupe�joun ìti oi nèoi orismo� odhgoÔn se sunart sei pou èqoun thn gewmetrik ermhne�a pou jèloume| Ja skiagraf soume thn teleuta�a mèjodo argìtera (met�thn eisagwg  th ènnoia tou oloklhr¸mato)|2|2e' Prìshmo (sgn) enì pragmatikoÔ arijmoÔSe pollè peript¸sei qr sime sunart sei d�nontai {kat� tm mata}| Gia par�-deigma f(x) = 8><>:1 x > 00 x = 0�1 x < 0H sun�rthsh aut  sumbol�zetai sun jw me sgn(x) kai èqei thn onomas�a {prìshmotou x}| H apl  sqèsh x = sgn(x)jxjdikaiologe� aut  thn onomas�a|2|2st' Akèraio mèro enì pragmatikoÔ arijmoÔ|àstw x èna pragmatikì arijmì|Isqurismì : Up�rqei akrib¸ èna akèraio n ¸ste n � x < n+ 1|� 14 �



2|2 Parade�gmata pragmatik¸n sunart sewn|
An pistèyoume ton isqurismì, tìte mporoÔme na or�soume mia sun�rthsh, hopo�a se k�je x antistoiqe� autìn ton akèraio n|Onom�zoume aut  thn sun�rthsh {akèraio mèro tou x} kai th sumbol�zoume[x℄| àqoume loipìn : [x℄ = 8>>>>>><>>>>>>: : : : : : :�1 �1 � x < 00 0 � x < 11 1 � x < 22 2 � x < 3: : : : : :Gurn�me t¸ra ston isqurismì, o opo�o, ìso ìso fanerì kai na e�nai diaisjhtik�,qrei�zetai apìdeixh| Kat' arq� an up rqan dÔo tètoioi akèraioi m kai n, tìten � x < n + 1 kai m � x < m + 1 kai epomènw n < m + 1 kai m < n + 1,dhlad  m = n|ParathroÔme t¸ra ìti up�rqei fusikìM ¸steM > jxj (lìgw th Arqim deiadi�taxh twn pragmatik¸n) dhlad  �M < x < M | Profan¸ ìmw to x ja jaan kei se èna apì ta hm�kleista diast mata [k; k + 1), k = �M; : : : ;M � 1, poue�nai autì akrib¸ pou jèlame na de�xoume|Me thn bo jeia th sun�rthsh [x℄ mporoÔme eÔkola na de�xoume mia polÔshmantik  idiìthta twn rht¸n arijm¸n:Prìtash 2|2|1 An a < b e�nai dÔo tuqa�oi pragmatiko�, tìte up�rqei rhtì q ¸stea < q < b|H shmas�a th prìtash e�nai ìti ma exasfal�zei ìso jèloume kal  {prosèggi-sh} twn pragmatik¸n me rhtoÔ| Pragmatik�, gia opoiod pote x 2 R kai " > 0up�rqei rhtì q sto di�sthma (x � "; x + ") kai epomènw jx � qj < "| Fusik�mia tètoia prosèggish mporoÔme na p�roume me kat�llhla meg�lo komm�ti th{dekadik } an�ptuxh enì pragmatikoÔ x (gia par�deigma 1;41 = 141100 e�nai miarht  prosèggish tou p2)| Se epìmenh par�grafo ja skiagraf soume thn apìdeixhth dunatìthta par�stash twn pragmatik¸n me dekadikoÔ kai ja èqoume ètsimia �llh, diaisjhtik� pio fusiologik , apìdeixh gia thn idiìthta twn rht¸n pouanafèrame| PolÔ suqn� sth bibliograf�a h idiìthta aut  ekfr�zetai kai w ex :Je¸rhma 2|2|2 Oi rhto� apoteloÔn puknì uposÔnolo twn pragmatik¸n|Apìdeixh: Apì thn Arqim deia idiìthta twn pragmatik¸n xèroume ìti up�rqein 2 N ¸ste n(b� a) > 2 kai epomènw nb > na+ 2 > [na℄ + 1 > na| Gr�fontaq = [na℄+1n , èqoume a < q < b| 2Ex �sou aplì e�nai na de�xoume ìti {metaxÔ dÔo rht¸n q1 < q2 up�rqei �rrhto}|Pragmatik�, oi arijmo� q1 +p2=n), n 2 N, e�nai ìloi �rrhtoi (giat�?) kai mega-lÔteroi tou q1| An dialèxoume to n ètsi ¸ste n > p2(q2�11) , to opo�o e�nai dunatìnlìgw Arqim deia idiìthta, tìte o �rrhto a = q1 + p2n ikanopoie� thn anisìthtaq1 < a < q2| � 15 �



2| Pragmatikè Sunart sei
2|2z' Qarakthristik  Sun�rthshAn A � R, onom�zoume qarakthristik  sun�rthsh tou A (sumbolismì �A) thsun�rthsh: �A(x) = 8<: 1 x 2 A: : : : : :0 x =2 AQarakthristikè sunart sei sunant�me ston Apeirostikì Logismì| àtsi p|q|h �Q, ìpou Q to sÔnolo twn rht¸n, pou onom�zetai kai {sun�rthsh tou Dirihlet}ja e�nai arket� suqn  phg  antiparadeigm�twn|
2|2h' Grafik  par�stash sunart sewn|àstw f : A ! R, A � R, mia pragmatik  sun�rthsh| To uposÔnolo tou epipèdoume suntetagmène (x; f(x)), x 2 A, lègetai gr�fhma th f | Fusik� ennooÔmeed¸ ìti oi suntetagmène pa�rnontai w pro èna orjog¸nio dexiìstrofo sÔsthmakartesian¸n suntetagmènwn|IdoÔ oi grafikè parast�sei (pou e�nai ìro sun¸numo me to gr�fhma) me-rik¸n apì ti sunart sei pou or�same pio p�nw|
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2|3 Ask sei1| JewroÔme ti sunart sei:f(x) = x� [x℄; x 2 Rg(x) = � x� [x℄; [x℄ � x � [x℄ + 12[x℄ + 1� x; [x℄ + 12 < x < [x℄ + 1:De�xte ìti oi f kai g e�nai periodikè kai bre�te thn per�odo tou| De�xteep�sh ìti 0 � g(x) � j sin(�x)j kai bre�te ta x gia ta opo�a isqÔoun isìthte|2| àstw èna mh kenì sÔnolo pragmatik¸n arijm¸n A pou èqei mìno eswterik�shme�a (tètoia sÔnola lègontai anoiqt�)| àstw x0 2 A| De�xte ìti up�rqeidi�sthma I pou perièqei to x0 kai perièqetai sto A kai poÔ èqei thn idiìthta: Gia k�je �llo di�sthma J % I, J 6� A| Me �lla lìgia to I e�nai to{megalÔtero} anoiqtì di�sthma pou perièqei to x0 kai perièqetai sto A(upìdeixh: ax�wma sunèqeia)| D¸ste parade�gmata, an up�rqoun, sta opo�ato A den e�nai di�sthma, ìpou to I èqei th morf  (a; b); (�1; a); (�1;1)|3| Me b�sh ton orismì twn fusik¸n pou d¸same sthn parat rhsh (i) th pa-ragr�fou 2:20 de�xame thn arq  th tèleia epagwg  : {An A � N; 1 2A; n 2 A ) n+ 1 2 A , tìte A = N}
� 18 �



3K E F A L A I O
SÔgklish, sunèqeia
Èsw h shmantikìterh ènnoia tou ApeirostikoÔ LogismoÔ e�nai h ènnoia tou Or�ou|MporoÔme na poÔme ìti o Apeirostikì Logismì melet�ei eke�ne ti idiìthtetwn pragmatik¸n sunart sewn pou èmmesa   �mesa sundèontai me ìria| Ja dia-kr�noume di�fore peript¸sei: ìria sunart sewn f(x) ìtan to x te�nei se ènanpragmatikì arijmì x0, ìtan to x te�nei sto +1, ìtan to x te�nei sto �1, ì-ria akolouji¸n k|lp| E�nai dunatìn na enopoihjoÔn autè oi peript¸sei, ìpwma did�skei èna kl�do twn Majhmatik¸n pou onom�zetai Topolog�a, all� denkr�netai skìpimo na epilege� aut  h mèjodo t¸ra|
3|1 Akolouj�e3|1a' SÔgklish se pragmatikì arijmìàstw an mia akolouj�a pragmatik¸n arijm¸n| H diaisjhtik  eikìna pou èqoumesto mualì ma, ìtan lème {h an sugkl�nei ston arijmì a} e�nai fusik�, ìti oi timèan br�skontai {ìso jèloume kont�} sto a {gia arket� meg�la n}|A prospaj soume na metafr�soume se majhmatikì orismì autè ti apait sei|{äso jèloume kont�} shma�nei ìti h apìluth tim  th diafor� an � a g�netaiìso jèloume mikr  {gia arket� meg�la n}, dhlad  ìpoio kai na e�nai o jetikì ",{gia arket� meg�la n}, èqoume jan � aj < ":{Gia arket� meg�la n} shma�nei fusik� ìti gia k�poio fusikì arijmì n0,n > n0|K�nonta thn sÔnjesh twn ìswn e�pame, ft�noume ston parak�tw orismì, oopo�o apod�detai sun jw sto G�llo majhmatikì A. Cauhy (arqè 19ou ai¸na)Orismì 3|1|1 H akolouj�a an sugkl�nei ston arijmì a (sumbolismì: lim an  an ! a), an gia k�je " > 0, up�rqei fusikì n0 ¸ste h anisìthta n > n0 nasunep�getai jan � aj < "|



3| SÔgklish, sunèqeia
Mia l�go {poiotik } èkfrash pou qrhsimopoioÔsan oi majhmatiko� paliìtera tan h ex :{an ! a, an gia opoiod pote " > 0, osod pote mikrì, h diafor� an � a mpore�na g�nei (up�rqoun n) kai na me�nei (gia ìla ta n > n0), se apìluth tim , mikrìterhtou "}|M�lagan ep�sh gia {dun�mei} �peiro kai {g�gnesjai} �peiro kai �lle {fi-losof�e}, gia ti opo�e h sumboul  ston neoeisagìmeno sto jèma e�nai m�a kaimìno: na ti apofeÔgei|Parade�gmata:(i) an = 1=n! 0| Pragmatik�, èstw " > 0| Up�rqei fusikì n0 ¸ste n0" > 1(giat�?), epomènw kai n" > 1 gia ìla ta n > n0| Me �lla lìgia up�rqei n0¸ste 1=n = j1=n� 0j < " gia ìla ta n > n0, pou apodeiknÔei ìti 1=n! 0|(ii) an = n| Sth per�ptwsh aut  den up�rqei a 2 R ¸ste an ! a| Pragmatik�an up rqe tètoio a tìte, pa�rnonta p|q| " = 1, ja up rqe kai n0 2 N ¸stejan � aj < 1, epomènw an = n < a + 1, gia ìla ta n > n0, to opo�o e�nai�topo|(iii) an = (�1)n| Kai p�li den up�rqei pragmatikì a ¸ste an ! a| Diaisjhtik�autì e�nai fanerì giat� oi zugo� ìroi th akolouj�a (a2n, n 2 N) e�nai 1kai oi mono� �1| A metafr�soume se apìdeixh aut  thn diaisjhtik  eikìna|àstw an ! a kai a p�roume p�li " = 1| Ja up rqe tìte n0 ¸ste jan�aj < 1gia ìla ta n > n0| Fusik� up�rqoun kai mon� kai zug� n > n0| Sunep¸,ja èprepe na isqÔoun sugqrìnw oi anisìthte : j1�aj < 1 kai j�1�aj < 1kai epomènw 1 + 1 = 2 > j1� aj + j1 + aj � j(1� a) + (1 + a)j = 2, poufusik� e�nai �topo|3|1b' SÔgklish sto �1Sthn per�ptwsh tou parade�gmato (ii) oi ìroi th akolouj�a mporoÔn na xe-per�soun, kai na me�noun, oi megalÔteroi apì opoiod pote pragmatikì arijmì,osond pote meg�lo| Pragmatik�, an M 2 R tìte apì thn Arqim deia di�taxh twnpragmatik¸n sun�goume �mesa ìti up�rqei n0 2 N ¸ste n0 > M kai �ra n > Mgia ìla ta n > n0| Lème sthn per�ptwsh aut  ìti h an sugkl�nei (meriko� sug-grafe� lène apokl�nei) sto +1| An�loga or�zoume th sÔgklish sto �1 (giapar�deigma an = (�n)! �1)| Akribèstera:Orismì 3|1|2 Mia akolouj�a �n sugkl�nei sto +1 (�1) an gia k�je M 2 R u-p�rqei fusikì arijmì n0 ¸ste �n > M (�n < m) gia ìla ta n > n0| Sumbolismì:lim�n = +1 (lim�n = �1)   �n ! +1 (�n ! �1)|Sugkl�nouse ja onom�zoume ti akolouj�e pou sugkl�noun se èna pragmatikìarijmì| Eidikìtera oi akolouj�e pou sugkl�noun sto 0 lègontai mhdenikè| E�naifanerì ìti {�n ! � an kai mìno an h akolouj�a �n � � e�nai mhdenik }| Jalème apokl�nouse ti akolouj�e pou den sugkl�noun oÔte se pragmatikì arijmìoÔte sto +1 oÔte sto �1| E�nai ep�sh fanerì apì ton orismì ìti an all�xoume� 20 �



3|1 Akolouj�e
peperasmèno pl jo ìrwn mia akolouj�a tìte h sumperifor� th w pro thnsÔgklish den all�zei| Me �lla lìgia: {An up�rqei n0 2 N ¸ste �n = �n giak�je n > n0; tìte h �n sugkl�nei (se pragmatikì arijmì, sto +1; sto �1) ankai mìno an to �dio isqÔei gia th �n}|Mia �llh apl  (kai poll  shmantik ) idiìthta e�nai h ex : an �n ! � kai�n ! �; tìte � = �: Me �lla lìgia, to ìrio mia sugkl�nousa akolouj�ae�nai monadikì| (Fusik� ìrio mia sugkl�nousa akolouj�a onom�zetai o arijmìlim�n)|H apìdeixh e�nai apl  all� o sullogismì e�nai polÔ qr simo kai shmantikì|A upojèsoume loipìn ìti �n ! � kai �n ! �| Gia k�je " > 0 up�rqoun n1; n2¸ste n > n1 ) j�n � �j < ", n > n2 ) j�n � �j < "| Gia k�poio loipìnn > max(n1; n2) ja èqoumej�� �j = j(�n � �)� (�n � �)j � j�n � �j+ j�n � �j < "+ " = 2":AfoÔ to ", �ra kai to 2", mpore� na e�nai opoiosd pote jetikì arijmì toapotèlesma me �lla lìgia e�nai: {O arijmì j���j e�nai mikrìtero k�je jetikoÔarijmoÔ}| An � 6= � tìte j� � �j > 0 kai mporoÔme na p�roume p|q| " = j���j2 ,opìte sun�goume 2 < 1, pou fusik� e�nai �topo kai epomènw � = �|Parat rhsh 3|1|3 Prin ton 19o ai¸na oi majhmatiko� m�lagan gia jetikè posìth-te mikrìtere k�je �llou jetikoÔ arijmoÔ kai ti èlegan apeirost�| Mìli de�xame,ìti tètoie jetikè posìthte den up�rqoun| Th sobar  aut  {gk�fa} epes mane è-na Irlandì filìsofo (B. Berkley), se gr�mma tou pro {�pisto majhmatikì} thepoq , ìpou l�go polÔ èlege: {DiamartÔromai gia ti koutam�re pou gr�fete};kai e�qe d�kio! Met� apì èna dÔo ai¸ne oi majhmatiko� diìrjwsan thn kat�stashefarmìzonta th legìmenh {eyilontik }|{Eyilontik } lègetai, �sw l�go koroðdeutik�, h mèjodo pou akolouj sameston orismì tou or�ou me to "|Mia �llh apl  idiìthta e�nai h eponomazìmenh {s�ntouit}:Prìtash 3|1|4 An �n � �n � n kai lim�n = lim n = �, tìte kai lim�n = �|Apìdeixh: àstw " > 0| Ja up�rqoun fusiko� n1, n2 ¸ste n > n1 ) j�n � �j < "kai n > n2 ) jn��j < "| An loipìn n > n0 = maxfn1, n2g tìte j�n��j < " kaijn ��j < ", epomènw kai maxfj�n��j, jn ��jg < " (poia e�nai h gewmetrik shmas�a autoÔ tou sullogismoÔ?)|ParathroÔme t¸ra ìti an � � �n tìte j�n � �j � jn � �j kai an � > �n tìtej�n��j < j�n��j| Sthn opoiad pote loipìn per�ptwsh j�n��j � maxfj�n��j,jn � �jg kai epomènw n > n0 ) j�n � �j < ", dhlad  �n ! �| 2Ja kle�soume aut  thn par�grafo me dÔo akìmh shmantikè idiìthte, oi opo�ee�nai ep�sh diaisjhtik� fanerè, gia thn apìdeixh twn opo�wn ja k�noume ousia-stik  qr sh tou axi¸mato th sunèqeia| Ti d�noume me th morf  jewr mato|Je¸rhma 3|1|5 �21 �



3| SÔgklish, sunèqeia
(i) K�je monìtonh kai fragmènh akolouj�a sugkl�nei|(ii) K�je fragmènh akolouj�a perièqei mia sugkl�nousa upakolouj�a|Ofe�loume kat� arq� na exhg soume tou ìrou pou emfan�zontai sthn diatÔ-pwsh tou jewr mato|àstw �n mia akolouj�a|An �n+1 � �n gia ìla ta n 2 N, tìte h �n lègetai aÔxousa|An �n+1 � �n gia ìla ta n 2 N, tìte h �n lègetai fj�nousa|An �n+1 > �n gia ìla ta n 2 N, tìte h �n lègetai gn sia aÔxousa|An �n+1 < �n gia ìla ta n 2 N, tìte h �n lègetai gn sia fj�nousa|An h �n e�nai (gn sia) aÔxousa   (gn sia) fj�nousa, tìte lègetai (gn sia)monìtonh|Mia akolouj�a lègetai fragmènh, an to sÔnolo f�n : n 2 Ng � R e�naifragmèno, dhlad  up�rqei M 2 R ¸ste j�nj �M gia ìla ta n|An apì tou ìrou mia akolouj�a afairèsoume merikoÔ (peperasmènou  �peirou pl jou), me tètoio trìpo ¸ste na me�nei p�li mia akolouj�a, tìte thnakolouj�a aut  th lème upakolouj�a th �n| IdoÔ o akrib  orismì:Orismì 3|1|6 H akolouj�a �n e�nai upakolouj�a th �n an up�rqei mia gn siaaÔxousa akolouj�a fusik¸n k1 < k2 < � � � < kn < � � � ¸ste �n = �kn gia ìla tan 2 N|L�gh skèyh de�qnei ìti {an mia akolouj�a sugkl�nei (  sugkl�nei sto +1   sto�1) tìte k�je upakolouj�a th sugkl�nei sto �dio ìrio} (pragmatik� èstw �n ! �,�kn mia upakolouj�a th �n kai " > 0| Up�rqei n0 ¸ste n > n0 ) j�n � �j < "kai epeid  kn � n (giat�?) gia ìla ta n, n > n0 ) j�kn � �j < ")|Apìdeixh tou Jewr mato:(i) MporoÔme na upojèsoume ìti h �n e�nai aÔxousa (h apìdeixh gia fj�nousee�nai parìmoia)| To ax�wma th sunèqeia ma exasfal�zei thn Ôparxh touarijmoÔ � = supf�n : n 2 Ng| Isqur�zomai, ìpw kai fusik� anamènetai,ìti �n ! �| Pragmatik� èstw " > 0, tìte ja up�rqei n0 ¸ste �n0 > � � "(alli¸ to � � " ja  tan �nw fr�gma mikrìtero tou �)| Gia k�je n > n0,epeid  h �n e�nai aÔxousa, ja èqoume � � �n � �n0 > �� " kai epomènwj�n � �j < ", pou apodeiknÔei ton isqurismì ma|(ii) Apì thn upìjesh sunep�getai ìti ja up�rqei M 2 R ¸ste �M < �n < Mgia ìla ta n| Jewr¸ to sÔnolo A twn pragmatik¸n arijm¸n me thn ex idiìthta: {An x 2 A, tìte up�rqoun �peira n 2 N ¸ste �n � x}, dhlad A = fx 2 R : up�rqoun �peira n me �n � xgProfan¸ �M 2 A kai x 2 A ) x � M , dhlad  to A e�nai mh kenìkai fragmèno pro p�nw| àstw loipìn (ax�wma sunèqeia) � = supA| Jafti�xw mia upakolouj�a th �n pou na sugkl�nei sto �|Sto di�sthma (� � 1; � + 1) up�rqoun s�goura �peiroi ìroi th akolouj�ama (alli¸ to � � 1 ja  tan èna �nw fr�gma tou A; giat�?)| àstw �k1èna tètoio ìro| Sto di�sthma (�� 12 ; �+ 12 ) up�rqoun ep�sh �peiroi th� 22 �



3|1 Akolouj�e
akolouj�a ma kai �ra s�goura èna, èstw o �k2 , me k2 > k1| Suneq�zontame ton trìpo autì, br�skoume k1 < k2 < � � � < kn ¸ste �k� 2 (�� 1� ; �+ 1� ),� = 1; : : : ; n, kai o �dio sullogismì ma exasfal�zei thn Ôparxh enìkn+1 > kn ¸ste �kn+1 2 (�� 1n+1 ; �+ 1n+1 )| àqoume loipìn �� 1� < �k� <�+ 1� , � 2 N| H idiìthta s�ntouit de�qnei t¸ra ìti pr�gmati h upakolouj�a�� = �k� sugkl�nei sto �, diìti oi akolouj�e � � 1� kai � + 1� ; � 2 N,sugkl�noun sto � (giat�?)| 23|1g' Idiìthte sugklinous¸n akolouji¸nE�nai arket� eÔkolo na de�xei kane�, ìti aplè pr�xei p�nw stou ìrou sug-klinous¸n akolouji¸n odhgoÔn sta anamenìmena apotelèsmata sta ìria tou|Ja apode�xoume endeiktik� merikè apì autè ti idiìthte kai ja parapèmyoumeti upìloipe (pou ja prèpei na ti blèpei  dh san rout�na o anagn¸sth) stiask sei|Prìtash 3|1|7 An �n ! � kai �n ! �, tìte �n + �n = n ! �+ �Apìdeixh: Pr�gmati èstw " > 0| Up�rqoun n1, n2 2 N ¸ste n > n1 sunep�getaij�n � �j < "=2 kai n > n2 sunep�getai j�n � �j < "=2 kai epomènw an n >max(n1; n2) tìtejn � (�+ �)j = j(�n � �) + (�n � �)j � j�n � �j+ j�n � �j < "=2 + "=2 = ":2Prìtash 3|1|8 An �n ! � kai �n ! �, tìte �n�n = n ! � � �|Ed¸ h apìdeixh e�nai pio endiafèrousa| Arq�zoume me èna aplì, all� shmantikì,l mma|L mma 3|1|9 An �n ! �, tìte h �n e�nai fragmènh|Apìdeixh: Pragmatik�, pa�rnonta " = 1, up�rqei n0 tètoio ¸ste an n > n0 naèqoume j�n � �j < 1 kai epomènw an n > n0 tìte j�nj < j�j+ 1| àqoume loipìnprofan¸ j�nj � maxfj�j + 1; j�1j; : : : ; j�n0 jg gia ìla ta n 2 N, dhlad  h �ne�nai fragmènh| 2Apìdeixh th Prìtash 3|1|8: Gurn�me t¸ra sthn apìdeixh th �n�n ! � ��| Totèqnasma pou ja qrhsimopoi soume e�nai polÔ sunhjismèno| àstw " > 0| AfoÔ oi�n; �n sugkl�noun ja e�nai fragmène, dhlad  up�rqounM1;M2 ¸ste j�nj < M1,j�nj < M2 gia ìla ta n 2 N| Ja èqoume ep�sh (to tèqnasma):j�n�n � ��j = j�n�n � �n� + �n� � ��j �� j�njj�n � �j+ j�jj�n � �j �� M1j�n� �j+ j�jj�n � �j:�23 �



3| SÔgklish, sunèqeia
Ja arkoÔse loipìn na broÔme n0 tètoio ¸ste gia n > n0 k�je prosjetèo toudexioÔ mèlou th anisìthta na e�nai mikrìtero tou "=2| Autì ìmw e�nai s�gouradunatì, giat� up�rqoun n1; n2 2 N ¸ste n > n1 èqoumej�n � �j < "2(j�j+ 1) ;n > n2 kai sunep¸ j�n��j < "=(2M1), opìte n > n0 = maxfn1; n2g sunep�ge-tai M1j�n � �j+ j�jj�n � �j < "2 + "2 j�jj�j+ 1 � "2 + "2 = ": 2Er¸thsh: giat� p rame "=�2(j�j+ 1)� kai ìqi "=�2j�j� ?H eidik  per�ptwsh mia stajer� akolouj�a �n, dhlad  �n = � gia ìla ta n,opìte tetrimmèna �n ! �, ma d�nei th qr simh idiìthta:Prìtash 3|1|10 An �n ! � tìte n = ��n ! ��|(de�xte th sqèsh aut  kai ap� euje�a apì ton orismì)|An zht soume an�logo je¸rhma gia to phl�ko prèpei na e�maste l�go prose-ktiko� stou paronomastè| Pio sugkekrimèna:Prìtash 3|1|11 An �n ! �, �n ! � kai � 6= 0 tìte(i) Up�rqei n0 2 N ¸ste n > n0 ) j�nj > j�j2 > 0(ii) An n = �n�n gia n > n0 kai n = otid pote gia n < n0, tìte n ! �� |H upìjesh � 6= 0 e�nai ousiastik  (alli¸ den èqei nìhma to �=�)| O k�pw par�-xeno orismì th n g�netai gia teqnikoÔ lìgou mìno (jèloume na apofÔgoume thnper�ptwsh �n = 0 gia k�poia n)|Apìdeixh: To (i) prokÔptei �mesa apì ton orismì me " = j�j=2 > 0| Gia to(ii) arke� na de�xoume ìti h akolouj�a Æn = 1=�n gia n > n0 kai otid pote gian � n0, sugkl�nei sto 1=� kai met� na efarmìsoume thn idiìthta gia to ginìmenosugklinous¸n akolouji¸n| àstw " > 0| Lìgw tou (i) mporoÔme na upojèsoumej�nj > j�j=2 gia n > n0, opìte ja èqoume���� 1�n � 1� ���� = j�n � �jj�jj�nj � j�n � �j 2j�j2 ;diìti j�nj > j�j=2| Epeid  �n ! � up�rqei n, ¸ste n > n1 ) j�n��j < j�j22 "| Anloipìn n > maxfn0; n1g tìte jÆn � 1=�j < "| 2An�loge idiìthte isqÔoun, se orismène peript¸sei, akìmh kai ìtan h m�a  kai oi dÔo akolouj�e �n, �n sugkl�noun sto= +1   sto�1| Pio sugkekrimèna:�n ! +1 & �n ! � =) �n + �n ! +1�n ! +1 & �n ! +1 =) �n + �n ! +1�n ! +1 & �n ! �(6= 0) =) �n ! (sgn�)1� 24 �



3|2 SÔgklish kai sunèqeia sunart sewn|
fusik�: (sgn�)1 = � +1 an � > 0�1 an � < 0�n ! +1 & �n ! +1 =) �n�n ! +1�n ! �1 & �n ! �(6= 0) =) �n�n ! (�sgn�)1�n ! �1 & �n ! +1 =) �n�n ! �1�n ! �1 & �n ! �1 =) �n�n ! +1�n ! �1 =) 1=�n ! 0Oi apode�xei e�nai an�loge (l�go pio eÔkole) me autè pou  dh d¸same| Ed¸prèpei na k�noume mia shmantik  parat rhsh: Den anafèrame kanèna apotèlesmapou na antistoiqe� se pr�xei th morf  1�1, 0 � 1, 0=0,1=1| Autì den e�naituqa�o; den up�rqoun ant�stoiqa apotelèsmata| A exet�soume gia par�deigma thnper�ptwsh 1�1| Isqur�zomai ìti up�rqoun akolouj�e �n, �n ¸ste �n ! +1,�n ! +1 en¸ h �n��n mpore� na sugkl�nei se opoiod pote pragmatikì arijmì,  na sugkl�nei sto +1,   na sugkl�nei sto �1   kai na apokl�nei| Pragmatik�(i) �n = n, �n = n+�, � 2 R| Ed¸ �n ! +1, �n ! +1, en¸ �n��n ! �,(ii) �n = n, �n = n + (�1)n| Ed¸ �n � n � 1 ! +1, �ra �n ! +1, kaiep�sh �n ! +1, en¸ �n � �n = (�1)n de sugkl�nei|(iii) �n = n, �n = 2n| àqoume �n ! +1, �n ! +1, en¸ �n��n = n! +1|(iv) �n = 2n, �n = n| àqoume �n ! +1, �n ! +1 en¸ �n��n = �n! �1|An�loga parade�gmata mporoÔme na d¸soume kai gia ti peript¸sei 0 � 1 (1=n �n! 1, 1n � n2 ! +1, 1n � (�n2)! �1, (�1)nn � 2n ! den sugkl�nei), 00 kai 11 |Oi aplè idiìthte pou anafèrame se aut  thn par�grafo èqoun meg�lh pra-ktik  shmas�a, giat� se pollè peript¸sei ma apall�ssoun apì th suqn� ep�ponh{eyilontik }| Gia par�deigma 2n�n2+1n3 ! 0, diìti2n� n2 + 1n3 = 2n2 +�� 1n�+ 1n3 = �2 � 1n� � 1n + (�1) � 1n + 1n � � 1n � 1n�!! (2 � 0) � 0 + (�1) � 0 + 0 � (0 � 0) = 0:
3|2 SÔgklish kai sunèqeia sunart sewn|Gia na apofÔgoume epanal yei ja qrhsimopoioÔme ton ìro sun�rthsh ant� touìrou pragmatik  sun�rthsh|3|2a' äria sunart sewn|Sti akolouj�e exet�zame pou {te�noun} oi timè �n, ìtan n! +1| Gia to lìgoautì m�lista gr�foume kami� for� limn!1 �n, ant� lim�n| Sthn per�ptwsh twnsunart sewn èqoume perissìtere peript¸sei| Pio sugkekrimèna ja melet soume{ìria} sunart sewn f(x) ìtan to x te�nei se èna pragmatikì arijmì   sto �1|� 25 �



3| SÔgklish, sunèqeia
H diaisjhtik  eikìna pou èqoume sto mualì ma e�nai fusik� h ex : {H f(x)sugkl�nei ston arijmì �, ìtan to x te�nei sto x0, an h par�stash jf(x)��j mpore�na g�nei ìso jèloume mikr , arke� to x na e�nai arket� kont� sto x0}| E�nai polÔeÔkolo, kat� analog�a me ìti k�noume gia ti akolouj�e, na d¸soume èna akrib orismì, ef� ìson ìmw prohgoumènw xekajar�soume gia poia x0 ja mil�me|Gia na apokt sei ousiastikì nìhma h èkfrash {arke� to x na e�nai arket�kont� sto x0}, e�nai fusiologikì na apait soume to ex :{Se k�je Æ-perioq , Æ > 0, tou x0, dhlad  se k�je anoiqtì di�sthma (x0 �Æ; x0+Æ) tou x0, up�rqoun shme�a tou ped�ou orismoÔ th sun�rthsh pou exet�zoumediaforetik� apì to x0}| Tètoia shme�a x0 lègontai shme�a suss¸reush tou ped�ouorismoÔ|àtsi gia par�deigma ìla ta shme�a twn diasthm�twn pou jewr same sthn pa-r�grafo 2|1a', kaj¸ kai ta �kra tou, e�nai shme�a suss¸reush aut¸n twndiasthm�twn| Tètoia diast mata,   peperasmène en¸sei tètoiwn diasthm�twn,ja e�nai, sqedìn apokleistik�, ta ped�a orismoÔ twn sunart sewn pou ja maapasqol soun se autì to m�jhma| D�noume t¸ra ton anamenìmeno orismì|Orismì 3|2|1 An to x0 e�nai shme�o suss¸reush tou ped�ou orismoÔ mia sun�r-thsh f , tìte to ìrio th f(x) ìtan to x te�nei sto x0 up�rqei kai isoÔtai me �, anisqÔei to ex : gia k�je " > 0 up�rqei Æ > 0 ¸ste gia k�je x tou ped�ou orismoÔ thf , 0 < jx� x0j < Æ sunep�getai ìti jf(x)� �j < "|Sthn per�ptwsh pou to ìrio up�rqei kai isoÔtai me � ja qrhsimopoioÔme tosumbolismì: limx!x0 f(x) = �   f(x)! �, x! x0|Tele�w an�loga me ìti e�pame gia akolouj�e or�zoume pìte to ìrio e�nai +1  �1| Pio sugkekrimèna:Orismì 3|2|2 An to x0 e�nai shme�o suss¸reush tou ped�ou orismoÔ mia su-n�rthsh f , tìte lème ìti limx!x0 f(x) = +1(�1) an isqÔei to ex : gia k�-je M 2 R, up�rqei Æ > 0, ¸ste gia k�je shme�o tou ped�ou orismoÔ th f ,0 < jx� x0j < Æ ) f(x) > M(f(x) < M)|MporoÔme akìmh na or�soume kai ìria th morf  limx!+1 f(x) kailimx!�1 f(x)| Fusik� ed¸ ja èprepe me k�poia ènnoia to +1   to �1 na e�nai{shme�o suss¸reush} tou ped�ou orismoÔ|Orismì 3|2|3 To +1 (�1) lègetai shme�o suss¸reush enì sunìlou A � R, ank�je di�sthma th morf  (�;+1) �(�1; �)� perièqei shme�a tou A|Sti sunhjismène peript¸sei pou ja parousiastoÔn se autì to m�jhma, ta ped�aorismoÔ ja perièqoun èna olìklhro di�sthma th morf  (�;+1) �(�1; �)�,opìte to +1(�1) ja e�nai autìmata shme�o suss¸reush| D�noume t¸ra tonant�stoiqo orismì:Orismì 3|2|4 An to +1(�1) e�nai shme�o suss¸reush tou ped�ou orismoÔ miasun�rthsh f , tìte, lème ìti to limx!+1 f(x) (limx!�1 f(x)) up�rqei kai isoÔtaime �, an gia k�je " > 0 up�rqeiM , ¸ste gia ìla ta x pou an koun sto ped�o orismoÔ� 26 �
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th f , x > M(x < M)) jf(x)� �j < "| Lème ep�sh ìti limx!+1 f(x) = +1,an gia k�je M 2 R up�rqei M 0 2 R, ¸ste gia k�je shme�o x tou ped�ou orismoÔth f , x > M 0 ) f(x) > M | An�loga or�zoume ta limx!+1 f(x) = �1, kailimx!�1 f(x) = �1|Se orismène peript¸sei oi timè mia sun�rthsh f(x) plhsi�zoun ènan arij-mì � (  to +1   to �1), ìtan to x plhsi�zei to x0 mènonta p�nta megalÔtero  p�nta mikrìtero tou x0| Lème tìte ìti up�rqei to pleurikì ìrio th f , ìtan tox te�nei sto x0, apì dexi�   apì arister� ant�stoiqa| Se autè ti peript¸sei qrh-simopoioÔme tou sumbolismoÔ limx!x+0 f(x)   lim f(x), x ! x+0 ,   f(x+0 ) kailimx!x�0 f(x)   lim f(x), x! x�0 ,   f(x�0 ), ant�stoiqa|Shmei¸ste ìti tètoia ìria den or�zontai gia x ! +1   x ! �1 (an jèlete,apì th fÔsh tou tètoia ìria e�nai pleurik�)|Fusik� gia na mil�me gia pleurik� ìria, prèpei na isqÔei k�ti parap�nw apìto na e�nai to x0 shme�o suss¸reush tou ped�ou orismoÔ| Pio sugkekrimènagia na or�soume to f(x+0 ), ja prèpei gia k�je Æ > 0 na up�rqoun shme�a touped�ou orismoÔ th f sto di�sthma (x0; x0 + Æ) kai gia na or�soume to f(x�0 ), japrèpei na up�rqoun shme�a tou ped�ou orismoÔ sto di�sthma (x0� Æ; x0)| àtsi, giapar�deigma, den èqei nìhma na mil�me gia to limx!�� f(x) sthn per�ptwsh pou toped�o orismoÔ th f e�nai èna di�sthma th morf  (�; �), en¸ kat� arq� mpore�na up�rqei to limx!�+ f(x)| IdoÔ t¸ra o akrib  orismì|Orismì 3|2|5 An to ped�o orismoÔ mia sun�rthsh f èqei shme�a se k�je di�sthmath morf  (x0; x0 + Æ), Æ > 0, kai an gia k�je " > 0 up�rqei Æ > 0 ¸ste gia k�je xtou ped�ou orismoÔ th f , 0 < x� x0 < Æ ) jf(x)� �j < ", tìte lème ìti up�rqeito ìrio th f(x), ìtan to x te�nei sto x0 apì dexi� kai isoÔtai me � (Sumbolismì:f(x+0 ) = �)| An�loga or�zetai to f(x�0 ) = � kai ta f(x+0 ) = �1, f(x�0 ) = �1|Shmei¸noume ìti ta ìria sunart sewn an up�rqoun, ìpw kai sthn per�ptwshtwn akolouji¸n, e�nai monadik�|Gia na apofÔgoume epanal yei rout�na ja upojètoume ìti ìpou emfan�zontaiìria gia x! x0, to x0 e�nai shme�o suss¸reush twn ant�stoiqwn ped�wn orismoÔ,èstw kai an den to anafèroume rht�|3|2b' Idiìthte or�wnAn mia sun�rthsh e�nai stajer�, dhlad  f(x) =  gia ìla ta x tou ped�ou orismoÔth, tìte jf(x)� j = 0 gia ìla ta x kai epomènw (tetrimmèno) limx!x0 f(x) = |Ep�sh tetrimmèno e�nai na de�xoume ìti limx!x0 f(x) = x0 an f(x) = x|L�go pio dÔskolo, all� p�li efarmog  rout�na tou orismoÔ, e�nai na de�xoumeìti an h f(x) e�nai poluwnumik , f(x) = �0+�1x+� � �+�nxn tìte limx!x0 f(x) =f(x0)| A to de�xoume gia thn f(x) = x2 � 2x + 1| àstw " > 0| Jèloume èna Æ¸ste jf(x)� f(x0)j < " gia ìla ta x me 0 < jx� x0j < Æ| àqoume ìmwjf(x)� f(x0)j = jx2 � 2x� x20 + 2x0j= jx� x0jjx+ x0 � 2j� jx� x0j(jxj+ jx0j+ 2):�27 �
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An jx � x0j < 1, tìte jxj < jx0j + 1 kai epomènw, gia jx � x0j < 1, èqoumejf(x)� f(x0)j < jx� x0j(2jx0j+ 3)|Arke� loipìn na broÔme to Æ ètsi ¸ste, gia 0 < jx�x0j < Æ, na isqÔei h parap�nwanisìthta kai sugqrìnw jx � x0j(2jx0j + 3) < "| MporoÔme loipìn na p�roumeÆ = min f1; "=(2jx0 + 3j)g, to opo�o profan¸ e�nai megalÔtero tou mhdenì|O sullogismì autì e�nai tupikì sthn efarmog  tou {eyilontikoÔ} orismoÔtou or�ou| Merik� ìmw apl� kai anamenìmena apotelèsmata gia ìria mporoÔnsuqn� na ma apall�xoun apì autìn| IdoÔ merik� apì aut�:Prìtash 3|2|6 A e�nai f; g dÔo sunart sei orismène s� èna sÔnolo A kai x0èna shme�o suss¸reush tou A| An ta limx!x0 f(x); limx!x0 g(x) up�rqoun, tì-te up�rqoun kai ta ìria : limx!x0(f(x) + g(x)), limx!x0(f(x)g(x)) kai isoÔn-tai me limx!x0 f(x) + limx!x0 g(x) kai (limx!x0 f(x))(limx!x0 g(x)) ant�stoiqa|An epiplèon limx!x0 g(x) 6= 0, tìte limx!x0 f(x)=g(x) up�rqei kai isoÔtai melimx!x0 f(x)=limx!x0 g(x)Fusik�, me mia (tetrimmènh) epagwg , to parap�nw apotèlesma epekte�netaise peperasmèna ajro�smata kai ginìmena sunart sewn| An pistèyoume pro stig-m n aut  thn prìtash, e�nai polÔ eÔkolo na de�xoume ìti, tìso gia polu¸numa ìsokai gia rhtè sunart sei f(x), isqÔei limx!x0 f(x) = f(x0) gia k�je shme�o x0tou ped�ou orismoÔ tou| [Shmei¸ste ìti sthn per�ptwsh twn rht¸n sunart sewn oir�ze tou paranomast  den perilamb�nontai sto ped�o orismoÔ| Oi r�ze autè e�naiìmw shme�a suss¸reush tou ped�ou orismoÔ (giat�?) kai �ra kat� arq n èqei nìh-ma na exet�soume to limx!x0 f(x)g(x) akìmh ki an to x0 e�nai r�za tou paranomast |Parapèmpoume th melèth aut  th per�ptwsh sti ask sei|℄Pragmatik�, k�je mon¸numo ��x� e�nai ginìmeno th stajer  sun�rthsh ��kai � sunart sewn �swn me x, �ra limx!x0 ��x� = ��x�0 |Parathr¸nta ìti k�je polu¸numo e�nai �jroisma monwnÔmwn kai qrhsimo-poi¸nta p�li thn prohgoÔmenh prìtash, èqoume �mesa to zhtoÔmeno gia polu¸-numa| Fusik� to apotèlesma gia rhtè sunart sei e�nai �meso pìrisma tou teleu-ta�ou mèrou tou jewr mato|H apìdeixh th prìtash e�nai an�logh me thn ant�stoiqh gia akolouj�e| Hper�ptwsh f(x) + g(x) e�nai h pio eÔkolh kai thn parale�poume|A exet�soume to limx!x0(f(x)g(x))| Pr¸ta a de�xoume to eÔkolo kai sh-mantikì l mma:L mma 3|2|7 An up�rqei to limx!x0 f(x), tìte up�rqoun Æ > 0 kai M 2 R, ¸stejf(x)j < M gia k�je x tou ped�ou orismoÔ th f gia to opo�o isqÔei 0 < jx�x0j < Æ|
Apìdeixh: àstw limx!x0 f(x) = � kai a p�roume " = 1 ston orismì tou or�ou|Ja up�rqei Æ > 0 ¸ste 0 < jx � x0j < Æ sunep¸ jf(x) � �j < 1, gia k�jex tou ped�ou orismoÔ, epomènw kai jf(x)j < j�j + 1| Arke� loipìn na p�roumeM = j�j+ 1|T¸ra to klasikì tèqnasma| àstw ìti limx!x0 f(x) = �; limx!x0 g(x) = � kai" > 0| Jèloume èna Æ > 0 ¸ste 0 < jx�x0j < Æ sunep�getai jf(x)g(x)���j < "|� 28 �
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àqoume jf(x)g(x)� ��j � jf(x)g(x)� �g(x)j+ j�g(x)� ��j= jg(x)jjf(x) � �j+ j�jjg(x)� �j:Mìli de�xame ìti up�rqei Æ1 > 0 ¸ste 0 < jx � x0j < Æ1 sunep�getai jg(x)j <j�j+1| Up�rqoun akìma Æ2; Æ3 > 0 ¸ste 0 < jx�x0j < Æ2 sunep�getai jf(x)��j <"2(j�j+1) kai 0 < jx� x0j < Æ3 sunep�getai jg(x)� �j < "2(j�j+1) |An loipìn p�roume Æ = minfÆ1; Æ2; Æ3g, to opo�o profan¸ e�nai jetikì, jaèqoume:0 < jx� x0j < Æ ) jf(x)g(x) � ��j < (j�j+ 1) "2(j�j+ 1) + j�j "2(j�j+ 1) < ";pou apodeiknÔei ton isqurismì ma| 2Gia thn per�ptwsh tou phl�kou de�qnoume èna �llo aplì, all� ep�sh shman-tikì, l mma:L mma 3|2|8 An limx!x0 g(x) = � 6= 0, tìte up�rqei Æ > 0 ¸ste gia k�je x touped�ou orismoÔ th g, 0 < jx� x0j < Æ sunep�getai jg(x)j > j�j2 > 0|H idiìthta aut  e�nai �mesh sunèpeia tou orismoÔ (p�rte " = j�j=2, pou e�naijetikì apì thn upìjesh)|Gia na apofÔgoume periplokè rout�na, a upojèsoume ìti oi f kai g èqounped�a orismoÔ pou perièqoun mia perioq  tou x0| Mikra�nonta an qreiaste� to Ætou teleuta�ou apotelèsmato, mporoÔme na upojèsoume ìti oi f kai g or�zontaisto di�sthma (x0 � Æ; x0 + Æ) kai jg(x)j > j�j2 gia x0 � Æ < x < x0 + Æ|àstw " > 0| àqoume���� 1g(x) � 1� ���� = j� � g(x)jj�jjg(x)j 6 2j�j2 jg(x)� �j;jx� x0j < Æ| Up�rqei t¸ra Æ1 > 0 ¸ste0 < jx� x0j < Æ1 ) jg(x)� �j < "j�j22kai epomènw 0 < jx� x0j < minfÆ; Æ1g ) ���� 1g(x) � 1� ���� < ":Sun�goume ìti limx!x0 1g(x) = 1� kai to zhtoÔmeno apotèlesma prokÔptei apì thnant�stoiqh idiìthta gia ginìmeno dÔo sunart sewn (efarmìste thn sti sunart seif kai 1=g)|A exet�soume t¸ra gia l�go th sqèsh metaxÔ up�rxew or�ou kai up�rxewpleurik¸n or�wn|E�nai kat� arq� tetrimmèno ìti h Ôparxh tou limx!x0 f(x) (peperasmènou  ape�rou) sunep�getai kai thn Ôparxh twn limx!x+0 f(x) kai limx!x�0 f(x)| Toant�strofo den alhjeÔei, ìpw mpore� na dei kane� exet�zonta ta parak�tw pa-rade�gmata| � 29 �
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(i) f(x) = � 0 x 6= 01 x = 0:

E�nai tetrimmèno na doÔme ìti limx!0+ f(x) = limx!0� f(x) (= 0)(ii) f(x) = [x℄ , x0 2 N E�nai ep�sh tetrimmèno na doÔme, ìti an x0 2 Z,tìte limx!x+0 f(x) = x0; limx!x�0 f(x) = x0 � 1, en¸ to limx!x0 f(x) den
up�rqei (giat�?)|(iii) f(x) = � 0 x � 0sin 1x x > 0E�nai profanè ìti limx!0� f(x) =0| H kat�stash apì dexi� ìmw e�-nai polÔ qeirìterh| Den up�rqei tolimx!0+ f(x)| Diaisjhtik�, koit¸nta thgrafik  par�stash, blèpoume ìti h f(x)ant� na plhsi�zei ènan arijmì, ìtanx! 0+, plhsi�zei m�llon olìklhro toeujÔgrammo tm ma: x = 0;�1 � y � 1|A upojèsoume loipìn, gia na ft�soumese �topo, ìti f(0+) up�rqei kai isoÔtai

(0, 1)

(0,−1) Sq ma 3|1me �| Ja up�rqei tìte Æ > 0 ¸ste 0 < x < Æ sunep�getai jf(x) � �j < 1=2|Isqur�zomai ìti sto di�sthma (0; Æ) up�rqoun x1; x2 ¸ste 1=x1 = k� kai 1=x2 =2k� + �=2|Tìte f(x1) = 0, f(x2) = 1 kai epomènw j0� �j < 1=2, j1� �j < 1=2 opìtekai 1 = j(0� �)� (1� �)j � j0� �j+ j1� �j < 12 + 12 = 1pou e�nai fusik� �topo| Gia na de�xoume t¸ra thn Ôparxh twn x1; x2, arke� nade�xoume ìti up�rqei k 2 N ¸ste 1=(k�) < Æ kai 1=(2k�) + �=2 < Æ|O teleuta�o isqurismì e�nai sqedìn tetrimmèno| Arke� gia par�deigma nap�roume k = [1=Æ℄ + 1| � 30 �
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3|2g' Sunèqeia sunart sewnH diaisjhtik  eikìna th shmantik  aut  ènnoia apod�detai suqn� me thn èkfra-sh: h grafik  par�stash th sun�rthsh den èqei {koy�mata}| Autì den perigr�feip�ntote kal� thn kat�stash| Up�rqoun, gia par�deigma, sunart sei kal� ori-smène, pou h grafik  tou par�stash den e�nai polÔ diafwtistik | Parade�gmatoq�rin, to teleuta�o par�deigma th prohgoÔmenh paragr�fou   akìmh qeirìteropar�deigma, h sun�rthsh tou Dirihletf(x) = xQ = � 1 x 2 Q0 x 62 Q :H pl rh katanìhsh tou akriboÔ orismoÔ e�nai epomènw apara�thth|Kat� arq� h sunèqeia or�zetai {topik�}, dhlad  or�zoume ti shma�nei sun�rthshsuneq  se èna shme�o x0 tou ped�ou orismoÔ th| Prosèxte ìti se ant�jesh me ìtilègame sta ìria, ed¸ apaitoÔme to x0 na an kei sto ped�o orismoÔ|Onom�zoume katìpin mia sun�rthsh suneq  se èna uposÔnolo A tou ped�ouorismoÔ th, an e�nai suneq  se k�je shme�o tou A| IdoÔ o akrib  orismì|Orismì 3|2|9 An to x0 an kei sto ped�o orismoÔ mia sun�rthsh f , kai gia k�je" > 0 up�rqei Æ > 0 ¸ste gia k�je x sto ped�o orismoÔ th f , jx � x0j < Æ tìtejf(x)� f(x0)j < ", tìte h f lègetai suneq  sto x0|Sthn per�ptwsh pou to x0 e�nai kai shme�o suss¸reush tou ped�ou orismoÔ, miaapl  mati� stou dÔo orismoÔ or�ou kai sunèqeia de�qnei ìti:Prìtash 3|2|10 H sunèqeia th f sto x0 e�nai isodÔnamh me th sqèshlimx!x0 f(x) = f(x0);dhlad  me thn Ôparxh tou limx!x0 f(x) kai thn isìtht� tou me f(x0)|äpw anafèrame kai prohgoÔmena, se autì to m�jhma ta ped�a orismoÔ ja e�naidiast mata   peperasmène en¸sei diasthm�twn, opìte k�je x0 sto ped�o orismoÔja e�nai shme�o suss¸reush, kai epomènw ja isqÔei h isodunam�a twn dÔo ori-sm¸n| Eidikìtera ta sumper�smata th prohgoÔmenh paragr�fou ma odhgoÔn�mesa sto sumpèrasma:Prìtash 3|2|11 Ta polu¸numa kai oi rhtè sunart sei e�nai suneqe� se ìla tashme�a tou ped�ou orismoÔ tou|An�loga me ton orismì twn pleurik¸n or�wn or�zoume sunèqeia apì dexi� kaisunèqeia apì arister�|Orismì 3|2|12 An to x0 an kei sto ped�o orismoÔ mia sun�rthsh f kai gia k�je" > 0 up�rqei Æ > 0 ¸ste gia k�je shme�o x tou ped�ou orismoÔ, 0 � x � x0 < Æsunep�getai jf(x)� f(x0)j < " (0 � x0 � x < Æ sunep�getai jf(x)� f(x0)j < "),tìte h f lègetai suneq  apì dexi� (arister�) sto x0|�31 �
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E�nai fanerì ìti h Ôparxh tou f(x+0 ) kai h isìthta f(x+0 ) = f(x0) sunep�gontaisunèqeia apì dexi� kai h Ôparxh tou f(x�0 ) kai h isìthta f(x�0 ) = f(x0) sunèqeiaapì arister�| Ep�sh an k�je di�sthma (x0; x0+ Æ); Æ > 0, tèmnei to ped�o orismoÔmia sun�rthsh f , tìte h sunèqeia apì dexi� sunep�getai thn Ôparxh tou f(x+0 )kai thn isìthta f(x+0 ) = f(x0)| An�loga isqÔoun gia sunèqeia apì arister�|E�nai ep�sh fanerì ìti mia sun�rthsh suneq  sto x0 e�nai suneq  apì dexi�kai suneq  apì arister� kai ant�strofa|Sto par�deigma (i) th prohgoÔmenh upoparagr�fou h f den e�nai suneq oÔte apì dexi� oÔte apì arister�| Sto par�deigma (ii) e�nai suneq  apì dexi�kai asuneq  apì arister�| Sto par�deigma (iii) e�nai suneq  apì arister� kaiasuneq  apì dexi�|Parat rhsh 3|2|13 Den prèpei na xèfuge thn prosoq  tou agn¸stou ìti stonorismì th sunèqeia apait same {jx � x0j < Æ sunep�getai : : :} kai ìqi {0 <jx� x0j < Æ sunep�getai: : :}, pou apaitoÔme ston orismì tou or�ou|Upenjum�zoume ep�sh ìti to ìrio e�qe nìhma mìno gia shme�a suss¸reush touped�ou orismoÔ, en¸ h sunèqeia èqei kat� arq n nìhma gia ìla ta shme�a tou ped�ouorismoÔ| H diafor� e�nai p�ntw {epifaneiak }| Pragmatik�, a doÔme ti sumba�neista shme�a tou ped�ou orismoÔ pou den e�nai shme�a suss¸reush| An x0 èna tètoioshme�o, tìte ja up�rqei Æ > 0 ¸ste (x0 � Æ; x0 + Æ)T fped�o orismoÔg= fx0g(giat�?)| Epomènw gia opoiod pote " > 0 h sunepagwg  jx� x0j < Æ sunep�getaijf(x) � f(x0)j < " ja isqÔei gia ìla ta x tou ped�ou orismoÔ me jx � x0j < Æ(dhlad  to x0 mìno)| Me �lla lìgia sta shme�a tou ped�ou orismoÔ pou den e�naishme�a suss¸reush, ta opo�a gia profane� lìgou lègontai memonwmèna, k�jesun�rthsh e�nai autìmata suneq |Par�deigma: H sun�rthshf(x) = � x2 jxj > 10 x = 0 ;

