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Prìlogoc

Oi shmeiÿseic autèc grĹfthkan gia na bohjăsoun touc deuteroeteÐc foi-
thtèc tou tmămatoc DiaqeÐrhshc PeribĹllontoc kai Fusikÿn Pìrwn tou Pa-
nepisthmÐou IwannÐnwn, na katanoăsoun basikĹ shmeÐa thc Arijmhtikăc AnĹlu-
shc, na qrhsimopoihjoÔn wc èna basikì eisagwgikì biblÐo gia ekeÐnouc, pou ja
qrhsimopoiăsoun tic arijmhtikèc mejìdouc gia thn epÐlush problhmĹtwn ă th
dhmiourgÐa montèlwn thc epistămhc touc kai na touc muăsoun se ènan kainoÔr-
gio trìpo skèyhc se ì,ti aforĹ ta MajhmatikĹ, pou eÐnai men eniaÐa, wstìso
upĹrqoun pollèc optikèc gia tic ènnoiec tic opoÐec diapragmateÔontai.

Sto keÐmeno gÐnetai prospĹjeia oi majhmatikèc ènnoiec kai oi majhmatikoÐ
tÔpoi pou qrhsimopoioÔntai na eÐnai gnwstoÐ apì ta MajhmatikĹ tou LukeÐou
kai ta MajhmatikĹ pou oi foithtèc èqoun didaqjeÐ sto A’ ètoc tou tmămatoc.
’Opou qreiĹzontai kĹpoiec kainoÔrgiec ènnoiec ă tÔpoi, ja eisĹgontai ă ja a-
podeiknÔontai th stigmă pou ja qrhsimopoioÔntai. Gia thn empèdwsh thc Ôlhc
upĹrqei ènac arijmìc lumènwn paradeigmĹtwn kai ènac arijmìc Ĺlutwn askă-
sewn sto tèloc kĹje kefalaÐou. Gia th lÔsh twn perissìterwn askăsewn,
pou eÐnai upologistikèc, eÐnai aparaÐthth h qrăsh episthmonikăc arijmomhqa-
năc (calculator, kompiouterĹki), thn opoÐa o foithtăc ja prèpei na mĹjei na
qeirÐzetai kalĹ, ă h qrăsh opoioudăpote MajhmatikoÔ Pakètou HlektronikoÔ
Upologistă (Glÿssa programmatismoÔ, Matlab, Mathematica, k.l.p.), h opoÐa
epibĹlletai an upotejeÐ ìti kĹpoioc asqoleÐtai sobarĹ me EpisthmonikoÔc U-
pologismoÔc. Sto keÐmeno upĹrqei ènac arijmìc programmĹtwn, ta opoÐa ègine
prospĹjeia na grafoÔn me ton aploÔstero trìpo, pou ja prèpei na dokimĹzo-
ntai apì ton anagnÿsth, ÿste na exoikeiÿnetai me ta MajhmatikĹ Pakèta kai
na ta qrhsimopoieÐ katĹ perÐptwsh.

aþ



Eisagwgă

1.1 GenikĹ

Den mporeÐ me bebaiìthta kĹpoioc na pei an èginan prÿta ta MajhmatikĹ
kai metĹ oi upologismoÐ ă prÿta oi upologismoÐ kai metĹ ta MajhmatikĹ kai
oÔte èqei shmasÐa. EkeÐno pou mporoÔme ìmwc me sigouriĹ na poÔme sămera,
eÐnai ìti den mporoÔn na gÐnoun upologismoÐ qwrÐc MajhmatikĹ kai Majhma-
tikĹ qwrÐc upologismoÔc. Lègontac upologismoÔc, ennooÔme thn eÔresh enìc
apotelèsmatoc qrhsimopoiÿntac tic tèsseric prĹxeic tic arijmhtikăc mìnon. H
kÔria epistămh pou asqoleÐtai me mejìdouc upologismÿn eÐnai h Arijmhtikă A-
nĹlush. Lègontac mejìdouc upologismÿn, ennooÔme tÔpouc kai algorÐjmouc
pou mac bohjoÔn sto na broÔme to epijumhtì arijmhtikì apotèlesma, apì èna
plăjoc dedomènwn pou diajètoume. FusikĹ milĹme gia tÔpouc eÔqrhstouc kai
algorÐjmouc, oi opoÐoi ja dÐnoun to apotèlesma se logikoÔc qrìnouc (apote-
lesmatikoÔc).
Sthn arqaiìthta asqolăjhkan me to jèma mac oi Babulÿnioi, oi AigÔptioi kai
fusikĹ oi ’Ellhnec, pou anăgagan touc upologismoÔc se epistămh, ìpwc èka-
nan kai me touc Ĺllouc klĹdouc twn Majhmatikÿn. QarakthristikĹ anafèroume
ton Arqimădh, pou me th mèjodo twn proseggÐsewn mpìrese na upologÐsei timă
gia to π kai ton ’Hrwna, pou èdwse algìrijmo gia thn eÔresh thc tetragwnikăc
rÐzac enìc arijmoÔ, ènan algìrijmo pou h genikă tou morfă dìjhke 1800 qrìnia
argìtera. H epistămh twn upologismÿn èmeine gia pollĹ qrìnia kajhlwmènh,
mèqri thn epoqă thc anagènnhshc perÐpou, pou arqÐzei na anaptÔssetai kai pĹli.
Apì thn perÐodo tou diafwtismoÔ kai metĹ oi upologismoÐ gnwrÐzoun Ĺnjish,
ìpwc ìlec oi epistămec. ’Omwc kÔria kai ragdaÐa anĹptuxh gnwrÐzoun metĹ
to mèso tou prohgoÔmenou aiÿna, parĹllhla me thn anĹptuxh twn Hlektro-
nikÿn Upologistÿn. O lìgoc eÐnai ìti oi HlektronikoÐ Upologistèc mporoÔn
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2 EISAGWGH

na kĹnoun mìnon tic tèsseric prĹxeic thc arijmhtikăc. ’Etsi gia thn epÐlush
opoioudăpote problămatoc, pou sqetÐzetai me majhmatikĹ pèra apì tic prĹxeic
thc arijmhtikăc, prèpei h lÔsh na metatrapeÐ se lÔsh, h opoÐa eÐnai pragma-
topoiăsimh me tic prĹxeic autèc kai mìnon. Wstìso, epeidă milĹme gia prĹxeic
thc arijmhtikăc afenìc kai gia prĹxeic me touc HlekronikoÔc Upologistèc a-
fetèrou anapìfeukta milĹme gia proseggÐseic kai epomènwc gia sfĹlmata. Ta
sfĹlmata kai h metĹdosă touc eÐnai èna Ĺllo antikeÐmeno me to opoÐo asqoleÐtai
h Arijmhtikă AnĹlush.

1.2 SfĹlmata

1.2.1 OrismoÐ

H mètrhsh miac posìthtac me opoiondăpote trìpo dÐdetai me duo timèc,
thn akribă ă alhjă timă x kai thn proseggistikă timă ă aplĹ timă x∗. Sthn
proseggistikă timă x∗ eÐnai enswmatwmèno to sfĹlma ε, pou pijanĹ èqei gÐnei.
Dhladă èqoume

x∗ = x + ε ⇐⇒ ε = x∗ − x (1.1)

FusikĹ apì thn (1.1) eÔkola brÐskoume ìti h akribăc timă mporeÐ na prokÔyei
apì th sqèsh x = x∗−ε. Tic perissìterec forèc, kajÿc ja doÔme sth sunèqeia,
de mac endiafèrei h akribăc timă tou sfĹlmatoc, allĹ to mètro tou. ’Etsi
endiaferìmeja gia to apìluto sfĹlma

|ε| = |x∗ − x| (1.2)

Gia thn akrÐbeia, oÔte kai to apìluto sfĹlma ja to gnwrÐsoume potè, afoÔ, gia
na to upologÐsoume, qreiazìmaste thn akribă timă thc posìthtac, ìtan ìmwc
èqoume thn akribă timă thc posìthtac, ti mac endiafèrei h proseggistikă kai
to sfĹlma? ’Etsi sunăjwc yĹqnoume gia frĹgmata twn apolÔtwn sfalmĹtwn,
dhladă kĹpoion jetikì arijmì ϕ gia ton opoÐo isqÔei |ε| ≤ ϕ. Apì thn (1.2)
kai tic idiìthtec twn apolÔtwn timÿn mporoÔme na èqoume mia ektÐmhsh gia to
diĹsthma sto opoÐo anăkei h akribăc timă thc posìthtĹc mac, ìtan gnwrÐzoume
thn proseggistikă. PrĹgmati mporoÔme na prosdiorÐsoume ìti x ∈ [ x∗−ϕ, x∗+
ϕ ].

’Omwc to sfĹlma den eÐnai anexĹrthto thc timăc thc posìthtĹc mac. PrĹg-
mati, diaforetikă axÐa èqei to sfĹlma pou gÐnetai sto deÔtero dekadikì yhfÐo,
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an milĹme gia timèc qiliĹdwn kai diaforetikă, ìtan milĹme gia aplèc timèc. ’Etsi
orÐzoume to ekatostiaÐo ă sqetikì sfĹlma

δ =
ε

x
≈ ε

x∗
. (1.3)

Apì ton tÔpo (1.3) sunăjwc qrhsimopoieÐtai h proseggistikă èkfrash (giatÐ?).
Parìmoioc me ton orismì tou apolÔtou sfĹlmatoc eÐnai o orismìc tou apìlutou
sqetikoÔ sfĹlmatoc, dhladă |δ| = | ε

x
| ≈ | ε

x∗ |

ParĹdeigma 1.1 Na brejeÐ to diĹsthma sto opoÐo brÐsketai h alhjăc timă x
miac posìthtac, an gnwrÐzoume ìti h timă thc 273.25 èqei sfĹlma to polÔ 0.2%.

LÔsh To ìti to sfĹlma eÐnai to polÔ 0.2% shmaÐnei ìti

|δ| ≤ 0.2% ⇐⇒ |x
∗ − x

x∗
| ≤ 0.002 ⇐⇒ |273.25− x| ≤ 0.002 · 273.25

opìte 273.25− 0.5465 ≤ x ≤ 273.25 + 0.5465 ă x ∈ [272.7035, 273.7965].

1.2.2 Ta eÐdh

KatĹ touc EpisthmonikoÔc UpologismoÔc duo eidÿn sfĹlmata eÐnai duna-
tìn na prokÔyoun. Ta sfĹlmata apokopăc kai ta sfĹlmata stroggÔleushc.

SfĹlmata apokopăc

Pollèc forèc h lÔsh enìc problămatoc prokÔptei wc to ìrio miac sei-
rĹc Ĺpeirwn ìrwn. FusikĹ eÐnai adÔnato na upologÐsoume kĹti tètoio akribÿc.
’Allec pĹli h lÔsh tou problămatìc mac prèpei na brejeÐ mèsa apì mia diadi-
kasÐa, h opoÐa sugklÐnei sthn pragmatikă lÔsh tou problămatoc, metĹ apì mia
diadikasÐa me Ĺpeiro plăjoc bhmĹtwn. PĹli eÐnai adÔnato na kĹnoume kĹti tè-
toio. ’Etsi qrhsimopoioÔme kĹpoia krităria, ta opoÐa deqìmaste ìti mac èqoun
fèrei kontĹ sth lÔsh, kai stamatĹme th diadikasÐa ă termatÐzoume th seirĹ
qrhsimopoiÿntac èna peperasmèno plăjoc ìrwn. Profanÿc èna plăjoc ìrwn
thc miac ă thc Ĺllhc perÐptwshc èqei apokopeÐ. Ta sfĹlmata apokopăc loipìn
prokÔptoun apì thn, me opoiondăpote trìpo, apokopă kai mh qrăsh ìrwn, apì
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thn akribă lÔsh tou problămatoc.
Gia parĹdeigma apì ton tÔpo tou Taylor eÐnai gnwstì ìti

ex = 1 +
∞∑
i=1

xi

i!
(1.4)

O upologismìc tou e0.25 ja apaitoÔse na antikatastăsoume to x me to 0.25 sto
deÔtero mèloc thc (1.4) kai sth sunèqeia na broÔme to Ĺjroisma twn Ĺpeirwn
ìrwn thc seirĹc. ’Omwc kĹti tètoio eÐnai adÔnato. QrhsimopoioÔme loipìn èna
prokajorismèno plăjoc apì th seirĹ aută kai ì,ti mènei (èna plăjoc Ĺpeirwn
ìrwn) eÐnai to sfĹlma apokopăc pou kĹnoume.
Gia thn eÔresh thc

√
2 o ’Hrwnac eÐqe proteÐnei ton exăc algìrijmo

xn+1 =
1

2
(xn +

2

xn

), me x0 = 1 (1.5)

O parapĹnw algìrijmoc metĹ apì Ĺpeira bămata mac prosdiorÐzei thn
√

2. ’O-
mwc ìpwc o kajènac katalabaÐnei, potè de ja mporoÔsame na kĹnoume Ĺpeira
bămata, opìte, metĹ apì k bămata ja stamatoÔsame, kai thn teleutaÐa timă ja
th deqìmaste wc thn proseggistikă timă thc

√
2. To sfĹlma apokopăc sthn

perÐptwsh aută eÐnai ε = xk −
√

2.
Wstìso, o anagnÿsthc den prèpei na meÐnei me thn entÔpwsh ìti mìnon sthn
perÐptwsh pou èqoume Ĺpeira bămata emfanÐzontai sfĹlmata apokopăc. Pollèc
forèc, sthn akribă lÔsh ftĹnoume metĹ apì ènan prokajorismèno peperasmèno,
allĹ polÔ megĹlo, arijmì bhmĹtwn, opìte kai pĹli eÐmaste upoqrewmènoi na
stamatăsoume nwrÐtera, opìte kai pĹli èqoume sfĹlmata apokopăc.

’Amesh sqèsh me ta sfĹlmata apokopăc èqei h tĹxh prosèggishc. Pollèc
forèc kĹpoia sunĹrthsh f(h) proseggÐzetai apì mia Ĺllh g(h), tìte to sfĹlma
eÐnai mia sunĹrthsh ε(h). An sumbeÐ to apìluto sfĹlma na frĹssetai apì
kĹpoia dÔnamh tou h epÐ kĹpoio jetikì arijmì, dhladă |ε(h)| ≤ M · hm, lème
ìti h prosèggish eÐnai tĹxhc tou hm ă aplĹ O(hm). O sumbolismìc O(hm) de
dÐnei akribÿc to sfĹlma pou gÐnetai, allĹ mia ektÐmhsh tou megèjouc. Gia ton
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parapĹnw sumbolismì eÔkola mporeÐ kĹpoioc na deÐxei ìti isqÔoun

O(hm)±O(hn) = O(hr), ìpou r = max {m,n}
O(hm) ·O(hn) = O(hm+n)

hn ±O(hn) = O(hn)

O(hm)/hn = O(hm−n) (1.6)

A ·O(hn) = O(hn), ìpou A ∈ R
hk ·O(hn) = O(hk+n), ìpou k ∈ Z

O TÔpoc tou Taylor, gÔrw apì èna shmeÐo x0

f(x0 +h) = f(x0)+
h

1!
f ′(x0)+

h2

2!
f ′′(x0)+ · · ·+ hn

n!
f (n)(x0)+

hn+1

(n + 1)!
f (n+1)(ξ)

ìtan h f (n+1)(x) eÐnai fragmènh, paÐrnei plèon th morfă

f(x0 + h) = f(x0) +
h

1!
f ′(x0) +

h2

2!
f ′′(x0) + · · ·+ hn

n!
f (n)(x0) + O(hn+1)

SfĹlmata stroggÔleushc

Apì to GumnĹsio kai to LÔkeio eÐnai gnwstă h stroggulopoÐhsh enìc
arijmoÔ se k dekadikĹ yhfÐa. UpenjumÐzoume ìti h stroggulopoÐhsh gÐnetai me
ton exăc aplì kanìna: an to prÿto proc ta dexiĹ yhfÐo, metĹ to k dekadikì
yhfÐo (d.y.), eÐnai èna apì ta yhfÐa 0, 1, 2, 3 ă 4, apokìptetai autì kai ìla ta
epìmena, diaforetikĹ apokìptetai autì kai ìla ta epìmena kai to yhfÐo thc k
dekadikăc jèshc auxĹnetai katĹ 1. Gia parĹdeigma o arijmìc π = 3.14159...
stroggulopoieÐtai se 2 d.y. se π = 3.14 enÿ se 3 d.y. se π = 3.142. Se kĹje
perÐptwsh to sfĹlma stroggÔleushc apolÔtwc eÐnai mikrìtero ă Ðso apì to
apokoptìmeno mèroc kai pĹnta isqÔei

|ε| ≤ 1

2
· 10−k (1.7)

H stroggulopoÐhsh gÐnetai, epeidă, ìtan kĹnoume upologismoÔc, emfanÐzontai
Ĺrrhtoi arijmoÐ, ìpwc o π, o

√
2 k.l.p., ă emfanÐzontai rhtoÐ me Ĺpeiro plăjoc

ìrwn, ìpwc o 1
3
, o 2

3
k.l.p. kajÿc kai ìtan to fusikì prìblhmĹ mac den apaiteÐ

d.y. apì kĹpoia tĹxh kai pèra. H stroggulopoÐhsh eÐnai stenĹ sundedemènh me
thn ènnoia tou sfĹlmatoc. ’Etsi:
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Orismìc 1.2.1 Lème ìti o arijmìc x∗ proseggÐzei ton x se k d.y. an isqÔei

|x∗ − x| ≤ 1

2
10−k

Mia Ĺllh ènnoia eÐnai h stroggulopoÐhsh se k shmantikĹ yhfÐa (sv.y.).
ShmantikĹ yhfÐa lègontai ìla ta yhfÐa tou arijmoÔ, ektìc apì ta mhdenikĹ
pou brÐskontai sthn arqă tou arijmoÔ. Gia parĹdeigma o arijmìc 23.432 èqei 5
sv.y. kajÿc kai o arijmìc 0.0023432 èqei epÐshc 5 sv.y. H stroggulopoÐhsh tou
arijmoÔ se k sv.y. gÐnetai me touc kanìnec pou gÐnetai h stroggulopoÐhsh se k
d.y. H ènnoia twn shmantikÿn yhfÐwn susqetÐzetai me ton trìpo apojăkeushc
twn arijmÿn stouc HlektronikoÔc Upologistèc. EkeÐ h apojăkeush gÐnetai
sto duadikì sÔsthma, se peperasmèna bytes (mìlic tèssera) kai wc ek toÔtou
ìqi mìnon Ĺrrhtoi stroggulopoioÔntai, allĹ akìmh kai rhtoÐ me peperasmè-
no plăjoc yhfÐwn eÐnai dunatìn na stroggulopoihjoÔn, lìgw thc metatropăc
touc sto duadikì sÔsthma me Ĺpeiro plăjoc yhfÐwn (p.q. to 0.3). Ta sfĹlma-
ta pou upeisèrqontai stouc upologismoÔc eÐnai dunatìn na mac odhgăsoun se
esfalmèna sumperĹsmata, an de dÿsoume th dèousa prosoqă. Gia na deÐxoume
to mègejoc tou sfĹlmatoc pou eÐnai dunatìn na kĹnoume, dÐnoume to epìmeno
parĹdeigma.

ParĹdeigma 1.2 Na lÔsete thn exÐswsh 1.00000x2−111.121x−1.21690 = 0,
qrhsimopoiÿntac arijmhtikă 6 sv.y.. Na brejeÐ to sqetikì sfĹlma pou gÐnetai.
Na beltiÿsete th lÔsh sac kai na dÿsete mia axiìpisth lÔsh me thn parapĹnw
arijmhtikă. DÐnetai ìti oi akribeÐc lÔseic thc exÐswshc eÐnai x1 = 111.132 kai
x2 = −0.01095.