(−1, 0) (1, 0)me ped�o orismoÔ (�1;�1) [ f0g [ (1;1) e�nai suneq  sto x0 = 0|Ja kle�soume thn par�grafo aut  de�qnonta ìti oi trigwnometrikè sunart -sei e�nai suneqe�| Oi apode�xei ja sthriqjoÔn sti anisìthte pou de�xame sthnupopar�grafo 2|2d' me gewmetrik� epiqeir mata mìno|Prin proqwr soume e�nai skìpimo na paremb�lloume ed¸ mia apl , all� polÔqr simh prìtash:Je¸rhma 3|2|14 An h sun�rthsh f(x) or�zetai se èna di�sthma (�; �) kai e�naisuneq  sto x0 2 (�; �), an h sun�rthsh g or�zetai se èna di�sthma (; Æ) pouperièqei thn eikìna tou (�; �) mèsw th f (dhlad  to sÔnolo ff(x) : � < x < �g)kai an h g e�nai suneq  sto shme�o f(x0), tìte h sÔnjeth sun�rthsh h = g Æ f(orismì: (g Æ f)(x) = g�f(x)�; � < x < �) e�nai suneq  sto x0|� 32 �
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Apìdeixh: H apìdeixh e�nai sqedìn tetrimmènh| àstw " > 0| Up�rqei Æ1 > 0¸ste jy � f(x0)j < Æ1 sunep�getai jg(y) � g(f(x0))j < " lìgw th sunèqeiath g sto f(x0)| Lìgw t¸ra th sunèqeia th f sto x0 up�rqei Æ < 0 ¸stejx�x0j < Æ sunep�getai jf(x)�f(x0)j < Æ1 kai epomènw jx�x0j < Æ sunep�getaijg(f(x))�g(f(x0))j = jh(x)�h(x0)j < ", pou apodeiknÔei thn sunèqeia th h stox0| 2San efarmog  tou jewr mato parathroÔme ìti osx = sin(�=2�x), dhlad  hsun�rthsh os e�nai sÔnjesh twn sunart sewn sin kai th poluwnumik  �=2� x|Epomènw an de�xoume th sunèqeia th sun�rthsh sin, ja èqoume kai th sunèqeiath os|Prìtash 3|2|15 H sun�rthsh sin(x) e�nai suneq |Apìdeixh: àstw x0 2 R| ParathroÔme ìtij sinx� sinx0j = 2 ����sin x� x02 ���� ����os x+ x02 ���� � 2 ����sin x� x02 ���� :De�xame sthn upopar�grafo 2|2d' ìti j sin �j � j�j gia j�j � �=2| Epeid  j sin �j � 1p�ntote, h anisìthta j sin �j � j�j isqÔei gia ìla ta pragmatik� �| àqoume loipìnp�ntote j sinx� sinx0j � 2 ����x� x02 ���� = jx� x0jki epomènw (Æ = ")jx� x0j < " sunep�getai j sinx� sinx0j < " 2San mia efarmog  ja de�xoume th shmantik  sqèshlimx!0 sinxx = 1Oi anisìthte j sinxj � jxj � j tanxj = jsinx=osxj, jxj < �=2, gia x 6= 0gr�fontai kai w ex : j osxj � (sinx)=x � 1, 0 < jxj < �=2| Gnwr�zoume ìmwìti limx!0 osx = os 0 = 1, �ra an " > 0 up�rqei Æ < 0 ¸ste 0 < jxj < Æ (kaijxj < �=2) sunep�getai 1 � " < (sinx)=x < 1 + "   j(sinx)=x � 1j < " pouapodeiknÔei ton isqurismì ma|Parat rhsh 3|2|16 H parap�nw apìdeixh perièqei ousiastik� kai thn apìdeixh thidiìthta {s�ntouit} gia sunart sei: {An f(x) � g(x) � h(x), 0 < jx� x0j < Ækai limx!x0 f(x) = limx!x0 h(x) tìte to limx!x0 g(x) up�rqei kai e�nai to �diome to limx!x0 f(x)}|3|2d' Idiìthte suneq¸n sunart sewn| E�dh asuneqei¸n|Gia na apofÔgoume periplokè rout�na ja upojètoume ef� ex , ektì an rht�anafèretai to ant�jeto, ìti ta ped�a e�nai diast mata| Mia sun�rthsh e�nai suneq � 33 �
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se èna kleistì di�sthma [�; �℄, an e�nai suneq  sto (�; �), suneq  apì dexi� sto� kai apì arister� sto �| An�loga ja isqÔoun gia diast mata th morf  (�; �℄  [�; �)|Oi idiìthte gia ajro�smata, ginìmeno kai phl�ko or�wn sunep�gontai �mesaìti to �jroisma, to ginìmeno kai to phl�ko dÔo sunart sewn f kai g pou e�nai suneqe�sto x0, e�nai suneqe� sto x0| Sthn per�ptwsh tou phl�kou prèpei na upoteje� ep�plèon ìti g(x0) 6= 0|A upojèsoume ìti to x0 e�nai eswterikì shme�o tou ped�ou orismoÔ mia su-n�rthsh f | Autì shma�nei ìti up�rqei Æ > 0 ¸ste to di�sthma (x0 � Æ; x0 + Æ)na perièqetai sto ped�o orismoÔ| (Ja k�noume suqn� aut  thn upìjesh ìtan me-let�me {topik�} mia sun�rthsh| Sta sunhjismèna ped�a orismoÔ h upìjesh sh-ma�nei ìti exairoÔme �kra sthn per�ptwsh kleist¸n   hm�kleistwn diasthm�twn|H melèth sta �kra, ìtan den e�nai epan�lhyh rout�na, ja g�netai qwrist�)| Hsunèqeia th f sto x0 shma�nei thn Ôparxh tou or�ou limx!x0 f(x) kai thn isì-thta limx!x0 f(x) = f(x0), dhlad  f(x0+) = f(x0�) = f(x0)| Ti shma�nei ìtih f den e�nai suneq  sto x0? Shma�nei   ìti f(x0+) = f(x0�) 6= f(x0)   ìtif(x0+) 6= f(x0�)   ìti toul�qiston èna apì ta pleurik� ìria den up�rqei| Sthnpr¸th per�ptwsh lème ìti sto x0 parousi�zetai �rsimh asunèqeia th f sth deÔterhper�ptwsh asunèqeia, asunèqeia a' e�dou (  p dhma ) kai sthn tr�th asunèqeia b'e�dou (  ousi¸dh)|Sthn per�ptwsh asunèqeia a' e�dou lème ep�sh p dhma th diafor� f(x0+)�f(x0�)| Ta {koy�mata} sth grafik  par�stash pou anafèrame sthn arq  thparagr�fou parousi�zontai sti asunèqeie a' e�dou|An � = f(x0�); � = f(x0+) tì-te ��� = Æ 6= 0, opìte, dialègontagia par�deigma " = jÆj3 , ja èqoumeìti ja up�rqei Æ > 0 ¸ste to gr�-fhma th f na br�sketai p�nw apì thgramm  (1) (sq ma 3|2) sto di�sthma(x0; x0 + Æ) kai k�tw apì th gramm (2) sto di�sthma (x0 � Æ; x0)| Prè-pei p�ntw na toniste� ìti ta pio dÔ-skola (kai suqn� pio endiafèronta)probl mata emfan�zontai sthn per�- x0 − δ x0 x0 + δ

d/3

d/3

d/3

α

β
(1)

(2)

Sq ma 3|2ptwsh twn ousiwd¸n asuneqei¸n|Apì ta parade�gmata th upoparagr�fou 3|2b' sto (i) èqoume �rsimh asunèqeia,sto (ii) asunèqeia a' e�dou kai sto (iii) ousi¸dh asunèqeia| Ja d¸soume t¸ra èna�llo qarakthrismì th sunèqeia pou apod�detai sto Germanì majhmatikì Heine(tèlo 19ou ai¸na)| Upojètoume ìti mia sun�rthsh f e�nai suneq  se èna shme�ox0 tou ped�ou orismoÔ th| àstw xn mia akolouj�a shme�wn tou ped�ou orismoÔ methn idiìthta xn ! x0 kai " > 0| Apì th sunèqeia th f èqoume ìti up�rqei Æ > 0¸ste jx� x0j < Æ sunep�getai jf(x)� f(x0)j < "| Apì th sqèsh xn ! x0 èqoumeìti up�rqei n0 2 N ¸ste n > n0 na sunep�getai jxn� x0j < Æ| Sun�goume loipìnìti n > n0 sunep�getai jf(xn) � f(x0)j < ", me �lla lìgia f(xn) ! f(x0)|àqoume ètsi de�xei to misì tou akìloujou Jewr mato|
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Je¸rhma 3|2|17 H sun�rthsh f e�nai suneq  sto x0 an kai mìno an gia k�je akolou-j�a xn shme�wn tou ped�ou orismoÔ th f me xn ! x0, h akolouj�a f(xn) sugkl�neisto f(x0)Gia to upìloipo th apìdeixh prèpei na de�xoume ìti an h f den e�nai suneq  stox0 tìte up�rqei akolouj�a xn me xn ! x0 ¸ste h ff(xn)g den sugkl�nei sto f(x0)|Upojètoume loipìn ìti h f den e�nai suneq  sto x0, dhlad  e�nai l�jo h prìtash:{Gia k�je " > 0 up�rqei Æ > 0 ¸ste jx�x0j < Æ sunep�getai jf(x)� f(x0)j < "|}Autì shma�nei ìti: Up�rqei " > 0 ¸ste gia k�je Æ > 0 up�rqei x me jx�x0j < Æ kaijf(x)� f(x0)j � "|Parat rhsh 3|2|18 àna pragmatik� kalì krit rio ìti èqete katal�bei ti g�netaimèqri ed¸, e�nai na bebaiwje�te ìti katalaba�nete (kai den apodèqeste apl�) thnparap�nw prìtash| An de sumba�nei autì, gur�ste p�li sti akolouj�e)|Pa�rnw t¸ra gia Æ diadoqik� ta 1=n, n 2 N| Gia k�je n br�skw èna xn 2(x0 � 1=n; x0 + 1=n) kai jf(xn) � f(x0)j � "| H sqèsh ìmw x0 � 1=n < xn <x0 + 1=n sunep�getai ìti xn ! x0 (idiìthta s�ntouit) kai h anisìthta jf(xn) �f(x0)j � " gia ìla ta n 2 N, k�nei adÔnath thn f(xn)! f(x0)| Ft�same loipìnsto zhtoÔmeno �topo|Parat rhsh 3|2|19H dunatìthta epilog  enì xn apì k�je di�sthma (x0 � 1=n; x0 + 1=n) me thnidiìthta jf(xn) � f(x0)j � ", ètsi ¸ste na sqhmatiste� mia akolouj�a fxng, sth-r�zetai se èna ax�wma th jewr�a sunìlwn pou onom�zetai ax�wma epilog | Oimajhmatiko� apodèqontai genik� th qr sh autoÔ tou axi¸mato, to opo�o ìmw prè-pei na toniste� èqei prokalèsei pollè kai èntone suzht sei sthn majhmatik koinìthta|Sundu�zonta ti idiìthte pou èqoume de�xei mèqri t¸ra blèpoume ìti oi rhtèsunart sei, oi trigwnometrikè kai oi {sÔnjete} sunart sei pou mporoÔme nasqhmat�soume me autè e�nai suneqe�| àtsi gia par�deigma oi parak�tw sunart seie�nai suneqe� sta ped�a orismoÔ tou:tanx; x 2 Rnf(k + 1=2)� : k 2 Zg:sin 2x+ 5x2 � 1 ; x 6= �1;sin 2x� osx2 sinx� 1 ; x 6= 2k� + �6 ; x 6= (2k + 1)� � �6 ; k 2 Z:3|3 Orismèna basik� Jewr mata gia suneqe� sunar-t sei|Se aut  thn upopar�grafo ja doÔme duo qr sima, kai diaisjhtik� faner� jewr -mata gia suneqe� sunart sei| äpw ja g�nei fanerì apì ti apode�xei, to kleid��mesa   èmmesa ja e�nai to ax�wma ti sunèqeia|Arq�zoume me merikè aplè idiìthte akolouji¸n, pou ja ma qreiastoÔn sthnapìdeixh| � 35 �
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L mma 3|3|1 An an ! a kai  � an � Æ tìte  � a � Æ|Apìdeixh: Pragmatik� an a > Æ (kai parìmoia an a < ), tìte ja up rqe n ¸stejan � aj < a� Æ2kai epomènw a � an < (a� Æ)=2, dhlad  an > (a+ Æ)=2 > Æ pou e�nai fusik��topo| (blèpe sq ma 3|3)|

γ δ αn α

α−δ
2

Sq ma 3|3 2L mma 3|3|2 An an ! a tìte janj ! jaj|Apìdeixh: H idiìthta aut  e�nai �mesh sunèpeia th anisìthta��janj � jaj�� � jan � aj: 2IdoÔ t¸ra to pr¸to apì ta jewr mata ma:Je¸rhma 3|3|3 An h f e�nai suneqe� sto kleistì di�sthma [a; b℄, tìte:(i) e�nai fragmènh sto [a; b℄ kai(ii) up�rqei x0 2 [a; b℄ ¸ste f(x0) = supff(x) : a � x � bg|Apìdeixh:(i) An h f den e�nai fragmènh tìte gia k�je M 2 R up�rqei x 2 [a; b℄ ¸stejf(x)j > M | Pa�rnonta diadoqik� M = 1; 2; : : : br�skoume mia akolouj�axn, me � � xn � �, ¸ste jf(xn)j > n; n = 1; 2; : : : H xn e�nai fragmènh,�ra ja up�rqei upakolouj�a th xkn , k1 < k2 < � � � < kn < � � � h opo�asugkl�nei, èstw sto x0| Ja èqoume tìte x0 2 [a; b℄ (giat�?)| Epeid  ìmw h fe�nai suneq  sto x0 kai xkn ! x0 ja èqoume f(xkn)! f(x0) kai epomènwjf(xkn)j ! jf(x0)j| Apì thn �llh meri� ìmw h anisìthta jf(xkn)j > knsunep�getai profan¸ ìti jf(xkn)j ! +1 kai ft�same se �topo|� 36 �



3|3 Orismèna basik� Jewr mata gia suneqe� sunart sei|
(ii) De�xame ìti h f e�nai fragmènh sto [a; b℄, dhlad  ìti to sÔnolo ff(x) :a � x � bg e�nai fragmèno (kai pro ta p�nw kai pro ta k�tw)| TosÔnolo autì e�nai profan¸ mh kenì kai epomènw (ax�wma sunèqeia) tosupff(x) : � � x � �g up�rqei kai e�nai èna pragmatikì arijmì, èstwA| Prèpei na de�xoume ìti up�rqei x0 2 [a; b℄ ¸ste f(x0) = A|Apì ton orismì tou sup sun�goume ìti gia k�je n 2 N up�rqei èna tou-l�qiston xn 2 [a; b℄ ¸ste A � 1=n < f(xn) � A| H akolouj�a xn èqeiupakolouj�a xkn h opo�a sugkl�nei se k�poio x0 2 [a; b℄ (giat�?) kai gia thnopo�a isqÔei: A� 1kn < f(xkn) � A:H idiìthta {s�ntouit} de�qnei �mesa ìti f(xkn) ! A| H oriak  aut  sqèshkaj¸ kai h sunèqeia th f sto x0 = lim xkn èqoun w sunèpeia ìtif(xkn)! f(x0); n!1;kai epomènw f(x0) = A, pou e�nai akrib¸ autì pou èprepe na de�xoume|2Parat rhsh 3|3|4 To (ii) de�qnei ìti h {mègisth} tim  th sun�rthsh f {pi�netai}gia k�poio x0 2 [a; b℄| Ja epanèljoume sto z thma autì argìtera|Parat rhsh 3|3|5 A k�noume mia mikr  an�lush twn upojèsewn tou jewr matogia na bebaiwjoÔme ìti den mp kan apl� kai mìno gia na k�noun dunat  thnapìdeixh, all� giat� pragmatik� qrei�zontan (aut  thn an�lush na prospaje�te nathn k�nete p�nta sta jewr mata pou sunant�te)|H sunèqeia th f e�nai apara�thth ìpw fa�netai apì to par�deigmaf(x) = � 0; an x = 01� jxj; an 0 <j x j� 1: (0, 1)

(−1, 0) (1, 0)Ed¸ sup f(x) = 1 all� den up�rqei x0 2 [�1; 1℄ me f(x0) = 1| Den up�rqeiant�fash me to je¸rhma 3|3|3 giat� h f den e�nai suneq  sto 0|To ìti to ped�o orismoÔ e�nai kleistì di�sthma den mpore� na antikatastaje�me opoioud pote e�dou di�sthma| An gia par�deigma jewr soume thn f(x) = x me0 < x < 1, tìte sup f(x) = 1, en¸ gia kanèna x0 2 (0; 1) den èqoume f(x0) = 1(ma le�pei to x0 = 1!)| (Er¸thsh: Se poio shme�o th apìdeixh qrhsimopoi jhkeìti to di�sthma e�nai kleistì?)H �dia akrib¸ apìdeixh ìti up�rqei x1; � � x1 � �, ¸ste f(x1) = infff(x) : � �x � �g|MporoÔme akìmh na ft�soume sto �dio sumpèrasma efarmìzonta to je¸rhmapou apode�xame sthn sun�rthsh �f(x)(giat�?)|� 37 �
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To deÔtero je¸rhma ma èqei to ìnoma {Je¸rhma th endi�mesh tim } kailègei ìti mia sun�rthsh f suneq  se èna kleistì di�sthma [a; b℄ pa�rnei k�je tim metaxÔ twn f(a) kai f(b)| Akribèstera:Je¸rhma 3|3|6 An h f e�nai suneq  sto [a; b℄ kai an f(a) < f(b) kai  2 (f(a); f(b))tìte up�rqei x0 me a < x0 < b ¸ste f(x0) = | To �dio apotèlesma isqÔei kai anf(a) > f(b) kai f(a) >  > f(b)|H gewmetrik  ermhne�a tou jew-r mato e�nai faner | Apl� parath-roÔme ìti h euje�a y =  tèmnei sek�poio shme�o to gr�fhma th sune-qoÔ sun�rthsh f (sq ma 3|4 )|H eidik  per�ptwsh f(a) < 0; f(b) >0;  = 0 e�nai gnwst  san Je¸rh-ma twn Bolzano-Weierstrass (o Bol-zano  tan Tsèqo majhmatikì tou19ou ai¸na| OWeierstrass  tan Ger-manì majhmatikì tou 19ou ai¸nakai m�lista èna apì tou diashmìte-rou| Fhmizìtan gia thn akr�beia kaiausthrìthta twn mejìdwn pou qrhsi- α x0 β

c

f(α)

f(β)

Sq ma 3|4mopoioÔse)|MporoÔme na diatup¸soume to je¸rhma kai w ex :Je¸rhma 3|3|7 (Bolzano-Weierstrass) 1 An h f e�nai suneq  sto [a; b℄ kai anf(a) � f(b) < 0 tìte h f èqei m�a toul�qiston r�za x0 sto (a; b)|
f(β)

f(α)

α β

x0

α + δ

β − δ

Sq ma 3|51Se orismèna bibl�a to je¸rhma anafèretai san je¸rhma Bolzano| Se �lla san je¸rhma Bolzano-Weierstrass anafèretai to je¸rhma: k�je fragmènh akolouj�a èqei sugkl�nousa upakolouj�a|� 38 �



3|3 Orismèna basik� Jewr mata gia suneqe� sunart sei|
Ta dÔo jewr mata e�nai sthn pragmatikìthta isodÔnama| Pragmatik� to je¸-rhma Bolzano-Weierstrass e�nai eidik  per�ptwsh tou jewr mato th endi�meshtim  kai to je¸rhma endi�mesh tim  prokÔptei �mesa an efarmìsoume to je¸-rhma twn Bolzano-Weierstrass sthn suneq  sun�rthsh g(x) = f(x) � , gia thnopo�a isqÔei g(a) � g(b) = (f(a)� ) � (f(b)� ) < 0|Apìdeixh: Arke� na exet�soume thn per�ptwsh f(a) < 0 < f(b) (giat�?)| H idèa thapìdeixh pou ja d¸soume e�nai polÔ apl : äpw fa�netai apì to sq ma 21 mpore�na up�rqoun perissìtera apì èna tètoia x0| A {kunhg soume} to {aristerìtero}(x0 sto sq ma)| Pw mporoÔme na to qarakthr�soume? aploÔstata e�nai to {piomikrì} x me thn idiìthta: {k�je x0 arister� tou x ikanopoie� thn anisìthta f(x0) <0}| Gia na metatrèyoume aut  thn idèa se apìdeixh de�qnoume ìti:(i) To sÔnolo A = fx 2 (a; b℄ : a � x0 < x ) f(x0) < 0g e�nai mh kenì kaifragmèno pro ta p�nw|(ii) An x0 = supA tìte a < x0 < b kai f(x0) = 0|To ìti to A e�nai fragmèno pro ta p�nw e�nai fanerì (to b gia par�deigmae�nai èna �nw fr�gma tou)| To ìti e�nai mh kenì prokÔptei w ex : H sunèqeiath f sto a sunep�getai ìti up�rqei Æ > 0 ¸ste a � x < a + Æ sunep�getaijf(x)�f(a)j < �f(a)=2 < 0| (P�rte " = �f(a)=2 > 0 ston orismì th sunèqeia)kai epomènw a � x < a+ Æ sunep�getai f(x) < f(a)=2 < 0| äla loipìn ta x toudiast mato (a; a+ Æ) an koun sto A kai ètsi to A den e�nai kenì| Apì to ax�wmath sunèqeia t¸ra sumpera�noume ìti up�rqei to x0 = supA kai e�nai profan¸gn sia megalÔtero tou a|Apì th sunèqeia th f sto B sun�goume, ìpw kai prohgoumènw, ìti up�rqeiÆ0 > 0 ¸ste b� Æ0 < x � b sunep¸ f(x) > 0 kai epomènw ìla ta x sto di�sthma(b�Æ0; b℄ e�nai �nw fr�gmata tou A kai �ra xepernoÔn to x0| àqoume loipìn de�xeiìti a < x0 < b kai de mènei par� na de�xoume ìti f(x0) = 0|A upojèsoume f(x0) 6= 0 gia na ft�soume se �topo| An f(x0) > 0 tìte jaup�rqei Æ > 0 ¸ste an x 2 (x0 � Æ; x0 + Æ) \ (�; �) ,tìte f(x) > f(x0=2) > 0(giat�?)| Epomènw to x0 � Æ=2 gia par�deigma, ja e�nai èna �nw fr�gma tou Amikrìtero tou x0, pou e�nai fusik� �topo| An f(x0) < 0 tìte ja up rqe Æ > 0 ¸stean x 2 (x0 � Æ; x0 + Æ) \ (a; b), tìte f(x) < f(x0)=2 < 0| Epomènw x0 + Æ=2 giapar�deigma ja an kei sto A pou e�nai adÔnato| 2Ja qrhsimopoi soume pollè forè ta jewr mata aut� sth sunèqeia| Ed¸ jaarkestoÔme se dÔo endiafèrouse efarmogè|Je¸rhma 3|3|8 K�je polu¸numo perittoÔ bajmoÔ èqei toul�qiston m�a pragmatik r�zaApìdeixh: àstw f(x) = �0 + �1 � x + � � � + �n � xn, �n 6= 0 kai n èna monìfusikì| Gr�foume to f(x) sth morf f(x) = �n � xn � �1 + �n�1�n � x + � � �+ �0�n � xn� = �n � xn � g(x)�39 �



3| SÔgklish, sunèqeia
ìpou g(x) = 1 + �n�1�n � x + � � �+ �0�n � xn :ParathroÔme ìti h g or�zetai sta diast mata (�1; 0); (0;+1) kai ìtilimx!+1 g(x) = 1 kai limx!�1 g(x) = 1(giat�?)| Up�rqoun loipìn arijmo� M > 0 kai N > 0 ¸ste x > M sunep�getaig(x) > 0 kai x < �N sunep�getai g(x) > 0| àstw M 0 > M kai N 0 > N jaèqoume: f(M 0) � f(�N 0) = �2n � (M 0)n � (�N 0)n � g(M 0) � g(�N 0) < 0diìti �2n > 0; g(M 0) > 0; g(�N 0) > 0; (M 0)n > 0; (�N)n < 0 afoÔ to n e�naimonì arijmì| To je¸rhma twn Bolzano-Weierstrass ma exasfal�zei t¸ra thnÔparxh mia r�za th f sto di�sthma (�N 0;M 0)| 2H deÔterh efarmog  e�nai eidik  per�ptwsh enì jewr mato pou e�nai gnwstìw je¸rhma stajeroÔ shme�ou touBanah (O S. Banah  tan Polwnì majhmatikìtou a' misoÔ tou 20ou ai¸na):Je¸rhma 3|3|9 An h f : [0; 1℄! [0; 1℄ e�nai suneq , tìte up�rqei x0 2 [0; 1℄ ¸stef(x0) = x0

f

(0, 0)

(0, 1) (1, 1)

(1, 0)

Sq ma 3|6
Apìdeixh: Gewmetrik� prèpei na de�xoume ìti to gr�fhma th f tèmnei th dia-g¸nio tou tetrag¸nou me korufè (0; 0); (1; 0); (1; 1); (0; 1), dhlad  to gr�fhmath g(x) = x; 0 � x � 1| An f(0) = 0   f(1) = 1, tìte fusik� den qreiazìma-ste t�pote �llo| A upojèsoume loipìn ìti f(0) > 0 kai f(1) < 1| H sun�rthshh(x) = g(x) � f(x) ikanopoie� tìte ti upojèsei tou jewr mato th endi�meshtim | Up�rqei loipìn x0 2 (0; 1) ¸ste g(x0)� f(x0) = 0, dhlad  f(x0) = x0| 2� 40 �



3|4 Ask sei
3|4 Ask sei1| Sumplhr¸ste ti apode�xei sti paragr�fou 3|1g' kai 3|2b'2| An h sun�rthsh f(x); � < x < �, e�nai suneq  kai an limx!�� f(x) =limx!�+ f(x) = +1, tìte up�rqei x0 2 (�; �), ¸ste h tim  f(x0) na e�naito el�qisto th f sto (�; �)|3| An h f(x) e�nai fragmènh sto di�sthma (x0 � �; x0 + �); � > 0; dhlad jf(x)j �M gia k�je x me jx�x0j < �, tìte h sun�rthsh g(x) = (x�x0)f(x)e�nai suneq  sto x0|4| Melet ste ta ìria limx!x0 g(x) ìpou g(x) = P (x)=Q(x) mia rht  sun�rthshkai x0 r�za tou paronomast | Èdia er¸thsh gia ta ìria ìtan x ! +1  x! �1|5| De�xte ìti an �n ! +1 tìte h �n e�nai fragmènh pro ta k�tw, dhlad  tosÔnolo f�n : n 2 Ng e�nai fragmèno pro ta k�tw| Èdia er¸thsh gia thnper�ptwsh �n ! �1|6| D�netai h akolouj�a ak| Jètoume bn = supfak : k � ng| De�xte ìti tolim bn up�rqei   lim bn = +1| To ìrio autì sumbol�zetai lim sup an| ämoiaor�zetai to lim inf an kai apodeiknÔetai ìti up�rqei   e�nai �1| De�xte ìti han sugkl�nei an kai mìno an lim sup an = lim inf an|7| Gia mia akolouj�a �n gr�foume sup�n; inf �n gia to sup; inf tou sunìlouf�n : n 2 Ng| De�xte ìti sup(�n + �n) � sup�n + sup�n; inf(�n + �n) �inf �n + inf �n| Bre�te parade�gmata, an up�rqoun, sta opo�a oi anisìthtee�nai gn sie|8| Qrhsimopoi¸nta ton "� Æ orismì mìno de�xte ìti :lim n2n2 + n = 1;limx!2 xx2 � 1 = 23 :9| Bre�te, an up�rqei, M 2 R ¸ste: x > M sunep�getaix5 + 4x+ 7x4 + 1 > 106:10| An [�n; �n℄; n = 1; 2 : : : mia akolouj�a egkibwtismènwn kleist¸n diasthm�-twn, dhlad  [�1; �1℄ � [�2; �2℄ � : : : � [�n; �n℄ � : : :, tìte(a') H tom  T1n=1[�n; �n℄ den e�nai ken  kai m�lista up�rqoun ta lim�n,lim�n kai isqÔei 1\n=1[�n; �n℄ = [lim�n; lim�n℄:
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3| SÔgklish, sunèqeia
(b') Bre�te anagka�a kai ikan  sunj kh gia na e�nai h tom  T1n=1[�n; �n℄monosÔnolo|11| Bre�te, an up�rqei, to lim�n an(a') �n = pn+ 5�pn(b') �n = �n2 + �n+ �0n2 + �0n+ 0 ; �0 6= 0:E�nai kal� diatupwmèno to er¸thma (b')? An ìqi diorj¸ste th diatÔpwshqwr� na all�xete fusik� thn ous�a tou erwt mato|12| Mia suneq  sun�rthsh f èqei thn idiìthta f(x) = f(�x) gia k�je x 6= 0|De�xte ìti f(0) = 0|13| D�netai h sun�rthsh f(x) = x10 � 7x7 + 8x5 + x2; x 2 R| De�xte ìti tosÔnolo twn tim¸n th e�nai fragmèno pro ta k�tw, dhlad  infff(x) : x 2Rg > �1| Up�rqei x0 2 R ¸ste f(x0) = inf A ìpou A = ff(x) : x 2 Rg?14| Gia poia x e�nai suneq  h sun�rthsh [x℄ os�x? H �dia er¸thsh gia thsun�rthsh [x℄ sin �x|
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4K E F A L A I O
PARAGWGOI
4|1 Basikè ènnoie4|1a' Orismo� kai apl� parade�gmataàstw f mia sun�rthsh kai x0 èna eswterikì shme�o tou ped�ou orismoÔ th| Jaup�rqei tìte Æ > 0 ¸ste to x0+h na br�sketai sto ped�o orismoÔ th f gia jhj < Æ|H diafor� f(x0+h)� f(x0) sumbol�zetai suqn� �f kai onom�zetai {aÔxhsh} thsun�rthsh, en¸ to h = (x0 + h)� x0 sumbol�zetai �x kai onom�zetai {aÔxhsh}th {anex�rthth metablht } x sto x0| To phl�ko �f=�x onom�zetai {phl�koaux sewn} kai to ìriì tou gia �x! 0, an up�rqei, par�gwgo th f sto x0| Kat�analog�an me ì,ti e�pame gia ìria sunart sewn or�zoume pìte h par�gwgo e�nai+1   �1 kaj¸ kai parag¸gou apì dexi� kai arister�| A sugkentr¸soumeautè ti parathr sei se ènan orismì:Orismì 4|1|1 (i) An up�rqei to ìriolimh!0 f(x0 + h)� f(x0)htìte h f lègetai paragwg�simh sto x0 kai to ìrio par�gwgo th f sto x0 (sum-bolismì: f 0(x0)   Df(x0)   dfdx ��x=x0 kai, an den up�rqei k�nduno sÔgqush,apl� df=dx)|(ii) An up�rqei to ìriolimh!0+ f(x0 + h)� f(x0)h � limh!0� f(x0 + h)� f(x0h � ;tìte lème ìti h f èqei par�gwgo apì dexi� (arister�), kai th sumbol�zoume mef 0(x0+) (f 0(x0�))   D+f(x0) (D�f(x0))|



4| PARAGWGOI
(iii) Sthn per�ptwsh pou ta parap�nw ìria e�nai +1   �1 lème ìti h f èqeipar�gwgo (  par�gwgo apì dexi�   par�gwgo apì arister�) +1   �1, (all�de lème ìti h f e�nai paragwg�simh)|Parat rhsh 4|1|2 H par�gwgo apì dexi� (arister�) or�zetai me ton �dio akrib¸trìpo kai se peript¸sei pou to x0 den e�nai eswterikì shme�o tou ped�ou orismoÔ|Gia ton orismì apaite�tai mìno h f na e�nai orismènh s� èna di�sthma th morf [x0; x0 + Æ) (  (x0 � Æ; x0℄), Æ > 0:An h f e�nai paragwg�simh sto x0 tìtef(x)� f(x0)� f 0(x0)(x� x0)x� x0 ! 0;gia x ! x0, (giat�?), dhlad  gia k�je " > 0 up�rqei Æ > 0 ¸ste jx � x0j < Æsunep�getai jf(x)� f(x0)� f 0(x0)(x� x0)j < "jx� x0j;ap� ìpou èpetai ìti to jx� x0j < Æ sunep�getaijf(x)� f(x0)j < �jf 0(x0)j+ "�jx� x0j:Epomènw an h f e�nai paragwg�simh sto x0 tìte e�nai kai suneq  sto x0 (Prosoq :paragwg�simh shma�nei ìti h f 0(x0) e�nai peperasmènh, ìqi +1   �1)| Pragma-tik�, pa�rnonta sthn parap�nw anisìthta " = 1, èqoume gia tuqa�o "0 > 0 ìtijf(x)� f(x0)j < "0 gia ìla ta x tou ped�ou orismoÔ gia ta opo�ajx� x0j < min� "0jf 0(x0)j+ 1 ; Æ� :Oi gnwstè plèon idiìthte twn or�wn m� epitrèpoun na broÔme tÔpou giaparag¸gou ajro�smato, ginomènou kai phl�kou sunart sewn (afoÔ de�xoumefusik� pr¸ta ìti up�rqoun)| àtsi èqoume:(f + g)0(x0) = f 0(x0) + g0(x0)(f � g)0(x0) = f 0(x0)g(x0) + f(x0)g0(x0)�fg�0 (x0) = g(x0)f 0(x0)� g0(x0)f(x0)(g(x0))2 ; g(x0) 6= 0:
A apode�xoume tou tÔpou gia to ginìmeno kai to phl�ko| Fusik� upojètoumeìti to x0 e�nai eswterikì shme�o tou ped�ou orismoÔ kai twn dÔo sunart sewn fkai g| ParathroÔme ep�sh ìti h sunèqeia th g sto x0 kai h sunj kh g(x0) 6= 0sunep�getai ìti h g e�nai di�forh tou mhdenì se mia perioq  (x0�Æ; x0+Æ); Æ > 0,kai epomènw or�zetai kal� toul�qiston s� aut  thn perioq  to phl�ko f=g|� 44 �



4|1 Basikè ènnoie
Gia to ginìmeno qrhsimopoioÔme to klasikì tèqnasma:f(x0 + h)g(x0 + h)� f(x0)g(x0)h = f(x0 + h)g(x0 + h)� f(x0)g(x0 + h)h+f(x0)g(x0 + h)� f(x0)g(x0)h= g(x0 + h)f(x0 + h)� f(x0)h+f(x0)g(x0 + h)� g(x0)h! g(x0)f 0(x0) + f(x0)g0(x0);gia h! 0 (sthn teleuta�a seir� ektì apì ton orismì th parag¸gou qrhsimopoi- same kai thn sunèqeia th g sto x0)|àqonta apode�xei ton tÔpo gia to ginìmeno, arke� na de�xoume ìti�1g�0 (x0) = � g0(x0)(g(x0))2gia na de�xoume ton tÔpo tou phl�kou| àqoume:1h � 1g(x0 + h) � 1g(x0)� = �g(x0 + h)� g(x0)h � 1g(x0)g(x0 + h)! �g0(x0) 1(g(x0))2 ;gia h ! 0, ìpou p�li qrhsimopoi same th sunèqeia th g sto x0 kai thn upìjeshg(x0) 6= 0|A d¸soume t¸ra merik� apl� all� shmantik� parade�gmata:(i) f(x) =  (stajer�)| Ed¸ �f(x0) = 0 gia opoiod pote x0 �ra �f=�x =0! 0, dhlad  f 0(x0) = 0|(ii) f(x) = x, x 2 R: ed¸f(x+ h)� f(x)h = x+ h� xh = 1! 1dhlad  x0 = 1|(iii) f(x) = xn; n 2 N:(x0 + h)n � xn0h = hf(x0 + h)n�1 + (x0 + h)n�2x0 + � � �+ xn�10 gh! xn�10 + xn�10 + � � �+ xn�10 = nxn�10 ;kaj¸ h! 0, dhlad  (xn)0 = nxn�1| (Apode�xte ton tÔpo autì kai meepagwg  qrhsimopoi¸nta th sqèsh (fg)0 = f 0g + fg0)|� 45 �



4| PARAGWGOI
O tÔpo autì isqÔei kai gia n = 0 diìti tìte h f e�nai stajer�| IsqÔei ep�shkai gia n 2 Z kai n < 0| Pr�gmati, èstw f(x) = x�n; n 2 N; x 6= 0| Jaèqoume: �f(x)�0 = � 1xn�0 = � (xn)0x2n = �nxn�1x2n = �nx�n�1gia x 6= 0| �ra gia ìlou tou akèraiou n isqÔei (xn)0 = nxn�1 gia k�je xsto ped�o orismoÔ th xn (dhlad  ìla ta x gia n � 0 kai ta x me x 6= 0 gian < 0)|(iv) f(x) = a0 + a1x+ � � �+ anxn: genik�, an  stajer� tìte(g)0(x0) = 0g(x0) + g0(x0) = g0(x0);opìte tetrimmèna f 0(x) = a1 + 2a2x+ � � �+ nanxn�1|(v) f(x) = sinx| Ed¸ ja èqoumef(x+ h)� f(x)h = sin (x+ h)� sinxh = 2 sin h2 os (x+ h2 )h= sin h2h2 os�x+ h2�! osx;ìtan h ! 0| Sthn teleuta�a seir� qrhsimopoi same thn sunèqeia tou sunh-mitìnou, thn sqèsh (sinx)=x! 1 gia x! 0, kai ton tÔpo gia ìrio sÔnjethsun�rthsh (giat�?)| àqoume loipìn th basik  sqèsh: (sinx)0 = osx|(vi) f(x) = osx| Me ton �dio trìpo br�skoume (osx)0 = � sinx (ja d¸soumekai mia diaforetik  apìdeixh se l�go)|(vii) f(x) = tanx; x 6= (k + 12 )�; k 2 Z|(tanx)0 = � sinxosx�0 = osx(sin x)0 � sinx(osx)0(osx)2= os2 x+ sin2 xos2 x= 1os2 x;dhlad  (tanx)0 = 1=os2 x = 1 + tan2 x|(viii) f(x) = jxj gia x 2 R| An x0 > 0, epeid  f(x) = x sto di�sthma (0;1),ja èqoume f 0(x0) = x0jx=x0 = 1 (giat�?)| An x0 < 0, epeid  f(x) = �x stodi�sthma (�1; 0), ja èqoume f 0(x0) = �1|H per�ptwsh x0 = 0 parousi�zei perissìtero endiafèron| Kat� arq� hjxj e�nai suneq  sto 0 (p�re Æ = ") all�, ìpw ja doÔme se l�go den� 46 �



4|1 Basikè ènnoie
e�nai paragwg�simh dhlad  h paragwgisimìthta sunep�getai sunèqeia all� toant�strofo den e�nai genik� swstì|Endiaferìmaste gia to ìrio tou phl�kouf(0 + h)� f(0)h = jhjh ;ìtan h ! 0| Profan¸ limh!0+ jhj=h = 1 kai limh!0� jhj=h = �1 kaiepomènw den up�rqei to limh!0 jhj=h, dhlad  h jxj den èqei par�gwgo sto0| De�xame ìmw ìti up�rqoun oi pleurikè par�gwgoi f 0(0+) kai f 0(0�)kai m�lista f 0(0+) = 1; f 0(0�) = �1|(ix) A jewr soume t¸ra mia sun�rthsh pou or�zetai me {diaforetikoÔ tÔpou}se diaforetik� diast mataf(x) = � 0; an x < 0x2; an x � 0:H f(x) sump�ptei me th stajer� sun�rthsh 0 gia x < 0, �ra f 0(x) = 0 giax < 0 kai me thn x2 gia x > 0, �ra f 0(x) = 2x gia x > 0| Gia x = 0 e�naikat� arq� suneq , giat�limx!0� f(x) = limx!0� 0 = 0 = f(0) = limx!0+ x2 = limx!0+ f(x):

0

H f e�nai paragwg�simh sto 0| Pragmatik� h f 0(0+) up�rqei kai isoÔ-tai profan¸ me thn apì dexi� paragwgì th x2 gia x = 0| Epeid  h x2,�1 < x <1 èqei paragwgì sto mhdèn, ja èqei kai apì dexi� paragwgì �shme (x2)0x=0 = (2x)x=0 = 2 � 0 = 0| ämoia h arister  paragwgì sto mhdènja isoÔtai me thn paragwgì th stajer� mhdèn sto mhdèn, dhlad  me mhdènkai epomènw f 0(0) = 0| Br kame loipìn:f 0(x) = � 0; x < 02x; x � 0:4|1b' O kanìna th alus�daJa de�xoume t¸ra èna polÔ shmantikì je¸rhma pou ja ma epitrèyei na paragwg�-zoume me eukol�a polÔ perissìtere sunart sei| Tele�w formalistik� (xeqn¸n-ta pro stigm  ped�a orismoÔ, eswterik� shme�a, kai all� parìmoia) o kanìna� 47 �



4| PARAGWGOI
lègei ìti gia th sÔnjeth sun�rthsh h(x) = f(g(x)) èqoume h0(x) = f 0�g(x)�g0(x)Kai afoÔ pro stigm n xeq�same thn {austhrìthta} a d¸soume kai mia eulogo-fan  (all� lanjasmènh) apìdeixh| àqoume loipìn:h(x)� h(x0)x� x0 = f(g(x))� f(g(x0))x� x0= f(g(x))� f(g(x0))g(x)� g(x0) � g(x)� g(x0)x� x0 :H g e�nai suneq  sto g(x)! g(x0) �ra x! x0 gia x! x0 kai epomènw, giax! x0 isqÔei,h(x)� h(x0)x� x0 �! limg(x)!g(x0) f(g(x))� f(g(x0))g(x)� g(x0) � limx!x0 g(x)� g(x0)x� x0= f 0(g(x0))g0(x0):Apì ta poll� {strab�} pou perièqei o parap�nw sullogismì �sw to ousiastikìe�nai ìti den {douleÔei} an g(x) = g(x0) gia x {kontin�} sto x0| Ja d¸soumeparak�tw mia swst  apìdeixh|IdoÔ pr¸ta merikè efarmogè:(i) (osx)0 = � sin(�2 � x)�0 = � os(�2 � x)�(�2 � x)0= � os(�2 � x) = � sinx:(ii) � sin(x3 osx)�0 = os(x3 osx)(x3 osx)0= os(x3 osx)�3x2 osx� x3 sinx�(iii) ((ax+ b)n)0 = n(ax+ b)n�1(ax+ b)0 = an(ax+ b)n�1, gia k�je n 2 N|Proqwr�me t¸ra sth diatÔpwsh kai apìdeixh tou kanìna th alus�da|Je¸rhma 4|1|3 (kanìna th alus�da) An x0 eswterikì shme�o tou ped�ou ori-smoÔ th g kai y0 = g(x0) eswterikì shme�o tou ped�ou orismoÔ th f kai oi para-gwgo� g0(x0) , f 0(y0) up�rqoun (kai e�nai peperasmène), tìte h sÔnjeth sun�rthshh(x) = f(g(x)) èqei paragwgì sto x0 kai isqÔei o tÔpo:h0(x0) = f 0(g(x0)) � g0(x0):Apìdeixh: H paragwgisimìthta th g sto x0 sunep�getai ìti h g e�nai suneq sto x0| Up�rqei ep�sh Æ1 > 0 ¸ste ta y me jy � y0j < Æ1 na br�skontai sto ped�oorismoÔ th f , diìti to y0 = g(x0) e�nai eswterikì shme�o autoÔ tou ped�ou orismoÔ|� 48 �



4|1 Basikè ènnoie
Sun�goume loipìn ìti up�rqei Æ2 > 0 ¸ste, jx � x0j < Æ2 sunep�getai jg(x) �g(x0)j < Æ1 kai epomènw gia jx� x0j < Æ2 h h(x) = f�g(x)� or�zetai|Jèloume na de�xoume ìti h diafor�f(g(x))� f(g(x0))x� x0 � f 0(g(x0))g0(x0)te�nei sto mhdèn gia x! x0| H di�fora aut  gr�fetai:f(g(x))� f(g(x0))x� x0 �f 0(g(x0))g(x)� g(x0)x� x0 +f 0�g(x0)��g(x)� g(x0)x� x0 � g0(x0)� :O deÔtero ìro te�nei sto mhdèn diìtig(x)� g(x0)x� x0 ! g0(x0)gia x! x0| Mènei loipìn na de�xoume ìti kai o pr¸to ìro te�nei sto mhdèndhlad  ìti f�g(x)�� f�g(x0)�� f 0�g(x0)��g(x)� g(x0)�x� x0 ! 0;gia x! x0| àstw loipìn " > 0| H paragwgisimìthta th g sto x0 sunep�getai ìtiup�rqei Æ02 > 0 ¸ste:jx� x0j < Æ02 ) ����g(x)� g(x0)x� x0 ���� < jg0(x0)j+ 1 =M:H paragwgisimìthta th f sto y0 = g(x0) sunep�getai ìti up�rqei Æ3 ¸ste:jy � y0j < Æ3 sunep�getai����f(y)� f(y0)y � y0 � f 0(y0)���� < "M�ra kai: jf(y)� f(y0)� (y � y0)f 0(y0)j � "M jy � y0jan jy � y0j < Æ3| H sunèqeia th g sto x0 sunep�getai ìti up�rqei Æ4 > 0 ¸ste:jx�x0j < Æ4 sunep�getai jg(x)� g(x0)j < Æ3| Jètonta t¸ra Æ = minfÆ02; Æ4g kaiperimazeÔonta ta ìsa e�pame ja èqoume 0 < jx� x0j < Æ sunep�getai��f�g(x)�� f�g(x0)�� f 0�g(x0)��g(x)� g(x0)���x� x0 � "M ����g(x)� g(x0)x� x0 ����< "MM= ";pou apodeiknÔei ton isqurismì ma| 2�49 �



4| PARAGWGOI
4|1g' H par�gwgo w sun�rthshAn mia sun�rthsh f èqei paragwgì gia ìla ta x sto ped�o orismoÔ th, tìte hparagwgì aut  ja e�nai mia nèa sun�rthsh pou exakoloujoÔme na sumbol�zoumeme f 0| An h f 0 èqei par�gwgo th sumbol�zoume me f 00 (  D2f   D2f=dx2) k|o|k|Parade�gmata:(i) f(x) = x3| àqoume f 0(x) = 3x2, f 00(x) = 6x, f 000(x) = 6, f (4)(x) = 0; : : :,f (n)(x) = 0 gia n � 4|(ii) f(x) = sinx| àqoume f 0(x) = osx;f 00(x) = � sinx;f 000(x) = � osx;f (4)(x) = sinxkai genikìtera (tetrimmènh epagwg )f (4k+1)(x) = osx, f (4k+2)(x) = � sinx,f (4k+3)(x) = � osx, f (4k+4)(x) = sinx, gia k = 0; 1; 2; : : :4|2 Fusik  kai gewmetrik  shmas�a th parag¸gouH eisagwg  th ènnoia th parag¸gou ègine ton 17o ai¸na kai apod�detai stouNewton1, Fermat2 kai Leibnitz3 (anex�rthta o èna apì ton �llo)| To k�nhtrogia ton Newton  tan h kataskeu  majhmatikoÔ montèlou gia thn ermhne�a twnnom¸n k�nhsh twn planht¸n tou Kepler| Sto per�fhmo èrgo tou {Prinipia}jètei sthn pragmatikìthta ti b�sei kai proqwr�ei shmantik� sthn an�ptuxh touApeirostikoÔ LogismoÔ, ìpw ton gnwr�zoume s mera (an kai h an�gnwsh twnPrinipia jum�zei m�llon ta {Stoiqe�a} tou Eukle�dh par� èna shmerinì ke�meno)|O Fermat odhg jhke sthn ènnoia th parag¸gou sthn prosp�jeia tou na or�seithn efaptìmenh mia kampÔlh, en¸ o Leibnitz odhg jhke eke� apì filosofik morf  erwt sei| Apì th doule�a tou teleuta�ou ma èmeine ousiastik� mìno osumbolismì df=dx, en¸ oi anakalÔyei twn Fermat kai Newton jewroÔntai kais mera jemeli¸dei| Sti epìmene duo paragr�fou ja poÔme duo lìgia gia tishmantikè autè anakalÔyei|4|2a' H par�gwgo sth Mhqanik Gia na melet soume thn k�nhsh enì ulikoÔ shme�ou sto q¸ro gr�foume x(t), y(t),z(t) gia ti suntetagmène tou, pou e�nai fusik� sunart sei tou qrìnou t| Deqì-maste ìti o qrìno perigr�fetai me èna pragmatikì arijmì, o opo�o metab�lletaise èna di�sthma [a; b℄| A exet�soume gia aplìthta mìno thn k�nhsh th probol 1Di�shmo �gglo epist mona tou 17ou�18ou ai¸na|2G�llo majhmatikì tou 17ou�18ou ai¸na|3Germanì majhmatikì kai filìsofo tou 17ou�18ou ai¸na|� 50 �



4|2 Fusik  kai gewmetrik  shmas�a th parag¸gou
tou shme�ou ston �xona x,  , an jèlete, a upojèsoume ìti shme�o kine�tai p�nw semia euje�a thn opo�a pa�rnoume san �xona twn x|To shme�o loipìn xekin�ei apì thn jèsh x(a) kai ft�nei sthn jèsh x(b) seqrìno b� a| An h k�nhsh tou  tan {omoiìmorfh} ja lègame ìti h taqÔthta tou e�nai(x(b)� x(a))=(b� a)| En gènei ìmw autì den sumba�nei kai gi� autì onom�zoumeto phl�ko (x(b)� x(a))=(b� a) {mèsh taqÔthta}| Fusik� mèsh taqÔthta ja èqoumegia k�je qronikì di�sthma (t; t+ h),  , gia na sumfwn soume me thn par�dosh,(t; t+�t)| E�nai fusiologikì, toul�qiston gia mikr� �t, na prosegg�zoume thntaqÔthta th stigm  t me aut  thn mèsh taqÔthta (x(t+�t)� x(t))=(�t) kai naor�soume w taqÔthta kat� th stigm  t to ìriolim x(t+�t)� x(t)�t ;gia �t! 0| Epeid  to x(t) parist�nei th jèsh tou kinhtoÔ, dhlad  to di�sthma poudi nuse mèqri th stigm  t, an upojèsoume ìti x(a) = 0, mporoÔme na poÔme ìti: {h(stigmia�a) taqÔthta e�nai h par�gwgo tou diast mato w pro to qrìno}|Apì to shme�o autì kai pèra poll� apì ta apotelèsmata tou ApeirostikoÔLogismoÔ apoktoÔn mia {mhqanik } shmas�a (all� kai ant�strofa poll� erwt -mata th Mhqanik  ma odhgoÔn se prot�sei tou ApeirostikoÔ LogismoÔ)| àtsigia par�deigma, h deÔterh par�gwgo tou diast mato w pro to qrìno e�nai h{epit�qunsh}|A doÔme me perissìterh lepto-mèreia èna aplì par�deigma (armoni-kì talantwt )| Upojètoume ìti ènakinhtì M kine�tai omoiìmorfa p�nwsth perifèreia enì kÔklou me kèn-tro thn arq  kai akt�na 1 kat� fo-r� ant�jeth me th for� twn deikt¸ntou wrolog�ou kai akìmh ìti th qro-nik  stigm  t = 0 br�sketai sto sh-me�o (1; 0)| Endiaferìmaste gia thnk�nhsh th probol  tou shme�ou p�-nw ston �xona twn x|H upìjesh ìti h k�nhsh p�nw sth pe-rifèreia e�nai omoiìmorfh shma�neiìti h gwn�a #(= #(t)) e�nai an�loghtou qrìnou, dhlad  ìti #(t) = !t, ì-

M

(0, 0) (1, 0)p

θ(t)

Sq ma 4|1pou ! mia stajer� pou onom�zetai gwniak  taqÔthta kai metriètai se rad/se, ìtanmetr�me to qrìno se deuterìlepta kai th gwn�a se akt�nia|H jèsh th probol  P ston �xona twn x ja d�netai apì th sun�rthshx(t) = os#(t) = os!t:H taqÔthta kai h epit�qunsh loipìn tou P ja e�nai�(t) = x0(t) = �! sin!t�51 �



4| PARAGWGOI
kai b(t) = x00(t) = �!2 os!t:PolÔ suqn� emfan�zontai sth Fusik  peript¸seik�nhsh parìmoia me thn k�nhsh tou P | An gia par�-deigma fantastoÔme èna ulikì shme�o m�za 1 sthn�krh enì elathr�ou kai to apomakrÔnoume apì thjèsh isorrop�a kat� th dieÔjunsh tou elathr�ou kaikat� m ko 1 tìte, upì thn pro�pìjesh ìti briskìmasteakìma sthn {elastik  perioq } (dhlad  den q�lase toelat rio), to shme�o ja kine�tai ìpw to P (ja ektele�ìpw lème {armonik  tal�ntwsh})| Oi nìmoi th Fu- 1Sq ma 4|2sik  pou ma odhgoÔn s� autì to sumpèrasma e�nai gnwsto�| To ìti briskìmastesthn elastik  perioq  shma�nei ìti isqÔei o nìmo tou Hooke dhlad , h dÔnamh pouaske�tai sto shme�o ma ja kateujÔnetai pro thn arq  kai ja e�nai an�logh thapom�krunsh: F = �kx, ìpou k e�nai mia jetik  stajer�| A gr�youme loipìnk = !2| H dÔnamh ìmw e�nai �sh me thn m�za ep� thn epit�qunsh (autì e�nai ènaapì tou basikoÔ nìmou pou anak�luye o Newton) kai epomènw ja èqoume(m�za = 1)x00(t) = �!2x(t):àqoume loipìn mia ex�swsh gia thn �gnwsth sun�rthsh pou perièqei ektì apìth sun�rthsh kai parag¸gou th (ed¸ th deÔterh)| Mia tètoia ex�swsh lègetaidiaforik  kai èna apì ta kÔria epiteÔgmata tou ApeirostikoÔ LogismoÔ e�nai ìtid�nei mejìdou gia thn lÔsh tètoiwn exis¸sewn| Fusik� den ft�nei aut  h ex�swshgia na broÔme thn �gnwsth sun�rthsh| IdoÔ mia fusik  apìdeixh: {Sthn �dia ex�swshja ft�name an apomakrÔname to shme�o kat� 1=2 , kai ìqi kat� 1, apì th jèshisorrop�a| Profan¸ ìmw tìte èprepe na broÔme diaforetik  sun�rthsh, anmh ti �llo diìti de ja �sque h sunj kh x(0) = 1| All� kai an akìmh e�qamethn �dia arqik  apom�krunsh 1 kai th stigm  t = 0 d�name mia arqik  taqÔthtasto kinhtì ma (fantaste�te mia elafri� {sfuri�}) p�li sthn �dia ex�swsh jaft�name| E�nai ìmw profanè kai p�li ìti ja èprepe na broÔme diaforetik sun�rthsh, an mh ti �llo de ja �sque h sunj kh x0(0) = 0}| Ed¸ telei¸nounìmw oi antirr sei giat� an d¸soume thn arqik  apom�krunsh (x(0) = 1) kaithn arqik  taqÔthta (x0(0) = 0) tìte h {fusik } dia�sjhsh ma lègei ìti to kinhtìe�nai {katadikasmèno} na akolouj sei mia sugkekrimènh k�nhsh| Diatupwmèno semajhmatikoÔ ìrou autì shma�nei ìti up�rqei m�a mìno sun�rthsh x(t) pou ikanopoie�thn ex�swsh x00(t) = �!2x(t) kai ti sunj ke x(0) = 1 kai x0(0) = 0|Mia tètoia sun�rthsh br kame sthn arq  th paragr�fou: x(t) = os!t| {A-pode�xame} loipìn ìti h apom�krunsh x(t) ston armonikì talantwt  ma e�nai hx(t) = os!t, ìpou h gwniak  taqÔthta ! e�nai h tetragwnik  r�za th {staje-r� tou elathr�ou} k| B�lame th lèxh apode�xame se eisagwgik� giat� h apìdeixhma sthr�qthke sth Fusik  empeir�a| Ja doÔme sti ask sei ìti o ApeirostikìLogismì ja ma d¸sei sqetik� eÔkola th majhmatik  apìdeixh pou le�pei|Parat rhsh 4|2|1 àna proseqtikì anagn¸sth sto shme�o autì prèpei na rw-t sei: Kal�, pisteÔw ìti argìtera ja ma d¸sei austhr  apìdeixh, all� kai toFusikì epiqe�rhma fa�netai atr�ntaqto (èna kinhtì pou xekin�ei apì dedomènh� 52 �



4|3 H par�gwgo w kl�sh efaptomènh
jèsh (x(0) = 1) me dedomènh taqÔthta (x0(0) = 0) kai se k�je jèsh pou ja per�seiaske�tai ep�nw tou dedomènh dÔnamh (�!2x) den mpore� par� na èqei prodia-gegrammènh k�nhsh)| Ti g�netai loipìn, mporoÔme na apode�xoume majhmatikèprot�sei me fusik� epiqeir mata? H ap�nthsh e�nai nai ef� ìson h Fusik  je-wr�a (ed¸ Mhqanik ) th opo�a tou nìmou qrhsimopoioÔme e�nai {kal }| Piosugkekrimèna ed¸ sthriqj kame sto nìmo tou Newton (ax�wma gia th Mhqanik ){dÔnamh = (m�za)�(epit�qunsh)}| O nìmo autì (ousiastik� lìgw th austhr apìdeixh pou ja d¸soume argìtera) sunep�getai to {atr�ntaqto} fusikì epiqe�-rhma pou qrhsimopoi same|
4|3 H par�gwgo w kl�sh efaptomènh

x0 x0 + h

Λ

M

N

f

K

ω

∆f = f(x0 + h) − f(x0)

f ′(x0) · h

(x0, f(x0))

Sq ma 4|3A upojèsoume ìti h sun�rthsh f e�nai orismènh se mia geitoni� tou shme�oux0 kai ìti e�nai paragwg�simh sto x0| JewroÔme th qord  MN (blèpe sq ma 26)kai upojètoume ìti to shme�o N�x0 + h; f(x0 + h)� plhsi�zei to M , dhlad  to hte�nei sto 0| Perimènoume, gewmetrik�, ìti h euje�a p�nw sthn opo�a br�sketai hqord  ja plhsi�zei mia euje�a pou e�nai fusiologikì na kalèsoume efaptomènh tougraf mato th f sto (x0; f(x0))| MporoÔme loipìn na or�soume thn efaptomènhstoM na e�nai mia euje�a pou pern�ei apì toM kai èqei kl�sh to ìrio, an up�rqei,twn kl�sewn twn qord¸n MN ìtan h ! 0| Ja doÔme ìti h paragwgisimìthtasunep�getai thn Ôparxh autoÔ tou or�ou| Pragmatik� (blèpe sq ma) h kl�sh th� 53 �



4| PARAGWGOIMN e�nai fusik� mia sun�rthsh tou h pou d�netai apì ton tÔpo:f(x0 + h)� f(x0)h = (N�)(M�)Up�rqei loipìn to ìrio twn kl�sewn kai den e�nai t�pote �llo par� h f 0(x0) dhlad (blèpe sq ma 26) tan! = f 0(x0)|Gr�fonta �f(x0; h) = f(x0 + h)� f(x0) kai df(x0; h) = f 0(x0)h dhlad , to�f(x0; h) = �N e�nai h {aÔxhsh p�nw sto gr�fhma th f}, en¸ to df(x0; h) = K�e�nai h {aÔxhsh p�nw sthn efaptomènh f(x0) + (x � x0)f 0(x0)}| H gewmetrik dia�sjhsh m� lègei ìti h diafor� �f(x0; h)�df(x0; h) = NK, dhlad  to {l�jo}pou ja k�name an antikajistoÔsame thn f(x) me thn f(x0) + (x � x0)f 0(x0) (�ex�swsh efaptomènh), g�netai, akìmh kai se sqèsh me to h, polÔ mikrì, ìtanh! 0| A doÔme me megalÔterh akr�beia ti sumba�nei| àqoumeNK = �f(x0; h)� df(x0; h) = f(x0 + h)� f(x0)� f 0(x0)h= hf(x0 + h)� f(x0)� f 0(x0)hh= h � q(x0; h)ìpou q(x0; h) = f(x0 + h)� f(x0)h � f 0(x0):H paragwgisimìthta th f sto x0 shma�nei ìti h q, w sun�rthsh tou h, te�neisto mhdèn gia h! 0, dhlad  ìqi mìno�f(x0; h)� df(x0; h)! 0all� kai �f(x0; h)� df(x0; h)h ! 0; ìtan h! 0Sun jw h idiìthta ekfr�zetai w ex : To �f(x0; h)�df(x0; h) e�nai {apeirostì}an¸terh t�xh apì to h,   akìma: To �f(x0; h)� df(x0; h) e�nai {mikrì o} tou h(sumbolismì: �f(x0; h)� df(x0; h) = o(h);gia h! 0)|A d¸soume tou akribe� orismoÔ: Kat� arq� apeirostì lègetai mia sun�r-thsh f(x) me thn idiìthta f(x)! 0, x! x0 (akribèstera apeirostì gia x! x0)|To sÔmbolo {o} (o mikrì) kaj¸ kai to {O} (O meg�lo) ofe�lontai sto Germanìmajhmatikì Landau (a' misì 20ou ai¸na) kai or�zontai w ex :Orismì 4|3|1 An f , g dÔo sunart sei orismène se mia perioq  enì shme�ou x0(an�logoi orismo� d�nontai kai an oi sunart sei or�zontai se diast mata th morf (x0; x0 + h)   (x0 � h; x0), gia h > 0), tìte(i) f(x) = O(g(x)), x! x0, an up�rqoun Æ > 0 kai M ¸stejx� x0j < Æ ) jf(x)j �M jg(x)j:� 54 �



4|3 H par�gwgo w kl�sh efaptomènh
(ii) f(x) = o(g(x)), x! x0, an f(x)g(x) ! 0;gia x! x0|(f(x) = O(g(x)), gia x ! x0, diab�zetai: h f e�nai {O meg�lo} th g giax ! x0 kai h f(x) = o(g(x)), gia x ! x0, diab�zetai: h f e�nai {o mikrì} th ggia x! x0|)Parade�gmata:(i) sinx = O(x), gia x! 0| Pragmatik� j sinxj � jxj gia ìla ta x|(ii) sin 1x = O(1), gia x! 0| Pragmatik� j sin(1=x)j � 1 gia ìla ta x|(iii) x2 = o(x), gia x! 0| Pragmatik� x2=x = x! 0, gia x! 0|(iv) 1� osx = o(x), gia x! 0| Pragmatik�1� osxx = 1x2 sin2 x2 = sin x2x2 sin x2 ! 1 � 0 = 0;

gia x! 0|Parat rhsh 4|3|2 An gr�youme �x gia to h tìte h sqèsh df(x0; h) = f 0(x0) � hg�netai f 0(x0) = df(x0; h)=�x| Gia th sun�rthsh f(x) = x ja èqoumedf(x0; h) = 1 � h = hgia ìla ta h; dhlad  dx(x0; h) = �x| Oi parathr sei autè odhgoÔn sto {sum-bolismì tou Leibnitz} gia thn par�gwgo df=dx| A shmei¸soume akìmh ìti todf(x0; h), to opo�o gia dedomèno x0, e�nai apl� h grammik  omogen  sun�rthshf 0(x0) � h, lègetai diaforikì th f | Den ja epime�noume perissìtero sth shmantik aut  ènnoia giat� sti sunart sei mia metablht  pou exet�zoume den prosfèreit�pote perissìtero apì ìti h par�gwgo| äpw ja m�jete argìtera h kat�stashe�nai tele�w diaforetik  gia sunart sei perissìterwn metablht¸n|
Kle�noume aut  thn upopar�grafo me mia apl  efarmog | A jewr soumeth sun�rthsh f(x) = (1=4)x2| To gr�fhm� th e�nai mia parabol  me {est�a} toshme�o N(0; 1) kai {dieujetoÔsa} thn euje�a y = �1: Gewmetrik� or�zetai w ogewmetrikì tìpo twn shme�wn pou apèqoun apì thn est�a N kai th dieujetoÔsay = �1| Pragmatik� (blèpe sq ma 4|4)� 55 �
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y
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(
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Sq ma 4|4

(MN)2 = x2 +�x24 � 1�2= x2 +�x24 �2 + 1� x22= 1 +�x24 �2 + x22= �1 + x24 �2= (MM 0)2:
Mia polÔ gnwst  idiìthta th parabol  e�nai ìti {h efaptomènh th diqotome� thgwn�a pou sqhmat�zei h par�llhlo pro ton �xona summetr�a th kai h euje�a pousundèei to shme�o epaf  me thn est�a}| A thn apode�xoume: prèpei na de�xoume(blèpe sq ma 27) ìti  = Æ, dhlad   = �� � kai epeid   = �=2� � prèpei na� 56 �



4|4 Orismèna basik� jewr mata gia paragwg�sime sunart sei
de�xoume ìti 2�� � = �=2| àqoume ìmw:tan� = f 0(x)= x2 (h kl�sh th efaptomènh e�nai h par�gwgo)tan� = 1x �x24 � 1�kai epomènw:tan 2� = 2 tan�1� tan2 �= x1� x24= � 1tan�= ot (��);ap� ìpou pragmatik� èpetai 2�� � = �=2| (Qwr� na to poÔme upojèsame ìtioi gwn�e �; �; ; Æ  tan oxe�e, dhlad  x > 0 kai x2=4 > 1| Diereun ste kai tiupìloipe peript¸sei|
4|4 Orismèna basik� jewr mata gia paragwg�simesunart seiO orismì th parag¸gou upagoreÔthke apì an�gke th Gewmetr�a kai th Mh-qanik  kai o Apeirostikì Logismì, pou bas�zetai s' aut  thn ènnoia, èdwseter�stia ¸jhsh kai sti dÔo autè epist me (kai se �lle pollè)| O orismììmw autì e�nai s�goura petuqhmèno kai gia ènan �llo lìgo: d�nei lab  gia thdhmiourg�a mia plousiìtath jewr�a pou apant�ei se poll� fusiologik� erwt -mata gia th sumperifor� twn pragmatik¸n sunart sewn| Den up�rqei amfibol�a,ìti ja èqane meg�lo mèro apì th shmas�a tou o Apeirostikì Logismì qwr� tiefarmogè tou, all� e�nai ep�sh bèbaio ìti ja e�qe th jèsh tou sth Majhmatik Epist mh akìmh kai qwr� autè| SÔmfwna me mia {metamajhmatik } arq  oi dÔoautè ìyei mpore� na e�nai allhlèndete: {Mia kal  majhmatik  jewr�a an denèqei proèljei apì shmantik� erwt mata �llwn episthm¸n perièqei th dunatìthtana efarmoste� akìmh kai met� th dhmiourg�a th}|Apì thn par�grafo aut  ja arq�sei na g�netai emfan  o ploÔto th jewr�apou melet�me|4|4a' Ta jewr mata tou Rôlle kai th mèsh tim àstw f mia sun�rthsh orismènh se èna kleistì di�sthma [�; �℄ kai suneq  s'autì| Upenjum�zoume ìti gia ta shme�a �; � h sunèqeia isoduname� me sunèqeiaapì dexi� kai arister� ant�stoiqa| A upojèsoume akìmh ìti h f e�nai paragwg�simhsto anoiqtì di�sthma (�; �): (De ma endiafèrei h Ôparxh parag¸gwn, apì dexi�kai arister� bèbaia, sta �; �): �57 �



4| PARAGWGOI
E�nai fanerì gewmetrik� ìti an metakin soume th qord  AB (blèpe sq ma 4|5)par�llhla pro ton eautì th, se k�poia stigm  ja g�nei efaptìmenh tou graf -

A
(α, f(α))

B

(β, f(β)

x0α β

Sq ma 4|5mato, se èna shme�o x0; � < x0 < �: H kl�sh th efaptomènh sto x0; dhlad  hf 0(x0) ja e�nai �sh me thn kl�sh th qord , dhlad �f(�)� f(�)�(� � �) :D¸same loipìn mia gewmetrik� eulogofan  apìdeixh tou parak�tw shmantikoÔjewr mato|Je¸rhma 4|4|1 (mèsh tim ) An h f e�nai suneq  sto kleistì di�sthma [�; �℄ kaiparagwg�simh sto (�; �); tìte up�rqei x0 2 (�; �) ¸ste:f 0(x0) = f(�)� f(�)� � � :
α x0 β

Sq ma 4|6Mia eidik  kai endiafèrousa per�ptwsh tou jewr mato prokÔptei ìtanf(�) = f(�) = 0:� 58 �



4|4 Orismèna basik� jewr mata gia paragwg�sime sunart sei
H per�ptwsh aut  e�nai gnwst  san je¸rhma tou Rôlle| O Rôlle (G�llo majhma-tikì tou 17ou ai¸na) apèdeixe to je¸rhma mìno gia polu¸numa|Je¸rhma 4|4|2 (Rôlle) An isqÔoun oi pro�pojèsei tou jewr mato th mèsh tim kai epiplèon f(�) = f(�) = 0 tìte up�rqei x0 2 (�; �) ¸ste f 0(x0) = 0|Mia apl  parat rhsh de�qnei ìti sthn pragmatikìthta ta duo jewr mata e�naiisodÔnama| Pragmatik� a upojèsoume ìti isqÔei to je¸rhma tou Rôlle kai ajewr soume th sun�rthsh f(x)� g(x) = h(x);ìpou g(x) = f(�) + f(�)� f(�)� � � (x� �)h grammik  sun�rthsh th opo�a to gr�fhma perièqei th qord  AB: H h ja ikano-poie� ti pro�pojèsei tou jewr mato tou Rôlle giat� h g e�nai paragwg�simh, �rakai suneq  se ìlo to R kai f(�) = g(�); f(�) = g(�):Up�rqei loipìn x0 2 (�; �)¸ste h0(x0) = 0; dhlad  f 0(x0)� f(�)� f(�)� � � = 0:Arke� loipìn na de�xoume to je¸rhma tou Rôlle|Apìdeixh: An h f e�nai stajer  sto [�; �℄ dhlad  f(x) = 0 gia k�je x 2 [�; �℄; tìtef 0(x) = 0 gia ìla ta x kai to je¸rhma e�nai tetrimmèno| A upojèsoume loipìn ìtiup�rqei x; anagkastik� sto (�; �); ¸ste f(x) 6= 0: Qwr� bl�bh th genikìthtamporoÔme na upojèsoume f(x) > 0: Epeid  h f e�nai suneq  up�rqei x0 2 [�; �℄¸ste: f(x0) = supff(x) : x 2 [�; �℄g;dhlad  f(x0) � f(x) gia k�je x sto [�; �℄: Epeid  up�rqei x me f(x) > 0; jaèqoume f(x) > 0; epomènw � < x0 < �:Ja de�xoume ìti f 0(x0) = 0 kai h apìdeixhja èqei telei¸sei|Epeid  x0 2 (�; �); up�rqei h par�gwgo f 0(x0) �ra kai oi f 0(x+0 ) kai f 0(x�0 )kai m�lista f 0(x0) = f 0(x+0 ) = f 0(x�0 ):àqoume ìmw f 0(x+0 ) = limx!x+0 f(x)� f(x0)x� x0kai epeid  f(x0) � f(x) kai x > x0 to phl�ko f(x)�f(x0)x�x0 ja e�nai mikrìtero   �sotou mhdenì gia x > x0: Sun�goume ìtif 0(x0) = f 0(x+0 ) � 0:Me tele�w parìmoio trìpo br�skoumef 0(x0) = f 0(x�0 ) � 0kai epomènw f 0(x0) = 0 ìpw èprepe na de�xoume| 2�59 �
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Parat rhsh 4|4|3 H upìjesh th paragwgisimìthta sto (�; �) e�nai fusik� apa-ra�thth gia na èqei nìhma to sumpèrasma tou jewr mato| H upìjesh th sunèqeiasto [�; �℄ ja mporoÔse kat� arq n na antikatastaje� isodÔnama me sunèqeia sta �kai � mìno (giat�?) kai e�nai ep�sh apara�thth| Autì to blèpoume me to aplì pa-r�deigma: f(x) = 0 gia 0 � x < 1 kai f(1) = 1: Ektì apì th sunèqeia sto 1 ìleoi �lle pro�pojèsei epalhjeÔontai all� to sumpèrasma e�nai s�goura adÔnato|Pragmatik� f 0(x) = 0 gia k�je x 2 (0; 1); en¸f(1)� f(0)1� 0 = 1 6= 0(blèpe sq ma 4|7)|

0

1

1

Sq ma 4|7Parat rhsh 4|4|4 Up�rqoun di�fore qr sime parallagè tou jewr mato thmèsh tim | H morf  pou de�xame e�nai gnwst  me to ìnoma tou Lagrange (G�llomajhmatikì tou 18ou ai¸na)| An gia par�deigma jewr soume dÔo sunart sei fkai g pou ikanopoioÔn kai oi dÔo ti upojèsei tou jewr mato th mèsh tim  tìteh sun�rthsh: h(x) = (f(�)� f(�)) � g(x)� (g(�)� g(�)) � f(x)ja ikanopoie� th sqèsh h(�) = h(�) kai ti upojèsei tou jewr mato| Ja up�rqeiloipìn x 2 (�; �); ¸ste:(f(�)� f(�)) � g0(x0) = (g(�)� g(�)) � f 0(x0):An upojèsoume ìti oi f 0 kai g0 den èqoun koin  r�za sto (�; �) kai akìmag(�)� g(�) 6= 0; opìte anagkastik� g0(x0) 6= 0 (giat�?), mporoÔme na gr�youmethn parap�nw sqèsh me th morf f(�)� f(�)g(�)� g(�) = f 0(x0)g0(x0) :àqoume loipìn de�xei to epìmeno je¸rhma th mèsh tim  tou Cauhy, to opo�o jama qreiaste� argìtera| � 60 �



4|4 Orismèna basik� jewr mata gia paragwg�sime sunart sei
Je¸rhma 4|4|5 An oi f kai g ikanopoioÔn ti upojèsei tou jewr mato th mèshtim  kai an epiplèon oi f 0 kai g0 den èqoun koin  r�za sto (�; �) kai g(�)� g(�) 6= 0;tìte up�rqei x0 2 (�; �) ¸ste:f(�)� f(�)g(�)� g(�) = f 0(x0)g0(x0) :JewroÔme autonìhto ìti o anagn¸sth ja èqei  dh epiqeir sei na dei an h pro-�pìjesh ìti h f 0 kai h g0 den èqoun koin  r�za e�nai apara�thth| An den ta èqeikatafèrei a dokim�sei ti sunart sei x2 kai x3 sto di�sthma [�1; 1℄| (An denèqei kan epiqeir sei, tìte �sw prèpei na xanaskefte� an h epilog  tou na spoud�seimajhmatik�  tan swst |)Kle�noume aut  thn par�grafo me mia polÔ shmantik  efarmog  tou jewr -mato mèsh tim |Je¸rhma 4|4|6 An mia sun�rthsh f me ped�o orismoÔ èna di�sthma (�; �) èqei par�-gwgo f 0(x) �sh me mhdèn gia ìla ta x 2 (�; �) tìte h f e�nai stajer� sto (�; �)|Apìdeixh: Pa�rnoume tuqa�o x0 2 (�; �) kai exet�zoume th diafor� f(x)� f(x0)gia x 2 (�; �)| Upojètoume qwr� bl�bh th genikìthta ìti x0 < x| To je¸rhmath mèsh tim  ma lègei ìti up�rqei � 2 (x0; x) ¸ste f(x)�f(x0) = f 0(�)(x�x0),dhlad  (afoÔ f 0(�) = 0) f(x) = f(x0), ìpoio kai na e�nai to x 2 (�; �)|àna isodÔnamo trìpo na ekfr�soume to �dio apotèlesma e�nai na poÔme:{an dÔo sunart sei f kai g èqoun thn �dia par�gwgo se èna di�sthma, f 0(x) =g0(x) gia � < x < �, tìte diafèroun kat� mia stajer� s� autì to di�sthma,dhlad  f(x) = g(x) +  gia � < x < �}| (Arke� na parathr soume ìti h upìjeshsunep�getai (f � g)0(x) = 0 gia � < x < �|) 24|4b' Monìtone Sunart seiS� aut  thn upopar�grafo ta ped�a orismoÔ ja e�nai p�ntote diast mata| Pio sugke-krimèna ja jewr soume sunart sei pou or�zontai se èna anoiqtì di�sthma [a; b℄|Sti perissìtere peript¸sei e�nai doulei� rout�na h exètash twn upìloipwnmorf¸n diasthm�twn kai ja thn parale�poume|Mia sun�rthsh f : (a; b) ! R lègetai aÔxousa (gn sia aÔxousa) an x < ysunep�getai f(x) � f(y) gia x; y 2 (a; b) (x < y sunep�getai f(x) < f(y) giax; y 2 (a; b)) kai fj�nousa (gn sia fj�nousa) an x < y sunep�getai f(x) � f(y)gia x; y 2 (a; b) (x < y sunep�getai f(x) > f(y) gia x; y 2 (a; b))| Monìtonh(gn sia monìtonh) lègetai mia sun�rthsh pou e�nai aÔxousa   fj�nousa (gn siaaÔxousa   gn sia fj�nousa)|Parade�gmata:(i) H sun�rthsh sinx e�nai gn sia aÔxousa sto (��=2; �=2) kaj¸ kai sto[��=2; �=2℄| � 61 �



4| PARAGWGOI
(ii) H sun�rthsh x+(x) = max(x; 0) e�nai aÔxousa sto R all� ìqi gnhs�waÔxousa (èna �llo trìpo na gr�youme thn x+ e�nai o x+(x) = 12 jxj+x,mantèyte kai or�ste thn x�)|(iii) H sun�rthsh tanx e�nai gn sia aÔxousa se k�je di�sthma th morf �(2k � 1)�2 ; (2k + 1)�2 �|(iv) H sun�rthsh osx e�nai fj�nousa sto di�sthma (0; �)|(v) H sun�rthsh �[x℄ e�nai fj�nousa all� ìqi gn sia sto R|Mia monìtonh sun�rthsh den e�nai upoqrewtik� suneq  (par�deigma [x℄)| A doÔ-me ti e�dou asunèqeie parousi�zei| Ja perioristoÔme se aÔxouse sunart sei|H melèth twn fjinous¸n e�nai tele�w an�logh (an jèloume m�lista mporoÔmena anag�goume th mia per�ptwsh sthn �llh parathr¸nta ìti {h f e�nai aÔxousaan kai mìno an h �f e�nai fj�nousa})|àstw loipìn f : (a; b) ! R mia aÔxousa sun�rthsh kai a < x0 < b| TosÔnolo ff(x) : a < x < x0g e�nai profan¸ mh kenì kai fragmèno pro ta p�-

α βx0Sq ma 4|8

nw diìti gia par�deigma to f(x0) e�naièna �nw fr�gma tou| Up�rqei loipìnto supff(x) : a < x < x0g| An gr�-youme  gia autì to sup isqurizìmaste(k�ti pou e�nai fanerì diaisjhtik�) ìti = f(x�0 )| Pragmatik�, gia k�je " > 0up�rqei x1 < x0 ¸ste f(x1) >  � "(alli¸ to �" ja  tan �nw fr�gma mi-krìtero apì to supremum)| Tìte ìmwja èqoume kai f(x) >  � " gia k�je xme x1 < x| Jètonta loipìn Æ = x0�x1ja èqoume 0 < x0�x < Æ sunep�getai � " < f(x) �  < + ", pou apodeiknÔeiìti  = f(x0�)| Tele�w parìmoia de�qnoume ìti 0 = infff(x) : x0 < x < �g =f(x+0 )|H Ôparxh twn dÔo pleurik¸n or�wn f(x+0 ) kai f(x�0 ) de�qnei ìti an to x0 dene�nai shme�o suneqe�a ja e�nai asunèqeia a' e�dou kai m�lista me p dhmaf(x+0 )� f(x�0 ) = infff(x) : x < x0g � supff(x) : x < x0g:A sunoy�soume aut� ta apotelèsmata se èna je¸rhma|Je¸rhma 4|4|7 An h f e�nai aÔxousa (fj�nousa) sto (a; b), tìte an e�nai asuneq  sek�poio x0, h asunèqei� th ja e�nai a' e�dou| Epiplèon ja èqoume: f(x�0 ) � f(x0) �f(x+0 ) �f(x�0 ) � f(x0) � f(x+0 )�|A jewr soume t¸ra mia aÔxousa sun�rthsh f orismènh sto (a; b) kai agr�youme:  = infff(x) : � < x < �g, Æ = supff(x) : � < x < �g| Anto sÔnolo ff(x) : � < x < �g den e�nai fragmèno pro ta k�tw (p�nw) tìteto  (Æ) shma�nei �1(+1)| Sthn opoiad pote per�ptwsh oi timè th f(x), gia� < x < �, br�skontai sto di�sthma [; Æ℄ (sthn per�ptwsh pou to    to Æ   kai ta� 62 �



4|4 Orismèna basik� jewr mata gia paragwg�sime sunart sei
dÔo e�nai +1   �1, tìte gr�foume (�1; Æ℄, [;1)   (�1;1)| Sthn per�ptwshpou h f e�nai gn sia aÔxousa mporoÔme na antikatast soume to [; Æ℄ me (; Æ)|Pragmatik�, an gia par�deigma f(x0) =  gia k�poio x0 2 (a; b) tìte pa�rnontagia par�deigma x1 = (a+ x0)=2 ja èqoume f(x1) < f(x0) = , diìti x1 < x0, poue�nai �topo|A upojèsoume t¸ra ìti h f e�-nai ìqi mìno gn sia aÔxousa all�kai suneq | Isqurizìmaste ìti giak�je y 2 (; Æ) up�rqei akrib¸ ènax 2 (�; �) ¸ste f(x) = y|Pragmatik�, epeid  y >  kai  =infff(x) : � < x < �g ja up�rqeix1 2 (�; �) ¸ste f(x1) = 1 < ykai ìmoia ja up�rqei x2 2 (�; �), a-nagkastik� x2 > x1, ¸ste f(x2) =2 > y| To apotèlesma ma t¸ra e�-nai �mesh sunèpeia tou jewr matoth endi�mesh tim  efarmosmènousth suneq  sun�rthsh f sto di�sthma

δ
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α β
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]

Sq ma 4|9[x1; x2℄|àna �llo trìpo na ekfr�soume to apotèlesma pou br kame e�nai o ex :{An h f e�nai gn sia monìtonh kai suneq  sto (a; b), tìte èqei ant�strofo g sto(; Æ), dhlad  y = f(x) sunep�getai x = g(y)   g (f(x)) = x kai f (g(y)) = y, giaìla ta x 2 (a; b) kai y 2 (; Æ)}|IsqÔei kai k�ti parap�nw : {H g e�nai gn sia aÔxousa kai suneq  sto (; Æ)}|àstw  < y1 < y2 < Æ| Up�rqoun x1; x2 ¸ste y1 = f(x1) kai y2 = f(x2) kaifusik� x1 < x2 (alli¸ ja e�qame y1 � y2) dhlad  g(y1) < g(y2)|H g loipìn e�nai gn sia aÔxousa sto (; Æ) kai epomènw, an den  tan suneq ,se èna shme�o y0 2 (; Æ),tìte   limy!y�0 g(y) < g(y0)   limy!y+0 g(y) > g(y0)|A upojèsoume, qwr� bl�bh th genikìthta, ìti g(y�0 ) < g(y0)| Ja èqoumetìte:  < y < y0 sunep�getai � < g(y) < g(y�0 ) < g(y0) kai epomènw:  < y <y0 sunep�getai f (g(y)) < f �g(y�0 )� < f (g(y0)), dhlad   < y < y0 sunep�getaiy < f �g(y�0 )� < y0, to opo�o profan¸ e�nai �topo � p�rte gia par�deigmay = 12 �y0 + f �g(y�0 )��|A proqwr soume èna b ma parapèra kai a exet�soume gn sia monìtonekai suneqe� sunart sei f pou e�nai paragwg�sime s� èna shme�o x0| IsqÔei toparak�tw je¸rhma:Je¸rhma 4|4|8 (i) An h f e�nai gn sia monìtonh kai suneqe� sto (a; b) kai para-gwg�simh sto x0 me f 0(x0) 6= 0, tìte h ant�strof  th g e�nai paragwg�simh stoy0 = f(x0) kai g0(y0) = (f 0(x0))�1|(ii) An f 0(x0) = 0, tìte, g0(y0) = +1 an h g e�nai aÔxousa, kai g0(y0) = �1 anh g e�nai fj�nousa|Apìdeixh: Ja de�xoume mìno to (i)| H apìdeixh tou (ii) e�nai parìmoia (�skhsh)|� 63 �



4| PARAGWGOI
IdoÔ kat� arq� mia polÔ sunhjismènh kai lanjasmènh apìdeixh| An gr�youmey = f(x) tìte x = g(y) kai qrhsimopoi¸nta ton sumbolismì tou Leibnitz gia thnpar�gwgo: dxdy = 1dxdydhlad  g0(y0) = 1=f 0(x0) Fusik� to l�jo br�sketai sto ìti qrhsimopoi same tosÔmbolo dx=dy san phl�ko en¸ den e�nai par� ìrio phl�kwn| Den e�nai dÔskolop�ntw na diorj¸soume ta pr�gmata|H Ôparxh th f 0(x0) shma�nei:f(x)� f(x0)x� x0 ! f 0(x0);gia x! x0|Epeid  f 0(x0) 6= 0 ja èqoume ep�shx� x0f(x)� f(x0) ! 1f 0(x0) ;gia x ! x0| Gia k�je " > 0 ja up�rqei loipìn Æ > 0 ¸ste x0 � Æ < x < x0 + Æsunep�getai ���� x� x0f(x)� f(x0) � 1f 0(x0) ���� < ":Upojètoume qwr� bl�bh th genikìthta, ìti h f e�nai gn sia aÔxousa| A gr�-youme y1 = f �x0 � Æ2� < f(x0) = y0 < f �x0 + Æ2� = y2kai � = minfy0 � y1; y2 � y0g| Gia k�je y me y0 � � < y < y0 + � ja èqoumeg(y) 2 (x0 � Æ=2; x0 + Æ=2), dhlad  y = f(x) gia k�poio x (sugkekrimèna tog(y)) sto (x0 � Æ=2; x0 + Æ=2)| àqoume loipìn brei ìti:jy � y0j < � ) g(y)� g(y0)y � y0 = x� x0f(x)� f(x0)gia k�poio x me jx� x0j < Æ=2, kai epomènwjy � y0j < � ) ����g(y)� g(y0)y � y0 � 1f 0(x0) ���� < ";pou sumplhr¸nei thn apìdeixh| 2Par�deigma: f(x) = xn, gia n 2 N; x > 0| E�nai fanerì ìti h xn e�nai gn siaaÔxousa, �ra up�rqei h ant�strof  th g, sto di�sthma (0;1), diìti infx>0 xn = 0kai supx>0 xn = 1| Ja èqoume loipìn g(y) = x an kai mìno an xn = y, 0 <y < 1| W sun jw gr�foume y1=n ant� g(x) kai ym=n gia th sÔnjeth sun�rthsh(g(x))m, gia m 2 Z| � 64 �
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x1
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y

Sq ma 4|10To prohgoÔmeno apotèlesma m� d�nei thn par�gwgo th g(x)| Pragmatik� anxn = y tìte:g0(x) = 1f 0(x) = 1nxn�1 = 1n(y 1n )n�1 = 1ny�n�1n = 1ny 1n�1dhlad  o tÔpo (xn)0 = nxn�1 isqÔei kai gia ekjète th morf  1=n, gia n 2 N|
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Sq ma 4|11O anagn¸sth kale�tai na sumplhr¸sei orismèna {ken�} sto parap�nw par�-deigma| Gia par�deigma, gr�fonta xq ; q 2 Q , x > 0 uponooÔme ìti h sun�rthshor�zetai kal�, dhlad  an q = m=n = m0=n0, gia m;m0 2 Z, kai n; n0 2 N tìteta (x1=n)m kai (x1=n0)m0 d�noun thn �dia sun�rthsh| Ep�sh an to n e�nai perittìtìte h x1=n or�zetai gia ìla ta x kai èqei par�gwgo gia ìla ta x 6= 0 (gia x = 0h par�gwgo e�nai +1 an n > 1)| Gia n = 1 fusik� h par�gwgo up�rqei giaìla ta x| E�nai ep�sh eÔkolo na deiqte� ìti oi sun jei idiìthte twn dun�mewn(x�+� = x�x� ; (x�)� = x�� ìpou �; � rhto�) isqÔoun|A de�xoume gia par�deigma ìti x�+� = x�x� , ìpou upojètoume x > 0, � =m1=n1, � = m2=n2, me m1;m2 2 Z, kai n1; n2 2 N| Epeid  h sun�rthsh f(x) =�65 �



4| PARAGWGOIxn1n2 e�nai gn sia aÔxousa arke� na de�xoume ìti (x�+�)n1n2 = (x�x�)n1n2 |Qrhsimopoi¸nta ti gn¸ste idiìthte twn dun�mewn gia akèraiou ekjète kaiton orismì tou xq ; q 2 Q , èqoume(x�+�)n1n2 = �xm1n2+m2n1n1n2 �n1n2= xm1n2+m2n1= xm1n2xm2n1= (xm1)n2(xm2)n1= (xm1n1 )n1n2(xm2n2 )n1n2= (x�)n1n2(x�)n1n2= (x�x�)n1n2 ;pou apodeiknÔei th sqèsh x�+� = x�x� |Mia genik  apl  parat rhsh gia thn ant�strofh g mia gn sia monìtonhsun�rthsh f e�nai ìti {ta graf mata twn f kai g e�nai summetrik� w pro thdiqotìmo} (twn sunart sewn x; x2; x3 fa�nontai sto sq ma 34)|Kle�noume thn par�grafo me èna aplì kai shmantikì je¸rhma:Je¸rhma 4|4|9 (i) An h f e�nai aÔxousa (fj�nousa) kai paragwg�simh sto (�; �)tìte f 0(x) � 0 (f 0(x) � 0 gia � < x < �)|(ii) An h f e�nai paragwg�simh kai f 0(x) � 0 (f 0(x) > 0) gia � < x < �, tìte hf e�nai aÔxousa (gn sia aÔxousa) sto (�; �)| An�loga isqÔoun gia fj�nouse(gn sia fj�nouse) sunart sei|Apìdeixh:(i) An h f e�nai aÔxousa tìte ta phl�ka diafor¸n �f(x)� f(x0�Æ(x� x0) e�naip�ntote megalÔtera   �sa tou mhdenì kai epomènw f 0(x0) � 0 gia k�jex0 2 (�; �)(ii) àstw � < x1 < x2 < �| Efarmìzonta to je¸rhma th mèsh tim  sto[x1; x2℄ èqoume f(x2) � f(x1) = (x2 � x1)f 0(�) gia k�poio � 2 (x1; x2)kai epomènw (x2 > x1, f 0(�) � 0) f(x2) � f(x1)| An f 0(�) � 0 tìtef(x2) > f(x1)| 2Parade�gmata:(i) H sun�rthsh f(x) = x2 e�nai aÔxousa sto di�sthma (0;1) kai fj�nousa sto(�1; 0)| H par�gwgì th e�nai 2x kai e�nai pragmatik� megalÔterh toumhdenì gia x > 0, kai mikrìterh tou mhdenì gia x < 0|(ii) H sun�rthsh f(x) = x3 e�nai aÔxousa kai m�lista gn sia se ìlo to R,parìlo pou h par�gwgo th 2x2 mhden�zetai gia x = 0| (E�nai bèbaia � 0gia ìla ta x)| � 66 �
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(iii) A jewr soume th sun�rthshf(x) = � 0; an x < 0x2; an x � 0:H f(x) e�nai aÔxousa sto (�1;1) (ìqi gn sia) kai f 0(x) � 0 gia �1 <x <1 (blèpe paradìsei 4|1a')4|4g' Oi sunart sei �x; x�; logàstw a > 0| To sÔmbolo an; n 2 N, or�zetai san to ginìmeno n paragìntwn �swnme a kai to sÔmbolo am=n, m 2 Z, n 2 N w o (monadikì) jetikì arijmì � giaton opo�o isqÔei �n = �m| Me ton trìpo autì or�zetai loipìn h sun�rthsh aq giaq 2 Q , kai ìpw e�dame sthn prohgoÔmenh par�grafo ikanopoie� ti anamenìmeneidiìthte twn dun�mewn|Jèloume t¸ra na {epekte�noume} ton parap�nw orismì ètsi ¸ste na or�soumemia sun�rthsh f(x), pou ja sumbol�zoume p�li ax orismènh gia ìla ta x 2 R kai¸ste f(q) = aq an q 2 Q |Autì fusik� ja mporoÔse na g�nei kat� polloÔ trìpou, jètonta gia par�-deigma f(x) = 0 gia �rrhta x kai f(q) = aq, q 2 Q , all� den e�nai ìle autèoi epekt�sei epijumhtè| Gia par�deigma, jèloume h {epèktash} pou ja broÔme naikanopoie� ti idiìthte twn dun�mewn| Ja doÔme se l�go ìti autì mporoÔme na topetÔqoume an apait soume:(i) h f na e�nai suneq  kai(ii) f(x) = aq, q 2 Q |An upojèsoume pro stigm n ìti up�rqei tètoia f , tìte o orismì th sunèqeiakat� Heine ma lègei ìti f(qn) ! f(q), dhlad  aqn ! f(q) gia k�je akolouj�arht¸n qn me thn idiìthta qn ! q| OdhgoÔmaste loipìn ston ex  orismì:Orismì 4|4|10 An a > 0, x 2 R kai qn ! q; qn 2 Q, tìte or�zoume ax = lim aqn |Gia na e�nai {kalì} autì o orismì prèpei:(i) Na up�rqei to lim aqn , kai(ii) An qn ! x kai q0n ! x, qn; q0n 2 Q , tìte lim aqn = lim aq0n |Kai oi dÔo autè idiìthte mporoÔn na deiqjoÔn eÔkola me th bo jeia thPrìtash 4|4|11 An a > 0 kai qn ! 0 me qn 2 Q, tìte aqn ! 1|H per�ptwsh a = 1 e�nai tetrimmènh kai h per�ptwsh a < 1 an�getai eÔkolasthn a > 1 (p¸?)| MporoÔme loipìn na upojèsoume a > 1| ParathroÔme ìti hupìjesh a > 1 sunep�getai (tetrimmèno) aq > aq0 ìtan q > q0 kai epomènw�ajqnj��1 = a�jqnj � aqn � ajqnj:�67 �
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Arke� loipìn na de�xoume ìti ajqnj ! 1| Gr�foume jqnj = An=Bn kai Bn =�nAn + �n (algìrijmo th dia�resh) me An; Bn;�n;�n � 0 kai 0 � �0n; Ankai èqoume: ajqnj = a 1�n+�nAn � a 1�n :Jètoume loipìn a1=�n = 1 + n, dhlad  a = (1 + n)�n , n � 0, kai arke�na de�xoume ìti n ! 0| Apì ton tÔpo tou diwnÔmou tou Newton èqoume a =(1 + n)�n � 1 + �nn opìte kai 0 � n � a�1�n |H sqèsh Bn = �nAn + �n, 0 � �n � An d�nei amèsw �n = [Bn=An℄ pousugkl�nei sto �peiro, �ra (a� 1)=�n ! 0 kai epomènw n ! 0|Gurn�me t¸ra sta (i), (ii)| H sÔgklish th qn; qn ! x, sunep�getai ìti h qne�nai fragmènh kai epomènw to lim aqn e�nai di�foro tou mhdenì (giat�?) kai ètsilim aq0naqn = lim aq0n�qn = 1;dhlad  lim aqn = lim aq0n gia k�je q0n me q0n ! x|H parat rhsh aut  apodeiknÔei to (ii) kai de�qnei ìti gia na de�xoume to (i)arke� na to de�xoume gia mia sugkekrimènh akolouj�a qn me qn ! x|Dialègoume mia qn aÔxousa, opìte h aqn e�nai aÔxousa kai (epeid  gia par�-deigma aqn � a[x℄+1) fragmènh, �ra sugkl�nousa| Mènei na de�xoume ìti mporoÔ-me na dialèxoume thn qn aÔxousa| Pa�rnoume èna rhtì q1 me x� 1 < q1 < x, ènarhtì q2 > q1 me x�1=2 < q2 < x k|o|k| To gegonì ìti oi rhto� e�nai pukno� stoupragmatikoÔ de�qnei ìti mporoÔme na sqhmat�soume mia tètoia akolouj�a, h opo�aapì ton trìpo kataskeu  th ja e�nai aÔxousa (h dekadik  par�stash tou x giapar�deigma, d�nei �mesa mia tètoia akolouj�a)|àqoume loipìn t¸ra èna akrib  orismì tou sumbìlou ax kai sth sunèqeiaja melet soume ti idiìthte tou, kaj¸ kai �lle sunart sei (xa; loga x) pousundèontai me thn sun�rthsh ax pou onom�zetai ekjetik  me b�sh a|Parat rhsh 4|4|12 O trìpo pou akoloujoÔme gia na or�soume thn ax e�nai a-namfisb thta polÔ kont� sth diaisjhtik  eikìna pou èqoume sto mualì ma (anjèlame na broÔme to 2� = 23;14159::: ja to prosegg�zame me 23, 23;1, 23;14, 23;141,23;1415, 23;14159; : : :), par� ti k�poie teqnikè duskol�e pou parousi�zei| Ja d¸-soume sto epìmeno kef�laio ènan {oikonomikìtero} trìpo orismoÔ me th bo jeiatou oloklhr¸mato|4|4d' H ekjetik  sun�rthsh �x, � > 0Oi idiìthte ax+y = axay, (ax)y = axy, a�x = 1=ax, (ab)x = axbx, � > 0, � > 0,x; y 2 R e�nai �mese sunèpeie tou orismoÔ| Gia par�deigma,(ab)x = lim(ab)qn = lim(aqnbqn) = (lim aqn)(lim bqn) = axbxìpou qn mia akolouj�a rht¸n me qn ! x|An a = 1, ax = 1 gia ìla ta x kai an a < 1 tìteax = 1( 1a )x� 68 �
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me 1=a > 1| Gia na melet soume loipìn sunèqeia, paragwgisimìthta k|t|l|, arke�na exet�soume thn per�ptwsh a > 1|Upojètoume loipìn a > 1| An x�y > 0 tìte up�rqei akolouj�a qn 2 Q , q0 2 Qme qn � q0 > 0 gia ìla ta n, ¸ste qn ! x� y (giat�?) kai epomènwaxay = ax�y � aq0 > 1;dhlad  h ax e�nai aÔxousa an a > 1 (an a < 1 tìte h ax e�nai fj�nousa)|Ston prohgoÔmeno sullogismì qrhsimopoi same thn monoton�a th ay, y 2 R|PoÔ qrhsimopoi jhke? P¸ apodeiknÔetai?Prìtash 4|4|13 H ax e�nai suneq  sto R|Apìdeixh: àstw x0 2 R| Prèpei na de�xoume lim ax; x! x0 dhlad lim(ax � ax0) = lim ax0(ax�x0 � 1) = ax0 lim(ax�x0 � 1) = 0;gia x ! x0| Arke� loipìn na de�xoume ìti lim ax = 1; x ! 0 (dhlad  h sunèqeiagia x = 0 sunep�getai sunèqeia pantoÔ!)Sthn arq  th paragr�fou de�xame ìti qn ! 0 sunep�getai aqn ! 1 (qn 2 Q)|àqoume epomènw a1=n ! 1| àstw t¸ra " > 0| Ja up�rqei n0 2 N ¸ste 0 <a1=n0 � 1 < " kai epeid  h ax e�nai aÔxousa0 < x < 1n0 ) 0 < ax � 1 < a 1n0 � 1 < ":De�xame loipìn ìti lim ax = 1 gia x ! 0+ kai, epeid  a�x = 1=ax, ja èqoumeep�sh lim ax = 1 gia x! 0�, dhlad  lim ax = 1, gia x! 0| 2
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Sq ma 4|12Sto sq ma 4|12 fa�nontai (sqhmatik�) oi peript¸sei a = 1=3; 1=2; 1; 2; 3|Prìtash 4|4|14 H f(x) = ax e�nai paragwg�simh sto R|�69 �
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Apìdeixh: ParathroÔme kat� arq� ìtiax+h � axh = ax ah � 1h :Epomènw, an up�rqei to limh!0(ah � 1)=h, dhlad  h par�gwgo th ax gia x = 0,tìte up�rqei h par�gwgo gia opoiod pote x kai isqÔei (ax)0 = f 0(0)ax, dhlad  hpar�gwgo th ax e�nai h �dia h ax pollaplasiasmènh ep� mia stajer�!ParathroÔme kat� arq� ìtia�h � 1�h = 1� ah�hah = a�h ah � 1hkai a�h ! 1, h ! 0| Arke� epomènw na de�xoume ìti to limh!0+(ah � 1)=hup�rqei|Isqurizìmaste akìmh ìti arke� na p�roume h = 1=k, k = 1; 2; : : :, dhlad na de�xoume ìti h akolouj�a k(a1=k � 1) sugkl�nei| A apode�xoume pr¸ta tonteleuta�o isqurismì|Gr�foume yk = k(a1=k � 1) opìte ja èqoumea = �1 + ykk �k= 1 + yk + k(k � 1)2 �ykk �2 + � � �+k(k � 1) � � � (k � l + 1)l! �ykk �l + � � �+k(k � 1) � � � (k � (k � 1))k! �ykk �k= 1 + yk + 12! �1� 1k� y2k + � � �+1l! ��1� 1k� � � ��1� l � 1k �� ylk + � � �+ 1k! ��1� 1k� � � ��1� k � 1k �� ykkH sqèsh aut  de�qnei ìti h yk e�nai fj�nousa| Pragmatik� an gia k�poio ke�qame yk < yk+1 tìte ja e�qame kaia = 1 + yk + � � �+ 1k! �1� 1k� � � ��1� k � 1k � ykk< 1 + yk+1 + 12! �1� 1k + 1� y2k+1 + � � �+ 1k! ��1� 1k + 1� � � ��1� k � 1k + 1�� ykk+1+ 1(k + 1)! ��1� 1k + 1� � � ��1� kk + 1�� yk+1k+1= a � 70 �
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pou e�nai fusik� �topo| H yk e�nai loipìn fj�nousa kai fragmènh pro ta k�tw(� 0) �ra sugkl�nei|A de�xoume t¸ra, gia na telei¸soume thn apìdeixh, ìti (ah � 1)=h sugkl�neigia h! 0+| Gr�foume k = [1=h℄ kai èqoumea 1k+1 � 11k < ah � 1h < a 1k � 11k+1 ;diìti k � 1=h < k + 1,  kk + 1 �(k + 1)(a 1k+1 � 1)� < ah � 1h < k + 1k �k(a 1k � 1)� ;apì ìpou eÔkola èpetai ìti h (ah � 1)=h sugkl�nei, ìtan h! 0+| 2O arijmì eH prohgoÔmenh apìdeixh perièqei kai èna akìma endiafèron sumpèrasma: h ako-louj�a (1 + 1k )k sugkl�nei| Pragmatik��1 + 1k�k = 1 + 1 + 12! �1� 1k�+ � � �+ 1k! ��1� 1k���1� k � 1k ��
kai epomènw �1 + 1k�k < �1 + 1k + 1�k+1
dhlad  h (1 + 1k )k e�nai aÔxousa| Ep�sh�1 + 1k�k < 1 + 1 + 12! + � � �+ 1k!< 1 + 1 + 12 + 122 + � � �+ 12k= 1 + 1 + 1� 12k+1 < 3;opìte h akolouj�a (1+ 1k )k w aÔxousa kai fragmènh sugkl�nei| To lim (1 + 1k )k,kaj¸ k !1, sumbol�zetai me e kai isoÔtai proseggistik� me2;718281828459045235360287 : : :àna �llo qr simo tÔpo gia ton arijmì e prokÔptei apì thn anisìthta�1 + 1k�k � 1 + 11! + 12! + � � �+ 1k! :An loipìn gr�youme bk = 1 + 12! + � � �+ 1k!�71 �
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tìte h bk ja e�nai aÔxousa kai fragmènh (�dia apìdeixh ìpw prin) epomènw jasugkl�nei kai ja èqoume: e � lim�1 + 11! + � � �+ 1k!� :Apì thn �llh meri� gia opoiod pote fusikì m, an k � m, ja èqoume:�1 + 1k�k � 1 + 11! + 12! + � � �+ 1m! ��1� 1k� � � ��1� m� 1k ��
kai af nonta to k na te�nei sto �peiro,e � 1 + 11! + 12! + � � �+ 1m! = bm:H dipl  anisìthta bm � e � lim bm gia ìla ta m de�qnei ìti e = lim bm| Sugken-tr¸noume ta parap�nw apotelèsmata se èna je¸rhma:Je¸rhma 4|4|15 Oi akolouj�eak = �1 + 1k�k kai bk = 1 + 11! + � � �+ 1k!e�nai aÔxouse, ak � bk, fragmène kai èqoun to �dio ìrio pou sumbol�zetai me togr�mma e (' 2;718281)|O arijmì autì e�nai mia apì ti shmantikìtere stajerè pou emfan�zontaista Majhmatik�| E�nai endiafèron na d¸soume kai mia akìmh par�stash tou e,aut  th for� me mia fj�nousa akolouj�a| e = lim(1 + 1k )k+1 kai h (1 + 1k )k+1fj�nei| H sqèsh e = lim(1 + 1k )k+1 e�nai sqedìn profan :�1 + 1k�k+1 = �1 + 1k�k �1 + 1k�! e � 1 = e:Gia na de�xoume ìti h (1 + 1k )k+1 e�nai fj�nousa, prèpei na de�xoume:�1 + 1k�k+1 < �1 + 1k � 1�k ;gia k = 1; 2; 3; : : :, dhlad  (k+1)k+1(k� 1)k < k2k+1   (k2� 1)k(k+1) < k2k+1  1 + 1k < � k2k2 � 1�k = �1 + 1k2 � 1�k :H teleuta�a anisìthta apodeiknÔetai w ex :�1 + 1k2 � 1�k = 1 + k 1k2 � 1 + � � � > 1 + kk2 � 1 > 1 + 1k :� 72 �
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àna �meso pìrisma e�nai h parak�tw qr simh anisìthta:�1 + 1k�k < e < �1 + 1k�k+1 ;gia k = 1; 2; 3; : : :Mia wra�a efarmog  aut  th anisìthta e�nai h (ex)0 = ex, dhlad  h exisoÔtai me th par�gwgo th! Pragmatik� èqoume de�xei ìti: (ex)0 = ex ìpou = lim k(e1=k � 1)| Oi anisìthte�1 + 1k�k < e < �1 + 1k�k+1