LÔsh EÐnai gnwstì ìti oi rÐzec tou triwnÔmou dÐnontai apì ton tÔpo

x1,2 =
−b±√b2 − 4ac

2a
(1.8)

AnalutikĹ èqoume: b2 = 12350.3, 4ac = −4.8676, b2−4ac = 12355.2,
√

b2 − 4ac =
111.154, opìte x∗1 = 111.136 kai x∗2 = −0.0165. Gia th megĹlh rÐza to apìluto
sqetikì sfĹlma eÐnai

|δ| = |x∗1 − x1|
x1

= 0.000036 = 0.0036%
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Gia th mikră ìmwc rÐza ta prĹgmata den eÐnai kajìlou axiìpista. Gi aută èqoume
to apìluto sqetikì sfĹlma na eÐnai

|δ| = |x∗2 − x2|
x2

= 0.506849 = 50.68%

Wstìso, mporoÔme na diorjÿsoume to prìblhmĹ mac, an antÐ tou tÔpou (1.8),
qrhsimopoiăsoume ton antÐstoiqo isodÔnamo tÔpo

x2 =
4ac

2a(−b +
√

b2 − 4ac)
=

2c

(−b +
√

b2 − 4ac)

Tÿra, qrhsimopoiÿntac ton kainoÔrgio tÔpo, brÐskoume x∗2 = −0.0109495. To
apìluto sqetikì sfĹlma plèon eÐnai

|δ| = |x∗2 − x2|
x2

= 0.000046 = 0.0046%

ParathroÔme ìti to sfĹlma eÐnai plèon thc Ðdiac tĹxhc me ekeÐno thc megĹ-
lhc rÐzac. Se tètoia fainìmena, ìpwc autì tou sfĹlmatoc tou prohgoÔmenou
paradeÐgmatoc, katalăgoume, ìtan eÐmaste upoqrewmènoi na douleÔoume me pe-
perasmèno plăjoc shmantikÿn yhfÐwn kai katĹ touc upologismoÔc mac autĹ
allhloanairoÔntai, p.q. afairoÔntai duo sqedìn Ðsoi arijmoÐ ă diaireÐtai kĹ-
poioc arijmìc me kĹpoion Ĺllo polÔ mikrìterì tou. To prìblhma pou dhmiour-
geÐtai eÐnai gnwstì wc apÿleia sv.y. Perissìtera paradeÐgmata ja mporoÔse
kĹpoioc na dei sto ( [5]). Ta sv.y. eÐnai stenĹ sundedemèna me thn ènnoia tou
sqetikoÔ sfĹlmatoc.

Jeÿrhma 1.2.2 An o arijmìc x∗ proseggÐzei ton x se k sv.y., tìte isqÔei

|δ| = |x∗ − x|
|x| / 1

2
10−k+1

Apìdeixh: AfoÔ o arijmìc eÐnai stroggulemènoc se k sv.y. grĹfetai wc

|x∗| = 0.a1a2 . . . ak · 10m

AfoÔ eÐnai stroggulemènoc se k sv.y., ja eÐnai kai se (k − m) d.y. ’Etsi ja
èqoume

|ε| ≤ 0.5 · 10−k+m
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opìte

|δ| = |ε|
|x| ≈

|ε|
|x∗| / 0.5 · 10−k+m

0.a1a2 . . . ak · 10m
5 0.5

0.1
· 10−k = 0.5 · 10−k+1

¤

1.2.3 SfĹlmata kai prĹxeic

Upojètontac ìti oi upĹrqousec timèc eÐnai proseggistikèc kai katĹ thn
ektèlesh twn prĹxewn den upeisèrqontai kainoÔrgia sfĹlmata stouc upologi-
smoÔc, eÐnai dunatìn, kĹtw apì kĹpoiec sunjăkec na problèyoume to mègejoc
twn sfalmĹtwn pou ja èqoume sto telikì apotèlesma, afoÔ ta sfĹlmata mèsa
apì tic prĹxeic eÐnai dunatìn na allĹxoun, na megalÿsoun ă na mikrÔnoun.

Jeÿrhma 1.2.3 To apìluto mègisto sfĹlma tou ajroÐsmatoc ă thc diaforĹc
duo arijmÿn eÐnai Ðso me to Ĺjroisma twn apolÔtwn sfalmĹtwn autÿn.

Apìdeixh: An x∗1 kai x∗2 oi proseggistikèc timèc twn x1 kai x2 antÐstoiqa, tìte
èqoume

|ε| = |(x∗1 ± x∗2)− (x1 ± x2)| = |(x∗1 − x1)± (x∗2 − x2)| = |ε1 ± ε2| ≤ |ε1|+ |ε2|
opìte h mègisth timă tou |ε| = |ε1|+ |ε2|. ¤

Jeÿrhma 1.2.4 To sfĹlma tou ginomènou dÔo arijmÿn eÐnai perÐpou Ðso me
to Ĺjroisma twn ginomènwn twn sfalmĹtwn me tic antÐstoiqec proseggistikèc
timèc autÿn me antÐstrofh seirĹ.

Apìdeixh: An x∗1 kai x∗2 oi proseggistikèc timèc twn x1 kai x2 antÐstoiqa, tìte
èqoume

ε = x∗1 · x∗2 − x1 · x2 = x∗1 · x∗2 − x∗1 · x2 + x∗1 · x2 − x1 · x2 =

x∗1(x
∗
2 − x2) + x2(x

∗
1 − x1) = x∗1ε1 + x2ε2 ≈ x∗1ε2 + x∗2ε1.

¤
FanerĹ h megÐsth timă tou apolÔtou sfĹlmatoc megalÿnei, an oi timèc stic
opoÐec upeisèrqetai eÐnai megĹlec, enÿ antÐjeta mikraÐnei, an oi timèc stic opoÐec
upeisèrqetai eÐnai mikrèc.
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Jeÿrhma 1.2.5 To mègisto apìluto sqetikì sfĹlma tou ginomènou dÔo arij-
mÿn eÐnai katĹ prosèggish Ðso me to Ĺjroisma twn apìlutwn sqetikÿn sfal-
mĹtwn twn duo arijmÿn.

Apìdeixh: An x∗1 kai x∗2 oi proseggistikèc timèc twn x1 kai x2 antÐstoiqa, tìte
apì to prohgoÔmeno Jeÿrhma èqoume

ε ≈ x∗1ε2 + x∗2ε1

opìte

|δ| ≈ | ε

x∗1x
∗
2

| ≈ |x
∗
1ε2 + x∗2ε1

x∗1x
∗
2

| = |δ1 + δ2| ≤ |δ1|+ |δ2|

ètsi h mègisth timă tou |δ| = |δ1|+ |δ2|. ¤

ParĹdeigma 1.3 Oi timèc x∗1 = 0.0231 kai x∗2 = −0.0123 eÐnai proseggistikèc.
Na brejeÐ to mègisto apìluto sfĹlma gia thn posìthta A = 5.25x1 − 3.05x2.
Ti tĹxhc eÐnai h akrÐbeia?

LÔsh AfoÔ oi timèc eÐnai proseggistikèc, gia ta apìluta mègista sfĹlmata
ja isqÔei

|ε1| ≤ 0.5 · 10−4 kai |ε2| ≤ 0.5 · 10−4

Gia thn parĹstasă mac ja isqÔei

|ε| = |5.25x∗1−3.05x∗2−(5.25x1−3.05x2)| = |5.25ε1−3.05ε2| ≤ 5.25|ε1|+3.05|ε2|
opìte

|ε| ≤ 0.5 · 10−4(5.25 + 3.05) = 4.15 · 10−4 = 0.415 · 10−3

Epeidă 0.415 · 10−3 ≤ 0.5 · 10−3, h akrÐbeia ja eÐnai thc tĹxhc tou 3ou d.y.

ParĹdeigma 1.4 Oi timèc x∗1 = 73.25 kai x∗2 = −0.02432 eÐnai proseggistikèc,
stroggulemènec se tèssera shmantikĹ yhfÐa. Na brejeÐ to apotèlesma twn
prĹxewn x∗1 · x∗2 stroggulemèno sto plăjoc twn akribÿn shmantikÿn yhfÐwn.

LÔsh Gia tic dosmènec timèc èqoume

|ε1| ≤ 0.5 · 10−2 kai |ε2| ≤ 0.5 · 10−5
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Apì to Jeÿrhma (1.2.3) èqoume

|ε| / |x∗2||ε1|+ |x∗1||ε2| ≤ 0.02432 · 0.5 · 10−2 + 73.25 · 0.5 · 10−5 = 0.48785 · 10−3

Sunepÿc, epeidă 0.48785·10−3 ≤ 0.5·10−3, to apotèlesma -1.78144 eÐnai akribèc
se 3 d.y. kai epomènwc se 4 sv.y. dhladă x1x2 ≈ −1.781.

1.3 Sqăma tou Horner

To sqăma tou Horner eÐnai gnwstì apì to LÔkeio. QrhsimopoieÐtai gia
na broÔme thn timă P (x0) enìc PoluwnÔmou P (x) sto shmeÐo x0 me ton plèon
oikonomikì trìpo. Epiplèon eÐnai ènac algìrijmoc, pou mac epitrèpei na broÔme
to phlÐko Q(x) thc diaÐreshc tou P (x) me to diÿnumo (x− x0).
An P (x) = anxn +an−1x

n−1 + · · ·+a1x+a0 kai Q(x) = bn−1x
n−1 + bn−2x

n−2 +
· · ·+b1x+b0 eÐnai to phlÐko Q(x) thc diaÐreshc tou P (x) me to diÿnumo (x−x0),
tìte isqÔei

anxn+an−1x
n−1+· · ·+a1x+a0 = (x−x0)(bn−1x

n−1+bn−2x
n−2+· · ·+b1x+b0)+P (x0)

(1.9)
Ektelÿntac tic prĹxeic sto deÔtero mèloc thc (1.9) kai exisÿnontac touc su-
ntelestèc twn omoiìbajmwn ìrwn prokÔptoun oi sqèseic

an = bn−1,

ak−1 = bk−2 − x0bk−1, k = n(−1)2 kai (1.10)

a0 = P (x0)− x0b0

AnadiatĹssontac tic sqèseic (1.10) mporoÔme na proteÐnoume to sqăma thc
sqèshc (1.11), to opoÐo eÐnai gnwstì wc sqăma Horner.

an

²²

an−1

+

an−2

+

· · · a1

+

a0

+

x0 x0bn−1

=

²²

x0bn−2

=

²²

· · · x0b1

=

²²

x0b0

=

²²
bn−1

·x0

;;vvvvvvvvv
bn−2

·x0

::ttttttttt
bn−3 · · ·

·x0

=={{{{{{{{{
b0

·x0

;;wwwwwwwwww
P (x0)

(1.11)

Me to sqăma tou Horner ektìc apì thn timă tou poluwnÔmou sto shmeÐo
x0, mporoÔme na upologÐsoume kai tic timèc twn paragÿgwn tou sto Ðdio shmeÐo,
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efarmìzontĹc to diadoqikĹ sta phlÐka pou brÐskoume. O genikìc tÔpoc pou
isqÔei kai h apìdeixă tou afănetai wc Ĺskhsh eÐnai

P (k)(x0) = k!υk, k = 1(1)n, (1.12)

ìpou to υk eÐnai to upìloipo thc diaÐreshc tou k phlÐkou me to (x− x0).