d�noun 1 < k(e 1k � 1) kai (k + 1)�e 1k+1 � 1� < k+1k ! 1 ap� ìpou sun�goume:lim k(e1=k � 1) � 1 kai lim k(e1=k � 1) � 1, dhlad  lim k(e1=k � 1) = 1|H idiìthta aut  ma odhge� na qrhsimopoioÔme sun jw thn ex kai ìqi ti ax,a 6= e| ätan gia par�deigma lème ekjetik  sun�rthsh qwr� na anafèroume b�sh,ja ennooÔme p�ntote thn ex|Suqn� ep�sh sth bibliograf�a qrhsimopoioÔme ti legìmene uperbolikè su-nart sei oi opo�e èqoun idiìthte parìmoie me autè twn trigwnometrik¸n su-nart sewn (sth jewr�a twn migadik¸n sunart sewn ja m�jete ìti h sqèsh aut e�nai akìmh pio sten )| Oi sunart sei autè e�nai:� uperbolikì hm�tono: sinhx = ex � e�x2 (  shx)� uperbolikì sunhm�tono: oshx = ex + e�x2 (  hx)� uperbolik  efaptomènh: tanhx = ex � e�xex + e�x (  thx)|Oi uperbolikè sunart sei or�zontai gia ìla ta x 2 R| IdoÔ oi grafikè para-st�sei kai merikè idiìthtè tou (oi apode�xei e�nai aplè kai af nontai stonanagn¸sth)| osh2 x� sinh2 x = 1 sinh (�x) = � sinhxosh (�x) = oshx tanhx = sinhx= oshxsinh 2x = 2 sinhx oshx (sinh x)0 = oshx(oshx)0 = sinhx (tanh x)0 = 1=(oshx)2Kle�noume aut  thn par�grafo me èna apotèlesma l�go diaforetikoÔ qarakt ra|O arijmì e e�nai �rrhto|Pragmatik� èstw ìti o e e�nai o rhtì m=n, m;n 2 N| H sqèshbk = 1 + 11! + � � �+ 1k! ! e�73 �
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sinhx

coshx

tanhx
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Sq ma 4|13
ma lègei tìte0 < mn � �1 + 11! + � � �+ 1n!� = limk!1� 1(n+ 1)! + � � �+ 1(n+ k)!�  akìmh0 < n!�mn ��1 + 11! + � � �+ 1n!��= limk!1� 1n+ 1 + 1(n+ 1)(n+ 2) + � � �+ 1(n+ 1) � � � (n+ k)�= lim gk;ìpou gk = 1n+ 1 + � � �+ 1(n+ 1) � � � (n+ k) :Dhlad  o jetikì akèraio arijmìA = n!�mn � 1� 11! � � � � � 1n!�e�nai to lim gk| � 74 �
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ParathroÔme ìmw ìti0 < gk < 12 + 12 � 3 + 123 + � � �+ 12k= 12 + 16 + 18 �1 + 12 + � � �+ 12k�3�= 12 + 16 + 18 �2� 12k�2� < 12 + 16 + 18 � 2= 1112 :Opìte 0 < A � 11=12 pou fusik� e�nai �topo|Parat rhsh 4|4|16 IsqÔei k�ti polÔ isqurìtero| O e ìqi mìno den e�nai rhtì,dhlad  den e�nai r�za ex�swsh th morf  ax + b = 0 me a; b akèraiou, all�e�nai kai uperbatikì, dhlad  den up�rqei polu¸numo opoioud pote bajmoÔ a0 +a1x+ � � �+ anxn me akèraiou suntelestè pou na èqei san mia r�za to e|To shmantikì autì je¸rhma apode�qthke to 1872 apì to G�llo majhmatikìHermite kai l�go argìtera o Germanì majhmatikì Lindemann, me parìmoiamèjodo, èdeixe to �dio apotèlesma gia to �| To teleuta�o autì apotèlesma e�nai tokleid� gia na deiqte� ìti {o kÔklo den tetragwn�zetai me kanìna kai diab th}|H logarijmik  sun�rthshAn a > 0 kai a 6= 1 tìte h sun�rthsh ax e�nai gn sia monìtonh (aÔxousa an a > 1,fj�nousa an a < 1)| Ep�shlimx!1 ax = +1; kai limx!�1 ax = 0an a > 1 kai limx!1 ax = 0; kai limx!�1 ax = +1an a < 1|Oi apode�xei e�nai eÔkole| Gia par�deigma,ax � a[x℄ = (1 + (a� 1))[x℄ � 1 + [x℄(a� 1)! +1ìtan x! +1 an a > 1|Mia profan  parallag  tou jewr mato th endi�mesh tim  ma lègei t¸ra,ìti gia k�je y me 0 < y < 1, up�rqei akrib¸ èna x (diìti h ax e�nai gn siamonìtonh) ¸ste ax = y| To x autì lègetai log�rijmo me b�sh a tou y kaisumbol�zetai loga y|H sun�rthsh loga x, x > 0 e�nai loipìn h ant�strofh th ax pou e�nai suneq kai paragwg�simh| E�nai loipìn kai h loga x suneq  kai paragwg�simh sto (0;+1)kai gia thn par�gwgì th ja èqoume:(loga x)0 = 1(ay)0 = 1ay = 1x�75 �
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(an x = ay)| To  e�nai to limh!0(ah � 1)=h|Oi idiìthte th ax pou de�xame sunep�gontai �mesa sti gnwstè idiìthte twnlogar�jmwn:(i) loga(xy) = loga x+ loga y, diìtialoga x+loga y = aloga xaloga y = xy = aloga (xy)(ii) loga a = 1,(iii) loga 1 = 0,(iv) limx!+1 loga x = +1 an a > 1,(v) limx!0+ loga x = �1 an a > 1 (ti g�netai an a < 1?),(vi) loga xy = y loga x, diìti ay loga x = (aloga x)y = xy|Eidik� an a = e gr�foume logx ant� loge x (  kai lnx) kai onom�zoume autì tolog�rijmo fusikì   Nepèreio (an a = 10 onom�zetai dekadikì   log�rijmo touBriggs)|Up�rqei mia polÔ apl  sqèsh metaxÔ logar�jmwn w pro di�fore b�sei| Angia par�deigma a > 0; b > 0 tìte: a = blogb a kai epomènw an loga x = y (x > 0),tìte ay = x; dhlad  by logb a = x, opìte logb x = (logb a)(loga x)|Apì th sqèsh ax = ex log a mporoÔme eÔkola na broÔme mia �llh morf  thstajer� , pou emfan�zetai sthn par�gwgo th ax| Pragmatik�, br kame (ax)0 =ax| Apì thn �llh meri� (ax)0 = (ex log a)0 = loga(ex log a) = (log a)ax dhlad  = log a|MporoÔme loipìn t¸ra na gr�youme (gia a > 0) (ax)0 = (log a)ax, (ex)0 = exgia �1 < x < +1,(loga x)0 = 1log a 1x kai (log x)0 = 1x;gia x > 0|Qr simo e�nai ep�sh na parathr soume ìti (log jxj)0 = 1=x gia ìla ta x 6= 0|Gia x > 0 to èqoume  dh de�xei| An x > 0 tìte(log jxj)0 = (log(�x))0 = � 1�x = 1x:H grafik  par�stash th log jxj fa�netai sto sq ma 4|14|H sun�rthsh xb, x > 0, b 2 Ràqoume  dh or�sei to sÔmbolo xb kai mporoÔme na an�goume th melèth th sun�r-thsh aut  sth melèth th logx parathr¸nta ìti:xb = eb log x� 76 �
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dhlad  h xb e�nai sÔnjesh twn gnwst¸n plèon sunart sewn ex kai b logx| àqoumegia par�deigma ìti gia b > 0 h xb e�nai aÔxousa, te�nei sto +1 gia x! +1 kaisto mhdèn gia x ! 0+| An b < 0 tìte h xb e�nai fj�nousa kai te�nei sto 0 ìtanx! +1, kai sto +1 ìtan x! 0+|H par�gwgo th xb e�nai aut  akrib¸ pou perimènoume, dhlad  bxb�1| Prag-matik�, (xb)0 = (eb log x)0 = b 1x (eb log x) = b 1xxb = bxb�1dhlad  gia opoiod pote b 2 R isqÔei (xb)0 = bxb�1 gia x > 0|Oi ant�strofe trigwnometrikè kai oi ant�strofe uperbolikè sunart seiTìso oi trigwnometrikè ìso kai oi uperbolikè sunart sei e�nai gn sia monìto-ne se k�poia diast mata kai epomènw èqoun ant�strofe s� aut�|(i) sinx, ��=2 � x � �=2| Sto di�sthma autì h sinx e�nai gn sia aÔxousa, èqeiepomènw ant�strofo, thn opo�a ja sumbol�zoume me Arsinx   (toxhm x)| HArsinx or�zetai sto di�sthma[�1; 1℄ = �sin���2 � ; sin��2�� ;suneq  sto [�1; 1℄ kai paragwg�simh sto (�1; 1)|H grafik  par�stash th Arsinx, ìpw èqoume anafèrei, prokÔptei apì thgrafik  par�stash th sinx me katoptrismì w pro th diqotìmo y = x|An x0 2 (�1; 1) kai x0 = sin y0, gia ��=2 < y0 < �=2, tìte gnwr�zoumeìti: (Arsinx)0x=x0 = 1(sin y)0y=y0 = 1os y0 = 1p1� x2diìti os y0 > 0 gia y0 2 (��=2; �=2)|� 77 �
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Sto shme�o 1 h par�gwgo apì arister� thArsinx, ìpw anamènetai kai ge-wmetrik�, e�nai +1| Sthn an�ptuxh th jewr�a gia monìtone sunart seiden exet�same thn per�ptwsh pleurik¸n parag¸gwn| Tìso oi diatup¸seiìso kai oi apode�xei e�nai profane� parallagè th per�ptwsh eswterikoÔshme�ou|A de�xoume loipìn ap� euje�a ìti (Arsinx)0x=1� = +1|àstw M > 0| Epeid  (sinx)0x=x0 = osx0 = 0, ja up�rqei Æ > 0 ¸ste�2 � Æ < x < �2 ) sinx� 1x� �2 < 1M ;
dhlad  os Æ < sinx < 1) x� �2sinx� 1 > M:Gr�fonta sinx = y, èqoume loipìn:os Æ < y < 1) Arsin y � �2y � 1 > M;
to opo�o de�qnei ìti D�Arsinxjx=�=2 = +1| ämoia de�qnetai ìti h par�-gwgo apì dexi� sto x = �1 e�nai p�li +1|Parat rhsh 4|4|17 àna fusiologikì er¸thma e�nai giat� perior�same thnsun�rthsh sinx sto di�sthma [��=2; �=2℄ kai ìqi se �lla diast mata, giapar�deigma, [�=2; 3�=2℄, ìpou p�li h sinx e�nai monìtonh|� 78 �
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Den up�rqei kat� arq n ka-ne� lìgo gi� autì| Se k�-je di�sthma th morf  [k� ��=2; k� + �=2℄, gia k 2 Z,h sinx e�nai gn sia monìto-nh (aÔxousa gia k zugì kaifj�nousa gia k monì) kai e-pomènw ja èqei kai ant�stro-fh Arksin, gn sia monìtonh,suneq  sto (�1; 1) me timèsto [k� � �=2; k� + �=2℄ kaime par�gwgo: (Ark sinx)0 =(�1)k 1p1�x2 , gia x 2 (�1; 1)|O par�gonta (�1)k dikaiolo-ge�tai apì thn ex  parat rhsh:
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−1 1x

Sq ma 4|16Ar2ksinx = 2k� +Ar0sinx = 2k� + arsinxkai Ar2k+1sinx = 2(k + 1)� �Ar0sinx = (2k + 1)� � arsinx:QrhsimopoioÔme merikè forè to sÔmbolo arsinx gia na parast soumeme thn {pleiìtimh sun�rthsh} pou se k�je x antistoiqe� ti �peire timèArksinx, gia k 2 Z| O akrib  orismì kai h melèth twn pleiìtimwn su-nart sewn den ja ma apasqol sei ed¸| O kl�do twn Majhmatik¸n stonopo�o fusiologik� an kei aut  h melèth, e�nai h jewre�a twn migadik¸n su-nart sewn| Anafèroume mon�qa ìti oi sunart sei Arksinx pou or�samelègontai kl�doi th pleiìtimh sun�rthsh arsinx kai h Arsinx prwteÔwnkl�do|An�loge parathr sei isqÔoun kai gia ti ant�strofe twn osx, tanx,all� ja ti parale�youme|(ii) osx, 0 � x � �| Sto di�sthma autì h osx e�nai gn sia fj�nousa èqeiepomènw ant�strofo thn opo�a ja sumbol�zoume me Arosx| An 0 � x � �tìte ��=2 � �=2� x � �=2 kai y = osx an kai mìno an y = sin(�=2�x)|Sun�goume ìti Arosx = �=2�Arsinx kai epomènw(Arosx)0 = 8<: �1p1�x2 ìtan � 1 < x < 1�1 ìtan x = �1   1 (pleurik  par�gwgo):(iii) tanx,��=2 < x < �=2| HArtan or�zetai sto�1 < x <1, e�nai aÔxousakai èqei par�gwgo:(Artanx)0 = � 1os2 y��1 = � sin2 y + os2 yos2 y ��1 = (1 + tan2 y)�1�79 �
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ìpou x = tan y dhlad  (Artanx)0 = 1=(1 + x2) gia �1 < x <1|
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Gia ti ant�strofe twn u-perbolik¸n sunart sewn denqreiazìmaste nèa sÔmbola�mporoÔme na ti ekfr�zoumeme th bo jeia th sun�rthshlog| (To �dio isqÔei kai gia tiant�strofe trigwnometrikèsunart sei, me kat�llhlhepèktash th sun�rthshlog x, gia migadik� x, ìpwma did�skei h jewr�a arijm¸ntwn migadik¸n sunart sewn)|(iv) oshx, x � 0| Sto di�sthma autì h oshx e�nai gn sia aÔxousa, osh 0 =1, limx!+1 oshx = +1, kai epomènw up�rqei h ant�strofh th g stodi�sthma [0;1)| An x � 0 kai osh y = x tìte (ey + e�y)=2 = x, dhlad (ey)2 � 2x(ey) + 1 = 0, ap� ìpou èpetai ìti ey = x + px2 � 1 dhlad y = log(x+px2 � 1) (giat� apokle�same th r�za x�px2 � 1?)|Br kame loipìn ìti h ant�strofh th oshx, x � 0, e�nai h log(x+px2 � 1)|Qrhsimopoie�tai p�ntw sth bibliograf�a, kat� analog�an pro thn Aroskai to sÔmbolo Arosh| Gr�foume dhlad  Aroshx = log(x +px2 � 1)gia x � 1|(v) sinhx gia �1 < x < 1| Me ton �dio trìpo akrib¸ br�skoume ìti hant�strofh sun�rthsh, pou sumbol�zoume Arsinh, e�nai h log(x+px2 + 1)|(vi) tanhx gia �1 < x < 1| Parìmoia p�li, h ant�strofh sumbol�zetai meArtanhx kai e�nai h 12 log 1+x1�x |E�te me to je¸rhma parag¸gish antistrìfou sun�rthsh kai aplè idiìthtetwn uperbolik¸n sunart sewn e�te ap� euje�a br�skoume eÔkola ti parag¸gou� 80 �
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twn antistrìfwn uperbolik¸n sunart sewn:(Aroshx)0 = 1px2 � 1 ; x > 1;(Arsinhx)0 = 1p1 + x2 ; �1 < x <1;(Artanhx)0 = 11� x2 ; �1 < x < x:Oi grafikè parast�sei twn antistrìfwn uperbolik¸n sunart sewn fa�non-tai sto sq ma 4|19|4|4e' Oi stoiqei¸dei sunart seiA anaskop soume ti sunart sei pou melet same mèqri t¸ra| E�nai ta polu¸nu-ma kai oi rhtè sunart sei, oi trigwnometrikè kai oi ant�strofe tou, oi uperbo-likè kai oi ant�strofè tou, oi dun�mei me pragmatikì ekjèth, oi ekjetikè kai oiantistrofè tou logarijmikè| Oi sunart sei autè lègontai basikè stoiqei¸deisunart sei kai sunart sei pou kataskeu�zontai apì autè me ti stoiqei¸deialgebrikè pr�xei (den ja d¸soume akrib  orismì) lègontai stoiqei¸dei| Stonepìmeno p�naka sunoy�zoume tou tÔpou pou èqoume brei gia ti parag¸gou twnbasik¸n stoiqeiwd¸n sunart sewn| Se merikè peript¸sei oi sunart sei or�zon-tai kai sta �kra twn diasthm�twn pou apoteloÔn to ped�o orismoÔ| Gia par�deigmah xa, an a > 0 mpore� na oriste� kai gia x = 0 (0a = 0) kai m�lista an a � 0, tìteup�rqei h par�gwgo th apì dexi� sto 0 kai isoÔtai me 0, an a > 1 kai me 1 an� 81 �



4| PARAGWGOIa = 1 (an 0 < a < 1 h par�gwgo apì dexi� sto 0 e�nai +1| Ja af soume stonanagn¸sth thn diereÔnhsh aut¸n twn peript¸sewn|Sun�rthsh f(x) Ped�o orismoÔ Par�gwgo (stajer�) �1 < x <1 0xn, n = 1; 2; : : : �1 < x <1 nxn�1xn, n = �1;�2; : : : |x|>0 nxn�1xa, a 2 R, x > 0 axa�1ax, a > 0, �1 < x <1 (log a)axex, �1 < x <1 exloga x, a > 0, a 6= 1 x > 0log jxj x 6= 0 1xsin(x) �1 < x <1 os(x)os(x) �1 < x <1 � sin(x)tan(x) �1 < x <1,x 6= (2k + 1)�2 ; k 2 Z; 1os2(x) = 1+ tan2(x)sinh(x) �1 < x <1 osh(x)osh(x) �1 < x <1 sinh(x)tanh(x) �1 < x <1 1osh2(x) = 1� tanh2(x)Arsin(x) �1 < x < 1 1p1�x2Aros(x) �1 < x < 1 � 1p1�x2Artan(x) �1 < x <1 11+x2Arsinh(x) �1 < x <1 1p1+x2Arosh(x) x > 1 1px2�1Artanh(x) �1 < x < 1 11�x2H parag¸gish twn stoiqeiwd¸n sunart sewn e�nai t¸ra doulei� rout�na|Ston epìmeno p�naka d�noume merik� parade�gmata, ta opo�a ja ma qreiastoÔnsto epìmeno kef�laio|Sun�rthsh Ped�o OrismoÔ Par�gwgopax2 + bx+  ax2 + bx+  > 0 2ax+b2pax2+bx+log(x+pa2 + x2) �1 < x <1 1pa2+x2Arsinh(1=x) x > 1 � 1xpx2�1log j tan(x2 )j x 2 R; x 6= k�; k 2 Z 1sin xjxja x 6= 0 axjxja�2Arsin(xa ) jxj < a 1pa2�x2a22 �Arsin(xa ) + � xa2pa2 � x2�� jxj < a pa2 � x2
PolÔ suqn� sunant�me ep�sh sunart sei pou èqoun ped�o orismoÔ èna di�-sthma ektì apì peperasmèno pl jo shme�wn tou kai sump�ptoun me mia stoiqei¸dhsun�rthsh se k�je èna apì ta upodiast mata sta opo�a ta shme�a aut� qwr�zounto arqikì di�sthma| H sun�rthsh log jxj gia par�deigma e�nai tètoia morf | Sta�kra twn upodiasthm�twn h sumperifor� th sun�rthsh (an e�nai suneq , anèqei par�gwgo, an e�nai suneq  apì dexi�   apì arister�) poik�lei|� 82 �
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Ant� na perigr�youme exantlhtik�autè ti peript¸sei, to opo�o e�nai a-pl� jèma rout�na, ja d¸soume èna tu-pikì par�deigma:f(x) = 8<: 0 x < 0xa x > 0b x = 0 a � 0; b 2 R:

α = 2

α = 1/2

α = 1

α = 0
1

β

Sq ma 4|20Parathr¸nta ìti limx!0� f(x) = 0 sumpera�noume ìti an b 6= 0 h sun�rthshma den e�nai suneq  apì arister� �ra oÔte kan suneq |An a 6= 0 tìte limx!0+ f(x) = 0 kai epomènw p�li sthn per�ptwsh b = 0, hsun�rthsh e�nai suneq  kai apì dexi� �ra suneq  sto 0|An a = 0, tìte limx!0+ x0 = 1 kai epomènw h sun�rthsh den e�nai suneq |Gia b = 1 e�nai suneq  apì dexi�|A exet�soume t¸ra thn Ôparxh parag¸gwn apì dexi� kai arister� sto 0| Anb 6= 0 tìte D�f(0) = +1 gia b > 0 kai D�f(0) = �1 gia b < 0f(x)� f(0)x� 0 = �bx ! +1; x! 0�;an b > 0 kai � bx ! �1, x! 0� an b < 0|An b = 0 tìte D�f(0) = 1 (tetrimmèno)| An b = 0 kai a 6= 0, tìteD+f(0) = axa�1 jx=0= 0 gia a > 1kai D+f(0) = +1 gia a < 1;afoÔ f(x)� f(0)x� 0 = xax = xa�1 ! +1; x! 0+; gia a < 1:Blèpoume loipìn ìti gia b = 0 kai a > 1, h f(x) e�nai ìqi mìno suneq  all� kaiparagwg�simh sto 0| Gewmetrik� èprepe na to perimènoume autì, giat� mìno giaa > 1 to gr�fhma th f(x), x > 0, ef�ptetai tou �xona twn x|äso megalÔtero g�netai o ekjèth a tìso {kalÔterh} g�netai h sumperifor�th sun�rthsh sto 0| ( {koll�ne} kalÔtera ta dÔo komm�tia th f |) An giapar�deigma a > 2 tìte fusik� a > 1 kai ètsi èqoume pr¸th par�gwgo f 0:f 0(x) = � 0 x � 0axa�1 x > 0dhlad  f 0(x) = ag(x); ìpou g(x) = � 0 x � 0xa�1 x > 0 :Epeid  a > 2, a � 1 > 1, �ra kai h g èqei par�gwgo (kai sto 0) kai ètsi kai h fèqei deÔterh par�gwgo| � 83 �
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H katanìhsh th apl  aut  teqnik  ma epitrèpei na or�zoume sunart seipou ikanopoioÔn orismène prodiagegrammène sunj ke| IdoÔ èna par�deigmaenì tÔpou probl mato pou emfan�zetai suqn�:Prìblhma: Bre�te mia sun�rthsh f(x) �1 < x <1, h opo�a na e�nai stajer��sh me 1 gia x < 0, na isoÔtai me èna polu¸numo bajmoÔ 3 gia x > 0 kai na e�naidÔo forè paragwg�simh|Me ton ìro duo forè paragwg�simh ennooÔme ìti bèbaia ìti up�rqei h (kaie�nai peperasmènh) h f 00(x) gia ìla ta x|H kataskeu  mia tètoia sun�rthsh f e�nai eÔkolh| An f(x) = a0 + a1x +a2x2 + a3x3, x > 0, tìte ja prèpei na isqÔoun oi isìthtef(0) = 1; f 0(0) = f 00(0) = 0 (giat�? )dhlad  a0 = 1; a0 = 2a2 = 0;opìte h sun�rthsh f(x) = � 1 x < 01 + x3 x � 0;gia par�deigma e�nai mia lÔsh tou probl mato (bre�te ìle ti lÔsei tou probl -mato)|Oi sunart sei pou anaskop same s� aut  thn par�grafo e�nai fusik� apìti pio sunhjismène| P�ntw prèpei na ton�soume ìti polÔ suqn�, akìmh kaise apl� probl mata, qreiazìmaste kai �lle sunart sei| Qarakthristikì e�naito par�deigma tou aploÔ ekkremoÔ, h melèth tou opo�ou odhge� sti legìmeneelleiptikè sunart sei| ApodeiknÔetai ìti oi sunart sei autè den e�nai stoiqei¸-dei (h apìdeixh den e�nai eÔkolh kai den ja ma apasqol sei)| Ja epanèljoumesto par�deigma autì sto epìmeno kef�laio|Ask sei|1 Sthn par�grafo 4|2|1 ?? af same anapìdeikto ton isqurismì {MetaxÔ twnsunart sewn x(t) �1 < t < 1, oi opo�e èqoun b-par�gwgo mìnon h os(kt)ikanopoie� thn ex�swsh x00(t) + kx(t) = 0 kai ti sunj ke x(0) = 1, x0(0) = 0}

4|5 Ask sei1| O isqurismì autì e�nai sunèpeia enì genikoÔ jewr mato twn diaforik¸nexis¸sewn all� mpore�te na ton de�xete kai me ta mèsa pou diajètete t¸ra|(a') Gr�yte x(t) = os kt + y(t) kai de�xte kai ìti h y(t) ikanopoie� thnex�swsh y00(t) + k2y(t) = 0, �1 < t < 1, kai ti sunj ke y(0) =y0(0) = 0|(b') De�xte ìti h ex�swsh x00(t) + k2x(t) = 0, �1 < t < 1, sunep�getaiìti h sun�rthsh �x0(t)�2 + k2�x(t)�2 e�nai stajer�|(g') Sundu�ste ta (a') kai (b') gia na sumplhr¸sete thn apìdeixh|(d') Ti sa jum�zei apì thn mhqanik  to (b') er¸thma?� 84 �



4|5 Ask sei
2| (a') An h sun�rthsh f e�nai suneq  sto [�; �℄, paragwg�simh sto (�; �) kaiup�rqei to ìrio limx!� f 0(x) tìte up�rqei kai h D+f(�) kai isoÔtai meto ìrio autì|(b') De�xte ìti h upìjesh ìti up�rqei to limx!�+ f 0(x) den mpore� na para-lhfje� (dhlad  bre�te èna par�deigma ìpou h D+f(�) den up�rqei tolimx!�+ f 0(x))|3| (a') Poia e�nai h gewmetrik  shmas�a th sqèsh f 0(x0) = +1, x0 eswte-rikì shme�o tou ped�ou orismoÔ th f ? Èdia er¸thsh gia to �1|(b') Kataskeu�ste mia sun�rthsh f(x), � < x < � ¸ste D+f(x0) = +1,D�f(x0) = �1 gia k�poio x0 2 (�; �)|4| An f(x), g(x) e�nai polu¸numa, f(x) = (x � �)kg(x), k 2 N, kai g(a) 6= 0tìte to k lègetai pollaplìthta th r�za a tou f(x)| De�xte ìti mia r�zapollaplìthta k > 1 e�nai mia r�za tou f (k�1)(x)|5| De�xte ìti (f � g)(k)(x) =Pk�=0 f�(x)gk��(x) ìpou f (0)(x) shma�nei f(x)kai oi sunart sei f kai g upot�jetai paragwg�sime toul�qiston k forè|6| àstw f(x), � < x <1, mia sun�rthsh kai A, B 2 R| H euje�a y = Ax+Blègetai asÔmptwto, gia x ! 1 tou graf mato th f an limx!1ff(x) �(Ax+B)g = 0|(a') Bre�te thn asÔmptwth tou graf mato mia an up�rqei th f(x) =px2 + 1, x > 0|(b') Or�ste kat� analog�an asÔmptwte gia x! �1 kai d¸ste par�deigma|(g') Pìte h euje�a x = A ja lègetai asÔmptwth tou graf mato mia f ?Prote�nete ènan orismì pou na sunep�getai ìti h x = 0 e�nai asÔmptwthth f(x) = 1=x kai bre�te ti asÔmptwte th tanx|(d') Bre�te ti parag¸gou twn sunart sewn:esin2 x; x 2 R; (log x)(log x)2 ; x > 0; xx; x > 0; x(xx); x > 0:(e') D�netai ìti h sun�rthsh f e�nai asuneq  sto x = 0 kai ìti h g0(0) denup�rqei|i| E�nai swst    ìqi h prìtash: {H f + g e�nai asuneq  sto x = 0}?An e�nai swst  d¸ste apìdeixh, an ìqi d¸ste antipar�deigma|ii| Me ti �die pro�pojèsei, �dia er¸thsh gia thn prìtash: {H (fg)0den up�rqei sto x = 0}|(st') H f e�nai paragwg�simh sto (0;1) kai limx!1 f 0(x) = 0| De�xte ìtilimx!1ff(x+ 1)� f(x� 1)g = 0|(z') Bre�te ti efaptomène th parabol  y = x2 + 1 pou pern�ne apìthn arq  (0; 0)| PoÔ tèmnei ton �xona twn x h efaptomènh th �diakampÔlh sto shme�o (1; 2)?� 85 �



4| PARAGWGOI
(h') àstw ìti ta (xn; 0), (0; yn) e�nai ta shme�a tom  twn efaptomènwn thy = x3 sta shme�a (n; n3), n 2 N| Bre�te ta ìria limxn, lim yn|(j') De�xte tou tÔpou twn pin�kwn (sel�da 82)|(i') Bre�te to megalÔtero di�sthma th morf  (�a; a) me thn idiìthta: {Hsun�rthsh f(x) = (sinx)(osx) èqei ant�strofh sto (�a; a)}| Bre�tethn ant�strofh th f kai thn par�gwgì th|(ia') Upojètoume ìti oi sunart sei f1(x); : : : ; fn(x) èqoun parag¸gou tou-l�qiston n t�xh se èna di�sthma (�; �)| Gr�foumeW (x) = ��������� f1(x) : : : fn(x)f 01(x) : : : f 0n(x)||| : : : |||f (n�1)1 (x) : : : f (n�1)n (x) ���������(ìpou g(�)(x) shma�nei thn � t�xh par�gwgo th g)| De�xte ìtidWdx = ����������� f1(x) : : : fn(x)f 01(x) : : : f 0n(x)||| : : : |||f (n�1)1 (x) : : : f (n�1)n (x)f (n)1 (x) : : : f (n)n (x)

����������� :Parat rhsh: H or�zousaW (x) lègetai or�zousa touWronski kai èqeiefarmogè sth jewr�a twn diaforik¸n exis¸sewn|(ib') D¸ste parade�gmata (me sugkekrimèno tÔpo�ìqi apl� me grafikèparast�sei) stoiqeiwd¸n sunart sewn (polu¸numa, trigwnometrikè,ekjetikè, | | | ) f , g, h, q ¸stei| f(�1) = 0, f(2) = 1, f 0(1) > 0|ii| g(�1) = 0, g(2) = 1, g0(1) < 0|iii| h(k) = 0, k 2 Z, jh(x)j < 1=2, x 2 R, h(1=2) 6= 0|iv| q(0) = 0, q(3) = 1, q0(1) = 0 kai h q e�nai gn sia aÔxousa sto[0; 3℄|(ig') i| Bre�te, ìpou up�rqoun, ti parag¸gou twn sunart sewn:rx� 1x+ 1 ; arot 1 + x1� x ; logntanh�1 �tan x2�o :ii| Bre�te ti b' parag¸gou twn sunart sewn:ex2 logx; e2x sin�3x+ �6� :(id') De�xte tou tÔpou: � 86 �



4|5 Ask seii| osh(x+ y) = oshx osh y + sinhx sinh y,ii| sinh(2x) = 2 sinhx oshx,iii| tanh(2x) = 2 tanhx1+tanh2 x ,iv| ��x8 + 132 sinh(4x)�0 = (sinhx oshx)2|(ie') An f(x) = (x� 1)(x� 2)(x� 3)(x� 4), tìte h f 0(x) èqei akrib¸ treidiaforetikè pragmatikè r�ze|(ist') De�xte ìti h ex�swsh ex = 1+x èqei akrib¸ m�a pragmatik  r�za| Poia?(iz') De�xte to deÔtero mèro tou jewr mato 4|4|8 (sel�da 63)|(ih') D�netai h �n = 1 + 1(2!)2 + � � �+ 1(n!)2 :De�xte ìti h �n sugkl�nei se ènan �rrhto arijmì|(ij') i| De�xte ìti h ex�swsh tanx = x èqei �peire r�ze kai m�listaakrib¸ m�a se k�je di�sthma th morf  Ik = (k���=2; k�+�=2)gia k 2 Z|ii| Gr�foume ak gia th r�za sto di�sthma Ik, k = 1; 2; : : :| Bre�te,an up�rqei, to lim(ak+1 � ak) kai d¸ste gewmetrik  ermhne�a touapotelèsmatì sa|(k') àna kinhtì M kine�tai isotaq¸ apì to A pro to O me taqÔthta1m/se| H akt�na OA tou kÔklou e�nai 1m| Sth jèsh B br�sketaimia fwtein  phg  kai zhte�tai h taqÔthta th ski� N tou shme�ou Mp�nw sthn perifèreia (de sq ma 4|21)|
A

B

M

N

π/2

0

Sq ma 4|21(ka') De�xte to parak�tw qr simo je¸rhma: {An h f e�nai suneq  kai mo-nìtonh se èna di�sthma I, tìte h eikìna mèsw th f opoioud potediast mato j � I e�nai ep�sh èna di�sthma}|
� 87 �





5K E F A L A I O
To Olokl rwma Riemann
O apeirostikì logismì lègetai suqn� {diaforikì kai oloklhrwtikì logismì}|O ìro diafìrish, gia sunart sei mia metablht , e�nai tautìshmo me ton ìroparagwg�simh (blèpe par�grafo 4|2)| H {olokl rwsh}, èna mèro pou th opo�aja melet soume sth sunèqeia, dikaiologe� ton ìro oloklhrwtikì logismì| Oiarqè th {olokl rwsh} an�gontai sth mèjodo th {ex�ntlhsh} pou qrhsimo-poioÔsan oi arqa�oi gia thn eÔresh ìgkwn kai embad¸n| Sto èrgo gia par�deigmatou Arqim dh {tetragwnismì th parabol }, pou anafèrame kai prohgoÔmena,anaptÔssontai me jaumast  akr�beia oi basikè ènnoie th olokl rwsh|Stou majhmatikoÔ th anagènnhsh, eidikìtera sto Newton, ofe�loume thnsÔndesh metaxÔ parag¸gish kai olokl rwsh| To ìnoma tou meg�lou GermanoÔmajhmatikoÔ Riemann (mèsa dèkatou en�tou ai¸na) up�rqei ston t�tlo, giat� u-p�rqoun di�fore jewr�e olokl rwsh, kai aut  pou ja ma apasqol sei ofe�letebasik� se autìn|
5|1 To prìblhma tou embadoÔ5|1a' H mèjodo th ex�ntlhshW embadìn enì epipèdou sq mato A jewroÔme ton arijmì pou prokÔptei ìtansugkr�noume to A me èna tetr�gwno pleur� 1| Kat� arq� dhlad  apod�doumeembadìn 1 se autì to tetr�gwno (e�te perièqei e�te ìqi ti pleurè tou) kai apode-qìmaste ìti h ènwsh dÔo   perissotèrwn apl¸n sqhm�twn (orjog¸nia, tr�gwna,polÔgwna,| | | ) {me xèna eswterik�} e�nai to �jroisma twn embad¸n twn antisto�-qwn sqhm�twn| àtsi odhgoÔmaste eÔkola ston tÔpo gia to embadìn orjogwn�wnme rhtè pleurè|H per�ptwsh tuqa�ou orjogwn�ou an�getai s� aut n, an prosegg�soume ti pleu-rè me rhtoÔ, gia par�deigma me mia peperasmènh dekadik  par�stash tou| Meèna aplì tèqnasma br�skoume ep�sh ton tÔpo gia to embadìn trig¸nou (blèpesq ma 5|1)|



5| To Olokl rwma Riemann
1� 1 E = 4 � 2 = 8 v

β1 β2�1 + �2 = �,E = 12 (�1v1) + 12 (�2v2) = 12�v|Sq ma 5|1
H per�ptwsh tou kÔklou e�nai tupik  th mejìdou th ex�ntlhsh| A e�nai � h

0

α

B

vn A

Γ

̺n

Sq ma 5|2

akt�na tou kÔklou, vn to Ôyo kai %n h pleu-r� kanonikoÔ polug¸nou me 2n pleurè egge-grammènou ston kÔklo| äpw fa�netai eÔkolaapì to sq ma, an E e�nai to embadìn tou kÔ-klou tìte:2n 12vn%n < E < 2n�12vn%n + (�� vn)%n� :H akolouj�a 122nvn%n e�nai profan¸ aÔxousa(to polÔgwno me 2n+1 pleurè ja perièqei ep�plèon 2n tr�gwna th morf  AB��) fr�sse-tai apì to E|
Apì thn �llh meri�0 < E � 122nvn%n < 2n(�� vn)%n = (�� vn) sn < (�� vn) sìpou sn per�metro tou polug¸nou kai s perifèreia tou kÔklou| Profan¸ ìmw(�� vn)! 0, opìte 12vn (2n%n) = 12vnsn ! E;gia n!1| Parathr¸nta t¸ra ìti to vn sugkl�nei sto � kai to sn sto s (an jèleteètsi or�zoume to m ko th perifèreia), ft�noume sto sumpèrasma E = �s=2|Fusik� ja  tan m�taio na epinoe� kane� kai apì mia mèjodo gia k�je sq ma|Gia ta sunhjismèna gewmetrik� sq mata eÔkola blèpei kane�, ìti ja arkoÔse naèqei mia genik  mèjodo gia na br�skei embad� {k�tw} apì to gr�fhma mia jetik fragmènh sun�rthsh f | To embadìn tou arister� sq mato gia par�deigma e�nai�jroisma pènte embad¸n sqhm�twn tètoia morf | Me ton ìro {k�tw apì togr�fhma mia jetik  f} ennooÔme to sÔnolof(x; y) : � � x � � kai 0 � y � f (x)g:� 90 �



5|1 To prìblhma tou embadoÔ

α β

f

Sq ma 5|3
To sÔmbolo pou ja qrhsimopoioÔme gi� autì to embadìn ja e�nai R �� f(t) dt kaija to onom�zoume orismèno olokl rwma th f sto di�sthma [�; �℄| To sÔmboloautì ja to or�soume me trìpo pou na èqei nìhma kai gia ìqi anagkastik� jetikèsunart sei| Den ja or�zetai ìmw gia ìle ti sunart sei| Eke�ne gia ti opo�eor�zetai ja lègontai Riemann-oloklhr¸sime|Prin xekin soume th genik  jewr�a ja d¸soume akìmh èna par�deigma| Piosugkekrimèna, qrhsimopoi¸nta th shmerin  gl¸ssa twn majhmatik¸n, ja melet -soume èna prìblhma pou apasqìlhse ton Arqim dh ton tr�ton ai¸na prin thn arq th qristianik  qronolìghsh| Ja makrugor soume l�go s� autì to par�deigmame skopì na proetoim�soume kalÔtera to èdafo gia thn genik  per�ptwsh|
5|1b' O Tetragwnismì th parabol Je¸rhma 5|1|1 (Arqim dh) To embadìn tou qwr�ou OAB� metaxÔ th parabol f (x) = x2, tou �xona twn x kai th euje�a x = 1 isoÔtai me to 1=3 tou embadoÔ touorjogwn�ou OAB�|
Apìdeixh: A qwr�soume to di�sthma [0; 1℄ se upodiast mata [x0; x1), [x1;x2) ;: : : ; [xn�1; xn℄ pa�rnonta ta shme�a x0; x1; x2; : : : ; xn ¸ste 0 = x0 < x1 < x2 <� � � < xn�1 < xn = 1 se k�je di�sthma [xk; xk+1℄ isqÔei x2k � x2 � x2k+1 giax 2 [xk; xk+1℄ kai epomènw to ant�stoiqo komm�ti tou embadoÔ pou zht�me jae�nai megalÔtero apì to embadìn tou orjogwn�ou me b�sh [xk; xk+1℄ kai Ôyo x2kkai mikrìtero apì to embadìn tou orjogwn�ou me thn �dia b�sh kai Ôyo x2k+1| Anloipìn onom�soume E to zhtoÔmeno embadìn, ja èqoume:n�1Xk=0 (xk�1 � xk) x2k < " < n�1Xk=0 (xk�1 � xk)x2k+1

A gr�youme �� gia to aristerì �jroisma kai �� gia to dexi�| To � anti-stoiqe� sth diamèrish x0; x1; : : : ; xn tou [0; 1℄ pou jewr same|� 91 �



5| To Olokl rwma Riemann
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Γ

Sq ma 5|4

To sÔnolo �� ìpou� h {diamèrish} tou[0; 1℄ e�nai profan¸ mh kenì kai frag-mèno pro ta p�nw, gia par�deigma apìto E, opìte kai apì to ��0 gia opoiod -pote �0| Up�rqei loipìn to supremumautoÔ tou sunìlou| Gr�foume:�Z 10 x2 dx = sup��;ìpou � diamèrish tou [0; 1℄ kai onom�-zoume to�R 10 x2 dx {k�tw Darboux olo-kl rwma} th x2 sto [0; 1℄| (O Darboux tan o G�llo gewmètrh tou dèkatouènatou ai¸na)|ämoia or�zoume to {p�nw Darboux olokl rwma}�Z 10 x2 dx = inf ��� : � diamèrish tou [0; 1℄	ja èqoume profan¸: �Z 10 x2 dx � E � �Z 10 x2 dx:
Jèloume na de�xoume ìti �R 10 x2 dx = �R 10 x2 dx| Sthn per�ptwsh aut  gr�foumeR 10 x2 dx gia thn koin  aut  ja tim  kai ja thn onom�zoume toRiemann olokl rwmath x2 sto [0; 1℄| A parathr soume kat� arq� ìti gia opoiad pote diamèrish �,�(�) ��Z 10 x2 dx � �Z 10 x2 dx � �(�)
kai epomènw 0 ��Z 10 x2 dx��Z 10 x2 dx � �� ���:
An loipìn gia opoiod pote " > 0 mporoÔme na broÔme � ¸ste �� � �� < " jaèqoume telei¸sei| Autì ìmw e�nai arket� eÔkolo| Pa�rnoume� = �0; 1n; 2n; : : : ; nn = 1� ;n 2 N, kai èqoume �� = n�1Xk=0�k + 1n � kn� k2n2 = 1n3 n�1Xk=0 k2;� 92 �



5|2 Orismì kai basikè idiìthte tou oloklhr¸mato|�(�) = n�1Xk=0�k + 1n � kn� (k + 1)2n2 = 1n3 n�1Xk=0(k + 1)2 = 1n3 nXk=0 k2;kai epomènw �� ��� = 1n3n2 = 1n:Arke� loipìn na p�roume n > 1=" gia na èqoume �� ��� < "| 2An t¸ra jumhjoÔme ìti:nXk=0 k2 = n(n+ 1)(2n+ 1)6 (d¸ste apìdeixh me epagwg );
blèpoume ìti èqoume de�xei1n3 n(n+ 1)(2n+ 1)6 � n2n3 < E < 1n3 n(n+ 1)(2n+ 1)6 ;dhlad  13 �1 + 1n��1 + 12n�� 1n < E < 13 �1 + 1n��1 + 12n� :Oi akolouj�e arister� kai dexi� sugkl�noun sto 1=3 epomènw 1=3 � E � 1=3,dhlad  E = 1=3, pou e�nai akrib¸ autì pou jèlame na de�xoume|
5|2 Orismì kai basikè idiìthte tou oloklhr¸ma-to|5|2a' O orismì tou Darboux|àqonta gia odhgì to prohgoÔmeno par�deigma, ja or�soume to olokl rwma Rie-mann, gia fragmène sunart sei se èna kleistì di�sthma [a; b℄ (den upojètoumet¸ra ìti oi sunart sei e�nai � 0|) D�noume pr¸ta merikoÔ orismoÔ|àna peperasmèno sÔnolo � = fx0; x1; : : : ; xng tètoio ¸stea = x0 < x1 < � � � < xn = b;onom�zetai diamèrish tou [a; b℄| Pl�to th diamèrish � onom�zoume ton arijmìd(�) = maxfx1 � x0; x2 � x1; : : : ; xn � xn�1g:To sÔnolo twn diamer�sewn tou [a; b℄ ja to sumbol�zoume meD[a; b℄ h apl�Delta,an den up�rqei k�nduno sugqÔsew| Mia diamèrish �0 lègetai eklèptunsh miadiamèrish�, an�0 � �| Lème akìma ìti h�0 e�nai leptìterh apì thn�| Me �llalìgia pern�me apì mia diamèrish � se mia eklèptunsh th, an th prosjèsoumekai �lla diairetik� shme�a| � 93 �



5| To Olokl rwma Riemann
IdoÔ mia apl  kai qr simh idiìthta twn diamer�sewn: An �;�0 dÔo diamer�seitou [a; b℄ tìte to sÔnolo � [ �0 e�nai mia eklèptunsh kai twn dÔo| K�je �llheklèptunsh kai twn dÔo perièqei thn � [�0| H apìdeixh e�nai tetrimmènh|àstw t¸ra f mia sun�rthsh orismènh se èna kleistì di�sthma [a; b℄ kai � =fx0; x1; : : : ; xng 2 D[a; b℄| Se k�je èna apì ta diast mata [x0; x1℄, [x1; x2℄, : : : ,[xn�2; xn�1℄, [xn�1; xn℄ h f e�nai fragmènh kai pro ta p�nw kai pro ta k�tw|Onom�zoume mk kai Mk ant�stoiqa to inf kai sup twn tim¸n th s� aut� tadiast mata, dhlad  or�zoumemk = infff(x) : xk � x � xk+1g;Mk = supff(x) : xk � x � xk+1g; k = 0; 1; : : : ; n� 1:Or�zoume t¸ra gia k�je diamèrish � to k�tw kai to p�nw �jroisma th f me toutÔpou: �(f;�) = n�1Xk=0(xk+1 � xk)mk;�(f;�) = n�1Xk=0(xk+1 � xk)Mk:H anisìthta �(f;�) � �(f;�) e�nai profan | IsqÔei kai k�ti parap�nw: An�;�0 2 D tìte �(f;�) � �(f;�0)| Arke� na de�xoume ìti �0 � � sunep�getai�(f;�) � �(f;�0) kai �(f;�0) � �(f;�) diìti tìte ja èqoume�(f;�) � �(f;� [�0) � �(f;� [�0) � �(f;�0):Mènei loipìn na de�xoume thn teleuta�a upogrammismènh prìtash| H sqèsh �0 �� shma�nei ìti h �0 èqei perissìtera   ta �dia diairetik� shme�a me thn �| Arke�loipìn na exet�soume thn per�ptwsh pou h�0 èqei èna parap�nw diairetikì shme�o|àstw loipìn ìti � = fx0; x1; : : : ; xng kai �0 = fx0; : : : ; xk; yk; xk+1; : : : ; xng,dhlad  h �0 èqei parap�nw to shme�o yk me xk < yk < xk+1| An gr�youmem0k = infff(x) : xk � x � ykgm00k = infff(x) : yk � x � xk+1gM 0k = supff(x) : xk � x � ykgM 00k = supff(x) : yk � x � xk+1g;ja èqoume:�(f;�0)��(f;�) = m0k(yk � xk) +m00k(xk+1 � yk)�mk(xk+1 � xk)= (m0k �mk)(yk � xk) + (m00k �mk)(xk+1 � yk) � 0;diìti profan¸ m0k � mk kai m00k > mk; dhlad  �(f;�0) � �(f;�)|Entel¸ parìmoia apodeiknÔetai ìti �(f;�0) � �(f;�):H gewmetrik  shmas�a twn ìswn e�pame mèqri t¸ra e�nai aploÔstath, an ske-ftoÔme kai p�li to prìblhma tou embadoÔ k�tw apì to gr�fhma mia f � 0| To� 94 �



5|2 Orismì kai basikè idiìthte tou oloklhr¸mato|

A B

0

y

x
a = x0 x1 x2 x3 = β

I
m1

Λ

K

m2

N m3

Ξ

M

Γ M1 ∆

E M2 Z

H M3 Θ

�(f;�) = (x1 � x0)M1 + (x2 � x1)M2 + (x3 � x2)M3 = emb(AB��EZH�BA)�(f;�) = (x1 � x0)m1 + (x2 � x1)m2 + (x3 � x2)m3 = emb(AIK�MN�BA)Sq ma 5|5�(f;�) parist�nei to embadìn mia ènwsh orjogwn�wn pou {prosegg�zei apì k�-tw} to zhtoÔmeno embadìn kai to �(f;�) d�nei ant�stoiqh {prosèggish} apì p�nw(blèpe sq ma 50)To sÔnolo f�(f;�) : � 2 Dg e�nai profan¸ mh kenì kai fragmèno pro tap�nw, diìti opoiod pote �(f;�) e�nai èna �nw fr�gma tou| Up�rqei loipìn tosupremum autoÔ tou sunìlou (ax�wma sunèqeia)| Ja to sumbol�zoume me R baf  R baf(x)dx kai ja to kaloÔme k�tw Darboux olokl rwma th f sto [a; b℄|To sÔnolo ��(f;�) : � 2 D	 e�nai profan¸ mh kenì kai fragmèno prota k�tw, diìti k�je �(f;�) gia par�deigma e�nai èna k�tw fr�gma tou| Up�rqeiloipìn to in�mum autoÔ tou sunìlou| Ja to sumbol�zoume me R baf   R baf(x)dxkai ja to kaloÔme �nw Darboux olokl rwma th f sto [a; b℄|D�noume t¸ra ton orismì tou oloklhr¸mato Riemann mia fragmènh su-n�rthsh|Orismì 5|2|1 (Darboux) Mia fragmènh sun�rthsh f , orismènh se èna kleistìdi�sthma [a; b℄, lègetai Riemann oloklhr¸simh sto [a; b℄, an R baf = R baf | H koin aut  tim  lègetai Riemann olokl rwma th f kai sumbol�zetai me R ba f   R ba f(x)dx|O orismì pou d¸same kai h suz thsh pou prohg jhke d�nei sqedìn �mesa mia� 95 �



5| To Olokl rwma Riemann
ikan  kai anagka�a sunj kh gia thn Riemann oloklhrwsimìthta mia sun�rthshf |Je¸rhma 5|2|2 Mia fragmènh sun�rthsh f orismènh sto kleistì di�sthma [a; b℄ e�naiRiemann oloklhr¸simh an kai mìno an, gia k�je " > 0 up�rqei � 2 D([a; b℄) tètoio¸ste �(f;�)��(f;�) < ":Apìdeixh: Upojètoume pr¸ta ìti h f e�nai Riemann oloklhr¸simh, opìtef;�0 + "2 > Z baf = Z baf > �(f:�00)� "2 ;gia k�poie diamer�sei �0;�00, (giat�?)| An t¸ra � = �0 [ �00 e�nai mia koin eklèptunsh twn �0;�00, tìte h teleuta�a anisìthta kai oi anisìthte�(f;�00) > �(f;�); �(f;�0) < �(f;�)pou de�xame prohgoumènw sunep�gontai�(f;�) + "2 > �(f;�)� "2 ;dhlad  �(f;�)��(f;�) < ":Ant�strofa, an upojèsoume ìti gia k�je " > 0 up�rqei � 2 D tètoio ¸ste�(f;�)��(f;�) < ", tìte oi profane� anisìthte�(f;�) � Z baf � Z baf � �(f;�)sunep�gontai 0 � Z baf � Z baf � �(f;�)��(f;�) < "kai epomènw Z baf = Z baf: 2Prin proqwr soume, a d¸soume èna par�deigma mia fragmènh sun�rthsh pouden e�nai Riemann oloklhr¸simh|H sun�rthsh touDirihlet periorismènh sto di�sthma [0; 1℄, dhlad  h sun�rthshf(x) = � 1 x rhtì sto [0; 1℄0 x�rrhto sto [0; 1℄den e�nai Riemann oloklhr¸simh| � 96 �



5|3 O orismì tou Riemann
Pragmatik�, gia opoiad pote diamèrish � = f0 = x0 < x1 < � � � < xn = 1gtou [0; 1℄Mk = 1 kaimk = 0, diìti se k�je di�sthma [xk; xk+1℄ up�rqoun kai rhto�kai �rrhtoi arijmo�| Sun�goume loipìn ìti:�(f;�) = n�1Xk=0(xk+1 � xk) � 0 = 0�(f;�) = n�1Xk=0(xk+1 � xk) � 1 = 0

kai epomènw R 10f = 0 < 1 = R 10f , dhlad  h f den e�nai oloklhr¸simh|
5|3 O orismì tou RiemannA gur�soume gia l�go sto prìblhma tou embadoÔ| Diaisjhtik� toul�qiston mpo-roÔme na prosegg�soume to embadìn k�tw apì to gr�fhma mia f � 0 orismè-nh sto [a; b℄, qwr� na asqolhjoÔme me ta � kai�| Apl� gia k�je diamèrish� = f� = x0 < x1 < � � � < xn = �g pa�rnoume mia tuqa�a epilog  shme�wn� = f�0; : : : ; �n�1g ¸ste xk � �k � xk+1 gia k = 0; 1; : : : ; n�1 kai sqhmat�zoumeto �jroisma X(f;�;�) = n�1Xk=0(xk+1 � xk)f(�k):Perimènoume t¸ra ìti an to pl�to d th diamèrish (upenjum�zoume ton orismìtou d = maxfx1 � x0; : : : ; xn � xn�1g) te�nei sto 0, tìte to P(f;�;�) ja te�neisto embadìn pou zht�me| àna {eÔlogo} loipìn orismì gia to R �� f ja  tan:Z �� f = limd!0X(f;�;�):Dustuq¸ o orismì autì den èqei nìhma kai prèpei na katal�boume kal�to giat�| O lìgo e�nai apl� ìti den èqoume or�sei ènnoia or�ou th morf limd!0P(f;�;�)| Me ìsa èqoume pei, mìno an toP(f;�;�)  tan mia sun�rth-sh tou d ja mporoÔsame na mil soume gia to ìrio| All� toP(f;�;�) k�je �llopar� tètoia sun�rthsh e�nai; pragmatik� ìpw èpetai apì ton orismì tou, exart�taiapì th diamèrish �, dhlad  mia n� �da x0; x1; : : : ; xn pragmatik¸n arijm¸n kaiapì thn epilog  � = f�0; �1; : : : ; �n�1g, dhlad  akìmh mia n � �da| Kai gia napoÔme ìlh thn al jeia h kat�stash e�nai akìmh qeirìterh, giat� ta �0; �1; : : : ; �n�1exart¸ntai apì ta x0; : : : ; xn, afoÔ prèpei xk � �k � xk+1| Oi majhmatiko� è-ftiaxan jewr�a pou kalÔptei autè ti peript¸sei (jewr�a diktÔwn,   sÔgklishMoore-Smith), all� den qrei�zetai na ft�soume s� aut n| Arke� na jumhjoÔmeton {eyilontikì} orismì tou or�ou kai, qrhsimopoi¸nta ton san montèlo, na pe-rigr�youme ti ja jèlame na e�nai to {limd!0P(f;�;�)}| To apotèlesma e�nai oepìmeno orismì: � 97 �



5| To Olokl rwma Riemann
Orismì 5|3|1 (Riemann) Mia fragmènh sun�rthsh f orismènh sto kleistì di�-sthma [�; �℄, lègetai oloklhr¸simh s� autì, an up�rqei èna arijmì I pou ja tongr�foume R �� f kai ja ton onom�zoume olokl rwma th f sto [�; �℄, ¸ste gia k�je" > 0 up�rqei Æ > 0 me thn idiìthta gia k�je diamèrish:� = f� = x0 < x1 < � � � < xn = �gkai k�je epilog  � = f�0; : : : ; �n�1g me xk � �k � xk+1 me k = 0; 1; : : : ; n� 1 naisqÔei: pl�to(�) = d < Æ sunep�getai�����X(f;�;�)� Z �� f ����� < ":

O orismì tou Riemann up rxe o pr¸to istorik� akrib  orismì tou oloklh-r¸mato| Ja bas�soume thn an�ptuxh th jewr�a ston orismì tou Darboux, poue�nai ennoiologik� aploÔstero, kai ja anab�loume gia argìtera thn apìdeixh thisodunam�a twn dÔo orism¸n|
5|4 H oloklhrwsimìthta twn monìtonwn kai sune-q¸n sunart sewnTo krit rio pou d¸same sthn prohgoÔmenh par�grafo ja ma bohj sei na de�xoumethn oloklhrwsimìthta tìso twn monìtonwn ìso kai twn suneq¸n sunart sewn|
5|4a' Monìtone sunart seiA upojèsoume ìti h f e�nai aÔxousa sto [�; �℄| Dialègoume san � th diamèrishpou antistoiqe� se qwrismì tou [�; �℄ se n �sa tm mata dhlad ,� = ��; �+ � � �n ; : : : ; �+ k� � �n ; : : : ; �+ n� � �n = �� :Sthn per�ptwsh aut  ja èqoume�(f;�)��(f;�) = n�1Xk=0(xk+1 � xk)(Mk �mk)= n�1Xk=0(xk+1 � xk)(f(xk+1)� f(xk))= � � �n n�1Xk=0(f(xk+1)� f(xk))= � � �n �f(�)� f(�)�:� 98 �



5|4 H oloklhrwsimìthta twn monìtonwn kai suneq¸n sunart sewn
àstw t¸ra " > 0| Prèpei na de�xoume ìti up�rqei n ¸ste� � �n �f(�)� f(�)� < ":Fusik� autì e�nai p�ntote dunatì; arke� na p�roumen > (� � �)�f(�)� f(�)�" :
5|4b' Suneqe� sunart seiA upojèsoume t¸ra ìti h f e�nai suneq  sto [�; �℄ kai " > 0| Prèpei na broÔme� 2 D ¸ste n�1Xk=0(xk+1 � xk)(Mk �mk) < ":Epeid  h f e�nai suneq , ja up�rqoun �0k; �00k sto [xk; xk+1℄ ¸steMk = f(�00k ); kai mk = f(�0k):A k�noume kat� arq� thn upìjesh ìti h f e�nai ìqi mìno suneq , all� ìtièqei kai par�gwgo fragmènh sto (�; �), dhlad  ìti up�rqei h f 0(x) gia x 2 (�; �)kai jf 0(x)j �M gia � < x < � gia k�poio pragmatikì M |To je¸rhma th mèsh tim  sthn per�ptwsh aut  ma lègei ìtiMk �mk = f(�00k )� f(�0k) = (�00k � �0k)f 0(�000k );ìpou �000k k�poio arijmì metaxÔ twn �0k kai �00k , kai epomènwMk �mk � j�00k � �0kjM � jxk+1 � xkjM � d(�)M;ìpou d(�) to pl�to th �|An loipìn p�roume mia � me d(�) < "Æ�(M + 1)(� � �)�, tìte�(f;�)��(f;�) = n�1Xk=0(xk+1 � xk)(Mk �mk)< "(� � �)(M + 1) n�1Xk=0(xk+1 � xk)M= "(� � �)(M + 1)M(� � �)< ":An kaloskeftoÔme ton parap�nw sullogismì, blèpoume ìti h paragwgisimì-thta th f ma qrei�sthke mìno gia na de�xoume ìti h f ikanopoie� mia sunj khl�go isqurìterh apì th sunèqeia sto [�; �℄| Pio sugkekrimèna thn ex :� 99 �
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Gia k�je " > 0 up�rqei Æ > 0 ¸ste gia ìla ta x1; x2 apì to ped�o orismoÔ th fjx1 � x2j < Æ ) jf(x1)� f(x2)j < ":
Mia sun�rthsh pou ikanopoie� th sunj kh aut  sto ped�o orismoÔ th lègetaiomoiìmorfa suneq  s� autì| H oloklhrwsimìthta twn suneq¸n sunart sewn e�nait¸ra �mesh sunèpeia tou parak�tw shmantikoÔ jewr mato|Je¸rhma 5|4|1 An h sun�rthsh f e�nai suneq  sto kleistì di�sthma [�; �℄, tìtee�nai kai omoiìmorfa suneq  s� autì, dhlad  gia k�je " > 0 up�rqei Æ > 0 me thnidiìthta: gia k�je x; y 2 [�; �℄ me jx� yj < Æ èpetai jf(x)� f(y)j < "|Se epìmeno kef�laio ja d¸soume thn apìdeixh tou jewr mato autoÔ kaj¸kai orismèna sqìlia p�nw sthn omoiìmorfh sunèqeia| ParathroÔme p�ntw, ìtih eidik  per�ptwsh pou apode�xame e�nai arket  gia thn parapèra an�ptuxh thjewr�a| Pragmatik�, èna aplì pìrisma th eidik  aut  per�ptwsh e�nai ìti {Oirhtè, oi trigwnometrikè, oi uperbolikè, oi logarijmikè, oi ekjetikè sunart seikaj¸ kai sunduasmo� me aplè pr�xei   sunjèsei aut¸n e�nai oloklhr¸sime sek�je kleistì di�sthma [�; �℄ pou perièqetai sto ped�o orismoÔ tou}|Pragmatik� oi sunart sei autè e�nai paragwg�sime sto ped�o orismoÔ toukai oi par�gwgoi tou e�nai suneqe�| Se èna kleistì loipìn di�sthma autè oipar�gwgoi e�nai fragmène, epomènw efarmìzetai to apotèlesma pou apode�xameparap�nw|

5|5 Idiìthte tou oloklhr¸mato Riemannäpw kai sthn per�ptwsh twn orism¸n th sunèqeia kai th parag¸gou, ètsi kait¸ra prèpei na apode�xoume toul�qiston ti aplè idiìthte tou oloklhr¸mato,autè pou {anamènetai} na èqei h kainoÔrgia ènnoia pou or�same| H apìdeixh e�naih antamoib  gia èna petuqhmèno orismì,  , an jèlete, to an�logo th peiramatik epal jeush mia jewr�a sth Fusik | Gia na e�maste ìmw eilikrine�, prèpeina poÔme ìti se arketè peript¸sei h doulei� aut  e�nai aggare�a (sullogismo�rout�na, periptwsiolog�a, | | | )| Sti peript¸sei autè e�nai {anagka�o kakì}|Ja qrhsimopoi soume tou sumbolismoÔ twn prohgoumènwn paragr�fwn giata �;Mk;mk, qwr� na epanalamb�noume k�je for� ton orismì tou|(i) An f(x) =  = stajer� gia � � x � �, tìte R �� f = (� � �)|Pragmatik�, sthn per�ptwsh aut  èqoume Mk = mk =  kai epomènw�(f;�) = n�1Xk=0(xk+1 � xk) = (� � �)�(f;�) = n�1Xk=0(xk+1 � xk) = (� � �)
opìte kai R ��f = R ��f = (� � �)� 100�



5|5 Idiìthte tou oloklhr¸mato Riemann
(ii) An oi f kai f e�nai oloklhr¸sime sto [�; �℄, tìte kai h f + g e�nai oloklh-r¸simh kai isqÔei: Z �� (f + g) = Z �� f + Z �� gQrhsimopoioÔme ta mk;Mk gia to inf kai sup th f + g sto [xk; xk+1℄,ta m0k;M 0k gia thn f kai ta m00k ;M 00k gia thn g ant�stoiqa| Gia k�je x sto[xk; xk+1℄ èqoume: f(x) + g(x) �M 0k +M 00kdhlad  to M 0k +M 00k e�nai profan¸ �nw fr�gma th f + g sto [xk; xk+1℄,�ra e�nai megalÔtero   �so apì to supremum th f + g sto �dio di�sthma|Sun�goume loipìn ìti: Mk � M 0k +M 00k kai omo�w mk � m0k +m00k | Pol-laplasi�zonta autè ti anisìthte me ton jetikì arijmì (xk+1 � xk) kaiprosjètonta gia k = 0; 1; : : : ; n� 1, br�skoume:�(f;�) + �(g;�) = X(m0k +m00k)(xk+1 � xk)� Xmk(xk+1 � xk)= �(f + g;�) � �(f + g;�)= XMk(xk+1 � xk)� X(M 0k +M 00k )(xk+1 � xk)= �(f;�) + �(g;�):dhlad  (�(f;�) + �(g;�)) � �(f + g;�) �� �(f + g;�) � ��(f;�) + �(g;�)� :Apì ti teleuta�e anisìthte prokÔptei �mesa ìti0 � �(f+g;�)��(f+g;�) � ��(f;�)��(f;�)�+��(g;�)��(g;�)� :àstw t¸ra " > 0| Apì to krit rio oloklhrwsimìthta pou xèroume sun�-goume ìti up�rqoun �1;�2 tètoia ¸ste0 � �(f;�1)� �(f;�1) < "2kai 0 � �(g;�2)��(g;�2) < "2 :An � = �1 [�2 h koin  eklèptunsh twn �1;�2, tìte oi anisìthte autèja exakoloujoÔn na isqÔoun an jèsoume � sthn jèsh twn �1;�2 (giat�?)|Prosjètonta ti anisìthte pou prokÔptoun br�skoume:0 � �(f + g;�)��(f + g;�) < "� 101 �



5| To Olokl rwma Riemann
pou sÔmfwna p�li me to krit rio ma de�qnei ìti h f+g e�nai oloklhr¸simh|Mènei na de�xoume ìti Z ba (f + g) = Z ba f + Z ba g:àstw " > 0| De�xame prin l�ge grammè thn anisìthta�(f;�) + �(g;�) � �(f + g;�) �� Z ba (f + g) � �(f + g;�) � �(f;�) + �(g;�)gia opoiad pote� 2 �([a; b℄)| Epeid  R ba f = inf �(f;�) ja up�rqei�1 tètoio¸ste �(f;�1) < Z ba f + "2 giat�?kai parìmoia ja up�rqei �2 tètoio ¸ste�(g;�2) < Z ba g + "2 :Oi anisìthte autè ja isqÔoun kai gia thn koin  eklèptunsh � twn �1;�2opìte ja èqoume �(f;�) + �(g;�) < Z ba f + Z ba g + ":Me ìmoio sullogismì br�skoume�(f;�) + �(g;�) < Z ba f + Z ba g � "(mporoÔme na upojèsoume ìti h �dia diamèrish � emfan�zetai kai sti dÔoanisìthte giat�?)Sundu�zonta ìsa e�pame parap�nw sun�goume:Z ba f + Z ba g � " < Z ba (f + g) < Z ba f + Z ba g + ";�ra, epeid  to " e�nai auja�reto jetikì arijmìZ ba (f + g) = Z ba f + Z ba g:Parat rhsh: H apìdeixh aut  ja  tan suntomìterh an qrhsimopoioÔsameton orismì tou Riemann, giat� ant� gia anisìthte ja qrhsimopoioÔsame thnprofan  isìthta:�(f + g;�;�) = �(f;�;�) + �(g;�;�):Den akolouj same aut  thn mèjodo giat� den èqoume akìmh apode�xei thnisodunam�a twn orism¸n| � 102�



5|5 Idiìthte tou oloklhr¸mato Riemann
(iii) An f oloklhr¸simh sto [a; b℄ kai � pragmatikì arijmì, tìte kai h �f e�naioloklhr¸simh kai isqÔei Z ba �f = � Z ba f:H apìdeixh e�nai parìmoia kai af netai ston anagn¸sth|(iv) An f; g oloklhr¸sime sto [a; b℄ kai �; � pragmatiko� arijmo�, tìte h �f+�ge�nai oloklhr¸simh kai isqÔeiZ ba (�f + �g) = � Z ba f + � Z ba g:

Apìdeixh: �mesh sunèpeia twn (ii) kai (iii)| 2(v) An a <  < b, tìte h f e�nai oloklhr¸simh sto [a; b℄ an kai mìno an e�naioloklhr¸simh sta [a; ℄ kai [; b℄| IsqÔei tìteZ ba f = Z a f + Z b f:
Apìdeixh: A upojèsoume ìti h f e�nai oloklhr¸simh sta [a; ℄ kai [; b℄|àstw ep�sh " > 0| Up�rqoun �1 2 �([a; ℄) kai �2 2 �([; b℄) tètoia ¸ste�(f;�1) � Z a f � �(f;�1)kai �(f;�1)��(f;�1) < "2 ;�(f;�2) � Z b f � �(f;�2)kai �(f;�2)��(f;�2) < "2 :Profan¸, �(f;�) = �(f;�1) + �(f;�2)kai �(f;�) = �(f;�1) + �(f;�2)an � = �1 [�2 2 �([a; b℄) h ènwsh twn �1;�2|Sun�goume loipìn ìti:�(f;�) � Z a f + Z b f � �(f;�)� 103 �
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kai �(f;�)��(f;�) = ��(f;�1)��(f;�1)�++ ��(f;�2)��(f;�2)� < "2 + "2 = ":àqoume ep�sh �(f;�) � Z baf � �(f;�):Sundu�zonta ti trei teleuta�e anisìthte br�skoume:�����Z baf � Z a f + Z b f!����� � �(f;�)��(f;�) < ";opìte Z baf = Z a f + Z b f:Parìmoia èqoume Z ba = Z a f + Z b f:H �llh kateÔjunsh e�nai eukolìterh kai af netai ston anagn¸sth| 2(vi) An all�xoume thn tim  mia oloklhr¸simh sto di�sthma [a; b℄ sun�rthsh fse èna shme�o to olokl rwma den all�zei, dhlad  an f(x) = g(x) gia ìlata x 2 [a; b℄ ektì �sw apì x = x0 tìteZ ba f = Z ba g:Fusik� to �dio ja isqÔei an all�xoume thn tim  th f se èna peperasmènopl jo shme�wn (tetrimmènh epagwg )|Apìdeixh: ParathroÔme katarq� ìti h h = f � g e�nai pantoÔ 0 sto [a; b℄ektì �sw apì to x0| Arke� loipìn, lìgw th idiìthta (iv) gia � = 1 kai� = �1 na de�xoume ìti R ba h = 0| An h(x0) = 0 to apotèlesma e�nai�mesh sunèpeia th idiìthta (i)| àstw loipìn h(x0) 6= 0 kai " > 0| Ap�roume m�a diamèrish � me pl�to d(�) < "=(2jh(x0)j): To polÔ dÔo ìroitwn ajroism�twn pou or�zoun ta �(h;�) kai �(h;�) ja e�nai di�foroi toumhdenì kai o kajèna apì autoÔ ja e�nai kat� apìluth tim  mikrìtero toud(�)jh(x0)j < "=2|Ja èqoume loipìn�" < �(h;�) � Z bah � Z bah � �(h;�) < ";
apì ìpou �mesa èpetai ìti to R ba h up�rqei kai isoÔtai me 0| 2� 104�
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(vii) An m � f �M , a � qx � b kai f oloklhr¸simh, tìtem(b� a) � Z ba f �M(b� a):

Apìdeixh: Gia k�je � èqoume�(f;�) = n�1Xk=0(xk+1 � xk)Mk �M n�1Xk=0(xk+1 � xk) =M(b� a):�(f;�) = n�1Xk=0(xk+1 � xk)mk � m n�1Xk=0(xk+1 � xk) = m(b� a) 2(viii) An f(x) � g(x), a � x � b kai f; g oloklhr¸sime sto [a; b℄ tìteZ ba f � Z ba g:
Apìdeixh: Arke� na de�xoume ìti R ba h � 0 gia k�je oloklhr¸simh h meh(x) � 0, a � x � b (giat�?)| Autì ìmw e�nai fanerì giat� h upìjeshh(x) � 0 sunep�getai mk � 0, �ra �(h;�) � 0 gia opoiad pote diamèrish�| 2(ix) �����Z ba f ����� � Z ba jf j;gia k�je f oloklhr¸simh sto [a; b℄|Apìdeixh: H ekf¸nhsh th idiìthta aut  e�nai l�go {ponhr }| A thnapode�xoume katarq� afel¸ kai met� a doÔme pou thn {pat same}|àqoume �jf(x)j � f(x) � jf(x)j gia a � x � b;opìte oi idiìthte (ii) kai (viii) ma d�noun� Z ba jf j � Z ba f � Z ba jf j;dhlad  �����Z ba f ����� � Z ba jf j:Pou thn pat same? Ma fusik� èprepe katarq� na apode�xoume ìti h olo-klhrwsimìthta th f sunep�getai thn oloklhrwsimìthta th jf j| Eutuq¸ hapìdeixh e�nai eÔkolh kai af netai ston anagn¸sth| (upìdeixh: H diafor�Mk �mk gia thn jf j den xepern�ei thn ant�stoiqh diafor� gia thn f |) 2� 105 �



5| To Olokl rwma Riemann
(x) Mia gen�keush| To R ba f(x)dx èqei oriste� mìno sthn per�ptwsh a < b| Jae�nai qr simo na to or�soume kai sti peript¸sei a = b kai a < b| O orismìe�nai o ex :Orismì 5|5|1 An a = b kai h f e�nai orismènh sto a jètoumeZ aa f = 0:An a > b kai h f e�nai oloklhr¸simh sto [b; a℄, jètoumeZ ba f = � Z ab f:E�nai polÔ eÔkolo na doÔme ìti ìle oi idiìthte pou de�xame isqÔoun kai me thngenikeumènh aut  ènnoia tou oloklhr¸mato| Gia par�deigma an a > b kai oif; g e�nai oloklhr¸sime sto [b; a℄, tìteZ ba (f + g) = � Z ab (f + g) = � Z ab f � Z ab g = Z ba f + Z ba g:H epal jeush twn upolo�pwn idiot twn af netai ston anagn¸sth,5|5a' Ta basik� jewr mata gia to olokl rwma|Ta dÔo jewr mata pou ja apode�xoume s� aut  thn par�grafo e�nai apì ta sh-mantikìtera tou ApeirostikoÔ LogismoÔ, gia autì kai onom�zontai {Jemeli¸dhJewr mata}| Ousiastik� ja sundèsoun ti ènnoie parag¸gish kai olokl rwsh|H anak�luyh tou apod�detai stou Newton kai Leibniz| E�nai akrib¸ aut� tajewr mata pou oriojetoÔn mia nèa epoq  gia ton Apeirostikì Logismì l�go met�thn Anagènnhsh kai gia polloÔ thn aparq  tou|A jewr soume mia sun�rthsh f oloklhr¸simh sto di�sthma [�; �℄| Den upojè-toume ìti f � 0, all� e�nai skìpimo na èqei o anagn¸sth aut  thn per�ptwsh stomualì tou, gia na parakolouje� th gewmetrik  shmas�a tìso twn apotelesm�twnìso kai twn apode�xewn pou ja d¸soume|De�xame (idiìthta (v)) ìti an � < x < � tìte to R x� f up�rqei| H gen�keushpou d¸same m�lista sto tèlo th prohgoÔmenh paragr�fou m� epitrèpei naor�soume to R x� f gia � � x � �| Sumpera�noume loipìn ìti to olokl rwma R x� for�zei mia sun�rthsh, a thn gr�youme F (x), orismènh sto di�sthma [�; �℄,F (x) = Z x� f; gia � � x � �:A melet soume th sun�rthsh aut | H diafor� F (x + h) � F (x) parist�nei ge-wmetrik� to orizìntia diagrammismèno embadìn sto sq ma 5|6| To embadìn autìprofan¸ e�nai mikrìtero apì to embadìn enì orjog¸niou me b�sh h kai ÔyoM ,ìpou M èna �nw fr�gma th jf j, kai jf(x)j < M , gia � � x � �, kai epomènwte�nei sto 0 me to h| To sumpèrasma loipìn e�nai: an h f e�nai oloklhr¸simh sto� 106�



5|5 Idiìthte tou oloklhr¸mato Riemann
H

α x x + h β

f

Sq ma 5|6[�; �℄ tìte h sun�rthsh F (x) = R x� f e�nai suneq  sto [�; �℄| H akrib  apìdeixhe�nai ex�sou apl | àqoume:jF (x0 + h)� F (x0)j = �����Z x0+h� f � Z x0� f ����� = �����Z x0+hx0 f ����� �M jhjkai epomènw jF (x + h)� F (x)j < M "M = ":Apode�xame loipìn, k�ti parap�nw apì th sunèqeia th F , dhlad  ìqi mìno ìtih jF (x + h)� F (x)j e�nai mikr  me to jhj all� kai ìti isqÔei h sqèshjF (x0 + h)� F (x0)j �M jhj:Oi majhmatiko� qrhsimopoioÔn gia tètoie suneqe� sunart sei ton ìro {Lip-shitz suneqe�}, all� de ja epektajoÔme s� aut  thn ènnoia| àqonta ìmw t¸rade�xei ìti up�rqei {per�sseuma} sunèqeia sto x0 ja exet�soume m pw up�rqei kaih par�gwgo th F sto x0| H ap�nthsh e�nai arnhtik  qwr� k�poia epiprìsjethupìjesh| Autì mporoÔme na to katal�boume amèsw me èna par�deigma| JewroÔmeth sun�rthsh f(x) = � 1; an x0 � x < �0; an � � x < x0:H f e�nai oloklhr¸simh sto [�; �℄ (giat�?) kaiF (x) = Z x� f = � 0; an � � x � x0x� x0; an x0 � x � �;(giat�?)| H gewmetrik  ermhne�a tou parap�nw tÔpou e�nai profan  (blèpe sq ma5|7)|O tÔpo pou br kame gia thn F (x) epalhjeÔei amèsw th sunèqeia th F kaide�qnei ep�sh ìti h F 0 den up�rqei sto x0 (F 0(x+0 ) = 1; F 0(x�0 ) = 0)| An ìmwx 6= x0 tìte F 0(x) = � 0; an � � x < x01; an x0 < x � �;� 107 �



5| To Olokl rwma Riemann
α βx0 x

f

α βx0 x

F

Sq ma 5|7
dhlad  gia x 6= x0 h F 0 up�rqei kai isoÔtai me f(x)| To sumpèrasma autì e�naigenikì kai onom�zetai pr¸to jemeli¸de je¸rhma tou ApeirostikoÔ LogismoÔ|Je¸rhma 5|5|2 An h f e�nai oloklhr¸simh sto [�; �℄ kai suneq  sto x0 2 [�; �℄tìte h sun�rthsh F (x) = R x� f , gia � � x � �, e�nai paragwg�simh sto x0 kai hpar�gwgì th isoÔtai me f(x0)|Fusik� an x0 = � (x0 = �) ennooÔme sunèqeia kai parag¸gish apì dexi� (ari-ster�)|Apìdeixh: ja exet�soume thn per�ptwsh � < x0 < � kai ja upojètoume ìti jhj <minf� � x0; x0 � �g oÔtw ¸ste x0 + h 2 (�; �)| H per�ptwsh x0 = �   x0 = �e�nai an�logh kai af netai ston anagn¸sth| Kale�tai ep�sh o anagn¸sth naparakolouj sei ìla ta b mata th apìdeixh sto sq ma 5|8|

y

f

x0 x0 + h

f(x0) · h

F (x0 + h) − F (x0) − f(x0) · h

x

Sq ma 5|8� 108�



5|5 Idiìthte tou oloklhr¸mato Riemann
Jèloume na de�xoume ìti F 0(x0) = f(x0) dhlad  ìti:limh!0�F (x0 + h)� F (x0)h � f(x0)� = 0:àstw pr¸ta h > 0| Ja èqoume:����F (x0 + h)� F (x0)h � f(x0)���� = ��� 1h nR x0+h� f � R x0� f � hf(x0)o���= ���n 1hR x0+hx0 f � R x0+hx0 f(x0)o���= ��� 1hR x0+hx0 (f � f(x0))���� 1hR x0+hx0 jf � f(x0)j:àstw " > 0| Epeid  h f upotèjhke suneq  sto x0 ja up�rqei Æ > 0 ¸stejhj < Æ sunep�getai jf(x)�f(x0)j < "| An loipìn jhj < Æ, tìte jf(x)�f(x0)j < "gia x0 � x � x0 + h, kai epomènw 0 < h < Æ sunep�getai����F (x0 + h)� F (x0)h � f(x0)���� � 1h Z x0+hx0 jf � f(x0)j < 1hh" = ";pou apodeiknÔei ìti F 0(x+0 ) = f(x0)| ämoia apodeiknÔoume ìti F 0(x�0 ) = f(x0) kaiepomènw F 0(x0) = f(x0)| (Dikaiolog ste ìla ta b mata th parap�nw apìdeixh|PoÔ qrhsimopoi jhke h upìjesh h > 0?) 2Prin proqwr soume se sqìlia kai efarmogè tou jewr mato autoÔ a proqw-r soume se èna pìrisma tou pou onom�zetai b' jemeli¸de je¸rhma tou Apeirosti-koÔ LogismoÔ|A jewr soume p�li mia sun�rthsh f orismènh sto [�; �℄ kai suneq  gia k�jex 2 [�; �℄| àstw t¸ra G mia �llh sun�rthsh me ped�o orismoÔ p�li to [�; �℄,paragwg�simh sto (�; �), suneq  sto [�; �℄, kai tètoia ¸ste G0(x) = f(x), � <x < �| Mia tètoia sun�rthsh ja onom�zetai arqik    aìristo olokl rwma th f (piosp�nia lègetai kai antipar�gwgo)|De�xame ìti h sun�rthsh F (x) = R x� f e�nai èna aìristo olokl rwma th f |Sumpera�noume loipìn ìti h F (x)�G(x) e�nai stajer� sto (�; �) kai (afoÔ e�naisuneq ) epomènw stajer� kai sto [�; �℄| Ja èqoume loipìn F (x) � G(x) = ,gia � � x � �| An x = 0 tìte F (�) = R �� f = 0 �ra  = �G(�) opìte:F (x) = G(x) �G(�) = Z x� fkai eidikìtera F (�) = Z �� f = G(�)�G(�):De�xame loipìn to:Je¸rhma 5|5|3 An G e�nai èna aìristo olokl rwma th f , � � x � �, tìte R �� f =G(�)�G(�)| � 109 �



5| To Olokl rwma Riemann
Sun jw h G or�zetai se èna di�sthma (; Æ) me  < � < � < Æ kai e�naiparagwg�simh s" autì, opìte h sunèqeia sta �; � e�nai autìmath|Sthn parap�nw apìdeixh de�xame ìti an G1(x) kai G2(x) e�nai dÔo aìristaoloklhr¸mata th f tìte to G2(x)�G1(x) e�nai stajer� kai epomènw an xèroumeèna aìristo olokl rwma, ta xèroume ìla|Gia to aìristo olokl rwma ja qrhsimopoioÔme to �dio sÔmbolo me to orismènoolokl rwma all� qwr� ìria olokl rwsh, (ta �; � sto R �� lègontai ìria olokl -rwsh, p�nw ìrio to � kai k�tw ìrio to �)| Ja gr�youme dhlad  R f   R f(x) dxgia k�je sun�rthsh th opo�a h par�gwgo isoÔtai me f sto ped�o orismoÔ th f(pou upot�jetai ìti e�nai èna di�sthma)|O tÔpo R �� f = G(�) � G(�) èqei epikrat sei na gr�fetai R �� f = G(x)j��,dhlad  qrhsimopoioÔme to sÔmbolo G(x)j�� gia th diafor� G(�)�G(�)|Me ta ìsa èqoume pei mèqri t¸ra, sun�goume ìti {o upologismì orismènwnoloklhrwm�twn an�getai sthn eÔresh arqik¸n sunart sewn (aìristwn oloklhrwm�-twn)}| Autì den e�nai p�ntote aplì akìmh kai an h pro olokl rwsh sun�rthshe�nai stoiqei¸dh| Sti peript¸sei autè an endiaferìmaste gia thn arijmhtik tim    gia mia kal  prosèggish enì orismènou oloklhr¸mato, qrhsimopoioÔmedi�fore mejìdou pou bas�zontai ston orismì tou R �� f |O p�naka twn parag¸gwn orismènwn stoiqeiwd¸n sunart sewn pou d¸samesto prohgoÔmeno kef�laio d�nei sqedìn autìmata èna p�naka aor�stwn oloklhrw-m�twn| To gr�mma  ja shma�nei, w sun jw, mia stajer�| Oi tÔpoi isqÔoun gia tax gia ta opo�a ta dexi� mèlh or�zontai (kai èqoun, ìpw xèroume, tìte par�gwgo)|
5|6 Basikè teqnikè olokl rwshäpw anamènoume pollè idiìthte th parag¸gish metafèrontai se ant�stoiqeidiìthte gia thn aìristh olokl rwsh| Ja exet�soume merikè apì autè pou e�naiidia�tera qr sime ston upologismì aor�stwn, �ra kai orismènwn oloklhrwm�twn|àtsi, gia par�deigma, h gnwst  sqèsh (�F + �G)0 = �F 0 + �G0 �, � stajerè,sunep�getai th sqèsh R (�f + �g) = � R f + � R g|Par�deigma: Gia tuqa�o polu¸numo f(x) = �0 + �1x+ � � �+ �nxn, èqoumeZ f = + �0x+ �1 x22 + � � �+ �n xn+1n+ 1 :Pio endiafèronte e�nai oi kanìne olokl rwsh pou proèrqontai apì ton tÔ-po parag¸gish sÔnjeth sun�rthsh (kanìna th alus�da) kai apì ton tÔpoparag¸gish ginomènou| Lègontai ant�stoiqa {olokl rwsh me antikat�stash} ( allag  metablht ) kai {olokl rwsh kat� mèrh}|
5|6a' Olokl rwsh me antikat�stashAn F (x) e�nai èna aìristo olokl rwma th f , se èna di�sthma � < x < �,dhlad  an F 0(x) = f(x) gia x 2 (�; �) kai g(y) gia  < y < Æ mia paragwg�simh� 110�



5|6 Basikè teqnikè olokl rwsh

Z xn dx = xn+1n+ 1 + ; n 6= �1; n 2 Z Z 1x dx = log jxj+ Z x� dx = x�+1�+ 1 + ; n 2 R; � 6= �1 Z �x dx = �xlog� + ; � > 0Z ex dx = ex +  Z osx dx = sinx+ Z sinx dx = � osx+  Z 1os2 x = tanx+ Z 1p1� x2 dx = Arsinx+ = �Arosx+ ��2 + � Z 11 + x2 dx = Artanx+ Z oshx dx = sinhx+  Z sinhx dx = oshx+ Z 1osh2 x dx = tanhx+ 
P�nakas 5|1 P�naka aor�stwn oloklhrwm�twn
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5| To Olokl rwma Riemann
sun�rthsh me thn idiìthta g(y) 2 (�; �) gia  < y < Æ, tìte h sÔnjeth sun�rthshF (g(y)) or�zetai kai h par�gwgo th d�netai apì ton tÔpo (kanìna alus�da):�F �g(y)��0 = F 0�g(y)�g0(y) = f(g(y))g0(y);gia  < y < Æ| Me �lla lìgia h sun�rthsh F (g(y)) e�nai èna aìristo olokl rwmath f(g(y))g0(y)| Gr�foume sun jw aut  thn idiìthta w ex :Z f�g(y)�g0(y)dy = Z f(x) dx:Fusik� autì shma�nei ìti, ektì apì mia prosjetik  stajer�, h sun�rthsh tou y pouparist�nei to arister� mèlo prokÔptei apì th sun�rthsh tou x pou parist�nei todexiì mèlo, an antikatast soume to x me g(y)|Parat rhsh 5|6|1 Formalistik� o parap�nw tÔpo prokÔptei apì to olokl rw-ma R f(x) dx an sth jèsh tou x jèsoume g(y) kai sth jèsh tou {diaforikoÔ} dxto dg(y) = g0(y)dy| Fusik� to dx sto olokl rwma R f(x) dx e�nai apl¸ sÔm-bolo, pou br�sketai eke� gia na ma jum�zei to �xk = xk+1 � xk sto �jroismaP f(xk)(xk+1 � xk) tou orismoÔ tou Riemann| O parap�nw tÔpo d�nei mia polÔqr simh mèjodo olokl rwsh sti peript¸sei pou to olokl rwma tou arister�mèlou e�nai eukolìtero ston upologismì|Parade�gmata(i) R (2x+ 3)3 dx| Jètoume 2x+ 3 = y dhlad  x = (y � 3)=2 kai èqoumeZ (2x+ 3)3 dx = Z y3 12dy = 12 y44 + C = (2x+ 3)48 + C:(ii) R os3 x dx| Ed¸, ìpw kai se �lle peript¸sei, den fa�netai �mesa h {ka-l } antikat�stash| Ja mporoÔse kane� na d¸sei di�forou kanìne pou jak�luptan arketè peript¸sei all� den ja akolouj soume aut  th taktik |Ex� �llou se kami� per�ptwsh oi kanìne auto� den prìkeitai na antikata-st soun thn empeir�a pou proèrqetai me thn ex�skhsh| ParathroÔme ìtios3 x = os2 x osx = (1� sin2 x)(sin x)0Epomènw, jètonta sinx = y:Z os3 x dx = Z (1� y2)dy = + y � y33 = + sinx� sin3 x3 :(iii) Z xe�x2 dx = �12 Z (�2x)e�x2 dx = �12 Z (�x2)0e�x2 dx= �12 Z eydy = � ey2= � e�x22 :

� 112�



5|6 Basikè teqnikè olokl rwsh
(iv) Z dx(x� �)m gia m = 1; 2; : : :Z dx(x� �)m = Z (x� �)�m(x� �)0 dx= Z y�mdy= 8<: + log jyj = + log jx� �j; an m = �1y�m+1�m+ 1 = (x� �)(�m+1)�m+ 1 ; an m 6= �1:
(v) R �x+�x2+x+Æ dx, � = 2 � 4Æ = �4k2 < 0|Z �x+ �x2 + x+ Æ dx = Z �(x+ 2 ) + � � �2(x+ 2 )2 + 4Æ�24 dx= �2 Z 2(x+ 2 )(x+ 2 )2 + 4Æ�24 dx+�� � �2 �Z dx(x+ 2 )2 + 4Æ�24 :

Upolog�zoume qwrist� ta dÔo oloklhr¸mata tou b' mèlou gr�fonta k2 =(4Æ � 2)=4 (= �Æ=4 > 0):I1 = Z 2(x+ 2 ) dx(x+ 2 2) + 4Æ�24 = Z ((x+ 2 )2 + k2)0 dx(x+ 2 )2 + k2= Z dyy = + log jyj = + log �����x+ 2�2 + k2����= + log jx2 + x+ Æj:I2 = Z dx(x+ 2 )2 + 4Æ�24 = Z dx(x+ 2 )2 + k2= 1k2 Z dxf 1k (x+ 2 )g2 + 1 = 1k Z ( 1k (x+ 2 ))0 dxf 1k (x+ 2 )g2 + 1= 1k Z dyy2 + 1 = + 1k Artan y= + 1p4Æ � 2 Artan x+ 2p4Æ � 2 :� 113 �



5| To Olokl rwma Riemann
5|7 Olokl rwsh kat� mèrhO tÔpo (fg)0 = f 0g + fg0 odhge� amèsw ston parak�tw tÔpo pou e�nai gnwstìsan {tÔpo olokl rwsh kat� mèrh}:Z f(x)g0(x) dx = f(x)g(x)� Z f 0(x)g(x):O tÔpo gr�fetai suqn� w ex :Z fdg = fg � Z gdf;kai èqei p�ra pollè efarmogè tìso gia upologismoÔ oloklhrwm�twn ìso kaigia thn exagwg  jewrhtik¸n apotelesm�twn|Parade�gmata(i) R 21 logx dx| Upolog�zw pr¸ta èna aìristo olokl rwma th log x me olokl -rwsh kat� mèrh:Z log x dx = Z (x)0 logx dx = x logx� Z x(log x)0 dx= x logx� Z x 1x dx = x log x� x+ àqoume t¸ra:Z 21 logx dx = (x log x� x)��21 = 2 log 2� 2 + 1 = �1 + log 4 = log 4e :Pio suqn� proqwr�me tautìqrona sthn eÔresh tou orismènou oloklhr¸ma-to, se peript¸sei san thn parap�nw, gr�fonta:Z 21 logx dx = Z 21 (x)0 logx dx = x log xj21 � Z 21 x 1x dx= 2 log 2� 1 log 1� (2� 1) = �1 + log 4= log 4e :(ii) Z x2 osx dx = Z x2(sinx)0 dx = x2 sinx� Z 2x sinx dx= x2 sinx+ 2x osx� 2 Z osx dx= x2 sinx+ 2x osx� 2 sinx+ :� 114�



5|7 Olokl rwsh kat� mèrh
(iii) R (�x+�)(x2+x+Æ)� dx, � = 2 � 4Æ = �k2 < 0, � = 2; 3; : : :| Proqwr�me ìpwsto par�deigma v (sel�da 113) kai èqoumeZ (�x+ �)(x2 + x+ Æ)� dx = a2 Z 2(x+ 2 )(x2 + x+ Æ)� dx+�� � �2 �Z dx(x2 + x+ Æ)� :Upolog�zoume qwrist� ta dÔo oloklhr¸mata tou b' mèlouI1 = Z 2(x+ 2 )(x2 + x+ Æ)� dx = Z (x2 + x+ Æ)0 dx(x2 + x+ Æ)�= Z dyy� = + y��+1��+ 1= � 1�� 1 1(x2 + x+ Æ)��1 :I2 = Z dxf(x+ 2 )2 + k2g� = Z k(x+ 2k )0 dxk2�f(x+2k )2 + 1g�= k1�2� Z dy(y2 + 1)� :Ma mènei ètsi na upolog�soume toZ dy(y2 + 1)�kai na antikatast soume to y me (x + =2)=k| Ja broÔme èna tÔpo gia toolokl rwma autì, a to kalèsoume I�, sunart sei tou I��1| Met� apì ��1b mata ja ft�soume sto I1 = R dy1+y2 to opo�o xèroume na to upolog�soume(= Artan y + )| àqoume loipìn:I� = Z dy(1 + y2)� = Z 1 + y2 � y2(1 + y2)� dy= Z dy(1 + y2)��1 � Z y2(1 + y2)� dy = I��1 � 12 Z y 2y(1 + y2)� dy= I��1 � 12 Z y (1 + y2)0(1 + y2)� dy = I��1 � 12 Z y(1 + y2)��(1 + y2)0dy= I��1 + 12(�� 1) Z yf(1 + y2)�(��1)g0dy= I��1 + 12(�� 1) � y(1 + y2)��1 � Z dy(1 + y2)��1�= 2�� 32�� 2I��1 + 12(�� 1) y(1 + y2)��1 :� 115 �



5| To Olokl rwma Riemann
dhlad  br kame to I� sunart sei tou I��1| Sthn proteleuta�a isìthta qrh-simopoi same olokl rwsh kat� mèrh|Parat rhsh 5|7|1 Ta oloklhr¸mata (iv) kai (v), sel�da 113, kai (iii), sel�da115, ja ma qreiastoÔn sthn epìmenh par�grafo gia thn olokl rwsh rht¸n su-nart sewn|

5|8 H olokl rwsh twn rht¸n sunart sewn|Sthn par�grafo aut  ja de�xoume ìti me ti mejìdou pou anaptÔxame mèqri t¸-ra mporoÔme na oloklhr¸soume sunart sei th morf  P (x)=Q(x), ìpou taP (x); Q(x) e�nai polu¸numa kai to Q èqei thn morf :Q(x) = (x� �1)n1 � � � (x� �k)nk (x2 + 1x+ Æ1)m1 � � � (x2 + �x+ Æ�)m� ;ìpou �1; : : : ; Æ� 2 R, n1; : : : ;m� 2 N kai 2� � 4Æ2� < 0 gia 1 � � � �|Parat rhsh 5|8|1 Sthn pragmatikìthta k�je polu¸numo mpore� na grafte� wmia stajer� ep� èna polu¸numo th parap�nw morf | Autì e�nai pìrisma toulegìmenou jemeli¸dou jewr mato th {�lgebra}, sÔmfwna me to opo�o {k�jemh stajerì polu¸numo èqei toul�qiston m�a en gènei migadik  r�za}| Sthn para-p�nw diatÔpwsh to polu¸numo mpore� na èqei kai migadikoÔ suntelestè| Sthnper�ptwsh t¸ra pou to polu¸numo èqei pragmatikoÔ suntelestè, tìte oi kajar�migadikè r�ze tou emfan�zontai an� zeÔgh suzug¸n migadik¸n arijm¸n kai tazeÔgh aut� dhmiourgoÔn tou par�gonte th morf  (x2 + x + Æ)m| Den japarousi�soume ed¸ aut  thn jewr�a, diìti fusiologik� an kei sthn jewr�a twnmigadik¸n sunart sewn| Stou upologismoÔ to je¸rhma den e�nai qr simo, gia-t� den ma d�nei mèjodo na br�skoume r�ze| To ìti h apìdeixh tou jewr mato,par� to ìnoma tou, qrei�zetai mèsa tou ApeirostikoÔ LogismoÔ (h Jewr�a twnmigadik¸n sunart sewn e�nai kat� k�poia ènnoia h epèktash tou ApeirostikoÔLogismoÔ gia migadikè sunart sei), mporoÔme na to doÔme apì thn per�ptwshpoluwnÔmou bajmoÔ 3 (gia polu¸numa bajmoÔ 1 kai 2 to je¸rhma e�nai gnwstìapì ta Gumnasiak� Majhmatik�)|Pragmatik� me thn bo jeia tou jewr mato th endi�mesh tim  de�xame ìtik�je polu¸numo 3ou bajmoÔ èqei m�a toul�qiston r�za| An loipìnf(x) = a0 + a1x+ a2x2 + a3x3; a3 6= 0;ja up�rqei pragmatikì � tètoio ¸ste f(�) = 0, kai epomènwf(x) = f(x)� f(�) = a1(x� �) + a2(x2 � �2) + a3(x3 � �3) =a3(x� �)�x2 + x�+ �2 + a2a3 (x+ �) + a1a3� =a3(x� �)�x2 +��+ a2a3�x+��2 + a2a3 �+ a1a3�� ;dhlad  pr�gmati h f(x) èqei thn morf  pou perigr�yame sthn arq  th paragr�-fou| Gia thn apìdeixh p�ntw qrhsimopoi same to je¸rhma th endi�mesh tim ,dhlad  èna je¸rhma pou katèxoq n an kei ston Apeirostikì Logismì|� 116�



5|8 H olokl rwsh twn rht¸n sunart sewn|
H mèjodo olokl rwsh rht¸n sunart sewn P (x)=Q(x) me paronomast  Qth morf  pou perigr�yame (jewrhtik� dhlad  ìlwn twn rht¸n sunart sewn)sthr�zetai sto parak�tw je¸rhma pou onom�zetai Je¸rhma an�lush se apl� kl�-smata|Je¸rhma 5|8|2 An ta di¸numa x � �1; : : : ; x � �k e�nai diaforetik� an� dÔo, tatri¸numa x2+1x+Æ1; : : : ; x2+�x+Æ� diaforetik� an dÔo, oi diakr�nouse 2��4Æ�arnhtikè gia � = 1; : : : ; � kai n1; : : : ; nk;m1; : : : ;m� fusiko� arijmo�, tìte up�rqounstajerè A11; : : : ; An11 ; : : : ;A1k; : : : ; Ankk ; �11; : : : ;�m11 ; : : : ; �m�� ; �11; : : : ;�m�� ¸steP (x)Q(x) = A11x� �1 + � � �+ An11(x� �1)n1 + � � �+ � � �+ A1kx� �1 + � � �+ Ankk(x� �k)nk++ �11x+�11(x2 + 1x+ Æ1) + � � �+ �m11 x+�m11(x2 + 1x+ Æ1)m1 + � � �� � �+ �1�x+�1�(x2 + �x+ Æ�) + � � �+ �m�� x+�m��(x2 + �x+ Æ�)m� ;ìpou P;Q polu¸numa ¸ste o bajmì P na e�nai gn sia mikrìtero tou bajmoÔ tou QkaiQ(x) = (x� �1)n1 � � � (x� �k)nk (x2 + 1x+ Æ1)m1 � � � (x2 + �x+ Æ�)m� :Parat rhsh 5|8|3 Ektel¸nta thn dia�resh P (x) = �(x)Q(x) + y(x), ìpou obajmì tou y(x) gn sia mikrìtero tou bajmoÔ tou Q(x), blèpoume ìtiP (x)Q(x) = �(x) + y(x)Q(x)kai epomènw h upìjesh {o bajmì P na e�nai gn sia mikrìtero tou bajmoÔ touQ} den bl�ptei ousiastik� thn genikìthta|Apìdeixh: H idèa th apìdeixh e�nai polÔ apl  kai ja ma d¸sei kai thn epiprì-sjeth plhrofor�a, ìti oi stajerè A11; : : : ;�m�� e�nai monos manta orismène|Ja qrhsimopoi soume epagwg  w pro ton bajmì n1+n2+ � � �+2m1+ � � �+2m� = N tou Q| Gia N = 1 to je¸rhma e�nai tetrimmèno| Upojètoume N > 1|An pistèyoume katarq� thn an�lush se kl�smata pou lèei to je¸rhma, tìteh par�stash P (x)Q(x) � An1�11x� �1)n1 = P (x) �An11 Q1(x)Q(x) ;ìpou Q1(x) to polu¸numo Q(x)(x��1)n1 , met� thn ektèlesh twn pr�xewn ja prèpei nap�rei thn morf  B(x)Q2(x) ìpou B;Q2 polu¸numa, Q2(x) = Q(x)x��1 kai o bajmì tou Be�nai gn sia mikrìtero tou bajmoÔ tou Q2 (giat�?)| To An11 loipìn kajor�zetai,an autì e�nai dunatìn, apì thn sunj kh:� 117 �



5| To Olokl rwma Riemann
To polu¸numo P (x) �An11 Q1(x) diaire�tai me x� �1, dhlad P (�1)�An11 Q1(�1) = 0:
To ìti pragmatik� h sunj kh aut  kajor�zei to An11 prokÔptei apì to ìtiQ1(�1) 6= 0 (giat�?)|H �dia skèyh ma kajodhge� kai gia ton kajorismì twn �m11 ;�m11 | àqoume:P (x)Q(x) � �m11 x+�m11(x2 + 1x+ Æ1)m1 = P (x) � (�m11 x+�m11 )Q1(x)Q(x) ;ìpou Q1(x) e�nai to polu¸numo Q(x)(x2+1x+Æ1)m | Ta �m11 ;�m11 , kajor�zontai ìpwkai prohgoÔmena, an autì e�nai dunatìn apì thn sunj kh:To polu¸numo P (x)�(�m11 x+�m11 )Q1(x) diaire�tai me to tri¸numo x2+1x+Æ1|An gr�youme �1x + �2, q1x + q2 ta upìloipa twn diairèsewn twn P;Q1 diatou x2 + 1x+ Æ1 h parap�nw sunj kh isoduname� me thnUp�rqei stajer� B tètoia ¸ste :(�m11 x+�m11 )(q1x+ q2)� (�1x+ �2) = B(x2 + 1x+ Æ1)Dhlad : q1�m11 + 0 ��m11 �B = 0;q2�m11 + q1�m11 � 1B = �1;0 � �m11 + q2�m11 � Æ1B = �2:Gia na e�nai loipìn dunatì o kajorismì twn �m11 ;�m11 prèpei h or�zousaD = ������ q1 0 �1q2 q1 �10 q2 �Æ1 ������ = �Æ1q21 + 1q1q2 � q22 ;na e�nai 6= 0| Katarq� apokle�etai q1 = q2 = 0 giat� tìte kai to polu¸numoQ1(x) = Q(x)(x2+1x+Æ1)m1 ja èprepe na diaire�tai me x2 + 1x + Æ1, to opo�o densumba�nei| H apìdeixh e�nai eÔkolh all� ìqi tele�w tetrimmènh| (To x2+1x+Æ1e�nai an�gwgo ( den gr�fetai w ginìmeno poluwnÔmwn 1ou bajmoÔ), diìti 21 �4Æ1 < 0, kai epomènw gia na diaire� to Q1 ja prèpei na diaire� ènan apì touan�gwgou par�gontè tou| To teleuta�o ìmw den mpore� na sumbe�)|àstw loipìn q2 6= 0| Ja èqoumeD = �q2(Æ1�q1q2�2 � 1�q1q2�+ 1) ;kai epeid  ex' upojèsew 21 � 4Æ1 < 0 èpetai D 6= 0|Afair¸nta loipìn apì to P (x)Q(x) èna ìro th morf  A(x��)m   �x+�(x2+x+Æ)m ,anagìmaste se mia rht  sun�rthsh B(x)Q2(x) , ìpou to polu¸numo B(x) èqei bajmìmikrìtero apì ton bajmì tou poluwnÔmou Q2(x) kai o bajmì tou teleuta�ou e�naimikrìtero tou N | H epagwgik  upìjesh ma kai oi parathr sei autè sumplhr¸-noun eÔkola thn apìdeixh| 2� 118�



5|8 H olokl rwsh twn rht¸n sunart sewn|
Parat rhsh 5|8|4 An ma epitrèpontan h qr sh migadik¸n arijm¸n, h apìdeixhja  tan shmantik� aploÔsterh (giat�?)|Par�deigma: R dx(x�1)2(x+1)(x2+1) | Arq�zoume me thn an�lush1(x� 1)2(x+ 1)(x2 + 1) = Ax� 1 + B(x� 1)2 + �x+ 1 + �x+Ex2 + 1 :H basik  mèjodo prosdiorismoÔ twn suntelest¸n A;B;�;�; E sun�statai, afoÔk�noume ti pr�xei sto b' mèlo, sto na exis¸soume tou suntelestè twn arij-mht¸n kai na lÔsoume to sÔsthma pou prokÔptei| A efarmìsoume thn mèjodo stopar�deigma ma: 1(x� 1)2(x+ 1)(x2 + 1) = Ax� 1 + B(x� 1)2 + �x+ 1 + �x+Ex2 + 1 =A(x� 1)(x+ 1)(x2 + 1) +B(x+ 1)(x2 + 1) + �(x� 1)2(x2 + 1) + (�x+E)(x+ 1)(x� 1)2(x� 1)2(x+ 1)(x2 + 1) ;opìte prèpei1 = (A+�+�)x4+(B�2���+E)x3+(B+2����E)x2+(B�2�+��E)x+(�A+B+�+E);dhlad  A+ �+� = 0B � 2����E = 0B + 2����E = 0B � 2� +��E = 0�A+B + �+E = 1LÔnonta to sÔsthma br�skoumeA = �38 ; B = 14 ; � = 18 ; � = 14 ; E = 14 :àna �llo trìpo na broÔme tou suntelestè, pou antistoiqoÔn se paronomastèth morf  (x��k)mk e�nai na pollaplasi�soume thn sqèsh pou d�nei thn an�lushtou P (x)=Q(x) ep� (x � �k)mk kai na jèsoume x = �k| Sto par�deigma ma, giapar�deigma, pollaplasi�zonta ep� (x � 1)2 kai jètonta x = 1 br�skoume: B =1(1+1)(12+1) = 14 : Pollaplasi�zonta ep� x + 1 kai jètonta x = �1, br�skoume� = 1(�1�1)2((�1)2+1) = 14�2 = 18 |H olokl rwsh t¸ra th sun�rthsh 1(x�1)2(x+1)(x2+1) an�getai se gnwst�oloklhr¸mata|Z dx(x� 1)2(x+ 1)(x2 + 1)= �38 Z dxx� 1 + 14 Z dx(x� 1)2 + 18 Z dxx+ 1 + 14 Z x+ 1x2 + 1dx= �38 log jx� 1j � 14 1x� 1 + 18 log jx+ 1j+ 14 Z dxx2 + 1 + 18 Z 2xx2 + 1dx= 38 log jx� 1j � 14 1x� 1 + 18 log jx+ 1j+ 14 Artan(x) + 18 log jx2 + 1j+ :
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5|8a' Oloklhr¸mata pou an�gontai se oloklhr¸mata rht¸n su-nart sewn|Pollè morfè oloklhrwm�twn an�gontai se olokl rwsh rht¸n sunart sewn|Parousi�zoume merikè apì autè ti peript¸sei| Ja qrhsimopoioÔme to gr�mmaR gia rhtè sunart sei mia h perissìterwn metablht¸n| Gia par�deigma R(x; y)ja shma�nei mia sun�rthsh th morf  P (x;y)Q(x;y) , ìpou P;Q polu¸numa twn x; y|(i) R R(os(x); sin(x))dx| H antikat�stash tan x2 = y, (x = 2Artan(y)), an�-gei ta oloklhr¸mata aut� se oloklhr¸mata rht¸n sunart sewn| Pragma-tik�, ja èqoume:os(x) = 1� y21 + y2 ; sin(x) = 2y1 + y2 ; (2Artan y)0 = 21 + y2 ;opìte to olokl rwma g�netaiZ R�1� y21 + y2 ; 2y1 + y2� 11 + y2 dy;dhlad  to olokl rwma rht  sun�rthsh| H mèjodo aut  e�nai arket� ep�-ponh, gia autì epidi¸koume suqn�, an�loga me thn morf  th R na broÔmeaploÔsterou trìpou olokl rwsh| An gia par�deigma h R(os(x); sin(x))èqei thn morf  os(x)R1(os(x); sin(x)) kai sthn rht  sun�rthsh R1(x; y)emfan�zontai mìno �rtie dun�mei tou x, tìte h antikat�stash y = sin(x)an�gei to R R(os(x); sin(x))dx se olokl rwma rht  sun�rthsh (giat�?)|Par�deigma: R dxsin(x) | Jètoume y = tan(x=2), opìte sin(x) = 2y1+y2 kaièqoume: Z dxsin(x) = Z 1 + y22y (Artan(y))0dy =1+ y22y 21 + y2 dy = Z dyy = log jyj+ :An kai ed¸ to olokl rwma upolog�sthke eÔkola, a d¸soume kai èna �llotrìpo upologismoÔ|Z dxsin(x) = Z dx2 sin �x2 � os �x2 � = Z 12  1os2 �x2 �! 1tan �x2 �! dx =Z �tan �x2 ��0tan �x2 � dx = + log ���tan�x2���� :(ii) R R(ex)dx| H antikat�stash ex = y an�gei to olokl rwma sto R R(y)dyy |Sthn per�ptwsh aut  an�gontai kai ta oloklhr¸mata rht¸n sunart sewntwn uperbolik¸n sunart sewn|� 120�
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Par�deigma: R sinh2(x)dx: Jètoume y = ex, opìte sinh(x) = 12 (y � 1y ) kaièqoume Z sinh2(x) = Z 14 �y � 1y�2 dyy =14 Z �y2 + 1y2 � 2� 1ydy = 14 �Z y dy + Z y�3dy � 2 Z dyy � =14 �y22 + y�2�2 � 2 log jyj�+  =14 �12(e2x � e�2x)� 2x�+  = sinh(x)4 � x2 + :

(iii) R R�x;�ax+bx+d� 1n� dx, n 2 N| H antikat�stash y = �ax+bx+d� 1n an�gei toolokl rwma se olokl rwma rht  sun�rthsh|Par�deigma: R dxxpx�1 | Jètoume x� 1 = y2, opìteZ dxxpx� 1 = Z 2ydy(1 + y2)y = 2Artan y +  = 2Artanpx� 1 + :
(iv) R R(x;pax2 + bx+ )dx| Ta oloklhr¸mata aut� e�nai h eidik  per�ptwshn = 2 oloklhrwm�twn th morf  R R(x;pP (x))dx, ìpou P (x) èna po-lu¸numo bajmoÔ n| Thn per�ptwsh n = 1 thn èqoume ousiastik� exet�sei|Pragmatik� to R R(x;pax+ b)dx an�getai se olokl rwma rht  sun�rth-sh na jèsoume y2 = ax+ b| A doÔme leptomerèstera giat�|H antikat�stash y2 = ax+b, dhlad  x = y2�ba metatrèpei thnR(x;pax+ b)sth rht  sun�rthsh R�y2�ba ; y� kai to olokl rwma R R(x; y) stoZ R�y2 � ba ; y��y2 � ba �0 dy = Z R�y2 � ba ; y� 2ya dy:�tan ousiastikì gia thn metatrop  aut  to gegonì ìti h y2 = ax + bèqei rht  lÔsh w pro x : x = y2�ba | àtsi gia par�deigma h antikat�stashy2 = ax2+bx+ den e�nai h kat�llhlh gia thn metatrop  tou oloklhr¸matoR R(x;pax2 + bx+ )dx se olokl rwma rht  sun�rthsh| Pragmatik� jae�qame x = �b�pb2 � 4(� y2)2a ;dhlad Z R(x;pax2 + bx+ ) dx= Z R �b�pb2 � 4(� y2)2a ; y! �b�pb2 � 4(� y2)2a !0 dy;
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dhlad , en gènei olokl rwma p�li mh rht  sun�rthsh|A upojèsoume kat� arq� ìti a > 0| Mia mikr  allag  sthn parap�nw idèa,pou ofe�letai ston meg�lo Elbetì majhmatikì tou 18ou ai¸na L. Euler, jama d¸sei thn epijumht  antikat�stash| Jètoume ax2+bx+ = (y+pax)2:T¸ra mporoÔme na broÔme rht� to x sunart sei y (giautì prosjèsame tonìro pax): x = � y22pay � b ;opìte to olokl rwma metatrèpetai w ex :R(x;pax2 + bx+ ) dx= Z R� � y22pay � b ; y +pa � y22pay � b�� � y22pay � b�0 dy:An a < 0, tìte to tri¸numo ax2+bx+ ja èqei dÔo pragmatikè r�ze �1; �2,(alli¸ ja  tan < 0 gia ìla ta x) kai ja èqoume:ax2 + bx+  = a(x� �1)(x� �2) = (x� �1)2 a(x� �2)x� �1 :
An loipìn jèsoume y2 = a(x��2)x��1 , tìte mporoÔme na lÔsoume p�li rht� wpro x kai ja èqoume x = a�2��1y2a�y2 , opìteZ R(x;pax2 + bx+ ) =Z R�a�2 � �1y2a� y2 ; y�a�2 � �1y2a� y2 � �1���a�2 � �1y2a� y2 �0 dy:Mia diaforetik  mèjodo gia thn olokl rwsh ja  tan, me metasqhmati-smoÔ an�logou me autoÔ pou qrhsimopoi same sto par�deigma (v) se-l�da 113, na anaqjoÔme se oloklhr¸mata th morf  R R(x;px2 + 1) dx  R R(x;px2 � 1)   R R(x;p1� x2)|To R R(x;px�1) metatrèpetai se olokl rwma rht  sun�rthsh tou exme thn antikat�stash x = osh(x) kai to R R(x;p1� x2) dx metatrèpetaise olokl rwma rht  sun�rthsh twn sin(y); os(y) me thn antikat�stashx = sin(y)|Parade�gmata:(a) H sun�rthsh y = pa2 � x2, �a � x � a, parist�nei hmiperifèreia meakt�na a| To olokl rwma R a�apa2 � x2 dx, parist�nei epomènw to embadìntou diagrammismènou hmikukl�ou kai ja prèpei na isoÔtai me 12�a2| A toepalhjeÔsoume| Jètoume x = a � sin(x), ��2 � t � �2 kai èqoume� 122�
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(−α, 0) (α, 0)

Sq ma 5|9Z a�apa2 � x2 dx = Z �2��2 a os ta os t dt =a2 Z �2��2 os2 t dt;kai mènei na de�xoume ìti Z �2��2 os2 t dt = �2 :H apìdeixh e�nai eÔkolh:Z �2��2 os2 t dt = 12 Z �2��2 2 os2 t dt =12 Z �2��2 (1 + os(2t)) dt = 12 ��2 � ��2��+ 14 Z �2��2 os(2t)(2t)0 dt =�2 + 12 Z ��� os(y) dy = �2 + 14 sin(y)������� = �2 :Parat rhsh: Den prèpei na dièfuge th prosoq  tou anagn¸sth ìti qrh-simopoi same dÔo forè thn ex  idiìthta:An x = q(t);  � t � Æ e�nai paragwg�simh tìteZ q(Æ)q() f(x) dx = Z Æ f�q(t)�q0(t) dt}:
Ed¸ bèbaia èqoume k�nei, qwr� na to poÔme, kai �lle upojèsei, ìpw holoklhrwsimìthta twn f(x) kai f�q(t)�q0(t)| Den ja y�xoume na broÔme tiakribe� pro�pojèsei, ja upojèsoume apl� ìti oi q kai f e�nai tètoie ¸stena isqÔei o tÔpo aìristh olokl rwsh me antikat�stashZ f(x) dx = Z f�q(t)�q0(t) dt �x = q(t)�:� 123 �
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To aristerì mèlo e�nai mia sun�rthsh F (x) kai to dexiì mia sun�rthsh G(t)¸ste F �q(t)� = G(t)| EpomènwZ q(Æ)q() f(x) dx = F �q(Æ)�� F �q()� = G(Æ)�G() = Z Æ f�q(t)�q0(t) dt:An h q e�nai gia par�deigma aÔxousa, tìte èqoume mia diaisjhtik� xek�jarheikìna: ätan to t metab�lletai apì to  mèqri to Æ to x = q(t) metab�lletai,auxanìmeno kai autì, apì q() èw q(Æ)| An h q den e�nai aÔxousa, genikìte-ra monìtonh, tìte h diaisjhtik  eikìna e�nai pio polÔplokh| A fantastoÔmeto R 10 x dx| Gr�fonta x = sin t, 0 � t � �=2, e�nai fanerì kai analutik�kai diaisjhtik�, ìti �Z 10 x dx = Z �=20 sin t ot t dt:Z 10 x dx = x22 ����10= 12 � 0 = 12 ;Z �=20 sin t os t dt = 12 12 Z �=20 (sin t)(2t)0 dt= 14 Z �0 sin y dy = 14�� os y��0= 14��(�1)� (�1)� = 12�Pa�rnonta t¸ra x = sin t, 0 � t � 5�=2 (ìqi 0 � t � �=2), sÔmfwna meton parap�nw tÔpo ja èprepe p�li na broÔme:Z 10 x dx = Z 5�=20 sin t os t dt�= Z �=20 sin t os t dt+ Z 5�=2�=2 sin t os t dt�:Autì pr�gmati fa�netai swstì giat� R 5�=2�=2 sin t os t dt = 0 ìpw fa�netai�mesa apì èna aplì upologismì| Sth genik  per�ptwsh to teleuta�o olo-kl rwma ja antistoiqoÔse se èna olokl rwma th morf  R Æ g0(t) dt, ì-pou g() = g(Æ) (p�rte g(t) = F �q(t)�, opìte g0(t) = F 0�q(t)�q0(t) =f�q(t)�q0(t))| àna tètoio ìmw olokl rwma e�nai fusik� 0, diìtiZ Æ g0(t) dt = g(Æ)� g() = 0:
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5|9 To aplì ekkremè
(b) Z p1 + x2 dxJètoume x = sinh y opìte 1 + x2 = osh2 y kai èqoumeZ p1 + x2 dx = Z osh y osh y dy= Z �ey + e�y2 �2 dy = 14 Z �e2y + e�2y + 2� dy= 14 Z e2y dy + 14 Z e�2y dy + y2 + = 14 e2y2 � 14 e�2y2 + y2 + = 14 sinh(2y) + y2 + = 12xp1 + x2 + 12 log�x+p1 + x2�+ :Me ton metasqhmatismì touEuler ja proqwroÔsame w ex : 1+x2 = (y+x)2dhlad  x = (1� y2)=(2y), opìteZ p1 + x2 dx = Z �y + 1� y22y ��1� y22y �0 dy= � Z 1 + y22y 1 + y22y2 dy = �14 Z 1 + 2y2 + y4y3= �14 Z (y�3 + 2y�1 + y) dy= �14 �y�2�2 + 2 log jyj � y22 �+ = 18 1(p1 + x2 � x)2 � 12 log�p1 + x2 � x�� (p1 + x2 � x)28 + ìpou sto teleuta�o b ma antikatast same to y me p1 + x2 � x|PoÔ k�name l�jo? Ap�nthsh: poujen�! AploÔstata oi duo ekfr�sei poubr kame diafèroun metaxÔ tou kat� mia stajer� (apode�xte to)|
5|9 To aplì ekkremèTa oloklhr¸mata R R(x;pp(x) dx me p(x) polu¸numo bajmoÔ megalÔterou tou2, en gènei den ekfr�zontai me th bo jeia stoiqeiwd¸n sunart sewn| Oi peri-pt¸sei bajmoÔ 3   4 odhgoÔn sta legìmena elleiptik� oloklhr¸mata| H polÔendiafèrousa jewr�a tou xefeÔgei apì tou skopoÔ aut¸n twn shmei¸sewn|Xekin�ei basik� apì ton Norbhgì majhmatikì N. Abel (arq  19ou ai¸na)|Shmei¸noume ìti tètoia oloklhr¸mata emfan�zontai akìmh kai se apl�, tou-� 125 �



5| To Olokl rwma Riemann
l�qiston sth diatÔpwsh, probl mata ìpw gia par�deigma h eÔresh tou m -kou elleiptikoÔ tìxou   h melèth th k�nhsh tou aploÔ ekkremoÔ| A e-
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Sq ma 5|10

xet�soume leptomerèstera toaplì ekkremè| Gr�foume ggia thn epit�qunsh th barÔ-thta (' 10m=se2) kai je-wroÔme ti dun�mei pou pro-èrqontai apì trib , ant�sta-sh aèra k|lp|)| H jèsh touekkremoÔ kajor�zetai apì thgwn�a � = �(t)| Perimènou-me, apì th fusik  epopte�a,ìti h sun�rthsh � = �(t) jae�nai mia suneq  periodik sun�rthsh, me per�odo T �sh me to qrìno pou qrei�zetai h m�za gia na epistrèyeisthn arqik  th jèsh, fj�nousa gia 0 � t � T=2 kai aÔxousa gia T=2 � t � T |A upojèsoume loipìn ìti briskìmaste sthn arq  th k�nhsh, opìte h � e�naifj�nousa| H arq  th diat rhsh th enèrgeia sunep�getai ìti12m�`d�dt�2 = mg�os �(t)� os �0�`:H majhmatik  ermhne�a tou ìti h � fj�nei sthn arq  th k�nhsh ja e�nai hupìjesh ìti d�=dt < 0, opìted�dt = �r2g̀ (os � � os �0)= �s2g̀ �1� 2 sin2 �2 � 1 + 2 sin2 �02 �dhlad , d�dt = �2s g̀ �sin2 �02 � sin2 �2�:H upìjesh d�dt < 0 shma�nei ìti h � = �(t) antistrèfetai kai gia thn ant�strof th t = t(�) ja èqoume dtd� = �12s g̀ 1sin �02 q1� k2 sin2 �2 ;gia ��0 < � < �0, ìpou jèsame k = 1= sin(�0=2)| To t loipìn ja e�nai èna aìristoolokl rwma th parap�nw sun�rthsh kai epomènw o prosdiorismì tou an�getaisthn eÔresh oloklhrwm�twn th morf Z d�p1� k2 sin2 � :� 126�



5|10 Olokl rwsh me th bo jeia tou upologist 
Ta oloklhr¸mata aut  th morf  lègontai {elleiptik� a' e�dou me th morf tou Lagrange}|Gr�fonta sin � = y, to parap�nw olokl rwma metasqhmat�zetai w ex :Z d�p1� k2 sin2 � = Z os � d�os �p1� k2 sin2 �= Z dyp(1� y2)(1� k2y2) ;dhlad  e�nai pragmatik� th morf  R R(x;pp(x)) dx, ìpou to p e�nai polu¸numo4ou bajmoÔ|
5|10 Olokl rwsh me th bo jeia tou upologist O arijmhtikì upologismì enì orismènou oloklhr¸mato R �� f(x) dx ìtan d�-nontai oi arijmo� �, � kai h sun�rthsh f akìma kai ìtan den mporoÔme na broÔmeme th bo jeia stoiqeiwd¸n sunart sewn tÔpo gia to R f(x) dx, dieukolÔnetai polÔme thn bo jeia twn upologist¸n| Autì  tan gnwstì apì poll� qrìnia kai èqounanaptuqje� mèjodoi gia na g�netai ìso to dunatìn apodotikìtera aut  h doulei�|Ja poÔme l�ga lìgia sto tèlo tou kefala�ou kai ja m�jete perissìtera se �llamaj mata| Pro to tèlo th dekaet�a tou 1970 �rqisan na qrhsimopoioÔntai pro-gr�mmata upologist¸n ta opo�a den d�noun mìno arijmhtikè timè all� ekteloÔnkai aìriste oloklhr¸sei se ìle ti peript¸sei pou autì e�nai dunatì na g�-nei| àtsi gia par�deigma, ìle oi oloklhr¸sei pou m�jame (rht¸n sunart sewnR(x;p�x2 + �x+ ); : : :) mporoÔn na g�noun me th bo jeia twn upologist¸n|Autì den prèpei na prokale� èkplhxh, giat� ennoiologik� toul�qiston, ìtan e�naignwst  h jewr�a h upìloiph ergas�a e�nai doulei� rout�na| Fa�netai ìmw ìti u-p rqan arket� probl mata pou èprepe na epilujoÔn mèqri na g�nei dunat  h qr shtwn upologist¸n gi� autì to skopì kai autì dikaiologe� th qronik  kajustèrhshs� autì ton tomèa|IdoÔ h entol  kai h ap�nthsh enì upologist  (apì to prìgramma masyma)gia ton upologismì tou oloklhr¸matoZ x dx(x� 1)2(x+ 1)(x2 + 1)an�logou me aut� pou e�dame sthn enìthta 5|7| (H ap�nthsh dìjhke se ligìteroapì 1 se!)(5) integrate(x/((x-1)^2*(x+1)*(x^2+1)),x);(d5) log(x2 +1)8 -log(x+1)8 -atan(x)4 -log(x-1)8 14x-4� 127 �



5| To Olokl rwma Riemann
5|11 Genikeumèna oloklhr¸mataTo olokl rwma Riemann or�sthke gia fragmène sunart sei orismène se ènakleistì di�sthma [�; �℄| E�nai polÔ qr simo na epekte�noume ton orismì kai giasunart sei (ìqi anagkastik� fragmène) orismène se �llh morf  diast mata|D�noume pr¸ta tou sqetikoÔ orismoÔ:Orismì 5|11|1 (i) An h f e�nai oloklhr¸simh se k�je di�sthma [; �℄, � <  �� kai up�rqei to ìrio lim!�+ R � f tìte lème ìti up�rqei to genikeumènoolokl rwma R ��+ f kai isoÔtai me to parap�nw ìrio|(ii) An h f e�nai oloklhr¸simh se k�je di�sthma th morf  [�; ℄, � �  <� kai up�rqei to ìrio lim!�� R � f , tìte lème ìti up�rqei to genikeumènoolokl rwma R ��� f kai isoÔtai me to parap�nw ìrio|(iii) An up�rqoun ta R �+ f kai R �� f gia k�poio , � <  < �, tìte lème ìtiup�rqei to olokl rwma R �+ f + R �� | (EÔkola fa�netai ìti an up�rqei to R ���+tìte up�rqoun ta R Æ�+ , R ��Æ kai gia opoiod pote �llo Æ, � < Æ < �, kai h tim toÔ R ���+ f e�nai anex�rthth th epilog  tou , � <  < �|)(iv) Ta oloklhr¸mata R1� , R1�+ , R ��1, R ���1, R1�1 or�zontai an�loga| Gia par�deig-ma, to R1� f up�rqei an h f e�nai oloklhr¸simh se k�je di�sthma th morf [�;M ℄, M > � kai up�rqei to ìrio limM!1 RM� f , to opo�o or�zetai w h tim tou R1� f |Mia tetrimmènh parat rhsh sqetik� me ta genikeumèna oloklhr¸mata e�nai ìtih Ôparxh, gia par�deigma tou R �� f sunep�getai kai thn Ôparxh twn R ��+ f , R ��� f ,R ���+ f | An � <  < � tìte�����Z �� f � Z �� f ����� = ����Z � f ���� � ( � �)M;
ìpou to M e�nai èna �nw fr�gma th jf j sto [�; �℄ (to opo�o up�rqei lìgw tholoklhrwsimìthta th f sto [�; �℄)| Apì thn anisìthta aut  èpetai �mesa ìtilim!�+ R � f = R �� f , dhlad  R �� f = R ��+ f |Oi endiafèrouse epomènw peript¸sei e�nai eke�ne sti opo�e h f den e�naioloklhr¸simh sto [�; �℄ (  to di�sthma e�nai th morf  [�; ;1), (�1; �℄, (�;1),(�1; �))| Autì mpore� na sumbe�(i) ìtan h f den e�nai orismènh sto � h sto �   kai sta dÔo  (ii) ìtan h f den e�nai fragmènh| � 128�



5|11 Genikeumèna oloklhr¸mata
Shmei¸noume akìma ìti ta genikeumèna oloklhr¸mata sunantiìntai polÔ su-qn� kai e�nai shmantikìtata tìso se di�forou kl�dou twn majhmatik¸n ìso kaise efarmogè|Prin proqwr soume se efarmogè ja d¸soume èna aplì all� shmantikì kri-t rio gia thn Ôparxh genikeumènwn oloklhrwm�twn| Ja to diatup¸soume sthnper�ptwsh diast mato th morf  [�;1), all� isqÔei me ti profane� allagèkai sti upìloipe peript¸sei|An jf(t)j � g(t), a � t < 1, kai to R1� g up�rqei, tìte up�rqei kai to R1� f ,ef� ìson h f e�nai oloklhr¸simh se k�je di�sthma th morf  [�;M ℄, M > �|Apìdeixh: De�qnoume pr¸ta ìti up�rqei to R1� �f(t) + g(t)� dt| Pragmatik�, hupìjes  ma sunep�getai ìti 0 � f(t) + g(t) � 2g(t), �ra h �(M) = RM� �f(t) +g(t)� dt e�nai aÔxousa sun�rthsh touM kai fr�ssetai pro ta p�nw apì to 2 R1� g(giat�?)| Sun�goume loipìn ìti up�rqei to ìriolimM!1 Z Ma �f(t) + g(t)� dt;

dhlad  to R1� (f+g)| Ex� upojèsew ìmw up�rqei kai to limM!1 RM� g(t) dt, �raja up�rqei kai to limM!1 Z M� (f + g)� Z M� g! = limM!1 Z Ma f;
dhlad  ja up�rqei to R1� f | 2Af noume ston anagn¸sth na diatup¸sei kai na apode�xei aplè idiìthtetwn genikeumènwn oloklhrwm�twn an�loge me autè pou de�xame gia ta apl�oloklhr¸mata (gia par�deigma R ��+ f + R ��+ g = R ��+(f + g) k|lp|)|An den up�rqei k�nduno sugqÔsew ja gr�foume apl� R �� f ant� gia R ��+ f  R ��� f |Parade�gmata: (a) R 10+ xa dx| To olokl rwma e�nai genikeumèno {sto 0},giat� h xa den or�zetai gia x = 0 (ektì gia a 2 N, sÔmfwna me tou orismoÔ poud¸same se autè ti shmei¸sei)|An a = �1 kai " > 0 tìteZ 1" dxx = logx ��1"= � log " = log 1" !1kaj¸ " ! 0+| �ra to olokl rwma den up�rqei| (Se tètoie peript¸sei lèmeep�sh: {to olokl rwma apokl�nei sto 1|)An a 6= 1 kai " > 0, tìteZ 1" xa dx = xa+1a+ 1 ����1"= 1a+ 1 � "a+1a+ 1� 129 �



5| To Olokl rwma Riemann
kai epomènw to olokl rwma up�rqei kai isoÔtai me 1=(a + 1) an a > �1, en¸den up�rqei (an jèlete, apokl�nei sto 1) gia a < �1|(b) R11 xa dx| An a = 1 kai M > 1 tìteZ M1 dxx = log x ��M1 = logM !1kaj¸ M !1 �ra to R11 xa dx den up�rqei|An a 6= 1, tìte Z M1 xa dx = xa+1a+ 1 ����M1 = Ma+1a+ 1 � 1a+ 1kai epomènw to olokl rwma up�rqei kai isoÔtai me �1=(a+ 1) an a < �1, en¸den up�rqei (e�nai 1 an a > �1|Parat rhsh 5|11|2 Ta dÔo aut� parade�gmata qrhsimopoioÔntai polÔ suqn� sesunduasmì me to krit rio pou apode�xame prohgoÔmena| Gia par�deigma, toZ 11 (sinx)xx2 + 1 dxup�rqei| Pragmatik� èqoume, gia x � 1,����(sinx)xx2 + 1 ���� � xx3 = 1x2 = x�2kai �2 < �1|

(g) To R10+ xa dx den up�rqei gia kanèna a (giat�?)|(d) àna polÔ shmantikì olokl rwma e�nai to legìmeno {olokl rwma touEuler b' e�dou}   {G�mma sun�rthsh}, pou or�zetai gia ìla ta s > 0 w ex :�(s) = Z 10 ts�1e�t dt:To olokl rwma e�nai genikeumèno kai sto 0 lìgw tou par�gonta ts�1|Prèpei na de�xoume thn Ôparxh twn R 10 ts�1e�t dt kai R11 ts�1e�t dt| Gia topr¸to parathroÔme ìti jts�1e�tj � ts�1 (giat�?) kai qrhsimopoioÔme to par�deigma(a)| Gia to deÔtero parathroÔme ìti ts�1e�t = (ts�1e�t=2)e�t=2 kai ja de�xoumese l�go ìti h ts�1e�t=2 e�nai fragmènh sto [1;1), dhlad  up�rqei M ¸ste 0 �ts�1e�t=2 � M gia t � 1| Me b�sh to krit riì ma arke� loipìn na de�xoume ìtito R11 Met=2 dt up�rqei| Autì ìmw e�nai aplì diìti:Z N1 Me�t=2 dt =M ��2e�t=2� ����N1 =M �2e�1=2 � 2e�N=2�! 2Me�1=2:
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5|11 Genikeumèna oloklhr¸mata
Mènei na de�xoume ìti h f(t) = ts�1e�t=2 e�nai fragmènh sto di�sthma [1;1)|ParathroÔme ìti f(t) � 0 kaif 0(t) = ts�2e�t=2�(s� 1)� 12 t�:H f 0(t) e�nai loipìn mh jetik  gia t � 2(s � 1) opìte h f(t) e�nai fj�nousa giat � 2(s � 1)| Apì thn �llh meri� h f(t) e�nai suneq  sto kleistì di�sthma[1; 2(s� 1)℄ kai epomènw e�nai fragmènh eke�; èstw jf(t)j � A, 1 � t � 2(s� 1)|Sunolik� loipìn ja èqoume jf(t)j � A gia ìla ta t me t � 1, ìpw akrib¸ èprepena de�xoume|Parat rhsh 5|11|3 Sto teleuta�o mèro th apìdeixh ousiastik� de�xame ìti giaopoiod pote n 2 N tne�t ! 0 kaj¸ n!1 (giat�?)| Ja epanèljoume se aut  thnpolÔ shmantik  oriak  sqèsh|A poÔme me thn eukair�a tou parade�gmato duo lìgia parap�nw gia th su-n�rthsh �(s), s > 0|àqoume �(s) = Z 10 ts�1e�t dt�ra �(1) = Z 10 e�t dt = �e�t ��10 = 1:(Dikaiolog ste pl rw thn pio p�nw gramm | äso pio gr gora g�nei kt ma sa toperieqìmeno aut  th paragr�fou tìso pio gr gora ja mpore�te kai ese�, qwr�na k�nete l�jh, na qrhsimopoie�te autoÔ tou e�dou ti suntomeÔsei|)Efarmìzonta olokl rwsh kat� mèrh, p�li me suntomeÔsei, èqoume:�(s+ 1) = Z 10 tse�t dt = Z 10 ts(�e�t)0 dt= tse�t ���10 +s Z 10 ts�1e�t dt= s�(s)(kai p�li dikaiolog ste pl rw ti suntomeÔsei)|H {sunarthsiak } aut  sqèsh, �(s+1) = s�(s), d�nei amèsw �(2) = 1��(1) =1, �(3) = 2�(2) = 2, �(4) = 3�(3) = 3 �2 �1, | | | kai genik� (tetrimmènh epagwg )�(n + 1) = n!, n 2 N| Me �lla lìgia h �(s) e�nai mia sun�rthsh h opo�a giaakèraie jetikè timè tou s sump�ptei me to (s � 1)!| Autì mìno tou den lèeipoll� pr�gmata an h � den èqei kai �lle kalè idiìthte, gia par�deigma nae�nai suneq , na èqei parag¸gou k|lp| Sthn pragmatikìthta èqei ìle autè tiidiìthte| A de�xoume gia par�deigma ìti e�nai suneq |àstw s0 > 0| Qrhsimopoi¸nta to je¸rhma th mèsh tim  èqoume:�(s)� �(s0) = Z 10 (ts�1 � ts0�1e�t dt= (s� s0) Z 10 t��1(log t)e�t dt� 131 �



5| To Olokl rwma Riemann
kai epomènw �(s)� �(s0) � js� s0j ����Z 10 t��1(log t)e�t dt���� ;ìpou � e�nai èna arijmì, pou exart�tai en gènei apì to t, metaxÔ twn s0 kai s|Pa�rnonta js�s0j < s0=2 kai parathr¸nta ìti h ta e�nai monìtonh sun�rthshtou a sun�goume ìti(log t)t 12 s0�1e�t � (log t)t��1e�t � (log t)t 32 s0�1e�tgia t > 0 (giat�?)| Me ton �dio akrib¸ trìpo pou de�xame thn Ôparxh tou oloklhr¸-mato R10 ta�1e�t dt gia a > 0, de�qnoume kai thn Ôparxh tou R10 ta�1(log t)e�t dt(de�xte to)| Ft�same loipìn sto sumpèrasma ìti h js� s0j < s0=2 sunep�getaij�(s)� �(s0)j < js� s0j�����A�s02 �����+ ����A�3s02 ������ ;ìpou A(a) = Z 10 e�tta�1(log t) dt:H sunèqeia th sun�rthsh � èpetai eÔkola apì thn teleuta�a anisìthta|Er¸thma Mantèyte (ìqi apode�xte) poia sqèsh up�rqei metaxÔ �(�) kai A(�),� > 0? An jèlete t¸ra apode�xte autì pou mantèyate|
5|12 O orismì tou log x me th bo jeia tou oloklh-r¸matoJa kle�soume aut  thn par�grafo me mia endiafèrousa efarmog , pou de�qneip¸ mporoÔme na or�soume nèe sunart sei me th bo jeia tou oloklhr¸mato|Pio sugkekrimèna ja d¸soume èna deÔtero orismì th sun�rthsh log x| O orismìautì den e�nai diaisjhtik� tìso ikanopoihtikì ìso  tan o orismì pou d¸samesto prohgoÔmeno kef�laio, ja e�nai ìmw aploÔstero| Xekin�me apì ton tÔpo :Z x1 dtt = log x� log 1 = logx;gia x > 0, pou  dh gnwr�zoume| Upojètoume ìti den èqei oriste� akìmh h sun�rthshlogx, opìte qrhsimopoioÔme ton parap�nw tÔpo gia orismì, dhlad  or�zoume:logx = Z x1 dtt ;gia x > 0|O orismì e�nai {kalì} giat� se k�je di�sthma [1; x℄ (  [x; 1℄ an x < 1) hsun�rthsh 1=t e�nai suneq  (kai èqei fragmènh par�gwgo, an den jèlete naqrhsimopoi sete to anapìdeikto akìmh je¸rhma gia thn oloklhrwsimìthta twn� 132�



5|12 O orismì tou log x me th bo jeia tou oloklhr¸mato
suneq¸n sunart sewn)| H sun�rthsh loipìn pou or�same e�nai kai paragwg�simhkai isqÔei (logx)0 = 1=x gia x > 0 ìpw fusik� perimèname|Epeid  h (log x)0 e�nai pantoÔ jetik , h sun�rthsh logx e�nai aÔxousa kai epo-mènw èqei ant�strofo| Thn ant�strofo aut  sumbol�zoume me ex kai thn onom�-zoume ekjetik  sun�rthsh| Mia apl  parallag  tou jewr mato gia thn antistrof monìtonwn sunart sewn de�qnei ìti h ex or�zetai sto di�sthma (�1;1)|Pragmatik� arke� na parathr soume ìtilimx!+1 log x = +1kai limx!0+ logx = �1:Oi dÔo autè sqèsei e�nai sthn pragmatikìthta isodÔname, diìti (olokl rwsh meantikat�stash)log 1x = Z 1=x1 dtt = Z x1 d( 1y )( 1y ) = Z x1 �1y2 dy1y = � Z x1 dyy :Gia na de�xoume ìti logx! +1 kaj¸ x! +1 jewroÔme èna arijmìM > 0|Prèpei na broÔme x0 ¸ste to x > x0 na sunep�getai logx > M | Gr�foumeN = [M ℄ + 1 kai pa�rnoume x0 = 22N+1 ja èqoume, an x > x0,logx > log x0 = Z 22N+11 dtt = Z 21 dtt + � � �+ Z 22N+122N dtt :Gia opoiod pote ìmw k = 1; 2; : : :, h antikat�stash 2ky = t de�qnei ìtiZ 2k+12k dtt = Z 21 2kdy2ky > Z 21 12dy = 12kai epomènw log x > 12 + 12 + � � �+ 12 = 122N = N > Mpou apodeiknÔei ìti pragmatik� limx!+1 logx = +1|àqonta or�sei to ex mporoÔme t¸ra gia tuqa�o � > 0, na or�soume �x =ex log�|Fusik� oi parap�nw {taqudaktulourg�e} mìne tou den e�nai ikanopoihtikè|Ja prèpei na de�xoume, qwr� na qrhsimopoi soume th jewr�a pou anaptÔxame stoprohgoÔmeno kef�laio, ìti oi sunart sei pou or�same èqoun ti idiìthte pouperimènoume| San par�deigma a de�xoume ìti h sun�rthsh �x, ìpw thn or�samet¸ra gia x = 2 d�nei to gnwstì ma tÔpo �2|Prèpei loipìn na de�xoume ìti e2 log� = �2, dhlad  (apì ton orismì th ex sanant�strofh tou logx) 2 log� = log(�2),   akìma2 Z �1 dtt = Z �21 dtt :� 133 �



5| To Olokl rwma Riemann
Pragmatik� èqoume (olokl rwsh me antikat�stash �y = t)Z �21 dtt = Z �1 dtt + Z �2� dtt = Z �1 dtt + Z �1 �dy�y = 2 Z �1 dtt :Parat rhsh 5|12|1 Qrhsimopoi same thn tele�w tetrimmènh (giat�?) idiìthtaZ �� f(x) dx = Z �� f(y)dy:Gia to lìgo autì m�lista ìtan gr�foume to olokl rwmaR �� f me th morf Z �� f(x) dx;onom�zoume to x boub  metablht |Tele�w an�loga mporoÔme me th bo jeia tou oloklhr¸mato na or�soume kaiti trigwnometrikè sunart sei| Gia par�deigma, h sinx se mia {mikr } perioq  tou0 mpore� na oriste� san h ant�strofh th sun�rthsh pou d�netai apì to olokl rwmaZ x0 dtp1� t2pou fusik� den e�nai t�pote �llo par� h sun�rthsh Arsinx| (Bre�te mia tètoia {mi-kr } perioq | Ergaste�te èntima; den èqoume akìmh idèa gia ti idiìthte tou sinx,gia par�deigma den xèroume ìti h sinx e�nai aÔxousa sto di�sthma (��=2; �=2)|Den ja asqolhjoÔme perissìtero me autìn ton trìpo orismoÔ twn trigwnome-trik¸n sunart sewn| Shmei¸noume mìno, ìti aut  h mèjodo ma apall�ssei apìtou gewmetrikoÔ orismoÔ pou d¸same sto kef�laio 2|

5|13 Ask sei1| àstw f mia suneq  sun�rthsh sto [�; �℄ me fragmènh par�gwgo sto (�; �)dhlad  jf 0(x)j �M gia � < x < �| Jètoume:�n = � � �n �f(�) + f ��+ � � �n �+ f ��+ 2� � �n �+ � � �� � �+ f ��+ (n� 1)� � �n �� :(a') Poia e�nai h gewmetrik  shmas�a tou �n? (upojèste ìti f � 0|)(b') De�xte ìti lim�n = R �� f |(g') IsqÔei to � an upojèsoume mìno th sunèqeia th f sto [�; �℄?(d') De�xte ìti ������n � Z �� f ����� � M(� � �)22 1n
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5|13 Ask sei
Parat rhsh 5|13|1 To (d') de�qnei ìti ìqi mìno �n ! R �� f all� akìmh ìtih sÔgklish e�nai arket� {gr gorh}| Prosèxte ton par�gontaM sto �0 mèlopou de�qnei ìti an h par�gwgo pa�rnei polÔ meg�le timè e�nai pijanìn naqreiastoÔme {polÔ meg�lo} n gia na prosegg�soume kal� to R �� f me to �n|Peiramatiste�te me th sun�rthsh f(x) = sin2(kx), k 2 N, � = 0, � = �,pa�rnonta n = k gia na peiste�te| Perissìtera gia proseggistikè mejìdouupologismoÔ oloklhrwm�twn ja m�jete se �lla maj mata|2| (a') An h f(x) e�nai suneq  sto (�1;1) kai an up�rqei to (genikeu-mèno) olokl rwma R1�1 jf(x)j dx tìte up�rqoun kai ta (genikeumè-na) oloklhr¸mata R1�1 f(x) os (xy) dx kai R1�1 f(x) sin (xy) dx giaopoiod pote y 2 R| Ta oloklhr¸mata aut� lègontai metasqhmatismìFourier sunhmitìnou kai hmitìnou th f ant�stoiqa kai èqoun pollèefarmogè|(b') Upojèste epiplèon ìti h f e�nai paragwg�simh kai akìmh ìti gia k�poio� > 0; f(x) = 0 gia jxj � �| De�xte ìti oi metasqhmatismo� Fouriersunhmitìnou kai hmitìnou th f , san sunart sei tou y, te�noun sto 0gia y !1 kaj¸ kai gia y ! �1|3| Gr�foume In = R �=20 sinn x dx, n 2 N|(a') De�xte ìti In = n�1n In�2 (upìdeixh: olokl rwsh kat� mèrh)|(b') Qrhsimopoie�ste to (3a') gia na de�xete ìti:I2n = (2n� 1)(2n� 3) � � � 12n(2n� 2) � � � 2 �2I2n+1 = 2n(2n� 2) � � � 2(2n+ 1)(2n� 1) � � � 3kai epomènw� = 2 [2n(2n� 2) � � � 2℄2(2n+ 1)[(2n� 1)(2n� 3) � � � 3℄2 I2nI2n+1 ;gia k�je n 2 N|(g') Xekin¸nta apì th sqèsh: sin 2n+1x � sin 2nx � sin 2n�1x kai to (3a')de�xte ìti: 1 � I2nI2n+1 � 1 + 12nkai epomènw I2n=I2n+1 ! 1 kaj¸ n!1|(d') Sumper�nete ton epìmeno tÔpo tou Wallis (Skotsèzo majhmatikì tou18ou ai¸na) � = limn!1 4n�(2n� 2)(2n� 4) � � � 2(2n� 1)(2n� 3) � � � 3�2! :
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5| To Olokl rwma Riemann
4| (a') Exet�zonta to R n1 dtt de�xte ìti j1 + 12 + � � � + 1n � lognj < 1| De�xteakìmh ìti h �n = 1 + 12 + � � �+ 1n � logn e�nai fj�nousa|(Upìdeixh: to orizìntia diagrammismèno embadìn sto sq ma 5|11 e�-nai mikrìtero apì to k�jeta diagrammismèno)| Up�rqei epomènw

y

x1 n − 1 n n + 1Sq ma 5|11

to lim�n to opo�o sumbol�ze-tai sun jw me to gr�mma (� 0;5772156649 : : :) kai lège-tai stajer� tou Euler| Er¸th-sh: e�nai to  rhtì   �rrh-to? Dokim�ste an jèlete na a-pant sete s� aut  thn er¸thshall� mhn epime�nete polÔ| Ka-ne�, mèqri s mera, den mpìre-se na brei thn ap�nthsh (kai do-k�masan pollo� kai kalo� majh-matiko�, o Euler gia par�deig-ma)|(b') Sugkr�nonta to log(n!) me to R n+1=21 logx dx de�xte ìti an�n = n!nn+ 12 e�ntìte up�rqoun dÔo jetikè stajerèA;B ¸steA < �n < B| �Upìdeixh:R n+1=21 = R 3=21 + R 5=23=2 + � � �+ R n+1=2n�1=2 �(g') IsqÔei k�ti parap�nw: lim�n = p2� (tÔpo tou Stirling)| Gia thnapìdeixh arke� na de�xete ìti h �n e�nai monìtonh kai met� na qrhsimo-poi sete ton tÔpo tou Wallis gia na de�xete ìti�2n�2n ! p2�:5| Jewre�ste mia jetik  suneq  sun�rthsh f(x), � � �, kai to stereì poupar�getai me peristrof  tou graf mato th gÔrw apì ton �xona Ox kat�gwn�a 2�|(a') D¸ste epiqeir mata pou na kajistoÔn eulogofan  ton tÔpo:V = Z �� �(f(x))2 dxgia ton ìgko V autoÔ tou stereoÔ| (Den zht�me austhr  apìdeixh giat�den èqoume d¸sei akrib  orismì tou ìgkou enì stereoÔ|)(b') Efarmìste ton tÔpo autì gia na bre�te tou gnwstoÔ tÔpou th ste-reometr�a gia tou ìgkou sfairikoÔ tm mato, kul�ndrou, k¸nou,kìlourou k¸nou| � 136�
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α

β0

f(x)

Sq ma 5|12
6| Bre�te to embadìn tou qwr�ou pou perilamb�netai metaxÔ tou �xona twnx, tou graf mato th f(x) = x4 kai th efaptomènh tou graf mato stoshme�o (2; 16)|7| Mia r�bdo me �kra 0 kai 1 èqei grammik  puknìthta (� limh!0m(x; h)=h,ìpou m(x; h) h m�za tou tm mato [x; x + h℄) �(x), 0 � x � 1| Upojètoumeìti h � e�nai R-oloklhr¸simh| H sunolik  m�za M1   rop  M1;� w pro toshme�o � kai h rop  adr�neia M2;� w pro to � d�nontai apì tou tÔpou:� M = R 10 �(x) dx|� M1;� = R 10 (x� �)�(x) dx|� M2;� = R 10 (x� �)2�(x) dx|(a') De�xte ìti oiM1;�,M2;� e�nai kal� orismène, dhlad  ìti oi (x��)�(x)kai (x��)2�(x) e�nai R-oloklhr¸sime| (Upìdeixh: de�xte genikìteraìti {f; g R-oloklhr¸sime sunep�getai fg R-oloklhr¸simh}| Gia thnapìdeixh parathre�ste ìti fg = 14 [(f + g)2 � (f � g)2℄ kai de�xte ìti{f R-oloklhr¸simh sunep�getai f2 R-oloklhr¸simh}| An f � 0 hteleuta�a prìtash e�nai eÔkolh, an ìqi, tìte up�rqeiM ¸ste f+M � 0kai f2 = (f +M)2 �M2 � 2Mf | Thn apìdeixh aut  thn èmaja apìèna paliìtero summajht  sa|)(b') An �(x) � 0 kai M 6= 0 to shme�o � =M1;0=M lègetai kèntro b�routh r�bdou| De�xte ìti M2;� =M2;0 � �2M |(g') Efarmìste ta parap�nw gia �(x) = jx� 1=2j kai �(x) = sin�x|8| àstw f mia suneq  sun�rthsh sto R| De�xte ìti :Z ��� f(x2) dx = 2 Z �0 f(x2) dx; Z ��� xf(x4) dx = 0;Z �=20 f(osx) dx = 12 Z �0 f(osx) dx� 137 �



5| To Olokl rwma Riemann
kai Z k�0 f(os2 x) dx = k Z �0 f(os2 x) dx;k 2 Z; � 2 R|9| Gia poia tim  tou jetikoÔ arijmoÔ � isqÔei:limx!0 1x� sinx Z x0 t2pt+ � dt = 1;

10| Bre�te to ìrio limx!1x�1e�2x Z x0 e2tp1 + t2 dt:
11| Bre�te to olokl rwma R �20 sinx dx me b�sh ton orismì   thn �skhsh 1| (U-pìdeixh : sinx+ � � �+ sin kx = os x2 � os(k + 12x)2 sin x2 ;x 6= 2k�, k 2 Z)|12| De�xte ìti 0 � Z �20 sin tt dt � �4 + 4� p22 :MporoÔn na antikatastajoÔn oi parap�nw anisìthte me gn sie? Para-t rhsh: To aìristo olokl rwma R sin tt den upolog�zetai me stoiqei¸deisunart sei| Mhn prospaj sete epomènw na to bre�te|13| An h sun�rthsh f èqei fragmènh par�gwgo sto [�; �℄, tìtelimk!1 Z �� (f(x) os kx) dx = 0:
14| Qrhsimopoi¸nta ti mejìdou pou anaptÔqjhkan s� autì to kef�laio, bre�teta oloklhr¸mata:Z (�x+ �)3 dx Z dx(�x+ �)k ; (k 2 Z)Z px dx Z dxp�x+ �Z dx1 + �2x Z dxp5� 3x2Z tan2 x dx Z dxsinx� 138�



5|13 Ask seiZ x2 osx dx Z Artanx dxZ log(3x) dx Z x3e�x dxZ dx(p1 + x2)3 Z ex � 1ex + 1 dxZ xp�2 + x2 dx Z dxsin3 xZ dxp2x+ 3 Z 3xex dxZ exp�� �ex dx Z x dxos2 x2Z 3tanhx dxosh2 x Z dxxpx2 � 2Z osx dxp1 + sin2 x Z px2 � �2x dxZ dxpx(1� x) (jèste x = sin2 t), Z lnxx3 dxZ x2e3x dx Z x dxsin2 xZ e�x sinhx dx dxx(x+ 1)2Z dxx4 + 1 Z 3x+ 5x2 + 2x+ 2 dxZ x4x4 � 1 dx Z x2 + 1(x2 � 4x+ 5)2 dxZ x2 dxpx2 � x� 1 Z dxx�px2 � 1Z x2 dxp4 + 9x2 Z 4px2(1� x2 dx
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5| To Olokl rwma RiemannZ sin 3x dxosx Z x sin2 x os4 x dxZ log osxsin2 x dx Z xex osx dxZ dx(x+ 2)2(x+ 3)2 Z dx( 3px2 3px)2Z x dxp1� 2x2 � x4 Z 5x dxp1 + x4Z dx2 + 3 os2 x Z os4 x dxZ os(log x) dx Z Arsinpx dxZ jxj dx Z x dxsinh2 xZ dxsinx sin 2x Z os�x dxp�2 + sin2 �xZ x dxos2 3x Z sinhx oshx dx2x2� 4x dx Z pex + 1 dx
Sta parap�nw oloklhr¸mata kajor�ste ta diast mata sta opo�a isqÔoun oitÔpoi sa kaj¸ kai ti pro�pojèsei gia ti paramètrou pou emfan�zontai|
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6K E F A L A I O
EFARMOGES THS PARAGWGISHSKAI THS OLOKLHRWSHS
Sto kef�laio autì ja exet�soume merikè qr sime efarmogè twn ìswn e�damemèqri t¸ra| Ta jèmata pou ja exet�soume e�nai ousiastik� anex�rthta metaxÔ toukai mporoÔn na diabastoÔn me opoiad pote seir�|
6|1 Aprosdiìriste morfè�kanìne tou de l' Hos-pitalA upojèsoume ìti oi sunart sei f(x) kai g(x) e�nai paragwg�sime sta dia-st mata (�; �); (�; ), ìti oi g(x) kai g0(x) e�nai mh mhdenikè gia x 2 (�; �) [(�; ) kai akìmh ìti limx!� f(x) = limx!� g(x) = 0| Sthn per�ptwsh aut  tolimx!� f(x)=g(x), mpore� na up�rqei, all� fusik� den mpore� na upologiste� meton kanìna lim f(x)g(x) = lim f(x)lim g(x) = 00 :IsqÔei ìmw to parak�tw je¸rhma, gnwstì san èna apì tou kanìne tou del'Hospital| (G�llo majhmatikì tou 17ou ai¸na)|Je¸rhma 6|1|1 Me ti pro�pojèsei pou anafèrame parap�nw, an up�rqei tolimx!� f 0(x)=g0(x)tìte up�rqei kai to limx!� f(x)=g(x), kai ta dÔo ìria e�nai �sa| To apotèlesma isqÔeikai sthn per�ptwsh pou ta ìria e�nai +1   �1|Apìdeixh: H idèa th apìdeixh e�nai polÔ apl :f(x)g(x) = f(x)� 0g(x)� 0 = f(x)� f(�)g(x)� g(�) = (f(x)� f(�))=(x� �)(g(x)� g(�)(x� �) � f 0(x)g0(x)



6| EFARMOGES THS PARAGWGISHS KAI THS OLOKLHRWSHS
gia x arket� kont� sto �| Fusik� k�je �llo par� apìdeixh d¸same, all� dene�nai dÔskolo na diorj¸soume ta pr�gmata| Pr¸ta apì ìla or�zoume f(�) =g(�) = 0 kai ètsi oi (nèe) sunart sei f kai g e�nai suneqe� (giat�?) sto (�; )kai paragwg�sime sto (�; �) [ (�; )| Ja de�xoume ìti:limx!�+ f(x)g(x) = limx!�+ f 0(x)g0(x) :Parìmoia de�qnoume kai thn isìthta twn or�wn apì arister�, epomènw kai toje¸rhma| Me thn epèktash tou ped�ou orismoÔ twn f kai g pou k�name, mporoÔmena gr�youme: f(x)g(x) = f(x)� f(�)g(x)� g(�)kai na efarmìsoume to je¸rhma th mèsh tim  sth morf  tou Cauhy| (Elègxteti upojèsei tou jewr mato)| Ja èqoume: f(x)=g(x) = f 0(�)=g0(�), gia k�poio �,� < � < x, apì ìpou e�nai fanerì ìti an up�rqei tolimx!�+ f 0(x)g0(x) ;ja up�rqei kai to limx!�+ f(x)=g(x) kai ta duo ìria ja e�nai �sa (sumplhr¸ste tileptomèreie)| An prosèxoume thn apìdeixh (kai k�noume ti profane� allagèsti pro�pojèsei) blèpoume ìti èqoume ep�sh de�xei: {H Ôparxh tou or�ou thf 0(x)=g0(x) apì dexi� (arister�) sunep�getai thn Ôparxh tou or�ou th f(x)=g(x)apì dexi� (arister�) kai thn isìthta twn duo or�wn}| 2An�loga apotelèsmata isqÔoun kai ìtan � = +1   � = �1|Je¸rhma 6|1|2 An oi f; g e�nai paragwg�sime sto (�;1), an g(x) 6= 0 kai g0(x) 6= 0sto (�;1), an limx!+1 f(x) = limx!+1 g(x) = 0 kai an to ìriolimx!1 f 0(x)=g0(x)up�rqei, tìte up�rqei kai to limx!1 f(x)=g(x), kai ta dÔo ìria e�nai �sa|Apìdeixh: Qwr� bl�bh th genikìthta mporoÔme na upojèsoume � > 0| Gr�-fonta t¸ra f1(x) = f(1=x), g1(x) = g(1=x), 0 < x < 1=�, anagìmaste sthnprohgoÔmenh per�ptwsh or�ou apì dexi� me � = 0| 2Parade�gmata:(i) limx!0 (sinx)=x àqoume (sinx)0=x0 = (osx)=1! 1, x! 0|(ii) (log x)=(x� 1); x! 1| àqoume(logx)0(x� 1)0 = x�11 ! 1; gia x! 1�ra kai (log x)=(x� 1)! 1, gia x! 1|� 142�



Aprosdiìriste morfè�kanìne tou de l' hospital
(iii) x2 sin(1=x)=sinx, x! 0| àqoume(x2 sin(1=x))0(sinx)0 = 2x sin(1=x) + x2(�x�2) os(1=x)osx= 2x sin(1=x) 1osx � 1osx os 1x:O ìro 2x sin(1=x)= os(x)) te�nei sto 0 gia x! 0, en¸ o ìroos(1=x)osxden sugkl�nei (giat�?), �ra den up�rqei to limx!0(x2 sin(1=x))=sinx| Apìthn �llh meri�, to arqikì ìrio limx!0(x2 sin(1=x))=sinx, s�goura up�rqei,diìti (x2 sin(1=x))=sinx = x� xsinx� sin 1x ! 0; an x! 0To par�deigma autì de�qnei ìti den isqÔei to {ant�strofo} tou kanìna,dhlad  h Ôparxh tou lim f(x)g(x) den sunep�getai thn Ôparxh tou lim f 0(x)g0(x) |(iv) àna sunhjismèno l�jo {arqar�wn} e�nai na efarmìzoune ton kanìna kai ì-tan den isqÔei h pro�pìjesh: lim f(x) = lim g(x) = 0| Fusik� to apotèlesmatou den e�nai, en gènei, swstì|Par�deigma: (x + 5)=(x+ 1) ! 5; x ! 0; en¸ (x+ 5)0=(x+ 1)0 = 1=1 !1; x! 0:(v) Pollè forè o kanìna tou de l'Hospital odhge� p�li se {aprosdiìristhmorf  00}, all� e�nai dunatìn na ton xanaefarmìsoume, dhlad  na exe-t�soume to ìrio twn phl�kwn f 00(x)=g00(x), f 000(x)=g000(x) k|o|k| IdoÔ ènapar�deigma: 1� osxx2 ; x! 0:àqoume(1� osx)0(x2)0 = sinx2x ; (1� osx)00(x2)00 = osx2 ! 12 ; gia x! 0;kai epomènw: limx!0 1� osxx2 = limx!0 sinx2x = limx!0 osx2 = 12 ;ìtan x! 0| An�logo kanìna isqÔei kai ìtanlimx!x0 f(x) = limx!x0 g(x) = �1:IsqÔoun ep�sh oi parallagè pou diatup¸same sti parathr sei| Diatup¸-noume kai apodeiknÔoume thn tupik  per�ptwsh|� 143 �



6| EFARMOGES THS PARAGWGISHS KAI THS OLOKLHRWSHS
Je¸rhma 6|1|3 An f , g e�nai paragwg�sime, g0(x) < 0 sto di�sthma (a; �),limx!a+ f(x) = limx!a+ g(x) = +1;kai to limx!a+ f 0(x)=g0(x) up�rqei, tìte up�rqei kai to limx!a+ f(x)=g(x) kaita dÔo ìria e�nai �sa| (An�loga apotelèsmata isqÔoun gia ìria apì arister�, giaamf�pleura ìria, gia a = +1   a = �1, kaj¸ kai ìtan to lim f 0(x)g0(x) e�nai +1  �1)|Apìdeixh: àstw " > 0 kai a gr�youme A = lim f 0(x)=g0(x)| Up�rqei , me� <  < �, ¸ste an � < x �  tìte f(x) > 0, g(x) > 0 kai����f 0(x)g0(x) �A���� < "2 :To je¸rhma th mèsh tim  tou Cauhy ma d�nei:f(x)� f()g(x)� g() = f 0(�)g(�) gia k�poio � me x < � < ;kai ìla ta x me � < x < 1(< ), ìpou to 1 èqei epilege� me tètoio trìpo pouh � < x < 1(< ) na sunep�getai f(x) > f() kai g(x) > g() (autì e�nais�goura dunatì, diìti f(x)! +1 kai g(x)!1, x! �+)|H idèa th apìdeixh e�nai t¸ra h ex : {Epeid  f(x)!1 kai g(x)!1; x!�+, to phl�ko f(x)=g(x) ja e�nai kont� sto (f(x)� f())=(g(x)� g()), dhlad sto f 0(�)=g0(�) to opo�o e�nai kont� sto A, an to x e�nai arket� kont� sto �}| Ametasqhmat�soume t¸ra thn idèa aut  se apìdeixh|Gia � < x < 1 èqoume:f 0(�)g0(�) = f(x)� f()g(x)� g() = f(x)g(x) 1� f()=f(x)1� g()=g(x) ,  f(x)g(x) = f 0(�)g0(�) 1� g()=g(x)1� f()=f(x) == A 1� g()=g(x)1� f()=f(x) +�f 0(�)g0(�) �A� 1� g()=g(x)1� f()=f(x)= A�Ag()=g(x)� f()=f(x)1� f()=f(x) +�f 0(�)g0(�) �A� 1� g()=g(x)1� f()=f(x) ;opìte, gia � < x < 1 èqoume����f(x)g(x) �A���� � A ������ g()g(x) � f()f(x)1� f()f(x) ������+ "2 ������1� g()g(x)1� f()f(x) ������ :To dexi� mèlo aut  th anisìthta sugkl�nei sto "2 gia x! �+, �ra up�rqei 2,gia � < 2 < 1, ¸ste gia � < x < 2 na èqoume����f(x)g(x) �A���� < ";� 144�



Aprosdiìriste morfè�kanìne tou de l' hospital
(giat�?) pou sumplhr¸nei thn apìdeixh| 2Oi dÔo {aprosdiìriste morfè} pou exet�same, 0=0 kai1=1, ma epitrèpounna broÔme ìria kai se �lle peript¸sei me aploÔ metasqhmatismoÔ| Oi piosunhjismène e�nai oi peript¸sei twn morf¸n: 0 � 1; 1 �1; 00; 11| Me tisunhjismène upojèsei gia ped�a orismoÔ oi metasqhmatismo� auto� perigr�fontaisunoptik� w ex :� 0 �1: An f(x)! 0, g(x)!1 tìte f(x)g(x) = f(x)1=g(x) , pou e�nai th morf 00 |� 1�1: An f(x)!1; g(x)!1; tìte f(x)� g(x) = (f(x) � g(x))( 1g(x) �1f(x) ), pou e�nai th morf  0 � 1|� 00: An f(x)! 0 kai f(x) > 0, g(x)! 0 tìte (f(x))g(x) = eg(x) log(f(x)) kaih g(x) log f(x) e�nai th morf  1 � 0|� 11: An f(x) ! 1 kai g(x) ! 1, tìte f(x)g(x) = eg(x) log f(x) kai hg(x) log f(x) e�nai th morf  1 � 0|Parade�gmata:(i) x�e�x, x!1, � > 0| Ed¸ èqoume th morf 1�0   an gr�youme x�e�x =x�=ex;1=1| àqoume (x�)0(ex)0 = �x��1ex :An � � 1 tìte �x��1ex = �x��1ex ! 0; gia x!1�ra x�=ex ! 0; x!1|An � > 1 suneq�zoume sti deÔtere parag¸gou k|o|k| Pa�rnonta [�℄ + 1parag¸gou an � 62 N kai � parag¸gou an � 2 N, br�skoumelimx!1 x�ex = limx!1��(�� 1) : : : (�� [�℄)x��[�℄�1ex � = 0; an � 62 Nkai limx!1 x�ex = limx!1��(�� 1) : : : 1 1ex� = 0; an � 2 N:Se ìle dhlad  ti peript¸sei x�=ex ! 0 gia x ! +1| (Fusik� h sqèshaut  isqÔei kai gia � < 0, qwr� na qrei�zetai o kanìna tou de l'Hospitalgia thn apìdeix  th)|H shmantik  oriak  sqèsh autoÔ tou parade�gmato ekfr�zetai sun jw wex  : {To ex te�nei sto 1 grhgorìtera apì k�je dÔnamh tou x}|An gr�youme ex = y dhlad  x = log y, blèpoume ìti h parap�nw oriak sqèsh e�nai isodÔnamh me thn(log y)�y ! 0; gia y !1� 145 �
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pou ekfr�zetai sun jw w ex : {Opoiad pote dÔnamh tou logx te�nei sto1 pio arg� apì to x}(ii) x� logx, x! 0, � > 0| Ed¸ èqoume th morf  0 � (�1)| Gr�fontax� logx = logxx�� ;èqoume (logx)0(x��)0 = 1x��x���1 = � 1�x� ! 0; ìtan x! 0:

6|2 Akrìtata sunart sewnOrismì 6|2|1 An mia sun�rthsh f èqei ped�o orismoÔ èna sÔnolo A � R kai up�rqeix0 2 A me thn idiìthta f(x) � f(x0) (f(x) � f(x0)) gia ìla ta x 2 A dhlad ,an f(x0) = supff(x) : x 2 Ag (f(x0) = infff(x) : x 2 Ag), tìte h tim  f(x0)lègetai mègisto (el�qisto) th f sto A kai sumbol�zetai me max f (min f)|A shmei¸soume ìti to mègisto   to el�qisto mia sun�rthsh mpore� na e�naitim  th f gia perissìtera apì èna shme�a tou ped�ou orismoÔ th| Gia par�deigmaan f(x) = osx; x 2 R tìte max f = 1 = os(2k�) kai min f = �1 = os(2k +1)�, k = 0;�1;�2; : : :Mia sun�rthsh, akìma ki an e�nai fragmènh, mpore� na mhn èqei mègisto  el�qisto| Gia par�deigma h f(x) = x; gia 0 � x < 1;den èqei mègisto, diìti supff(x) : 0 < x < 1g = 1 6= f(x) gia k�je x me 0 � x < 1|Autì mpore� na sumbe� akìmh kai an to ped�o orismoÔ e�nai kleistì di�sthma| Giapar�deigma h f(x) = ( jxj 0 < jxj < 11 x = 0den èqei el�qisto sto kleistì di�sthma [�1; 1℄ diìti infff(x) : 0 � x � 1g = 0 6=f(x) gia k�je x 2 [�1; 1℄| Apì thn �llh meri� èqoume dei ìti an to ped�o orismoÔe�nai kleistì di�sthma kai h f suneq  tìte h f èqei kai mègisto kai el�qisto|Ta akrìtata (dhlad  mègista   el�qista) gia ta opo�a mil same onom�zontaiakribèstera olik� pro di�krish apì ta topik� ta opo�a onom�zontai w ex : Htim  f(x0) mia sun�rthsh f(x) lègetai topikì mègisto th f , an up�rqei " > 0tètoio ¸ste h perioq  (x0 � "; x0 + ") na perièqetai sto ped�o orismoÔ th f kaih tim  th f(x0) na e�nai olikì mègisto th f periorismènh sto (x0 � "; x0 + ")dhlad  f(x) � f(x0) gia k�je x me x0 � " < x < x0 + "| An�loga or�zetai totopikì el�qisto|Par�deigma: Gia th sun�rthsh f tou sq mato 6|1 oi timè f(x1), f(x3) e�naitopik� mègista, oi timè f(x2), f(x4) topik� el�qista, h tim  f(x4) olikì (kaitopikì) el�qisto kai h tim  f(�) olikì (all� ìqi topikì) mègisto|� 146�



6|2 Akrìtata sunart sewn
Gia sunart sei pou èqoun par�-gwgo s� èna shme�o x0, e�nai polÔeÔkolo na broÔme mia anagka�a sun-j kh gia na e�nai h tim  f(x0) topikìmègisto (el�qisto)| Pragmatik�, tox0 e�nai anagkastik� eswterikì sh-me�o tou ped�ou orismoÔ th f (giat�?)kai gia arket� mikr� h > 0, ja èqou-me 1h�f(x0 + h)� f(x0)� � 0kai 1h�f(x0 � h)� f(x0)� � 0;

y

xα βx1 x2 x3 x4Sq ma 6|1epomènw D+f(x0) � 0 kai D�f(x0) � 0| An t¸ra up�rqei h f 0(x0), tìtef 0(x0) = D+f(x0) = D�f(x0) = 0:Sto �dio sumpèrasma ft�noume kai an upojèsoume ìti to x0 e�nai jèsh topikoÔ ela-q�stou| Gia paragwg�sime loipìn sunart sei f o mhdenismì th f 0(x0) e�nai anagka�asunj kh gia na e�nai to x0 jèsh topikoÔ akrìtatou|Par�deigma: H par�gwgo th sun�rthsh osx pou jewr same prohgoÔmenae�nai h sinx, h opo�a pragmatik� mhden�zetai sti jèsei twn akrot�twn (pou e�naianagkastik� kai topik�):sin 2k� = sin(2k + 1)� = 0; k 2 Z:Apì thn �llh meri� h sunj kh aut  den e�nai me kanèna trìpo ikan | Pragma-tik�, h sun�rthsh f(x) = x3; x 2 R, èqei par�gwgo 3x2 h opo�a mhden�zetai giax = 0| H tim  f(0) = 0 ìmw den e�nai topikì akrìtato diìti gia opoiad pote pe-rioq  (�"; "), " > 0, èqoume f(x) > f(0) = 0 gia 0 < x < " kai f(x) < f(0) = 0kai �" < x < 0|H gewmetrik  shmas�a th anagka�a sunj kh pou br kame shma�nei ìti an tox0 e�nai shme�o akrìtatou kai up�rqei h efaptomènh tou graf mato sto x0, tìteaut  h efaptomènh ja e�nai orizìntia| Autì fusik� anamenìtan kai diaisjhtik�|Sthn per�ptwsh pou up�rqei h deÔterh par�gwgo f 00(x0) tìte e�nai eÔkolo nabroÔme kai ikanè sunj ke gia na e�nai to x0 jèsh topikoÔ meg�stou   elaq�stou|Pio sugkekrimènaPrìtash 6|2|2 An h f e�nai paragwg�simh se mia perioq  tou x0, an f 0(x0) = 0 kaian f 00(x0) > 0 (f 00(x0) < 0) tìte to x0 e�nai jèsh topikoÔ elaq�stou (meg�stou)|Apìdeixh: H apìdeixh e�nai polÔ eÔkolh| A upojèsoume gia par�deigma, ìtif 00(x0) > 0| Autì shma�nei ìtilimx!x0 f 0(x)� f 0(x0)x� x0 > 0� 147 �



6| EFARMOGES THS PARAGWGISHS KAI THS OLOKLHRWSHS
x3

Sq ma 6|2
kai epomènw up�rqei Æ > 0 ¸ste0 < jx� x0j < Æ ) f 0(x)� f 0(x0)x� x0 > 0 (giat�?)dhlad  0 < x� x0 < Æ ) f 0(x) > f 0(x0) = 0kai 0 < x0 � x < Æ ) f 0(x) < f 0(x0) = 0To je¸rhma th mèsh tim  t¸ra ma d�nei:0 < x� x0 < Æ ) f(x)� f(x0) = (x� x0)f 0(�1); x0 < �1 < x;0 < x0 � x < Æ ) f(x)� f(x0) = (x0 � x)f 0(�2); x < �2 < x0;kai epomènw f(x0) � f(x) gia jx � x0j < Æ, dhlad  to x0 e�nai jèsh topikoÔelaq�stouTele�w parìmoia de�qnoume ìti h sunj kh f 00(x0) < 0 e�nai ikan  sunj kh giana e�nai to x0 jèsh topikoÔ meg�stou| 2Parade�gmata:(i) A jewr soume p�li thn f(x) = osx, x 2 R| H f 0(x) = � sinx mhden�zetaista shme�a xk = k�, k 2 Z kaif 00(xk) = � osxk = � osk� = � �1; an k �rtio1; an k perittì:Sumpera�noume loipìn ìti oi jèsei 2k�, k 2 Z e�nai jèsei topik¸n meg�-stwn kai oi jèsei (2k + 1)�, k 2 Z, jèsei topik¸n elaq�stwn| Fusik� toapotèlesma autì mporoÔsame na broÔme kai ap� euje�a parathr¸nta ìti�1 � osx � 1 gia ìla ta x| � 148�



6|2 Akrìtata sunart sewn
(ii) f(x) = x3| H f 0(x) = 3x2 mhden�zetai mìno gia x = 0, ìpou ìmw kaih f 00(x) = 6x mhden�zetai| H ikan  sunj kh pou d¸same den d�nei loipìnkanèna sumpèrasma| Apì thn �llh meri� ìmw f(x) < 0 gia x < 0, kaif(x) > 0 gia x > 0, kai epomènw h jèsh x = 0 den e�nai jèsh oÔteelaq�stou, oÔte meg�stou|(iii) f(x) = x4| Kai p�li f 0(0) = f 00(0) = 0, en¸ t¸ra h jèsh x = 0 e�naiprofan¸ jèsh topikoÔ elaq�stou|(iv) f(x) = �x4| Kai t¸ra f 0(0) = f 00(0) = 0, en¸ h jèsh x = 0 e�nai jèshtopikoÔ meg�stou|(v) JewroÔme ta shme�a A(0; �), B(�; ), �; �;  > 0 kai zht�me èna shme�oM(x; 0) me 0 � x �  ¸ste to m ko AMB na e�nai el�qisto (sq ma 6|3)|H lÔsh tou probl mato au-toÔ ma d�nei to shme�o pro-spt¸sew mia fwtein  a-kt�na pou xekin�ei apì toA, anakl�tai ston �xonatwn x kai pern�ei apì to BsÔmfwna me mia arq  th o-ptik  pou e�nai gnwst  meto ìnoma Fermat|Mia apl  gewmetrik  kata-skeu  d�nei amèsw th lÔsh:To M e�nai h tom  tou �xo- A′

A
(0, α)

0 M(x, 0)

B′

B (γ, β)

Sq ma 6|3na twn x kai th euje�a A0B, ìpou A0(0;��) to summetrikì tou Aw pro ton �xona twn x0 (giat�?)| Apì ta ìmoia tr�gwna A0OM kaiMBB0 ja èqoume t¸ra OMOA0 = MB0BB0dhlad  x� =  � x� = �+ �  x = ��+ � :A lÔsoume t¸ra to prìblhma kai me ti teqnikè pou m�jame| To m koAMB e�nai fusik�, mia sun�rthsh tou x, 0 < x < , a thn onom�soumef(x)| Ja èqoume:f(x) =p�2 + x2 +p�2 + ( � x)2; 0 < x < ;opìte f 0(x) = xp�2 + x2 �  � xp�2 + ( � x)2� 149 �
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LÔnonta t¸ra thn ex�swsh f 0(x) = 0, dhlad  thnxp�2 + x2 =  � xp�2 + ( � x)2 ;èqoume x2�2 = �2( � x)2, dhlad  �x = �( � x), opìte x = ��+� | Fusik�den telei¸same| Prèpei na de�xoume ìti h jèsh aut  e�nai jèsh elaq�stou sto(�; )| Profan¸ 0 < ��+ � = ��+ �  < :
ParathroÔme t¸ra ìti h suneq  sun�rthsh f(x) pa�rnei se k�poia jèsh x0,0 � x0 �  thn el�qisth tim  th| An h jèsh aut  br�sketai sto (0; ) tìteja e�nai kai jèsh topikoÔ elaq�stou, �ra ja prèpei f 0(x0) = 0| E�dame ìmwìti mìno sth jèsh x = �=(�+ �) tou (0; ) mhden�zetai h f 0| Anagkastik�loipìn ja èqoume sthn per�ptwsh aut  ìti h jèsh �=(�+ �) e�nai h jèsholikoÔ elaq�stou| Mènei loipìn na de�xoume ìti oÔte h tim  f(0), oÔte h f()e�nai to el�qisto th f sto [0; ℄|àna trìpo na petÔqoume autì to stìqo, ja  tan na de�xoume ìtif(0) > f � ��+ ��kai f() > f � ��+ ��(k�nte to!)| Ja akolouj soume mia �llh mèjodo|H suneq  sun�rthsh f 0(x) mhden�zetai mìno sto �=(�+ �) sto di�sthma[0; ℄ kai ep�shf 0(0) = � p�2 + 2 < 0; f 0() = p�2 + 2 > 0;
�ra h f 0(x) e�nai arnhtik  gia 0 < x < �=(�+ �) kai jetik  gia�=(�+ �) < x < (giat�?)| H sun�rthsh loipìn f fj�nei sto di�sthma [0; �=(�+ �)℄ kai aux�-nei sto [�=(�+ �); ℄ opìte profan¸ h jèsh �=(�+ �) e�nai jèsh olikoÔelaq�stou sto di�sthma (0; )| � 150�



6|3 H gewmetrik  shmas�a th deÔterh parag¸gou
6|3 H gewmetrik  shmas�a th deÔterh parag¸gouA jewr soume mia euje�a pouden e�nai par�llhlh me ton �xo-na twn y| Ja d�netai apì mia e-x�swsh th morf  y = �x + �,�1 < x < +1| Ta shme�a touepipèdou pou br�skontai {p�nw}apì thn euje�a aut  or�zontai fu-siologik� san ta shme�a (x; y)gia ta opo�a y > �x + � dhla-d  ta shme�a (x; y) gia ta opo�a htetagmènh y e�nai megalÔterh a-pì thn tetagmènh tou shme�ou th

y
(x, y)

(x, λx + µ)

y = λx + µ

x xSq ma 6|4euje�a me thn �dia tetmhmènh|Qwr�zetai ètsi to ep�pedo se tr�a mè-rh: I = f(x; y) : y > �x+ �gII = f(x; y) : y < �x+ �gIII = f(x; y) : y = �x+ �g:An (x; y) 2 I   (x; y) 2 II ja lème an-t�stoiqa ìti to (x; y) br�sketai p�nw  k�tw apì thn euje�a y = �x+ �|A jewr soume t¸ra to gr�fhma miasun�rthsh f orismènh s� èna di�sth-ma (�; �) kai a upojèsoume ìti h f e�-nai paragwg�simh kai ìti x0 2 (�; �)| Seaut  thn par�grafo ja exet�soume thn

I:
y
−

(λ
x

+
µ
)
>

0

II: y − (λx + µ) < 0

III: y − (λx + µ) = c

Sq ma 6|5jèsh tou graf mato th f w pro thn efaptomènh sto shme�o (x0; y0)|An up�rqei Æ > 0 ¸ste to tm ma tou graf mato f(x; f(x)) : jx � x0j < Ægna br�sketai p�nw (k�tw) apì thn efaptomènh sto x0, y = f(x0)+f 0(x0)(x�x0),tìte ja lème ìti h f strèfei ta ko�la pro ta p�nw (k�tw) sto shme�o x0| An totm ma tou graf mato f(x; f(x)) : 0 < x� x0 < Æg br�sketai p�nw (k�tw) kai tof(x; f(x)) : 0 < x0 � x < Æg k�tw (p�nw) apì thn efaptomènh, tìte to x0 lègetaishme�o kamp  th f | (blèpe sq ma 6|6)Parade�gmata:(i) f(x) = x2, x0 = 0| H kampÔlh strèfei ta ko�la pro ta p�nw (tetrimmèno)|(ii) f(x) = x3, x0 = 0| To x0 e�nai shme�o kamp  (tetrimmèno)|(iii) f(x) = � x4 sin 1x ; x 6= 00; x = 0 , x0 = 0|H f e�nai paragwg�simh pantoÔ mef 0(x) = � �x2 os 1x + 4x3 sin 1x ; x 6= 00; x = 0� 151 �
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x1 : ko�la pro ta k�twx2 : shme�o kamp x3 : ko�la pro ta p�nw

x2x1 x3

Sq ma 6|6
To x0 = 0 den e�nai shme�o kamp  kai h f den strèfei ta ko�la oÔte prota p�nw oÔte pro ta k�tw|Pragmatik� f 0(0) = 0 �ra h efaptomènh sto (0,0) e�nai o �xona twn x|Ep�sh gia opoiod pote Æ > 0 h f pa�rnei kai jetikè kai arnhtikè timè stodi�sthma (0; Æ), dhlad  to gr�fhma th èqei shme�a kai p�nw kai k�tw apìthn efaptomènh (d¸ste thn apìdeixh tou isqurismoÔ autoÔ)|A gur�soume gia l�go sth genik  per�ptwsh| An sto x0 h f strèfei ta ko�la prota p�nw tìte up�rqei Æ > 0 ¸stef(x) � f 0(x0)(x� x0) + f(x0) gia jx� x0j < Ædhlad :g(x) = f(x)� f 0(x0)(x� x0)� f(x0) � 0 = g(x0) gia jx� x0j < Æ:To na strèfei loipìn ta ko�la pro ta p�nw h f sto x0 isoduname� me to nae�nai to x0 jèsh topikoÔ elaq�stou gia thn g(x), gegonì pou e�nai kai gewmetrik�fanerì (giat�?)| A upojèsoume t¸ra ìti up�rqei deÔterh par�gwgo f 00(x0)| Meaut� pou e�pame sthn prohgoÔmenh par�grafo kai parathr¸nta ìti g0(x0) =f 0(x0)�f 0(x0) = 0 kai g00(x0) = f 00(x0) sun�goume: Ikan  sunj kh gia na strèfeih f ta ko�la pro ta p�nw e�nai h f 00(x0) > 0 kai (parìmoia) ikan  sunj kh giana strèfei ta ko�la pro ta k�tw e�nai h f 00(x0) < 0|An to x0 e�nai shme�o kamp  tìte to x0 den e�nai jèsh topikoÔ elaq�stou,oÔte topikoÔ meg�stou th g| Epeid  t¸ra g0(x0) = f 0(x0) � f 0(x0) = 0 ja prèpeianagkastik� na èqoume g00(x0) = f 00(x0) = 0 (giat�?), dhlad : Anagka�a sunj khgia na e�nai to x0 shme�o kamp  e�nai na isqÔei f 00(x0) = 0|H sunj kh aut  den e�nai me kanèna trìpo ikan | Gia par�deigma, h f(x) = x4den èqei shme�o kamp  to x = 0 (strèfei profan¸ ta ko�la pro ta p�nw), en¸f 00(0) = 0| àna pio {�grio} par�deigma e�nai to par�deigma (iii) sth sel�da 151|Parat rhsh 6|3|1 Leptomerèsterh exètash sunjhk¸n gia topik� akrìtata kai sh-me�a kamp  apaite� ton legìmeno tÔpo Taylor ton opo�o ja exet�soume argìtera|� 152�



6|3 H gewmetrik  shmas�a th deÔterh parag¸gou
6|3a' H mèjodo tou Newton gia th lÔsh exis¸sewnH eÔresh twn riz¸n mia ex�swsh f(x) = 0 den e�nai, en gènei, eÔkolh akìmhkai an h f e�nai apl  sun�rthsh, gia par�deigma polu¸numo| Up�rqoun pollèproseggistikè mèjodoi gia to skopì autì apì ti opo�e ja perigr�youme miagnwst  me to ìnoma tou Newton|àstw f mia sun�rthsh me suneqe� parag¸gou pr¸th kai deÔterh t�xhse èna di�sthma (; Æ) � [�; �℄ (blèpe sq ma 6|7)| A Upojèsoume akìma ìtif 0(x) > 0, a � x � � kai f(a) < 0,f(�) > 0| Gnwr�zoume ìti up�rqei a-krib¸ mia r�za % th f sto di�sthma[a; �℄ (giat�?) kai skopì ma e�nai nathn prosegg�soume|H idèa th mejìdou e�nai apl | Xeki-n�me apì èna shme�o x1 {arket� kon-t�} sth r�za % kai onom�zoume x2 thntetmhmènh th tom  th efaptomènhsto (x1; f(x1)) me ton �xona twn x|Suneq�zonta me autìn ton trìpo br�-skoume mia akolouj�a x1, x2, x3; : : :,

y

γ

α ̺

x2 x1 β δ xSq ma 6|7h opo�a toul�qiston diaisjhtik� perimènoume na sugkl�nei sth zhtoÔmenh r�za %|A apode�xoume autìn ton isqurismì|A xekajar�soume pr¸ta ton ìro arket� kont� pou qrhsimopoi same parap�nw|àstw M to mègisto th jf 00(x)j kai m to el�qisto th f 0(x) sto [a; �℄| Ja èqoumem > 0 (giat�?) kai ja upojèsoume ìti jx1 � %j < 12 mM | Ja doÔme ìti me aut  thnpro�pìjesh h akolouj�a xk sugkl�nei kai m�lista arket� gr gora sth r�za %|ParathroÔme kat� arq� ìtixk+1 = xk � fraf(xk)f 0(xk)(giat�?) kai epomènw ja up�rqoun �k 2 (%; xk), �0k 2 (xk; �k) ¸stexk+1 = xk � %� f(xk)f 0(xk) = xk � %� f(xk)� f 0(%)f 0(xk) == (xk � %)�1� f 0(�k)f 0(xk)� = (xk � %)�f 0(xk)� f 0(�k)f 0(xk) � == (xk � %) �(xk � �k)f 00(�0k)f 0(xk) � = (xk � %) �(xk � �k)f 00(�0k)f 0(xk) � ;opìte jxk+1 � %j � jxk � %j�jxk � %jMm� :H upìjesh jx1 � %j < 12 mMma d�nei �mesa jx2 � %j < 12 jx1 � %j:� 153 �



6| EFARMOGES THS PARAGWGISHS KAI THS OLOKLHRWSHS
jx3 � %j < jx2 � %j�jx2 � %jMm� < �12�2 jx1 � %jkai genik� (eÔkolh epagwg )jxk � %j < �12�k�1 jx1 � %j:H teleuta�a sqèsh de�qnei ìti pragmatik� xk ! % kai m�lista to l�jo xk � %te�nei sto 0 pio gr gora apì th fj�nousa gewmetrik  prìodo � 12�k jx1 � %j| Sthnpragmatikìthta h sÔgklish e�nai akìma taqÔterh all� den ja epime�noume stoshme�o autì|Par�deigma: Akìma kai se peript¸sei pou èqoume �lle mejìdou gia thnep�lush mia ex�swsh, h mèjodo tou Newton mpore� na apodeiqte� kalÔterh|AlÔsoume gia par�deigma thn f(x) = x2 � 2 = 0 sto di�sthma [1; 2℄ dhlad  aprosegg�soume th p2| Arq�zoume me x1 = 2 kai èqoumex1 = 2x2 = 2� f(2)f 0(2) = 2� 24 = 1;5x3 = 1;5� f(1;5)f 0(1;5) = 1;5� 2;25� 22 � 1;5 = 1;5� 0;253 = 4;253 = 1;4166 : : :Dedomènou ìti p2 = 1;4142 : : : blèpoume ìti me dÔo mìno b mata petÔqameprosèggish polÔ kalÔterh tou 10�2|6|3b' Mia apl  diaforik  ex�swsh|H kat�strwsh kai h lÔsh diaforik¸n exis¸sewn apotele� mia apì ti shmantikìtereefarmogè tou ApeirostikoÔ LogismoÔ| Mia tètoia ex�swsh melet same me arket leptomèreia sto prìblhma tou armonikoÔ talantwt | H susthmatik  melèth aut¸ntwn exis¸sewn ja g�nei se �lla maj mata| Sthn par�grafo aut  ja perioristoÔmese mia apl  ex�swsh pou emfan�zetai polÔ suqn�| H ex�swsh pou ja exet�soumee�nai h y0 = ky ìpou k èna stajerì pragmatikì arijmì| Ed¸ fusik� y�qnoumegia mia sun�rthsh y = f(x) h opo�a ikanopoie� th sqèsh y0 = ky| Autìmata loipìn,perior�zoume to y�ximo metaxÔ paragwg�simwn sunart sewn, opìte, sÔmfwna methn an�ptuxh th jewr�a pou parousi�same to ped�o orismoÔ tou ja e�nai anoiqtìdi�sthma|E�nai fanerì ìti an h y = f(x) e�nai lÔsh th ex�sws  ma kai h  � f(x), stajer�, e�nai ep�sh lÔsh| Ta ìsa e�pame gia thn ekjetik  sun�rthsh m� odhgoÔnamèsw sth lÔsh y = ekx (pragmatik� (ekx)0 = kekx) kai epomènw oi sunart seiekx;  2 R, e�nai lÔsei th ex�swsh ma| Isqurizìmaste ìti den up�rqoun �lle|Pio sugkekrimèna an mia sun�rthsh y = f(x) ikanopoie� thn y0 = ky se k�poiodi�sthma (a; �) tìte up�rqei stajer�  ¸ste y0 = ekx gia x 2 (a; �)| (Eidikìtera� 154�



6|3 H gewmetrik  shmas�a th deÔterh parag¸gou
to sumpèrasma autì shma�nei ìti opoiad pote lÔsh s� èna di�sthma (a; �) mpore�na epektaje� se olìklhro to R (giat�?)|A doÔme katarq� p¸ ja ft�soume tele�w formalistik� se autì to sumpè-rasma|An f 0(x) = kf(x) tìte f 0(x)=f(x) = k dhlad | log jf(x)j = kx+1, 1 stajer�dhlad  jf(x)j = e1ekx kai epomènw f(x) = ekx ìpou t¸ra to  mpore� na p�reiopoiad pote pragmatik  tim  (en¸ to e1 pa�rnei mìno jetikè timè)|To kÔrio empìdio gia na metasqhmat�soume ton parap�nw sullogismì se a-pìdeixh e�nai ìti den xèroume �a priori ìti f(x) 6= 0 kai ètsi den mporoÔme nagr�youme f 0(x)=f(x) = k: Ant� na exet�soume xeqwrist�: peript¸sei (f(x) = 0;f(x) 6= 0) ekmetalleuìmaste to anamenìmeno t¸ra sumpèrasma kai de�qnoume ìti{An f 0(x) = kf(x) � < x < �; tìte h f(x) � e�kx e�nai stajer  sto (�; �) dhlad f(x) = e�kx;  stajer�}|H apìdeixh e�nai sqedìn tetrimmènh| àqoume:(f(x) � e�kx)0 = f 0(x) � e�kx � ke�kx � f(x)= ke�kx � f(x)� ke�kx � f(x)= 0;� < x < � opìte pr�gmati h f(x) � e�kx stajer� sto (�; �):
àna montèlo plhjusmiak  exèlixh|A gr�youme f(t) gia ton plhjusmì enì sunìlou organism¸n ìpou h metablht t parist�nei qrìno| Parìlo pou h sun�rthsh f prèpei na pa�rnei mìno akèraietimè sto jewrhtikì montèlo pou ja d¸soume, ja th jewr soume mia pragmatik sun�rthsh gia thn opo�a m�lista ja upojèsoume ìti èqei par�gwgo gia k�je t 2 R|Ja upojèsoume akìma ìti h th qronik  stigm  0 o plhjusmì e�nai gnwstì, èstw�; dhlad  f(0) = �| H exèlixh tou plhjusmoÔ exart�tai fusik� apì ton arijmì twngenn sewn kai ton arijmì twn jan�twn pou sumba�noun ston plhjusmì| Mia�apìbiologik  �poyh�eÔlogh paradoq  e�nai ìti h diafor� tou arijmoÔ twn genn sewnapì ton arijmì twn jan�twn e�nai gia k�je t an�logh me ton plhjusmì f(t): Hparadoq  aut  metafrasmènh se majhmatikoÔ ìrou ma odhge� sthn ex�swsh:f 0(t) = kf(t);ìpou k mia stajer� pou exart�tai apì ta biologik� qarakthristik� tou plhjusmoÔkai tou perib�llonto sto opo�o anaptÔssetai| H sun�rthsh loipìn f ja e�nai lÔshtou probl mato: f 0(t) = kf(t)f(0) = � �
H f 0(t) = kf(t) d�nei f(t) = ekt kai h f(0) = � ma lègei ìti:  = �; dhlad f(t) = �ekt: � 155 �



6| EFARMOGES THS PARAGWGISHS KAI THS OLOKLHRWSHS
6|4 Ask sei1| Sumplhr¸ste thn apìdeixh tou deÔterou jewr matolim f(x) = lim g(x) = �1th x6:1:2| An h f(x) e�nai suneq  sto (�; �) kai anlimx!�+ f(x) = limx!�� f(x) = +1de�xte ìti h f(x) èqei el�qisto sto (�; �):3| Bre�te ènan arijmì �; an up�rqei, ¸ste na up�rqei to ìriolimx!0� sin 2xx3 + �x2�:4| An up�rqei h f 00(x) sto (�; �) kai e�nai jetik  tìte h sun�rthsh e�nai kurt ,dhlad  f(x+ Æy) < f(x) + Æf(y)gia ìla ta x; y 2 (�; �) kai ; Æ 2 R me  > 0; Æ > 0 kai  + Æ = 1: Ti sh-ma�nei gewmetrik� h parap�nw anisìthta? (Sugkr�nete to gr�fhma th f sto[x; y℄ me thn ant�stoiqh qord  tou graf mato)|5| Mia radienergì ous�a èqei m�za m(t); ìpou t o qrìno| H upìjesh ìti hous�a e�nai radienergì shma�nei ìti {q�nei m�za me rujmì an�logo proth m�za}, dhlad  m0(t) = �k2 �m(t) gia k�poia stajer� k: De�xte ìti {oqrìno hmizw } th ous�a, dhlad  o qrìno pou qrei�zetai gia na me�nei hmis  r�za, e�nai anex�rthto th arqik  m�za m0:
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7K E F A L A I O
Sumplhr¸mata
Poll� kai shmantik� jèmata th jewr�a paral fjhkan sthn an�ptuxh pou pa-rousi�same mèqri t¸ra| Sto kef�laio autì ja k�noume mia sÔntomh eisagwg se merik� apì aut� ta jèmata| äpw kai sto kef�laio 6 ta jèmata e�nai genik�anex�rthta metaxÔ tou kai mporoÔn na diabastoÔn me opoiad pote seir�|
7|1 Ta axi¸mata tou diatetagmènou s¸matoGia lìgou plhrìthta d�noume ton kat�logo twn axiwm�twn enì diatetagmènous¸mato| To jèma autì anaptÔssetai diexodik� sto m�jhma th �lgebra|Orismì 7|1|1 àna mh kenì sÔnolo � lègetai diatetagmèno s¸ma an isqÔoun ta ex :(i) Gia k�je zeug�ri x; y 2 � up�rqei akrib¸ èna stoiqe�o tou, pou sumbol�zetaix+ y kai lègetai �jroisma twn x; y, ¸ste gia ìla ta x; y; z 2 � na èqoume:(a') (x+ y) + z = z + (y + z)|(b') Up�rqei èna stoiqe�o tou �, pou sumbol�zetai 0, ¸ste:x+ 0 = 0 + x = x:(g') Up�rqei èna stoiqe�o, pou sumbol�zetai �x, ¸ste:x+ (�x) = (�x) + x = 0:(d') x+ y = y + x|(ii) Gia k�je x; y 2 � up�rqei akrib¸ èna stoiqe�o tou, pou sumbol�zetai xy kailègetai ginìmeno twn x; y, ¸ste gia ìla ta x; y; z 2 � na èqoume:(a') (xy)z = x(yz)|



7| Sumplhr¸mata
(b') Up�rqei èna stoiqe�o tou � diaforetikì apì to 0, pou sumbol�zetai 1,¸ste: 1x = x1 = x:(g') Gia k�je x 2 � me x 6= 0 up�rqei èna stoiqe�o tou �; pou sumbol�zetaix�1, ¸ste: xx�1 = x�1x = 1:(d') xy = yx|(e') x(y + z) = xy + xz|(iii) Up�rqei èna uposÔnolo P tou �, pou lègetai sÔnolo twn jetik¸n stoiqe�wntou �, ¸ste:(a') Gia k�je x 2 � isqÔei akrib¸ mia apì ti trei sqèsei: x 2 P , �x 2 P ,x = 0|(b') x; y 2 P sunep�getai x+ y 2 P kai xy 2 P |äpoio e�nai l�go exoikeiwmèno me th sÔgqronh �lgebra ja anagn¸rise ìti taaxi¸mata (i)a', (i)b', (i)g' qarakthr�zoun to � san om�da w pro thn prìsjesh kaita (i)a', (i)b', (i)g', (i)d' sanAbelian  om�da| Ta axi¸mata (i) kai (ii) qarakthr�zounto � san s¸ma| H tr�th om�da twn axiwm�twn kajor�zei ta jetik� stoiqe�a kaiepomènw th di�taxh, an or�soume x < y an kai mìno an y � x 2 P |äle oi gnwstè idiìthte twn pr�xewn kai th di�taxh prokÔptoun apì taparap�nw axi¸mata| Gia par�deigma, {to 0 e�nai monadikì}| Pragmatik�, an up rqestoiqe�o 00 ¸ste 00 + x = x+ 00 = x gia ìla ta x 2 �, tìte pa�rnonta x = 0ja e�qame: 00 + 0 = 0 kai 00 + 0 = 00 (ax�wma 1b') opìte kai 0 = 00| Mia �llhtetrimmènh idiìthta e�nai h 1 > 0, dhlad  1� 0 = 1 2 P | Pragmatik�, epeid  1 6= 0mènoun oi dÔo peript¸sei 1 2 P   �1 2 P | An (�1) 2 P tìte 1 = (�1)(�1) 2 Ppou e�nai �topo (ax�wma 3)| Sun�goume loipìn ìti 1 2 P |�skhsh(i) De�xte ìse kai ìpoie idiìthte jèlete twn diatetagmènwn swm�twn|(ii) Up�rqei s¸ma me 1 stoiqe�o? me 2 stoiqe�a? me 3 stoiqe�a?Èdia er¸thsh gia diatetagmèna s¸mata|ätan melet�me èna axiwmatikì sÔsthma ma endiafèrei na doÔme an ta axi¸-mata e�nai sumbibast�, dhlad  ìti den prokÔptei kam�a ant�fash apì aut�| Maendiafèrei ep�sh na doÔme an ta axi¸mata e�nai anex�rthta, dhlad  ìti kanènaapì aut� den e�nai apìrroia twn upolo�pwn| E�nai profanè ìti an up�rqei ènagnwstì sÔnolo sto opo�o ikanopoioÔntai ìla ta axi¸mata ektì apì èna, tìte toax�wma autì e�nai anex�rthto apì ta upìloipa|A elègxoume ìti to ep�maqo ax�wma th sunèqeia e�nai pragmatik� anex�rthto apìta axi¸mata tou diatetagmènou s¸mato| Prèpei loipìn na broÔme èna diatetagmènos¸ma sto opo�o den ikanopoie�tai to ax�wma th sunèqeia| JewroÔme to sÔnoloQ(x) twn rht¸n sunart sewn| E�nai polÔ eÔkolo na doÔme ìti me ti sunhjismène� 158�



7|2 Oi tomè tou Dedekind
pr�xei prìsjesh kai pollaplasiasmoÔ to Q(z) e�nai pragmatik� s¸ma| Or�zoumesan jetik� stoiqe�a tou Q(x) eke�ne ti rhtè sunart seip(x)q(x) = a0 + � � �+ anxnb0 + � � �+ bmxm ;an 6= 0, bm 6= 0, gia ti opo�e oi suntelestè an kai bm e�nai omìshmoi|�skhsh:(i) De�xte ìti me ton parap�nw orismì to Q(x) g�netai diatetagmèno s¸ma(prèpei pr¸ta na de�xete ìti o orismì twn jetik¸n stoiqe�wn e�nai {kalì})|(ii) De�xte ìti sto Q(x) den isqÔei h Arqim deia idiìthta (�ra den isqÔei kai toax�wma th sunèqeia)|
7|2 Oi tomè tou Dedekindäpw anafèrame sto 1o kef�laio,  dh apì thn arqaiìthta e�qan anakalufje�oi �rrhtoi arijmo�| E�qe g�nei katanohtì ìti oi rhto� (tou opo�ou jewroÔme ìtikatalaba�noume kal�) af noun {k�poia ken�} (gia par�deigma top2) twn opo�wnh sumpl rwsh dhmiourge� to sÔnolo twn pragmatik¸n arijm¸n, to {suneqè}ìpw èlegan paliìtera| Mèqri to tèlo tou 19ou ai¸na, apì pleur� akr�beia,h kalÔterh plhrofor�a pou e�qame  tan o orismì th isìthta dÔo pragmatik¸nìpw d�netai sta Stoiqe�a tou Eukle�dh kai apod�detai ston EÔdoxo (o orismì touEÔdoxou ousiastik� èlege: x = y an kai mìno an k�je rhtì mikrìtero tou x e�naikai mikrìtero tou y kai k�je rhtì megalÔtero tou x e�nai kai megalÔtero y)|Mia swst  topojèthsh twn pragm�twn ègine gia pr¸th for� to 1872 apì toGermanì Majhmatikì R. Dedekind se èna bibliar�ki tou me ton t�tlo {Sunèqeiakai �rrhtoi arijmo�}| H ènnoia tou pragmatikoÔ arijmoÔ   to {suneqè} twn prag-matik¸n up rqe fusik� sto mualì twn anjr¸pwn kai h diatÔpwsh akriboÔ orismoÔ�sw prèpei na sugkrije� me thn anak�luyh kai diatÔpwsh enì basikoÔ nìmou thFusik  (fantaste�te thn anak�luyh tou Jal  gia ton hlektrismì   tou Newtongia thn barÔthta)| Èsw k�ti tètoio na e�qe o Dedekind sto mualì tou ìtan, stoparap�nw bibliar�ki, ègrafe:| | | Oi pio pollo� �njrwpoi ja jewr soun aut  thn anak�luyh koinotu-p�a| H anak�luyh aut  sun�statai sto ex : E�dame sthn prohgoÔmenhpar�grafo ìti k�je shme�o r th euje�a par�gei èna diaqwrismì theuje�a se dÔo mèrh| | |H kentrik  idèa tou Dedekind  tan na taut�sei tou pragmatikoÔ arijmoÔ me{tomè} twn rht¸n (ti legìmene tomè tou Dedekind)|Orismì 7|2|1 àna uposÔnolo A tou Q lègetai tom  an:(i) ; 6= A ( Q(ii) x 2 A kai y < x sunep�getai y 2 A� 159 �



7| Sumplhr¸mata
(iii) To A den èqei mègisto stoiqe�o (dhlad  den up�rqei x0 2 A ¸ste x0 � x giaìla ta x 2 A)|�skhsh| Qrhsimopoi¸nta ton orismì twn pragmatik¸n pou d¸same sto pr¸tokef�laio de�xte ìti: {an se k�je pragmatikì x antistoiq�soume to sÔnolo Ax =fy 2 Q ; y < xg tìte h antistoiq�a x! Ax e�nai 1�1 kai ep� apì tou pragmatikoÔsto sÔnolo ìlwn twn tom¸n twn rht¸n}| Poia e�nai h ant�strofh th {sun�rthsh}F : x 7! Ax?To epìmeno b ma e�nai na or�soume pr�xei kai sqèsh diat�xew sto sÔnolotwn tom¸n kai na de�xoume ìti ikanopoioÔntai ìla ta axi¸mata twn pragmatik¸n|Or�zoume gia par�deigma {h tom  A e�nai mikrìterh   �sh th B an A � B}, {To{�jroisma} A+B or�zetai w f�+ � : � 2 A kai � 2 Bg k|t|l|An jèlete, mpore�te na suneq�sete mìnoi sa th jewr�a (den up�rqei poujen�ousiastik  duskol�a)   na anatrèxete sth bibliograf�a|
7|3 Akolouj�e CauhyGia na elègxoume an mia akolouj�a f�ng sugkl�nei, sÔmfwna me ton orismìpou d¸same, prèpei na gnwr�zoume to {upoy fio} ìrio th � (gia na exet�soumeti apìlute timè twn diafor¸n �n � �)| Se pollè ìmw peript¸sei e�te dengnwr�zoume kanèna tètoio � e�te, �sw, den endiaferìmaste gia thn tim  tou or�ou,all� to mìno pou ma endiafèrei e�nai an h akolouj�a e�nai sugkl�nousa   ìqi|To parak�tw shmantikì je¸rhma m� d�nei èna krit rio gi� autè ti peript¸sei|Je¸rhma 7|3|1 Mia akolouj�a f�ng sugkl�nei an kai mìno an e�nai {basik } ( {Cauhy}), dhlad  gia k�je " > 0, up�rqei n0 ¸ste gia ìla ta n, m 2 N na isqÔei:n;m > n0 ) j�n � �mj < "äpw blèpoume ston orismì th basik  akolouj�a den upeisèrqetai kajìlou toìrio � th f�ng|Apìdeixh: A upojèsoume pr¸ta ìti h �n sugkl�nei kai ìti �n ! �| Tìte, giak�je " > 0, up�rqei n0 me thn idiìthta: n > n0 sunep�getai j�n � �j < "=2| Anloipìn n;m > n0 tìte:j�n � �mj = j�n � �� (�m � �)j� j�n � �j+ j�m � �j < "2 + "2 = "dhlad  h f�ng e�nai basik |To ant�strofo e�nai pio endiafèron| De�qnoume pr¸ta ìti: {K�je basik  ako-louj�a e�nai fragmènh}| Pragmatik�, apì ton orismì th basik  akolouj�a, me" = 1, br�skoume èna n0 2 N ¸ste:n > n0 ) j�nj � j�n0+1j+ j�n � �n0+1j < j�n0+1j+ 1� 160�



7|3 Akolouj�e Cauhy
Sun�goume loipìn ìti gia ìla ta n 2 N, ja èqoume:j�nj � j�1j+ j�2j+ � � �+ j�n0+1j+ 1 =Mdhlad  h f�ng e�nai fragmènh|Gnwr�zoume t¸ra ìti ja up�rqei mia upakolouj�a f�kng th f�ng h opo�a jasugkl�nei, èstw ìti �kn ! �| Isqur�zomai ìti kai {olìklhrh h akolouj�a f�ngsugkl�nei sto �}| H apìdeixh tou isqurismoÔ e�nai eÔkolh| àstw " > 0| Up�rqein0 2 N ¸ste j�n � �mj < "=2 gia ìla ta n;m 2 N me n;m > n0| Up�rqei ep�shn1 2 N ¸ste n > n1 sunep�getai j�kn � �j < "=2| An t¸ra n > maxfn0; n1g,tìte kn � n � n0 kai epomènw:j�n � �j � j�n � �kn j+ j�kn � �j < "2 + "2 = "ìpw akrib¸ èprepe na de�xoume| 2Je¸rhma 7|3|2 (Krit rio Cauhy gia Ôparxh or�ou sun�rthsh) àstw f miasun�rthsh kai x0 èna shme�o suss¸reush tou ped�ou orismoÔ th| De�xte ìti mia ikan kai anagka�a sunj kh gia na up�rqei to limx!x0 f(x) e�nai h ex : gia k�je " > 0up�rqei Æ > 0 ¸ste gia ìla ta x; y tou ped�ou orismoÔ th f pou e�nai 6= x0 na isqÔei:jx� x0j; jy � x0j < Æ ) jf(x)� f(y)j < "
Apìdeixh: H apìdeixh af netai w �skhsh| 2H idiìthta twn pragmatik¸n akolouji¸n pou de�xame sto pr¸to je¸rhma aut th paragr�fou, dhlad  ìti k�je basik  akolouj�a pragmatik¸n arijm¸n sug-kl�nei, onom�zetai sun jw plhrìthta tou R| Lème akìma ìti o R e�nai {pl rhq¸ro}| E�nai endiafèron na sugkr�noume, apì th skopi� aut , to Q me to R|{To Q den e�nai pl rh q¸ro}| Me autì fusik� ennooÔme ìti up�rqoun basikèakolouj�e f�ng me �n 2 Q , n = 1; 2; : : : ; oi opo�e den sugkl�noun (sto Q)|Prosèxte: Mia tètoia akolouj�a f�ng mpore� fusik� na jewrhje� kai sanakolouj�a sto R, afoÔ Q � R, epomènw sugkl�nei (sto R), all� k�llistampore� na sumbe� to ìrio th na mhn an kei sto Q |�skhsh(i) D¸ste èna par�deigma mia basik  akolouj�a f�ng, me �n 2 Q , n =1; 2; : : : ; pou den sugkl�nei sto Q |(ii) Exet�ste poia apì ta uposÔnola [0; 1℄, (0; 1), [0;1), (0;1) tou R e�naipl rh kai poia ìqi, afoÔ pr¸ta diatup¸sete me akr�beia ti shma�nei ìti ènauposÔnolo tou R e�nai pl re|(iii) An A � R kai to A e�nai pl re, tìte k�je shme�o suss¸reush tou A an keisto A| � 161 �



7| Sumplhr¸mata
7|4 H dekadik  par�stash twn pragmatik¸n arijm¸nH dikaiolìghsh th sunhjismènh dekadik  par�stash twn pragmatik¸n bas�ze-tai kat� ousiastikì trìpo sto ax�wma th sunèqeia| O trìpo autì par�stashtwn pragmatik¸n èqei epikrat sei giat� parousi�zei shmantik� pleonekt mata sthnektèlesh pr�xewn|àstw x èna jetikì pragmatikì arijmì| Gr�foume x0 = [x℄ kai y0 = x�x0,opìte ja èqoume x = x0 + y0 me 0 � y0 < 1|An gr�youme x1 = [10y0℄, y1 = y0�10�1[10y0℄, ja èqoume: x = x0+x1=10+y1, me x1 akèraio 0 � x1 < 10 kai 0 � y1 < 10�1| àna aplì epagwgikìsullogismì de�qnei ìti mporoÔme na broÔme mia akolouj�a akera�wn x1; x2; : : :¸ste 0 � xk < 10, k = 1; 2; : : : kaix = x0 + x110 + � � �+ xk10k + ykme 0 � yk < 10�k, gia ìla ta k 2 N|�skhsh Sumplhr¸ste thn parap�nw apìdeixh kai de�xte epiplèon ìti xk = [10kx℄�10[10k�1x℄|Sun jw gr�foume x0; x1; : : : ; xk ant� x0 + x110 + � � � + xk10k kai kaloÔme autìton arijmì {dekadik  prosèggish t�xh 10�k tou x}| E�nai fanerì ìti h akolouj�a�0 = x0;�1 = x0 + x110 ; : : : ;�k = x0 + x110 + � � �+ xk10k � � �sugkl�nei ston arijmì x|Ant�strofa, an ma doje� mia akolouj�a �0; �1; : : : ; �n; : : : ìpou �0 2 N [ f0gkai �j 2 f0; 1; : : : ; 9g, j = 1; 2; : : : tìte h akolouj�a�k = �0 + �110 + � � �+ �k10ksugkl�nei se èna mh arnhtikì arijmì x| Profan¸ �k � 0 kai h f�kg e�naiaÔxousa| Arke� loipìn na de�xoume ìti h f�kg e�nai fragmènh pro ta p�nw| Giatuqa�o ìmw k 2 N èqoume:�k = �0 + �110 + � � �+ �k10k � �0 + 910 + � � �+ 910k= �0 + 910(1 + 110 + � � �+ 110k�1 )= �0 + 910 1� 110k1� 110 < �0 + 910 1910 = �0 + 1kai ètsi to �0 + 1 e�nai èna fr�gma th f�kg| E�nai endiafèron, kai qr simo sepollè peript¸sei, na parathr soume ìti h par�stash aut  den e�nai monadik |Up�rqoun dhlad  pragmatiko� x me dÔo diaforetikè dekadikè parast�sei| àtsigia par�deigma èqoume 1;000 : : : = 0;999 : : :� 162�



7|4 H dekadik  par�stash twn pragmatik¸n arijm¸n
Pragmatik�: 910 + � � �+ 910n = 910 1� 110n1� 110 = 1� 110n �! 1;
ìtan to n te�nei sto �peiro| Peript¸sei san ki aut  e�nai ousiastik� oi mìne,dhlad  an �0;�1�2 : : : = �0;�1�2 : : : tìte  (i) a0 = b0; a1 = b1; a2 = b2; : : :  (ii) gia k�poio k 2 f0; 1; 2; : : :g, a0 = b0; : : : ; ak�1 = bk�1,ak = bk + 1, ak+1 =ak+2 = � � � = 0, bk+1 = bk+2 = � � � = 9  (iii) gia k�poio k 2 f0; 1; 2; 3 : : :g, a0 = b0 = � � � , ak�1 = bk�1, bk = ak+1,bk+1 = bk+2 = � � � = 0, ak+1 = ak+2 = � � � = 9|Pragmatik�, a upojèsoume ìti den sumba�nei to i| Onom�zoume k ton pio mikrìapì tou arijmoÔ 0; 1; 2; : : : gia ton opo�o isqÔei ak 6= bk| àstw ak > bk| Jaèqoume ak10k + ak+110k+1 + � � �+ ak+n10k+n � ak10k � bk10k + 110k ;bk10k + bk+110k+1 + � � �+ bk+n10k+n � bk10k + 910k+1 + � � � 910k+n == bk10k + 110k �1� 110n� < bk10k + 110kkai epomènw limn!1� ak10k + � � �+ ak+n10k+n� � bk10k + 110k �� limn!1� bk10k + � � �+ bk+n10k+n� :An up�rqei èstw kai èna n > 0 ¸ste ak+n > 0 tìte h arister  anisìthta ja e�naign sia (giat�?) kai an up�rqei èstw kai èna n > 0 ¸ste bk+n < 9 tìte h dexi�anisìthta ja e�nai gn sia (giat�?)| Kai sti dÔo peript¸sei katal goume se �topo,dhlad  an den isqÔei h (i) prèpei na isqÔei h (ii)   h (iii)|�skhsh:(i) An èna arijmì x > 0 èqei dekadik  par�stash th morf  x0x1x2 : : : xn : : :kai xn 6= 0 en¸ xn+1 = xn+2 = � � � = 0 tìte x = x0x1 : : : xn : : : =x0x1 : : : xn�19999 : : :|(ii) An sumfwn soume na gr�youme ìle ti dekadikè parast�sei me yhf�a �same 0 me ti �se tou parast�sei pou telei¸noun se 9999 : : : tìte h dekadik par�stash e�nai monos manth| � 163 �
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(iii) An q = x0x1x2 : : : kai q 2 Q , q > 0, tìte up�rqoun k; n 2 N ¸ste x�+n = x�gia ìla ta � � k| (Tètoie dekadikè parast�sei lègontai periodikè)|Ant�strofa k�je tètoia dekadik  par�stash isoÔtai me èna rhtì arijmì|Upìdeixh: Gia to ant�strofo, arke� na parathr soume ìti o 10nq � q =(10n � 1)q e�nai akèraio| Gia to eujÔ gr�fete q = AB , me A;B 2 N kaiB = 2�5��, �; � 2 N [ f0g, kai o � e�nai pr¸to pro to 10| To mikrìje¸rhma tou Fermat ma exasfal�zei thn Ôparxh enì fusikoÔ n ¸ste o �na diaire� to 10n � 1| Autì e�nai mia kal  epilog  gia to n pou zht�ei h�skhsh|
7|5 To pl jo twn pragmatik¸n arijm¸nQarakthr�zoume san peperasmèno èna sÔnolo, ìtan mporoÔme na metr soume meèna fusikì arijmì to pl jo twn stoiqe�wn tou| Akribèstera lème ìti to A e�naipeperasmèno ìtan up�rqei arijmìN 2 N kai mia 1�1 kai ep� sun�rthsh� me ped�oorismoÔ to sÔnolo f1; 2; 3; : : : ; Ng kai ped�o tim¸n to A| O ìro 1�1 shma�nei ìti�(a) = �(b) ) a = b, dhlad  diaforetik� stoiqe�a èqoun diaforetikè eikìne,kai o ìro ep� shma�nei ìti k�je stoiqe�o tou A e�nai eikìna enì stoiqe�ou touf1; 2; 3; : : : ; Ng|Fusik� up�rqoun uposÔnola tou R pou den e�nai peperasmèna gia par�deigmata N;Q ;R, (d¸ste apìdeixh)|MetaxÔ twn ape�rwn sunìlwn fa�netai diaisjhtik� toul�qiston ìti k�poiae�nai {pio �peira} apì �lla| H akrib  kat�taxh twn uposunìlwn tou R (  kaigenikìtera, opoiwnd pote sunìlwn) an�loga me to {pl jo} twn stoiqe�wn touègine sto tèlo tou 19ou ai¸na apì to Germanì majhmatikì G. Cantor| O Cantorgia ton skopì autì dhmioÔrghse th legìmenh uperpeperasmènh Arijmhtik  sthnopo�a l�go polÔ èkane pr�xei me {�peira}| A shmei¸soume ed¸ ìti gia arketìdi�sthma pollo� majhmatiko� èblepan me duspist�a ti èreune tou Cantor| ànashmantikì apotèlesma apotèlesma s� aut  thn kateÔjunsh ja suzht soume mesuntom�a s� aut  thn par�grafo|Je¸rhma 7|5|1 To sÔnolo R twn pragmatik¸n den e�nai arijm simo, dhlad  denup�rqei 1� 1 kai ep� sun�rthsh apì to N sto R|H diatÔpwsh tou jewr mato perièqei kai ton orismì tou arijm simou sunìlou(akribèstera {�peirou arijm simou} )|Genik� lème ìti duo sÔnola A;B e�nai isodÔnama   ìti èqoun ton �dio {plhjikìarijmì} an up�rqei mia 1 � 1 kai ep� sun�rthsh � apì to A sto B| Arijm simaloipìn e�nai ta uposÔnola tou R pou e�nai isodÔnama me to N|�dh apì to shme�o autì arq�zoun ta par�doxa| àtsi gia par�deigma to sÔnoloA twn zug¸n fusik¸n, A = f2k; k 2 Ng pou {èprepe} na èqei ligìtera stoiqe�aapì to N, e�nai isodÔnamo me to N| Arke� pr�gmati na p�roume � : N ! A me�(k) = 2k| Me l�go perissìterh prosoq  mporoÔme na de�xoume ìti to sÔnolo Qtwn rht¸n e�nai arijm simo, en¸ {èprepe} na èqei perissìtera stoiqe�a apì to N|Me to R h kat�stash e�nai diaforetik | Kat� arq� h sun�rthsh �(x) = tan �2x;� 164�



7|6 H sunèqeia Darboux gia thn par�gwgo� : (�1; 1) ! R, de�qnei ìti to R e�nai isodÔnamo me to di�sthma (�1; 1) kai hsun�rthsh 	 : (�1; 1) ! (0; 1) me 	(x) = 12 (x + 1) de�qnei ìti to (�1; 1) e�naiisodÔnamo me to (0; 1), (giat�?)| Arke� loipìn na de�xoume ìti to (0; 1) den e�naiarijm simo| H apìdeixh ja k�nei ousiastik  qr sh tou axi¸mato th sunèqeia (methn morf  th dekadik  par�stash twn pragmatik¸n) kai ja bas�zetai se ènasullogismì pou lègetai diag¸nio sullogismì tou Cantor| O sullogismì autìqrhsimopoie�tai polÔ suqn� sta majhmatik�|Apìdeixh: A upojèsoume ìti up rqe m�a sun�rthsh � 1� 1 kai ep� apì to N stoR| Gr�foume th dekadik  par�stash twn stoiqe�wn �(1);�(2); : : : ;�(N); : : : ; kaigia na mhn èqoume prìblhma me to poia dekadik  par�stash pa�rnoume dialègoumeeke�nh pou telei¸nei se 9999ldots, sti peript¸sei pou up�rqoun duo tètoie parast�sei| àstw loipìn�(1) = 0; x11x12x13 : : : x1n : : :�(2) = 0; x21x22x23 : : : x2n : : :|||�(n) = 0; xn1xn2xn3 : : : xnn : : :|||oi dekadikè tou parast�sei|Gia na ft�soume se �topo ja broÔme èna x 2 (0; 1) ¸ste x 6= �(n) gia ìla tan 2 N| JewroÔme loipìn ton arijmì x me dekadik  par�stash 0; a1; a2; : : : ; an; : : :,ìpou ta a1; a2; : : : or�zontai w ex : ak = 5 an xkk 6= 5 kai ak = 6 an xkk = 5|E�nai sqedìn tetrimmèno na doÔme ìti pragmatik� x 2 (0; 1) kai x 6= �(n), giak�je n (de�xte to)| 2Parat rhsh 7|5|2 àna er¸thma, tele�w fusiologikì, pou apasqìlhse ton Can-tor met� apì aut  thn anak�luyh,  tan to ex : {Up�rqoun �peira uposÔnola touR ta opo�a na mhn e�nai isodÔnama oÔte me to N oÔte me to R?} H upìjesh ìti denup�rqoun tètoia sÔnola e�nai gnwst  san upìjesh tou suneqoÔ| H ap�nthsh pouèdwsan oi majhmatiko� (o Germanì K. G�odel to 1939 kai o Amerikanì P. Cohento 1963) jum�zei l�go thn {Puj�a}| Pio sugkekrimèna èdeixan ìti me ti sunhjismè-ne paradoqè pou k�noume sth jewr�a sunìlwn, den prìkeitai na broÔme kam�aant�fash e�te apodeqtoÔme, e�te aporr�youme thn upìjesh tou suneqoÔ| Me �llalìgia, an ta axi¸mata sta opo�a sthrizìmaste sthn jewr�a twn sunìlwn e�naisumbibast� (dhlad  den odhgoÔn se antif�sei), tìte ja exakolouj soun na e�naisumbibast�, an prosjèsoume san ax�wma thn upìjesh tou suneqoÔ   thn �rnhs th|
7|6 H sunèqeia Darboux gia thn par�gwgoA jewr soume mia paragwg�simh sun�rthsh orismènh se èna di�sthma (a; b)| Denup�rqei a' priori lìgo na e�nai suneq  h par�gwgo mia tètoia sun�rthsh|àna polÔ endiafèron je¸rhma tou Darboux ma lèei ìmw ìti oi asunèqeie th� 165 �
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parag¸gou, an up�rqoun, e�nai mìno ousi¸dei| Akribèstera to je¸rhma e�nai toex :Je¸rhma 7|6|1 An h f e�nai paragwg�simh sto (a; b) kai an f 0() 6= f 0(d), a < < d < b, kai an A e�nai èna arijmì metaxÔ twn f 0() kai f 0(d), tìte up�rqei �, < � < d, ¸ste f 0(�) = A|Me �lla lìgia to je¸rhma lèei ìti h f 0 ikanopoie� to sumpèrasma tou jewr -mato th mèsh tim  (tètoie sunart sei anafèrontai sa Darboux suneqe�)|�skhsh:(i) De�xte thn idiìthta gia ti asunèqeie th f 0 pou anafèrame pio p�nw sanpìrisma tou jewr mato|(ii) D¸ste èna par�deigma mia paragwg�simh f 0 me asuneq  par�gwgo se ènadi�sthma|Upìdeixh:(i) Gia k�je di�sthma I = (a; b), de�xte ìti h sun�rthshgI(x) = 8><>: 0 x 62 (a; b)n1� 4(b�a)2 �x� a+b2 �2o2 x 2 (a; b)e�nai paragwg�simh se ìlo to R|(ii) Jewre�ste t¸ra m�a sun�rthsh, afoÔ de�xete ìti up�rqei, me par�gwgof(x) = ( gIn(x); x 2 In = ( 1n ; 1n + 1n3 ) n = 2; 3; : : :0; x 2 (�1; 1)�[1n=1In:(iii) � akolouj ste to ii me thn sun�rthshf(x) = ( x2 sin( 1x); x 6= 00 x = 0:
Apìdeixh: Qwr� bl�bh th genikìthta mporoÔme na upojèsoume f 0() < A <f 0(d)|Isqurismì: Up�rqei n > 0 ¸ste n < d�  kai ang(x) = f(x+ n)� f(x)n ;  � x � d� n;tìte g() < A < g(d� n)| � 166�



7|7 Isodunam�a orism¸n Darboux kai Riemann
A pistèyoume pro stigm n ton isqurismì| H g e�nai profan¸ suneq , opìteto je¸rhma th endi�mesh tim , exasfal�zei thn Ôparxh enì arijmoÔ �,  < � <d� n, ¸ste g(�) = A dhlad  f(� + n)� f(�)n = A:To je¸rhma t¸ra th mèsh tim  sunep�getai thn Ôparxh enì �0, � < �0 < �+n,¸ste f(� + n) � f(�) = f 0(�0) � n, dhlad  f 0(�0) = A, ìpw akrib¸ èprepe nade�xoume| 2�skhsh:� De�xte ton isqurismì|� De�xte ìti h sunj kh g0(x) > tou jewr mato 6|1|3 (sel�da 144) mpore� naantikatastaje� me thn g0(x) 6= 0| Exet�ste thn isodunam�a twn dÔo orism¸n|

7|7 H isodunam�a twn orism¸n tou Darboux kai touRiemann gia to orismèno olokl rwma fragmè-nwn sunart sewnJa de�xoume sthn par�grafo aut  to apotèlesma pou af same anapìdeikto sthnenìthta 5|2 dhlad :Je¸rhma 7|7|1 Oi orismo� tou Riemann kai tou Darboux gia to orismèno olokl -rwma e�nai isodÔnamoi|Apìdeixh: A upojèsoume pr¸ta ìti h f e�nai Riemann oloklhr¸simh sto [a; b℄kai èstw " > 0| Up�rqei diamèrish� = fa = x0 < x1 < x2 < � � � < xn = bg;tètoia ¸ste �����X(f;�;�)� Z ba f ����� < "4gia opoiad pote epilog  � sumbibast  me thn �|An pro stigm  upojèsoume ìti h f e�nai suneq  tìte ja up�rqoun epilogè�0 = ��00; : : : ; �0n�1	 kai �00 = ��000 ; : : : ; �00n�1	 ¸ste mk = f(�0k) kai Mk = f(�00),k = 0; 1; : : : ; n� 1 (giat�?), kai epomènw�(f;�) = �(f;�;�00) �(f;�) = �(f;�;�0):Apì ti sqèsei autè kai thn prohgoÔmenh anisìthta èqoume:�(f;�)��(f;�) = �(f;�;�00)��(f;�;�0) =�(f;�;�00)� Z ba f � �(f;�;�0)� Z ba f! �
� 167 �



7| Sumplhr¸mata������(f;�;�00)� Z ba f �����+ ������(f;�;�0)� Z ba f ����� < "4 + "4 < ";ikanopoie�tai dhlad  to krit rio gia thn Darboux oloklhrwsimìthta|ParathroÔme akìma ìtiZ baf � �(f;�) = �(f;�;�0)� Z ba f + Z ba f �� Z ba f � ������(f;�;�0)� Z ba f ����� > Z ba f � "4 ;kai entel¸ parìmoia Z baf < Z ba f + "4 :Apì ti dÔo autè anisìthte èqoumeZ ba f � "4 < f ba � Z ba < Z ba f + "4gia opoiod pote " > 0 kai epomènwZ baf = Z ba = Z ba f:Gia thn genik  per�ptwsh (ìtan h f den e�nai kat� an�gkh suneq ) parathroÔmeìti up�rqoun epilogè �0;�00 {sqedìn tìso kalè} ìso kai prin| Pio sugkekrimènaup�rqoun �0 = f�00; : : : ; �0n�1g, �00 = f�000 ; : : : ; �00n�1g ¸stemk > f(�0k)� "4(b� a) ; Mk < f(�00k ) + "4(b� a)kai epomènw �(f;�) = n�1Xk=0mk(xk+1 � xk) >n�1Xk=0 f(�0k)(xk+1 � xk)� "4(b� a) n�1Xk=0(xk+1 � xk) =�(f;�;�0)� "4kai parìmoia �(f;�) < �(f;�;�00) + "4 :Apì to shme�o autì kai met� h apìdeixh e�nai ousiastik� h �dia (sumplhr¸ste thn)|H �llh kateÔjunsh, dhlad  ìti h Darboux oloklhrwsimìthta sunep�getaiRiemann oloklhrwsimìthta e�nai pio endiafèrousa|� 168�



7|7 Isodunam�a orism¸n Darboux kai Riemann
àstw " > 0| Up�rqei t¸ra m�a diamèrish� ¸ste�(f;�)��(f;�) < "2 | Prèpeina broÔme èna Æ > 0 ¸ste j�(f;�0;�)� Ij < " gia ìle ti diamer�sei �0 mepl�to d(�0) < Æ kai ìle ti epilogè �, ìpou fusik� pa�rnoume I = R baf = R baf:A upojèsoume pro stigm  ìti h �0 e�nai eklèptunsh th � ( pou e�nai engènh l�jo, giat� ìpoio kai na e�nai to Æ up�rqoune �0 me d(�0) < Æ pou dene�nai ekleptÔnsei th �) tìte h sunèqeia e�nai eÔkolh| Pragmatik� se mia tètoiaper�ptwsh ja e�qame:�(f;�) � �(f;�0) � �(f;�0;�) � �(f;�0) � �(f;�)kai ep�sh �(f;�) � I � �(f;�);dhlad  kai oi dÔo arijmo� I kai �(f;�;�) br�skontai sto di�sthma[�(f;�);�(f;�)℄;�ra j�(f;�0;�)� Ij � �(f;�)��(f;�) < "2 < ":Ja ft�name sthn eÔkolh aut  pe-r�ptwsh, an gia par�deigma prosjè-tame sthn �0 ìsa shme�a th le�poungia na g�nei eklèptunsh th �| Tashme�a aut� ja e�nai to polÔ n ( ìsata diairetik� shme�a th �)| A poÔ-

ξ′′ξ′

yλ xk yλ+1Sq ma 7|1me ìti h�0 e�nai h fa = y0 < y1 < � � � < ym = bg| K�je for� pou prosjètoume ènadiairetikì shme�o èstw to xk, y� < xk < y�+1 (blèpe sq ma 7|1) to �(f;�0;�)metab�lletai kat��(y�+1 � y�)f(��) + (xk � y�)f(�0) + (y�+1 � xk)f(�00);ìpou �0; �00 dÔo shme�a twn diasthm�twn [y�; xk℄, [xk; y�+1℄ ant�stoiqa| H metabol aut  ja e�nai kat� apìluth tim  mikrìterh   �sh apì�jy�+1 � y�j+ jxk � y�j+ jy�+1 � xkj�M � 3d(�0)M;ìpouM èna �nw fr�gma th jf(x)j sto [a; b℄ (jumhje�te ìti h f upot�jetai fragmènhsto [a; b℄, �ra kai h jf j e�nai fragmènh), dhlad  jf(x)j �M gia k�je x 2 [a; b℄|H sunolik  loipìn metabol  tou �(f;�0;�) ja e�nai kat� apìluth tim  topolÔ 3nMd(�0)| An loipìn dialèxoume Æ = "2�3nM , tìte gia k�je diamèrish �0 med(�0) < Æ ja up�rqei mia eklèptunsh �00 th �0, h opo�a ja e�nai kai eklèptunshth � ¸stej�(f;�00;�00)��(f;�0;�)j � 3d(�0)nM < 3nM � "2 � 3nM = "2 ;ìpoie kai na e�nai oi epilogè �0;�00| Gia thn �(f;�00;�00) ìmw de�xame ìtij�(f;�00;�00)� Ij � "2 :� 169 �



7| Sumplhr¸mata
Apì ti dÔo teleuta�e anisìthte sun�goume ìtij�(f;�0;�)� Ij � j�(f;�0;�0)��(f;�00;�00)j+j�(f;�00;�00)� Ij � "2+ "2 = "kai ètsi h apìdeixh e�nai pl rh| 2�skhsh: De�xte ìso pio pollè idiìthte tou oloklhr¸mato mpore�te basizì-menoi ston orismì tou Riemann|
7|8 Omoiìmorfh sunèqeiaSthn enìthta 5|3 (sel�da 97) anafèrame qwr� apìdeixh to ex :Je¸rhma 7|8|1 An mia sun�rthsh f e�nai suneq  se èna kleistì kai fragmèno di�-sthma [a; b℄, tìte e�nai omoiìmorfa suneq  se autì|To je¸rhma autì  tan to kleid� sthn apìdeixh th Riemann oloklhrwsimìthtatwn suneq¸n sunart sewn|Apìdeixh: Upenjum�zoume kat� arq� ìti h f lègetai omoiìmorfa suneq  sto [a; b℄an gia k�je " > 0 up�rqei Æ > 0 ¸ste gia ìla ta x; y pou an koun sto [a; b℄ naisqÔei jx� yj < Æ ) jf(x)� f(y)j < ":A upojèsoume loipìn, gia na ft�soume se �topo, ìti h f e�nai suneq  sto [a; b℄all� den e�nai omoiìmorfa suneq | Ja up�rqei tìte " > 0 ¸ste gia k�je Æ > 0 naup�rqoun x; y 2 [a; b℄ me thn idiìthta jx�yj < Æ kai jf(x)�f(y)j � "| Dialègoumediadoqik� gia Æ tou arijmoÔ 1k ; k = 1; 2; : : : ; opìte br�skoume xk; yk 2 [a; b℄ ¸ste:jxk � ykj < 1k kai jf(xk)� f(yk)j � "; k = 1; 2; : : :H akolouj�a fxkg e�nai fragmènh, �ra up�rqei upakolouj�a th, h opo�a sugkl�nei|To ìrio th ja e�nai anagkastik� shme�o tou [a; b℄| Ton�zoume ìti sto shme�o autìqrhsimopoie�tai ousiastik� h upìjesh ìti to ped�o orismoÔ e�nai kleistì di�sthma(giat�?)| H akolouj�a fykng e�nai mia upakolouj�a th fyng h opo�a e�nai fragmènh|Up�rqei epomènw upakolouj�a th, èstw h fykn%g h opo�a sugkl�nei se èna shme�oy 2 [�; �℄| H fxkn%g, san upakolouj�a th xkn , ja sugkl�nei ep�sh sto x| Gia naapofÔgoume tou polloÔ de�kte, gr�foume x% = xkn% ; y% = ykn% ; % = 1; 2; : : :kai èqoume: jx% � y%j < 1kn% < 1%(giat�?) kai jf(x%)� f(y%)j � ", % 2 N|H pr¸th anisìthta de�qnei ìti x = limx% = lim y% = y| H sunèqeia th f stashme�a x; y sunep�getai ìti f(x%) ! f(x) kai f(y%) ! f(y) = f(x)| Sun�goumeloipìn ìti jf(x%) � f(y%)j ! jf(x) � f(y)j = 0, pou profan¸ antif�skei me tianisìthte jf(x%)� f(y%)j � " kai " > 0| 2� 170�
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7|8a' Sqìlia kai ask sei(i) An skeftoÔme l�go thn apìdeixh ja doÔme ìti h upìjesh ìti to ped�o orismoÔe�nai èna kleistì di�sthma [�; �℄ qrhsimopoi jhke me dÔo trìpou:(a') To [�; �℄ e�nai fragmèno sÔnolo (gia na up�rqoun upakolouj�e pousugkl�noun) kai(b') To ìrio opoiasd pote sugkl�nousa akolouj�a shme�wn tou [�; �℄ a-n kei sto [�; �℄| To teleuta�o e�nai isodÔnamo me to na poÔme ìti tashme�a suss¸reush tou [�; �℄ an koun sto [�; �℄ (giat�?)|UposÔnola ìpw to R pou ikanopoioÔn thn (ii) up�rqoun kai �lla ektì apìkleist� diast mata (gia par�deigma to �dio to R, to sÔnolo [0; 1℄ [ [5; 6℄, tosÔnolo [3;1); : : :)| Ta sÔnola aut� lègontai kleist� kai ta kleist� sÔno-la pou e�nai ep�sh fragmèna lègontai sumpag | H teleuta�a aut  ènnoiagenikeÔetai me polloÔ trìpou kai e�nai polÔ qr simh sta Majhmatik�| Toje¸rhma loipìn pou de�xame mpore� na genikeute� kai w ex :K�je suneq  sun�rthsh me ped�o orismoÔ èna sumpagè uposÔnolo tou Re�nai omoiìmorfa suneq  s� autì|(ii) Gia na bebaiwjoÔme ìti h upìjesh th {sump�geia} den mpore� na paralhfje�prote�noume ta parade�gmata:(a') f(x) = 1x; 0 < x � 1:To (0; 1℄ den e�nai kleistì, diìti to 0 e�nai shme�o suss¸reus  touall� den an kei s� autì| àstw " > 0| Parathr¸nta ìti1x � 12x = 12x > 1"gia ìla ta x 2 (0; 1℄ me jxj = j2x � xj < "=2, de�xte ìti h f den e�naiomoiìmorfa suneq |(b') f(x) = x2;�1 < x <1| To (�1;1) profan¸ den e�nai fragmèno|(iii) An h f e�nai suneq  sto A � R kai " > 0, tìte gia k�je x 2 A up�rqeiÆ = Æ(x) > 0 ¸ste jy � xj < Æ(x)) jf(y)� f(x)j < ":Gr�yame Æ = Æ(x), giat� en gènei to Æ exart�tai apì to x| O orismìth omoiìmorfh sunèqeia den shma�nei t�pote �llo par� ìti mporoÔme naepilèxoume to Æ anex�rthto tou x , dhlad , gia dedomèno " > 0, to �dio Æ giaìla ta x 2 A| De�xte ìti autì isoduname� me th sunj kh: gia k�je " > 0,inf fÆ0(x) : x 2 Ag > 0 ìpouÆ0(x) = sup fÆ > 0 : jy � xj < Æ ) jf(y)� f(x)j < "g:� 171 �
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(iv) Fusik� up�rqoun suneqe� sunart sei me mh sumpag  ped�a orismoÔ oiopo�e e�nai omoiìmorfa suneqe�| D¸ste parade�gmata me ped�a orismoÔ:R, (�1; 1), [0;1)|
7|9 O tÔpo tou Taylor.Up�rqei mia polÔ apl  sqèsh metaxÔ twn suntelest¸n �0; �1; : : : ; �n enì poluw-nÔmou f(x) = �0 + �1x+ � � �+ �nxn kai twn parag¸gwn th f sto 0|A parathr soume kat� arq� ìti gia opoiod pote k 2 N, � 2 N èqoume(xk)(�) = � k(k � 1) � � � (k � �+ 1)xk��; an � � k0; an � > kkai epomènw oi par�gwgoi sth jèsh 0 th sun�rthsh f(x) = xk d�nontai apì thsqèsh f (�)(0) = � k!; an � = k0; an � 6= k:Gia to polu¸numo f(x) = �0 + �1x+ � � �+ anxn ja èqoume epomènwf (k)(0) = � k!ak; 0 � k � n0; k > n;ìpou gia lìgou omoiomorf�a gr�yame 0! = 1 kai f (0)(x) = f(x), dhlad  jewr -same thn f(x) san {par�gwgo t�xh 0} tou eautoÔ th|MporoÔme loipìn na gr�youme gia to polu¸numo f(x) ìti:f(x) = f(0) + f 0(0)1! x+ � � �+ f (n)(0)n! xn = nXk=0 f (k)(0)k! xk:

O tÔpo autì lègetai tÔpo tou Malaurin (Skotsèzo majhmatikì tou 18ouai¸na) gia thn f |Den up�rqei t�pota to idia�tero gia thn tim  x = 0| An gr�youmeg(x) = f(x+ x0) = a0 + a1(x+ x0) + � � �+ an(x+ x0)ntìte h g e�nai ep�sh èna polu¸numo �diou bajmoÔ me to f kai o tÔpo touMalauringia thn g g�netai: g(t) = g(0) + g0(0)1! t+ � � �+ g(n)(0)n! tn;dhlad  f(t+ x0) = f(x0) + f 0(x0)1! t+ � � �+ f (n)(x0)n! tn� 172�



7|9 O tÔpo tou Taylor.
  (gr�fonta x = t+ x0)f(x) = f(x0) + f 0(x0)1! (x� x0) + � � �+ f (n)(x0)n! (x� x0)n= nXk=0 fk(x0)k! (x� x0)k:O teleuta�o tÔpo e�nai gnwstì san tÔpo tou Taylor (Egglèzo majhmatikìtou 18ou ai¸na) gia thn f | Fusik� o tÔpo tou Malaurin e�nai h eidik  per�ptwshtou tÔpou tou Taylor (gia x0 = 0)|A jewr soume t¸ra mia sun�rthsh f gia thn opo�a upojètoume ìti e�nai o-rismènh se mia perioq  (x0 � �; x0 + �), � > 0, enì shme�ou x0 kai ìti èqeiparag¸gou k�je t�xh sto di�sthma autì| Den mporoÔme na perimènoume ìti jaisqÔei genik� o tÔpo tou Taylorf(x) = f(x0) + � � �+ f (n)(x0)n! (x� x0)ngia k�poio n 2 N| Pragmatik� to b' mèlo e�nai polu¸numo en¸ to pr¸to mpore�na mhn e�nai| H sun�rthsh f(x) = ex gia par�deigma, èqei parag¸gou k�je t�xhall� den e�nai polu¸numo| äso ofjalmofan  kai na fa�netai autì o isqurismìqrei�zetai apìdeixh| (An upojèsoume gia par�deigma ìti h ex e�nai polu¸numobajmoÔ n, tìte ja prèpei h n+1 t�xh par�gwgì th na e�nai tautotik� 0, to opo�oe�nai fusik� �topo)|Ant� na egkatale�youme thn prosp�jeia na genikeÔsoume ton tÔpo tou Taylorgia polu¸numa me autì ton trìpo, ginìmaste ligìtero apaithtiko� kai exet�zoumem pw to polu¸numof(x0) + f 0(x0)1! (x� x0) + � � �+ f (n)(x0)n! (x� x0)n{prosegg�zei}, toul�qiston gia mikr� jx � x0j, thn f(x), dhlad  y�qnoume gia{kal�} �nw fr�gmata th par�stash jRn(x)j, ìpou Rn(x) to legìmeno upìloipo,dhlad  h par�stash:Rn(x) = f(x)��f(x0) + f 0(x0)1! (x� x0) + � � �+ f (n)(x0)n! (x� x0)n� :Autì e�nai pragmatik� dunatì ìpw de�qnei to epìmeno je¸rhma|Je¸rhma 7|9|1 An h sun�rthsh f e�nai orismènh se mia perioq  tou x0 kai èqeipar�gwgo t�xh n suneq  sto kleistì di�sthma [x0 � Æ; x0 + Æ℄, Æ > 0, kai up�r-qei n par�gwgo t�xh n+ 1 sto (x0 � Æ; x0 + Æ), tìte up�rqei arijmì � = �(x),x0 � Æ < � < x0 + Æ, ¸stef(x) = f(x0) + f 0(x0)1! (x� x0) + : : :+ f (n)(x0)n! (x� x0)n +Rn(x);� 173 �



7| Sumplhr¸mata
me Rn(x) = fn+1(�)(n+ 1)! (x� x0)n+1:Me �lla lìgia, me ti pro�pojèsei pou anafèrame, isqÔei o tÔpo tou Taylorme upìloipo Rn(x) pou èqei th legìmenh morf  tou Lagrange:Rn(x) = fn+1(�)(n+ 1)! (x� x0)n+1:Prin proqwr soume sthn apìdeixh a k�noume duo aplè parathr sei:Parat rhsh 7|9|2 Gia n = 0 o tÔpo tou Taylor pa�rnei th morf f(x) = f(x0) + f 0(�)(x� x0);dhlad  an�getai sto gnwstì ma je¸rhma th mèsh tim |Parat rhsh 7|9|3 An upojèsoume ep� plèon ìti h fn+1(x) e�nai fragmènh sto(x0 � Æ; x0 + Æ); dhlad , jfn+1(x)j �M , tìte ja èqoumejRn(x)j � M(n+ 1)! jx� x0jn+1
  Rn(x) = O((x � x0)n+1)gia x ! x0| H sqèsh aut  de�qnei ìti gia meg�la n h prosèggish th f(x) me topolu¸numo f(x0) + f 0(x0)1! (x� x0) + � � �+ f (n)(x0)n! (x� x0)ne�nai polÔ kal  gia x {kont� sto x0}|Parat rhsh 7|9|4 To upìloipoRn(x) mpore� na ekfraste� kai me �llou trìpou,gia par�deigma na p�rei th legìmenh oloklhrwtik  morf Rn(x) = Z (x� t)nn! fn+1(t) dt:
�skhsh De�xte ton teleuta�o tÔpo (upìdeixh: oloklhr¸ste kat� mèrh n forè)|Apìdeixh tou Jewr mato 7|9|1: To upìloipo Rn(x) d�netai ex� orismoÔ apì tontÔpo:Rn(x) = f(x)��f(x0) + f 0(x0)1! (x� x0) + � � �+ f (n)(x0)n! (x� x0)n� :� 174�



7|9 O tÔpo tou Taylor.
MporoÔme na upojèsoume, qwr� bl�bh th genikìthta, ìti x0 < x| JewroÔmet¸ra th sun�rthshq(t) = f(t)��f(x0) + f 0(x0)1! (t� x0) + � � �+ f (n)(x0)n! (t� x0)n�+ Rn(x0)(x� x0)n+1 (t� x0)n+1= Rn(t)� Rn(x)(x� x0)n+1 (t� x0)n+1;gia x0 � t < x| Apì ton orismì tou Rn blèpoume eÔkola ìtiRn(x0) = R0n(x0) = � � � = R(n)n (x0) = 0(me �lla lìgia: to polu¸numo f(x)�Rn(x) kai oi n pr¸te par�gwgoi tousump�ptoun sto x0 me thn f kai ti n pr¸te parag¸gou th ant�stoiqa)| Jaèqoume loipìn met� apì merikè aplè pr�xei:q(x) = q(x0) = q0(x0) = � � � = q(n)(x0) = 0kai q(n+1)(t) = R(n+1)n (t)� (n+ 1)! Rn(x)(x� x0)n+1= f (n+1)(t)� (n+ 1)! Rn(x)(x� x0)n+1(p¸ prokÔptei h teleuta�a isìthta?)|To prìblhma ma t¸ra e�nai na de�xoume ìti up�rqei � 2 (x0; x) ¸steRn(x) = f (n+1)(�)(n+ 1)! (x� x0)n+1

dhlad  q(n+1)(�) = 0|Autì prokÔptei eÔkola me diadoqikè efarmogè tou jewr mato tou Rôlle(elègxte ìti isqÔoun oi apaitoÔmene pro�pojèsei):Apì thn q(x) = q(x0) = 0 èpetai ìti up�rqei �1 2 (x0; x) ¸ste q0(�1) = 0, apìthn q0(x0) = q0(�1) = 0 èpetai ìti up�rqei �2 2 (x0; �1) � (x0; x) ¸ste q00(�2) = 0k|o|k| Telik� loipìn br�skoume èna � = �n+1 2 (x0; x) ¸steq(n+1)(�) = 0;pou e�nai akrib¸ autì pou jèlame na de�xoume|Parade�gmata: � 175 �
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(i) f(x) = ex, x0 = 0| Profan¸ f (k)(0) = e0 = 1 gia k�je k 2 N , �raex = 1 + x1! + x22! + : : :+ xnn! +Rn(x);gia k�je x 2 R, ìpou Rn(x) = e�(n+1)!xn+1 gia k�poio � metaxÔ 0 kai x|A ektim soume to upìloipo Rn| àqoume:jRn(x)j � ejxj jxjn+1(n+ 1)! :An gia par�deigma x = 1, kai n = 5 tìtejRn(1)j � e(n+ 1)! � 36! = 3720 = 1240 ;dhlad  to �jroisma1 + 11 + 12 + 16 + 124 + 1120 = 326120 = 2;716prosegg�zei to e me sf�lma mikrìtero apì 0;01|Den e�nai dÔskolo na de�xoume ìti gia ìla ta x 2 R, isqÔei Rn(x) ! 0,kaj¸ n!1, dhlad limn!1�1 + x1! + � � �+ xnn! � = ex:Pragmatik�, a gr�youme n0 = 2[jxj℄ + 2 kai a upojèsoume n � n0: Jaèqoume: jxjn+1(n+ 1)! � jxjn0n0! � jxj2jxj�n�n0 = �2n0n0! jxjn0��12�n ;kai to dexi� mèlo te�nei sto mhdèn gia n!1| Ft�same loipìn sto shman-tikì tÔpo ex = limn!1�1 + x1! + � � �+ xnn! �ton opo�o gr�foume sun jw me th morf  ex = 1 + x1! + : : :+ xnn! + � � �  ex = 1Xn=0 xnn!kai onom�zoume to dexi� mèlo {seir� Malaurin} th sun�rthsh ex|(ii) Zhte�tai o upologismì me prosèggish 1=100 tou oloklhr¸matoZ 10 ex � 1x dx:� 176�
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E�nai m�taio na prospaj soume na broÔme èna aìristo olokl rwma th(ex � 1)=x me thn bo jeia stoiqeiwd¸n sunart sewn (apodeiknÔetai ìti denup�rqei tètoio tÔpo)| Qrhsimopoi¸nta ìmw ton tÔpo tou Taylor èqoume:ex � 1x = 1x �1 + x1! + x22! + � � �+ xnn! +Rn(x)� 1�= 1 + x2! + � � �+ xn�1n! + Rn(x)x ;ìpoteZ 10 ex � 1x dx = Z 10 1 dx+ 12! Z 10 x+ � � �� � �+ 1n! Z 10 xn�1 dx+ Z 10 Rn(x)x dx= 1 + 12! � 2 + � � �+ 1n! � n + Z 10 Rn(x)x dx:
Arke� loipìn na dialèxoume to n ¸ste to R 10 Rn(x)=x dx na e�nai mikrìterotou 1=100| àqoume de�xei ìtijRn(x)j � ejxjjxjn+1(n+ 1)! � e(n+ 1)!xn+1;�raZ 10 Rn(x)x � e(n+ 1)! Z 10 xndx = e(n+ 1)!(n+ 1) � 3(n+ 1)!(n+ 1) :Arke� loipìn na p�roume n = 4 ( 35!5 = 35�120 < 1100 ) ìpote me prosèggishkalÔterh apì 1=100 ja èqoumeZ 10 ex � 1x dx ' 1 + 12 � 2 + 16 � 3 + 124 � 4 :

�skhsh(i) Bre�te ton tÔpo tou Taylor gia ti sunart sei sinx kai osx, x 2 R, kaide�xte ìti to upìloipo te�nei sto mhdèn gia ìla ta x|(ii) Upolog�ste me prosèggish 1=100 to olokl rwmaZ 10 sin tt dt:
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7| Sumplhr¸mata
Parat rhsh 7|9|5 O ìro {seir�} pou qrhsimopoi same sto pr¸to par�deigmaor�zetai w ex : An �n e�nai mia akolouj�a, h �n me�n = �1 + � � �+ �nlègetai seir� kai sumbol�zetai me�1 + �2 + � � �+ �n + � � �  1Xn=1�n:Ta �n lègontai merik� ajro�smata th seir�| An h �n sugkl�nei ston arijmì� tìte lème ìti h seir� sugkl�nei,   èqei �jroisma ton arijmì �| H jewr�a twnseir¸n e�nai èna apì ta shmantikìtera kefala�a tou ApeirostikoÔ LogismoÔ, kaija melethje� me leptomèreia se epìmena maj mata|
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