ParĹdeigma 1.5 Na brejeÐ h timă tou poluwnÔmou P (x) = x4 − 5x3 + 4x2 +
14x−23 sto shmeÐo x0 = 2 kajÿc kai ìlwn twn paragÿgwn tou sto Ðdio shmeÐo.

LÔsh ’Eqontac upìyh mac to sqăma (1.11), mporoÔme na èqoume thn parakĹtw
diĹtaxh

1 −5 +4 14 −23
2 +2 −6 −4 +20

1 −3 −2 10 −3 = P (2)
2 +2 −2 −8

1 −1 −4 +2 = υ1

2 +2 +2
1 +1 −2 = υ2

2 +2
1 = υ4 +3 = υ3

LambĹnontac upìyh mac th sqèsh (1.12), brÐskoume

P ′(2) = 1!2 = 2, P ′′(2) = 2!(−2) = −4, P ′′′(2) = 3!3 = 18, P (4)(2) = 4!1 = 24

1.4 To diÿnumo tou Newton

To diÿnumo tou Newton eÐnai gnwstì apì to GumnĹsio. ’Iswc ìqi sth
genikă tou morfă, allĹ eÐnai gnwstì. Gia parĹdeigma ìloi jumoÔntai thn tau-
tìthta (a + b)2 = a2 + 2ab + b2. GenikĹ èqoume ìti

Jeÿrhma 1.4.1 Gia kĹje a kai b ∈ R kai i kai n ∈ N, isqÔei

(a + b)n =
n∑

i=0

(
n

i

)
an−ibi (1.13)
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H apìdeixh ja gÐnei epagwgikĹ. ’Omwc prin ja apodeÐxoume to epìmeno lămma.

Lămma 1.4.2 Gia touc sunduasmoÔc twn n ana k kai twn n ana k−1 pragmĹtwn,
isqÔei

(
n

k

)
+

(
n

k − 1

)
=

(
n + 1

k

)
(1.14)

Apìdeixh: Apì to LÔkeio eÐnai gnwstì ìti
(

n
k

)
= n!

k!(n−k)!
opìte èqoume

(
n

k

)
+

(
n

k − 1

)
=

n!

k!(n− k)!
+

n!

(k − 1)!(n− k + 1)!

=
n!(n− k + 1)

k!(n− k + 1)!
+

n!k

(k)!(n− k + 1)!

=
n!(n− k + 1 + k)

k!(n + 1− k)!

=

(
n + 1

k

)

¤

Apìdeixh tou Jewrămatoc 1.4.1: Gia n = 1 h isìthta eÐnai profanăc.
Deqìmenoi wc orjă thn isìthta 1.13 kai pollaplasiĹzontac kai ta duo mèlh
thc me (a + b) prokÔptei:

(a + b)n+1 = (a + b)
n∑

i=0

(
n

i

)
an−ibi

=
n∑

i=0

(
n

i

)
an+1−ibi +

n∑
i=0

(
n

i

)
an−ibi+1

= an+1 +
n∑

i=1

(
n

i

)
an+1−ibi +

n−1∑
i=0

(
n

i

)
an−ibi+1 + bn+1

= an+1 +
n∑

i=1

(
n

i

)
an+1−ibi +

n∑
i=1

(
n

i− 1

)
an+1−ibi + bn+1
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=

(
n + 1

0

)
an+1 +

n∑
i=1

[(
n

i

)
+

(
n

i− 1

)]
an+1−ibi +

(
n + 1

n + 1

)
bn+1

=

(
n + 1

0

)
an+1 +

n∑
i=1

(
n + 1

i

)
an+1−ibi +

(
n + 1

n + 1

)
bn+1

=
n+1∑
i=0

(
n + 1

i

)
an+1−ibi

¤
Epiplèon to lămma 2.3.1 mac apodeiknÔei th stenă sqèsh pou èqoun oi sunte-
lestèc tou enìc diwnÔmou me touc stelestèc tou epìmenou. MĹlista, topoje-
toÔmenoi katĹllhla, dhmiourgoÔn èna trÐgwno gnwstì wc trÐgwno tou Pascal,
to opoÐo faÐnetai ston epìmeno pÐnaka mèqri tou n = 5.

1

1
+

1

1
+

2
+

1

1
+

3
+

3
+

1

1
+

4
+

6
+

4
+

1

1 5 10 10 5 1

1.5 Peperasmènec diaforèc

IdiaÐtera shmantikì rìlo stouc episthmonikoÔc upologismoÔc paÐzoun oi
peperasmènec diaforèc. QrhsimopoioÔntai gia na proseggÐsoume to suneqèc
prìblhma me diakritì (p.q. diaforikèc exisÿseic), allĹ kai gia na dÿsoume
suneqă èkfrash se diakritĹ dedomèna (p.q. parembolă). JewroÔme ènan pÐnaka
timÿn (p.q. twn (xi, yi), ìpou to i diatrèqei èna plăjoc suneqìmenwn akeraÐwn
arijmÿn). Apì autìn ton pÐnaka timÿn mporoÔme na dhmiourgăsoume mia stălh
pÐnaka diaforÿn, tic opoÐec ja onomĹsoume diaforèc prÿthc tĹxhc, afairÿntac
apì kĹje timă thn prohgoÔmenă thc. EpÐshc mporoÔme na dhmiourgăsoume mia
kainoÔrgia stălh diaforÿn, tic opoÐec ja onomĹsoume diaforèc deÔterhc tĹxhc,
afairÿntac apì thn timă kĹje diaforĹc thn prohgoÔmenă thc. SuneqÐzontac
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mporoÔme na dhmiourgăsoume tic diaforèc trÐthc tĹxhc k.o.k.. M’ autìn ton
trìpo dhmiourgoÔme ènan pÐnaka, pou lègetai pÐnakac diaforÿn. FusikĹ to
bĹjoc miac tètoiac diadikasÐac exartĹtai Ĺmesa apì to plăjoc twn timÿn kai
an n eÐnai oi timèc, oi diaforèc mporoÔn na ftĹsoun mèqri n− 1 tĹxhc. Gia na
skiagrafăsoume ta parapĹnw dhmiourgoÔme ton epìmeno pÐnaka diaforÿn.

xi yi 1ης 2ης 3ης 4ης 5ης

−0.5 2.125
−0.475

−0.25 1.650 −1.06
−1.535 1.4

0 0.125 0.28 −1.56
−1.255 −0.22 1.19

0.25 −0.130 0.06 −0.37
−1.475 −0.59

0.5 −1.345 −0.53
−2.005

0.72 −1.875

(1.15)

AnĹloga me ton trìpo pou diabĹzoume ton pÐnaka diaforÿn, tic diaforèc mpo-
roÔme na tic diakrÐnoume se treic kathgorÐec: tic proc ta emprìc diaforèc, tic
proc ta pÐsw diaforèc kai tic kentrikèc diaforèc.

Proc ta emprìc diaforèc

Oi proc ta emprìc diaforèc thc (n)−jèshc eÐnai h diaforĹ thc (n + 1)−
jèshc meÐon thn (n)−jèsh kai sumbolÐzontai me 4. Dhladă oi diaforèc prÿthc
tĹxhc eÐnai 4fn = fn+1 − fn.1 Katfl epèktash oi diaforèc deÔterhc tĹxhc eÐnai
4(4fn) = 42fn = 4fn+1 −4fn, thc trÐthc tĹxhc eÐnai 4(42fn) = 43fn =
42fn+1 −42fn k.o.k.. EÔkola mporeÐ kĹpoioc na parathrăsei ìti

42fn = 4fn+1 −4fn = fn+2 − fn+1 − (fn+1 − fn) = fn+2 − 2fn+1 + fn

43fn = 42fn+1 −42fn = fn+3 − 2fn+2 + fn+1−
(fn+2 − 2fn+1 + fn) = fn+3 − 3fn+2 + 3fn+1 − fn

1Με το σύµβοlο fn συµβοlίζουµε την τιµή f(xn) τηc συνάρτησηc f
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EpÐshc mporoÔme na parathrăsoume ìti telikĹ oi suntelestèc akoloujoÔn to
trÐgwno tou Pascal me enallassìmena prìshma. Sto epìmeno kefĹlaio ja
apodeiqteÐ o genikìc tÔpoc twn proc ta emprìc diaforÿn.
Ston epìmeno pÐnaka faÐnontai sqhmatikĹ oi proc ta emprìc diaforèc

xi yi 1ης 2ης 3ης 4ης 5ης

xk−2 fk−2

))RRRRRR

4fk−2

))SSSSSS

xk−1 fk−1

((QQQQQQ 42fk−2

))TTTTTT

4fk−1

))SSSSSS 43fk−2

))TTTTTT

xk fk

((QQQQQQQQ 42fk−1

))TTTTTT 44fk−2

))TTTTTT

4fk

))SSSSSSSS 43fk−1

))TTTTTT 45fk−2

xk+1 fk+1

((RRRRRR 42fk

))TTTTTTTT 44fk−1

4fk+1

))SSSSSS 43fk

xk+2 fk+2

((RRRRRR 42fk+1

4fk+2

xk+3 fk+3

Proc ta pÐsw diaforèc

Oi proc ta pÐsw diaforèc thc (n)−jèshc eÐnai h diaforĹ thc (n)−jèshc
meÐon thn (n − 1)−jèsh kai sumbolÐzontai me ∇. Dhladă oi diaforèc prÿthc
tĹxhc eÐnai∇fn = fn−fn−1. EpÐshc thc deÔterhc tĹxhc eÐnai∇(∇fn) = ∇2fn =
∇fn+1−∇fn, thc trÐthc tĹxhc eÐnai ∇3fn = ∇(∇2fn) = ∇2fn+1−∇2fn k.o.k..
MporeÐ kĹpoioc na parathrăsei ìti

∇2fn = ∇fn −∇fn−1 = fn − fn−1 − (fn−1 − fn−2) = fn − 2fn−1 + fn−2

∇3fn = ∇2fn −∇2fn−1 = fn − 2fn−1 + fn−2−
(fn−1 − 2fn−2 + fn−3) = fn − 3fn−1 + 3fn−2 − fn−3
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Oi proc ta pÐsw diaforèc faÐnontai sqhmatikĹ ston epìmeno pÐnaka.

xi yi 1ης 2ης 3ης 4ης 5ης

xk−2 fk−2

∇fk−1

xk−1 fk−1

66llllll ∇2fk

∇fk

55kkkkkkkk ∇3fk+1

xk fk

66mmmmmmmm ∇2fk+1

55kkkkkk
∇4fk+2

∇fk+1

55kkkkkk
∇3fk+2

55kkkkkk
∇5fk+3

xk+1 fk+1

66mmmmmm ∇2fk+2

55kkkkkk
∇4fk+3

55kkkkkk

∇fk+2

55kkkkkk
∇3fk+3

55kkkkkk

xk+2 fk+2

66mmmmmm ∇2fk+3

55kkkkkk

∇fk+3

55kkkkkk

xk+3 fk+3

55llllll

Kentrikèc diaforèc

Oi kentrikèc diaforèc orÐzontai se duo bămata, thc perittăc kai thc Ĺrtiac
tĹxhc. ArqikĹ orÐzoume tic diaforèc

δfn+ 1
2

= fn+1 − fn

δ2fn = δfn+ 1
2
− δfn− 1

2

kai sth sunèqeia, epagwgikĹ, gia k = 1, 2, . . . tic diaforèc megalÔterhc tĹxhc

δ2k+1fn+ 1
2

= δ2kfn+1 − δ2kfn

δ2k+2fn = δ2k+1fn+ 1
2
− δ2k+1fn− 1

2
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Ston pÐnaka pou akoloujeÐ faÐnetai, Ðswc, kai o lìgoc pou onomĹsthkan ke-
ntrikèc diaforèc.

xi yi 1ης 2ης 3ης 4ης

xk−2 fk−2

// δfn− 3
2

xk−1 fk−1
// δ2fk−1

// δfn− 1
2

// δ3fn− 1
2

xk fk
// δ2fk

// δ4fk

// δfn+ 1
2

// δ3fk+ 1
2

xk+1 fk+1
// δ2fk+1

// δfn+ 3
2

xk+2 fk+2

’Hdh èqoume pei ìti o pÐnakac diaforÿn eÐnai pĹnta o Ðdioc, o trìpoc me ton
opoÐo ton koitĹzoume allĹzei. ’Etsi èna stoiqeÐo tou pÐnaka eÐnai dunatìn na to
doÔme wc proc ta emprìc diaforĹ kĹpoiac tĹxhc ă wc proc ta pÐsw diaforĹ ă
akìmh wc kentrikă diaforĹ. Apì ton epìmeno pÐnaka ja mporoÔsame na broÔme
sqèseic metaxÔ touc.

xi yi 1ης 2ης 3ης 4ης

xk−2 fk−2

X
xk−1 fk−1 X

X X
xk fk X X

X X

xk+1 fk+1 X

X
xk+2 fk+2
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Gia to X ja èqoume
4fk = ∇fk+1 = δfk+ 1

2

Enÿ gia to X ja isqÔei

42fk = ∇2fk+2 = δ2fk+1

GenikĹ ja mporoÔse kĹpoioc na deÐxei ìti isqÔei

4mfk = ∇mfk+m = δmfk+m
2

Eidikèc periptÿseic

Ac doÔme th sumperiforĹ eidikÿn sunartăsewn stic diaforèc. H stajeră
sunĹrthsh f(x) = a arqikĹ mac dÐnei 4(a) = a− a = 0. H sunĹrthsh f(x) =
ax epÐshc mac dÐnei 4(ax) = a(x + h) − ax = ah, eÐnai dhladă stajeră kai
anexĹrthth tou x, autì èqei wc apotèlesma ìlec oi diaforèc megalÔterhc tĹxhc
na eÐnai Ðsec me mhdèn. Gia th sunĹrthsh f(x) = ax2 èqoume arqikĹ 4(ax2) =
a(x + h)2− ax2 = 2ahx + ah2, dhladă h diaforĹ 1hc tĹxhc eÐnai poluÿnumo 1ou

bajmoÔ (enìc bajmoÔ mikrìterou tou arqikoÔ) me suntelestă megistobĹjmiou
ìrou 2ah (a epÐ ekjèth epÐ h). ’Hdh èqoume milăsei gia th grammikìthta tou
telestă 4, opìte gia th diaforĹ 2hc tĹxhc kai upì thn proôpìjesh ìti oi timèc
isapèqoun, ja èqoume 42(ax2) = 4(4(ax2)) = 4(2ahx + ah2) = 4(2ahx) +
4(ah2) = 2ah2. ParathroÔme ìti pĹli eÐnai stajeră kai anexĹrthth tou x, pou
èqei wc apotèlesma ìlec oi diaforèc megalÔterhc tĹxhc na eÐnai Ðsec me mhdèn.
Upojètoume ìti ta parapĹnw isqÔoun gia ìlec tic sunartăseic f(x) = axm,
ìpou m = 1(1)n, ìti dhladă h diaforĹ 1hc tĹxhc eÐnai poluÿnumo (m − 1)
bajmoÔ (enìc bajmoÔ mikrìterou tou arqikoÔ) me suntelestă megistobĹjmiou
ìrou mah (a epÐ ekjèth epÐ h) kai h diaforĹ m tĹxhc kai upì thn proôpìjesh ìti
oi timèc isapèqoun, eÐnai stajeră kai anexĹrthth tou x kai èqei wc apotèlesma
4m(axm) = m!ahm. Ja apodeÐxoume ton isqurismì gia th sunĹrthsh f(x) =
axn+1. ArqikĹ, qrhsimopoiÿntac ton tÔpo tou diwnÔmou tou Newton, blèpoume
ìti

4(axn+1) = a(x + h)n+1 − axn+1 = (n + 1)hxn + Pn−1(x)

dhladă eÐnai poluÿnumo n bajmoÔ (enìc bajmoÔ mikrìterou tou arqikoÔ) me
suntelestă megistobĹjmiou ìrou (n+1)ah (ekjèth epÐ a epÐ h). EpÐshc èqontac
upìyh mac th grammikìthta tou telestă 4

4n+1(axn+1) = 4n(4(axn+1)) = 4n((n + 1)hxn + Pn−1(x)) =
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(n + 1)!ahn+1 +4n(Pn−1(x)).︸ ︷︷ ︸
0

FusikĹ oi diaforèc uyhlìterhc tĹxhc eÐnai ìlec mhdèn. ’Etsi apodeÐxame ìti
isqÔei to epìmeno Jeÿrhma

Jeÿrhma 1.5.1 ’Estw h sunĹrthsh f(x) = axn, kai fi = f(xi) oi timèc autăc
sta isapèqonta shmeÐa xi. Tìte h diaforĹ 1hc tĹxhc eÐnai poluÿnumo n − 1
bajmoÔ (enìc bajmoÔ mikrìterou tou arqikoÔ) me suntelestă megistobĹjmiou
ìrou n · a · h, h diaforĹ n tĹxhc eÐnai stajeră kai anexĹrthth tou x èqei wc
apotèlesma

4n(axn) = n!ahn

kai oi diaforèc uyhlìterhc tĹxhc eÐnai ìlec mhdèn.

Paratărhsh 1.5.1 Apì th grammikìthta tou telestă 4, to parapĹnw Jeÿ-
rhma isqÔei kai gia kĹje poluÿnumo Pn(x) = anxn + an−1x

n−1 + · · ·+ a0.

ParĹdeigma 1.6 Na gÐnei o pÐnakac diaforÿn tou poluwnÔmou P3(x) = 2x3 −
3x + 1 sta shmeÐa {−0.5, 0, 0.5, 1, 1.5, 2}

LÔsh
xi yi 4 42 43 44

−0, 5 2.25
−1.25

0 1 0
−1.25 1.5

0.5 −0.25 1.5 0
0.25 1.5

1 0 3 0
3.25 1.5

1.5 3.25 4.5
7.75

2 11

ParathroÔme ìti prĹgmati oi diaforèc trÐthc tĹxhc eÐnai stajerèc kai oi diafo-
rèc tètarthc tĹxhc eÐnai plèon mhdèn.
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Endiafèron ìmwc parousiĹzei kai h metĹdosh twn sfalmĹtwn stic dia-
forèc. An upojèsoume, gia parĹdeigma, ìti f ∗1 , f ∗2 , f ∗3 eÐnai oi proseggistikèc
timèc twn f1, f2, f3 antÐstoiqa, tìte gia tic diaforèc prÿthc tĹxhc èqoume

4f ∗1 = f ∗2 − f ∗1 = f2 + ε2 − (f1 + ε1) = 4f1 + ε2 − ε1

opìte paÐrnoume

|4f ∗1 | ≤ 4f1 + 2ε, ìpou ε = max{|ε1|, |ε2|}.
EpÐshc gia tic diaforèc deÔterhc tĹxhc èqoume

42f ∗1 = f ∗3 − 2f ∗2 + f ∗1 = 42f1 + ε3 − 2ε2 + ε1

opìte pĹli brÐskoume

|42f ∗1 | ≤ 42f1 + 22ε, ìpou ε = max{|ε1|, |ε2|, |ε2|}. (1.16)

GenikĹ ta sfĹlmata metadidìmena, auxĹnoun polÔ grăgora stic diaforèc. An
jewrăsoume ìti upĹrqei èna memonwmèno sfĹlma stic timèc miac sunĹrthshc,
p.q. sthn timă f ∗ kĹpoiac jèshc tou pÐnaka, tìte mporoÔme na parathrăsoume
sto epìmeno pÐnaka th diĹdosă tou

f X X + ε
X X + ε

f X + ε X − 4ε
X + ε X − 3ε

f + ε X − 2ε X + 6ε
X − ε X + 3ε

f X + ε X − 4ε
X X − ε

f X X + ε

Me f èqoume parastăsei tic akribeÐc timèc thc sunĹrthshc, enÿ me x tic akribeÐc
timèc twn diaforÿn. ParathroÔme ìti oi suntelestèc sta sfĹlmata auxĹnoun
pollaplasiastikĹ (toulĹqiston sto kèntro tou pÐnaka) allĹ kai se {èktash},
akoloujÿntac to trÐgwno tou Pascal me enallassìmeno prìshmo.

ParĹdeigma 1.7 Ston parakĹtw pÐnaka timÿn enìc poluwnÔmou 2ou bajmoÔ
upĹrqei èna memonwmèno sfĹlma. Na entopÐsete to sfĹlma kai to shmeÐo x0
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sto opoÐo antistoiqeÐ. Sth sunèqeia, afoÔ diorjwjeÐ o pÐnakac diaforÿn, na

grafeÐ diorjwmènoc.
xi -0.2 -0.1 0 0.1 0.2 0.3
fi 0.814 0.9085 0.75 0.7285 0.714 0.7065

LÔsh . DhmiourgoÔme ton parakĹtw pÐnaka diaforÿn.

xi yi 4 42 43

−0.2 0.814
0.0945

−0.1 0.9085 −0.253
−0.1585 0.39

0 0.75 0.137
−0.0215 −0.13

0.1 0.7285 0.007
−0.0145 0

0.2 0.714 0.007
−0.0075

0.3 0.7065

AfoÔ eÐnai timèc poluwnÔmou 2ou bajmoÔ, oi diaforèc 3hc tĹxhc prèpei na eÐnai
mhdèn. To mhdèn tou pÐnaka eÐnai autì pou perimènoume, oi Ĺllec ìmwc timèc
proèrqontai apì to sfĹlma pou upĹrqei se kĹpoia timă. Epeidă ta sfĹlmata
stic diaforèc akoloujoÔn to trÐgwno tou Pascal, sthn prokeimènh perÐptwsh
prèpei na eÐnai apì pĹnw proc ta kĹtw thc morfăc ε, −3ε, 3ε, −ε. ’Etsi èqoume
−ε = −0.13 ă ε = 0.13. Gia na broÔme to poÔ akribÿc èqei gÐnei to sfĹlma,
xekinĹme apì autăn thn timă kai pĹme diagÿnia pĹnw aristerĹ, ìpou entopÐzoume
thn timă thc f pou ègine to sfĹlma. To sfĹlma loipìn ègine sthn timă 0.9085.
Apì th sqèsh (1.1) brÐskoume thn akribă timă f = f ∗ − ε = 0.9085 − 0.13 =
0.7785. EÔkola kĹpoioc mporeÐ na epalhjeÔsei to Jeÿrhma (1.5.1), afoÔ kĹnei
th diìrjwsh.

ParĹdeigma 1.8 Ston parakĹtw pÐnaka timÿn enìc poluwnÔmou 3ou bajmoÔ
upĹrqei èna memonwmèno sfĹlma. Na entopÐsete to sfĹlma kai sth sunèqeia,
afoÔ diorjwjeÐ o pÐnakac diaforÿn, na grafeÐ diorjwmènoc.
xi -0.8 -0.4 0 0.4 0.8 1.2 1.6 2
fi 1.5384 0.9048 1.5 2.0952 1.4616 -1.6296 -8.4072 -20.1
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LÔsh . DhmiourgoÔme ton parakĹtw pÐnaka diaforÿn.

xi yi 4 42 43 44

−0.8 1.5384
−0.6336

−0.4 0.9048 1.3488
0.7152 −1.5888

0 1.62 −0.24 0.72
0.4752 −0.8688

0.4 2.0952 −1.1088 −0.48
−0.6336 −1.3488

0.8 1.4616 −2.4576 X
−3.0912

1.2 −1.6296

AfoÔ eÐnai timèc poluwnÔmou 3ou bajmoÔ, oi diaforèc 4hc tĹxhc prèpei na eÐnai
mhdèn. Wstìso oi timèc tou pÐnaka den eÐnai autì pou perimènoume. Epeidă ta
sfĹlmata stic diaforèc akoloujoÔn to trÐgwno tou Pascal, sthn prokeimènh
perÐptwsh prèpei na eÐnai apì pĹnw proc ta kĹtw thc morfăc ε, −4ε, 6ε, −4ε,
ε. Diairÿntac tic duo timèc brÐskoume -1.5. ’Omwc, tìso akribÿc prokÔptei apì
th diaÐresh 6ε

−4ε
. Sunepÿc, ja èqoume 6ε = 0.72 ă ε = 0.12 Gia na broÔme to poÔ

akribÿc èqei gÐnei to sfĹlma, xekinĹme apì thn jèsh pou ja èprepe na brÐsketai
to −ε, pou eÐnai ekeÐnh me to X kai apì autăn th jèsh pĹme diagÿnia pĹnw
aristerĹ, ìpou entopÐzoume thn timă thc f pou ègine to sfĹlma. To sfĹlma
loipìn ègine sthn timă 1.62. Apì th sqèsh (1.1) brÐskoume thn akribă timă
f = f ∗ − ε = 1.62 − 0.12 = 1.5. EÔkola kĹpoioc mporeÐ na epalhjeÔsei to
Jeÿrhma (1.5.1), afoÔ kĹnei th diìrjwsh.

Askăseic

’Askhsh 1.1 Na proseggÐsete thn ex kai ln x qrhsimopoiÿntac touc tÔpouc
tou Taylor me touc treic prÿtouc ìrouc kai sth sunèqeia breÐte thn tĹxh pro-
sèggishc gia th sunĹrthsh ex · ln x

’Askhsh 1.2 An eÐnai gnwstì ìti ă timă miac posìthtac brÐsketai sto diĹ-
sthma I = [122.757, 123.743], na brejeÐ h proseggistikă timă kai to sqetikì
sfĹlma.
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’Askhsh 1.3 To mègisto apìluto sqetikì sfĹlma tou phlÐkou duo arijmÿn
eÐnai katĹ prosèggish Ðso me to Ĺjroisma twn apìlutwn sqetikÿn sfalmĹtwn
twn duo arijmÿn.

’Askhsh 1.4 Oi timèc x∗1 = 53.23 kai x∗2 = −0.02131 eÐnai proseggistikèc,
stroggulemènec se tèssera shmantikĹ yhfÐa. Na brejeÐ to apotèlesma twn
prĹxewn 0.05x∗1 − 6.2x∗2, stroggulemèno sto plăjoc twn akribÿn shmantikÿn
yhfÐwn.

’Askhsh 1.5 Na brejeÐ h timă tou poluwnÔmou P (x) = −2x5 − 3x3 + 4x − 2
sto shmeÐo x0 = −2 kajÿc kai ìlwn twn paragÿgwn tou sto Ðdio shmeÐo.

’Askhsh 1.6 Na brejeÐ ènac algìrijmoc parìmoioc me ekeÐnon tou Horner, pou
ja dÐnei to upìloipo kai to phlÐko thc diaÐreshc tou poluwnÔmou P (x) me to
triÿnumo x2 − ax− b.

’Askhsh 1.7 Na genikeuteÐ o tÔpoc (1.16) me epagwgă ă me ìpoion Ĺllo trìpo
mporeÐte.

’Askhsh 1.8 An oi timèc miac sunĹrthshc eÐnai stroggulemènec se 6 dekadikĹ
yhfÐa, na dÿsete frĹgmata anoqăc gia tic diaforèc deÔterhc tĹxhc.

’Askhsh 1.9 Ston parakĹtw pÐnaka timÿn enìc poluwnÔmou 3ou bajmoÔ upĹr-
qei èna memonwmèno sfĹlma. Na entopÐsete to sfĹlma kai sth sunèqeia, afoÔ
diorjwjeÐ o pÐnakac diaforÿn, na grafeÐ diorjwmènoc.
xi -0.8 -0.4 0 0.4 0.8 1.2 1.6 2
fi 1.5384 0.9048 1.5 2.08 1.4616 -1.6296 -8.4072 -20.1
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Parembolă

2.1 H ènnoia thc parembolăc

H ènnoia thc sunĹrthshc eÐnai stenĹ sunufasmènh me thn ènnoia tou pÐ-
naka timÿn kai thc grafikăc parĹstashc. IdiaÐtera oi majhtèc kai oi foithtèc
eÐnai exoikeiwmènoi me tic anwtèrw ènnoiec oi opoÐec didĹskontai, kai mĹlista
polÔ swstĹ, apì tic {mikrèc} tĹxeic tou GumnasÐou. Gia parĹdeigma, oi peris-
sìteroi foithtèc, me thn emfĹnish tou tÔpou tou upologismoÔ tou diastămatoc
sthn omalĹ epitaqunìmenh kÐnhsh S(t) = 1

2
γt2 + v0t, ìpou to γ eÐnai h epitĹ-

qunsh, to v0 eÐnai h arqikă taqÔthta kai to t o qrìnoc, èqoun upìyh touc kai
polÔ swstĹ, mia parabolă.

Sthn prĹxh ìmwc ta prĹgmata den eÐnai pĹnta ètsi. Sthn prĹxh pĹra
pollèc forèc ta prĹgmata eÐnai {anĹpoda}, dhladă prÿta èqoume ènan pÐnaka
timÿn (sunăjwc peiramatikĹ apotelèsmata ă apotelèsmata Ĺllwn metrăsewn),
sth sunèqeia èqoume èna grĹfhma tou pÐnaka timÿn, pou me kìpo kai prospĹ-
jeia sqhmatÐsame kai tèloc ènan tÔpo miac sunĹrthshc, pou pijanìn na mac
perigrĹfei to fainìmeno pou mac èdwse ta peiramatikĹ apotelèsmata ă ta apo-
telèsmata twn metrăsewn. FusikĹ kĹti tètoio eÐnai exairetikĹ qrăsimo, afoÔ
h eÔresh tÔpou ja mac epitrèpei na blèpoume metaxÔ twn parathrăsewn ă na
problèpoume pèra apfl autèc. H eÔresh miac tètoiac sunĹrthshc, dhladă enìc
tÔpou, pou ja mac epitrèpei na parembĹlloume (na eisĹgoume) ki Ĺlla shmeÐa
anĹmesa ă kai pèra apì ta ădh upĹrqonta (tou pÐnaka twn apotelesmĹtwn mac),
lègetai parembolă.

To prìblhma thc dhmiourgÐac enìc tÔpou apì ton pÐnaka timÿn èqei Ĺpeirec
lÔseic, dhladă mporoÔme na broÔme Ĺpeirouc tÔpouc sunartăsewn, pou na èqoun
wc pÐnaka timÿn, ton pÐnaka twn apotelesmĹtwn mac. To gegonìc autì kĹnei to

25
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prìblhma exairetikĹ dÔskolo kai gi autì jèlei idiaÐterh prosoqă gia thn eklogă
tou tÔpou thc sunĹrthsăc mac. ’Allec forèc pĹli, prospajÿntac na dÿsoume
mia èkfrash (ènan tÔpo) gia ta megèjh mac, katalăgoume se ekfrĹseic idiaÐtera
polÔplokec kai dÔsqrhstec. ProseggÐzoume loipìn autèc tic sunartăseic me
poluÿnuma, epeidă ta poluÿnuma sumperifèrontai idiaÐtera kalĹ, afoÔ èqoun
polÔ kalèc idiìthtec tìso sthn paragÿgish, ìso kai sthn oloklărwsh.

Sth sunèqeia ja prospajăsoume na dÿsoume lÔsh sto prìblhma thc eÔ-
reshc miac sunĹrthshc pou èqei wc pÐnaka timÿn ton pÐnaka twn parathrăseÿn
mac, me thn epiplèon sunjăkh ìti o tÔpoc thc sunĹrthsăc mac eÐnai èna poluÿ-
numo. GenikĹ gia tic suneqeÐc sunartăseic isqÔei to epìmeno Jeÿrhma ( [2])

Jeÿrhma 2.1.1 (Weierstrass) An mia sunĹrthsh f eÐnai suneqăc sfl èna
diĹsthma [a, b] tìte ∀ε > 0, upĹrqei èna poluÿnumo P (x) ètsi ÿste |P (x) −
f(x)| < ε ∀x ∈ [a, b].

2.2 To poluÿnumo tou Lagrange

ArqikĹ ja epistrateÔsoume tic gnÿseic mac apì to GumnĹsio. EÐnai gnw-
stì ìti apì duo shmeÐa ta (x0, f0) kai (x1, f1) me x0 6= x1 pernĹei mia monadikă
eujeÐa, p.q. h y = ax + b. H eujeÐa aută profanÿc eÐnai èna monadikì poluÿ-
numo prÿtou bajmoÔ, to opoÐo dièrqetai apì ta duo shmeÐa. EÐnai profanèc ìti
f0 = ax0 + b kai f1 = ax1 + b.

Thn parapĹnw idèa ja prospajăsoume na th genikeÔsoume. JewroÔme
tÿra n + 1 shmeÐa diaforetikĹ metaxÔ touc, p.q. ta

(xi, fi), i = 0(1)n me xi 6= xj gia i 6= j (2.1)

EpÐshc jewroÔme to n`ostoÔ bajmoÔ poluÿnumo Pn(x) = a0 + a1x + · · · +
an−1x

n−1 + anx
n, pou dièrqetai apì ta shmeÐa autĹ. Profanÿc orÐzontai oi

parakĹtw sqèseic:

f0 = a0 + a1x0 + · · ·+ an−1x
n−1
0 + anx

n
0

f1 = a0 + a1x1 + · · ·+ an−1x
n−1
1 + anx

n
1

...
fn = a0 + a1xn + · · ·+ an−1x

n−1
n + anx

n
n

(2.2)
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H lÔsh sto sÔsthma (2.2) mac dÐnei touc suntelestèc tou poluwnÔmou. Sto
sÔsthma autì h orÐzousa twn suntelestÿn twn agnÿstwn (Ĺgnwstoi eÐnai oi
suntelestèc tou poluwnÔmou) eÐnai h orÐzousa

D =

∣∣∣∣∣∣∣∣∣

1 x0 · · · xn−1
0 xn

0
...

1 x1 · · · xn−1
1 xn

1

1 xn · · · xn−1
n xn

n

∣∣∣∣∣∣∣∣∣
(2.3)

H orÐzousa D eÐnai gnwstă wc orÐzousa tou Vandermonde kai eÐnai gnwstì
ìti h timă thc dÐnetai apì ton tÔpo

D =
n∏

i=0, j=0
i>j

(xi − xj)

Mia wraÐa idèa gia apìdeixh autăc thc sqèshc ja mporoÔse kĹpoioc na brei
sto biblÐo tou G. Strang [7]. AfoÔ loipìn h orÐzousa aută eÐnai diaforetikă
apì to mhdèn (giatÐ?), to sÔsthma (2.2) èqei monadikă lÔsh kai epomènwc to
Poluÿnumo Pn(x) eÐnai monadikì. ’Etsi apodeÐxame to epìmeno Jeÿrhma:

Jeÿrhma 2.2.1 Apì n + 1 shmeÐa me diaforetikèc metaxÔ touc tetmhmènec
pernĹei èna monadikì poluÿnumo Pn(x) bajmoÔ n.

Paratărhsh 2.2.1 Poluÿnuma bajmoÔ mikrìterou tou n den mporoÔn na ori-
sjoÔn pĹntote, enÿ poluÿnuma bajmoÔ megalÔterou tou n mporoÔme na broÔme
Ĺpeira, afoÔ kĹje poluÿnumo thc morfăc Q(x) = Pn(x) + r(x)

∏n
i=0(x − xi)

pernĹei apì ta shmeÐa (2.1).

Paratărhsh 2.2.2 AfoÔ oi suntelestèc tou poluwnÔmou exartÿntai apì th
lÔsh tou sustămatoc (2.2), eÐnai polÔ pijanì o suntelestăc tou megistobĹjmiou
ìrou na eÐnai mhdèn (an = 0). Sfl aută thn perÐptwsh o bajmìc tou Pn(x) ja
eÐnai mikrìteroc tou n. ’Etsi orjìtero ja eÐnai, ìtan milĹme gia to poluÿnumo
parembolăc na lème to polÔ n bajmoÔ.

Gia thn eÔresh autoÔ tou poluwnÔmou o Lagrange prìteine thn exăc idèa:
To poluÿnumo Pn(x) ja prokÔptei wc to Ĺjroisma n + 1 poluÿnumwn bajmoÔ
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n, thc morfăc fiLi(x), i = 0(1)n , dhladă

Pn(x) =
n∑

i=0

Li(x)fi. (2.4)

Epiplèon, gia na pernĹei to poluÿnumo autì apì ta n + 1 shmeÐa, ja prèpei ta
poluÿnuma Li(x) na plhroÔn tic sqèseic:

i) Li(xj) = 0, ∀j = 0(1)n me j 6= i kai ii) Li(xi) = 1 (2.5)

H prÿth apì thn (2.5) deÐqnei ìti h morfă ìlwn twn poluÿnumwn Li(x), i =
0(1)n eÐnai

Li(x) = Ai(x− x0)(x− x1) · · · (x− xi−1)(x− xi+1) · · · (x− xn) (2.6)

enÿ h deÔterh ìti oi suntelestèc Ai eÐnai

Ai =
1

(xi − x0)(xi − x1) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xn)
(2.7)

Antikajistÿntac th (2.7) sth (2.6) kai aută pou ja broÔme sth(2.4) paÐrnoume
to poluÿnumo tou Langrange ătoi:

Pn(x) =
n∑

i=0

(x− x0)(x− x1) · · · (x− xi−1)(x− xi+1) · · · (x− xn)

(xi − x0)(xi − x1) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xn)
fi. (2.8)

Upojètoume tÿra ìti ta n + 1 shmeÐa mac eÐnai shmeÐa miac Ĺgnwsthc
sunĹrthshc f thn opoÐa emeÐc proseggÐzoume me to poluÿnumo parembolăc tou
Lagrange. Se kĹje shmeÐo x h timă tou PoluwnÔmou Pn(x) ja perièqei mèsa
thc kĹpoio sfĹlma pou ja dÐnetai apì th diaforĹ E(x) = f(x) − Pn(x). Sta
shmeÐa xi, i = 0(1)n ja isqÔei E(xi) = 0, ∀i = 0(1)n, dhl. ta xi, i = 0(1)n
eÐnai rÐzec tou E(xi). ’Etsi to E(x) ja grĹfetai

E(x) = A

n∏
i=0

(x− xi) (2.9)
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Genikìtera isqÔei to epìmeno Jeÿrhma tou opoÐou thn apìdeixh kĹpoioc mporeÐ
na brei sta perissìtera biblÐa Arijmhtikăc AnĹlushc p.q. ( [1], [3], [11], [6])

Jeÿrhma 2.2.2 ’Estw mia sunĹrthsh f, n + 1 forèc paragwgÐsimh sfl èna
diĹsthma [a, b] kai xi ∈ [a, b],∀i = 0(1)n. An Pn(x) to poluÿnumo parembolăc
tou Lagrange sta parapĹnw shmeÐa, tìte gia kĹje x ∈ [a, b], upĹrqei kĹpoio
ξ ∈ [a, b], ètsi ÿste

f(x)− Pn(x) =
fn+1(ξ)

(n + 1)!

n∏
i=0

(x− xi) (2.10)

Paratărhsh 2.2.3 A) To diĹsthma [a, b] mporoÔme na to sqhmatÐsoume, an
eklèxoume a = min{x, x0, x1, . . . , xn} kai b = max{x, x0, x1, . . . , xn}. B) To
shmeÐo ξ sthn pragmatikìthta eÐnai sunĹrthsh tou x dhl. ξ = ξ(x).

ParĹdeigma 2.1 Na brejeÐ to poluÿnumo tou Lagrange, pou dièrqetai apì ta
shmeÐa

a)
x −1.1 0.5 1.2 2.7
y 1.5 2.2 1.4 3.7

b)
x −1 0 1 2
y 5 0 −1 2

LÔsh Antikajistÿntac ston tÔpo (2.8) gia thn a) perÐptwsh èqoume

P3(x) = 1.5 (x−0.5)(x−1.2)(x−2.7)
(−1.1−0.5)(−1.1−1.2)(−1.1−2.7)

+2.2 (x+1.1)(x−1.2)(x−2.7)
(0.5+1.1)(0.5−1.2)(0.5−2.7)

+1.4 (x+1.1)(x−0.5)(x−2.7)
(1.2+1.1)(1.2−0.5)(1.2−2.7)

+3.7 (x+1.1)(x−0.5)(x−1.2)
(2.7+1.1)(2.7−0.5)(2.7−1.2)

= 2.68978− 0.610958 x− 0.987674 x2 + 0.500937 x3

enÿ gia thn perÐptwsh b) èqoume

P3(x) = 5 (x−0)(x−1)(x−2)
(−1−0)(−1−1)(−1−2)

+0 (x+1)(x−1)(x−2)
(0+1)(0−1)(0−2)

−1 (x+1)(x−0)(x−2)
(1+1)(1−0)(1−2)

+2 (x+1)(x−0)(x−1)
(2+1)(2−0)(2−1)

= −3 x + 2 x2

ParathroÔme ìti to poluÿnumo autì, enÿ perimèname na eÐnai 3ou bajmoÔ, eÐnai
2ou (paratărhsh 2.2.2).
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ParĹdeigma 2.2 Na ektimăsete to mègisto apìluto sfĹlma pou kĹnete, ìtan
to
√

0.63 proseggÐzetai, qrhsimopoiÿntac to poluÿnumo parembolăc thc su-
nĹrthshc f(x) =

√
x sta shmeÐa x0 = 0.36, x1 = 0.49 kai x3 = 0.81

LÔsh Apì ton tÔpo tou sfĹlmatoc (2.10) èqoume

|E(x)| = |f ′′′(ξ(x))
3!

(0.63− 0.36)(0.63− 0.49)(0.63− 0.81)|
= | 1√

ξ(x)5
| · 3

8
· 1

6
· 0.27 · 0.14 · 0.18

≤ 0.0055

afoÔ h sunĹrthsh x−
5
2 eÐnai fjÐnousa sto diĹsthma [0.36, 0.81] kai h megÐsth

timă pou paÐrnei eÐnai gia x = 0.36.

2.3 Poluÿnumo twn Newton–Gregory

2.3.1 Me {proc ta emprìc diaforèc}

Pollèc forèc ta shmeÐa sta opoÐa gÐnetai h parembolă isapèqoun, dhladă
duo diadoqikĹ shmeÐa èqoun stajeră diaforĹ. An me h parastăsoume aută th
diaforĹ kai me I to uposÔnolo ekeÐno twn diadoqikÿn akèraiwn arijmÿn, pou
eklèxame wc deÐktec sta shmeÐa mac, ja isqÔei xi+1 − xi = h, ∀i ∈ I. Sfl aută
thn perÐptwsh, an me I0 paristĹnoume to prohgoÔmeno sÔnolo I pou perièqei
to 0, gia ta shmeÐa xi isqÔei

xi = x0 + ih, ∀ i ∈ I0 (2.11)

enÿ gia opoiodăpote x ∈ (x0, x1) èqoume

x = x0 + θh, me θ ∈ (0, 1) (2.12)

Apì ta MajhmatikĹ tou LukeÐou eÐnai gnwstă h exÐswsh thc eujeÐac pou dièr-
qetai apì duo shmeÐa (x0, f0) kai (x1, f1). ’Etsi lambĹnontac upìyh tic sqèseic
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(2.11) kai (2.12) èqoume ìti gia kĹje shmeÐo (x, f(x)) thc eujeÐac pou dièrqetai
apì ta shmeÐa autĹ isqÔei

f(x) = f0 + x−x0

x1−x0
(f1 − f0)

= f0 + x−x0

x1−x0
4f0

= f0 + θ4f0

(2.13)

Apì thn (2.9) gia opoiodăpote shmeÐo ektìc thc parapĹnw eujeÐac ja
isqÔei

f(x) = f0 + θ4f0 + A(x− x0)(x− x1) (2.14)

An upojèsoume tÿra ìti èqoume trÐa isapèqonta shmeÐa ta (x0, f0), (x1, f1) kai
(x2, f2), eÐnai fanerì ìti to poluÿnumo thc (2.14) pernĹ apì ta dÔo prÿta.
Apaitÿntac to poluÿnumo autì na pernĹ kai apì to trÐto, mporoÔme na eklè-
xoume to A. PrĹgmati gia x = x2 èqoume θ = 2 kai f2 = f0 + 24f0 + 2Ah2,
opìte lÔnontac proc A kai antikajistÿntac (2.14) aută gÐnetai

f(x) = f0 + θ4f0 +
θ(θ − 1)

2
42f0 (2.15)

O parapĹnw tÔpoc epagwgikĹ genikeÔetai. Wstìso, prin ton genikeÔsoume, ja
apodeÐxoume duo lămmata.

Lămma 2.3.1 Gia touc sunduasmoÔc twn n anĹ k kai twn n anĹ k− 1 pragmĹ-
twn, isqÔei

(
n

k

)
+

(
n

k − 1

)
=

(
n + 1

k

)
(2.16)
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Apìdeixh: Apì to LÔkeio eÐnai gnwstì ìti
(

n
k

)
= n!

k!(n−k)!
opìte èqoume

(
n

k

)
+

(
n

k − 1

)
=

n!

k!(n− k)!
+

n!

(k − 1)!(n− k + 1)!

=
n!(n− k + 1)

k!(n− k + 1)!
+

n!k

(k)!(n− k + 1)!

=
n!(n− k + 1 + k)

k!(n + 1− k)!

=

(
n + 1

k

)

¤

Lămma 2.3.2 An to x0 kai to xk eÐnai sfl ènan pÐnaka diaforÿn, tìte isqÔei

fk = f0 +

(
k

1

)
4f0 + · · ·+

(
k

k

)
4kf0 (2.17)

Apìdeixh: Gia k = 1 h (2.17) eÐnai fanerì ìti isqÔei. An upojèsoume ìti
isqÔei h (2.17), tìte lìgw thc grammikìthtac tou telestă 4 ja isqÔei

4fk = 4f0 +

(
k

1

)
42f0 + · · ·+

(
k

k

)
4k+1f0 (2.18)

Prosjètontac katĹ mèlh tic (2.17) kai (2.18) kai efarmìzontac to lămma
(2.3.1) gia touc suntelestèc thc Ðdiac tĹxhc diaforÿn, paÐrnoume

fk+1 = 4f0 +

(
k + 1

1

)
42f0 + · · ·+

(
k + 1

k + 1

)
4k+1f0

pou deÐqnei thn egkurìthta tou lămmatoc. ¤

O tÔpoc twn sunduasmÿn èqei profanÿc ènnoia gia akèraiouc arijmoÔc.
Wstìso, pollèc forèc qrhsimopoieÐtai kai gia pragmatikoÔc, ekfrĹzontac mì-
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non ènan arijmì. EÐnai dhladă mia suntomografÐa enìc plăjouc prĹxewn. ’Etsi
o tÔpoc

(
θ

n

)
=

θ(θ − 1) · · · (θ − k + 1)

k!
, θ ∈ R (2.19)

ekfrĹzei to apotèlesma twn parapĹnw prĹxewn kai tÐpote perissìtero. Katì-
pin autoÔ o tÔpoc thc (2.15) grĹfetai

f(x) = f0 +

(
θ

1

)
4f0 +

(
θ

2

)
42f0 (2.20)

Gia kĹje Ĺllo shmeÐo isqÔei parìmoia me ton tÔpo (2.14) ìti

f(x) = f0 +
(

θ
1

)4f0 +
(

θ
2

)42f0 + A(x− x0)(x− x1)(x− x2)

= f0 +
(

θ
1

)4f0 +
(

θ
2

)42f0 + Ah3θ(θ − 1)(θ − 2)
(2.21)

An upojèsoume ìti oi parapĹnw tÔpoi ( (2.20) kai (2.21) ) isqÔoun gia k
shmeÐa, tìte ja èqoume

f(x) = f0 +

(
θ

1

)
4f0 + · · ·+

(
θ

k − 1

)
4k−1f0

f(x) = f0 +

(
θ

1

)
4f0 + · · ·+

(
θ

k − 1

)
4k−1f0 (2.22)

+Ahkθ(θ − 1) · · · (θ − k + 1)

An loipìn apaităsoume to poluÿnumo na pernĹ apì to k+1 shmeÐo (dhladă
to xk), tìte f(xk) = fk, kai θ = k. EpÐshc h deÔterh apì tic (2.22) kai to
lămma (2.3.2) mac epitrèpei na prosdiorÐsoume to A kai na broÔme to poluÿnumo
twn proc ta emprìc diaforÿn, pou pernĹ apì ta k+1 shmeÐa. SunoyÐzoume ìla
ta parapĹnw sto epìmeno Jeÿrhma

Jeÿrhma 2.3.3 To poluÿnumo pou pernĹ apì n + 1 isapèqonta shmeÐa, ta
xi, i = 0(1)n, me proc ta {emprìc diaforèc} dÐnetai apì to tÔpo

Pn(x) = f0 +

(
θ

1

)
4f0 + · · ·+

(
θ

n

)
4nf0 (2.23)



34 PAREMBOLH

Paratărhsh 2.3.1 EÐnai gnwstì ìti to poluÿnumo n bajmoÔ pou pernĹ apì
n+1 shmeÐa eÐnai monadikì. ’Etsi to Jeÿrhma (2.2.2) isqÔei kai gia to poluÿ-
numo twn proc ta {emprìc diaforÿn}, afoÔ ousiastikĹ ta duo autĹ poluÿnuma
tautÐzontai.

ParĹdeigma 2.3 Na proseggÐsete th sunĹrthsh f(x) = cos x me èna poluÿ-
numo to polÔ 3oυ bajmoÔ sto diĹsthma [0, π] se isapèqonta shmeÐa. Na gÐnei
h grafikă parĹstash tou poluwnÔmou kai thc sunĹrthshc sto Ðdio sÔsthma
axìnwn, qrhsimopoiÿntac thn entolă Plot thc Mathematica.

LÔsh AfoÔ to poluÿnumo jèloume na eÐnai to polÔ 3oυ bajmoÔ sto diĹsthma
[0, π] se isapèqonta shmeÐa, ja eklèxoume wc shmeÐa ta x0 = 0, x1 = π

3
, x2 = 2π

3

kai x3 = π. EÐnai fanerì ìti to băma eÐnai h = π
3
. DhmiourgoÔme ton pÐnaka

diaforÿn
x y 4f 42f 43f
0 1

−1
2

π
3

1
2

−1
2

−1 1
2π
3

−1
2

1
2

−1
2

π −1

(2.24)

Qrhsimopoiÿntac ton tÔpo thc (2.23) kai ton prohgoÔmeno pÐnaka paÐrnoume ìti

P3(x(θ)) = 1− 1
2
θ − 1

2
θ(θ − 1) + 1θ(θ − 1)(θ − 2)

= 1
2
θ3 − 3

4
θ2 + 1

12
θ + 1

ìpou x(θ) = x0 +θh kai θ ∈ [0, 3]. An jèsoume sthn parapĹnw sqèsh θ = x−x0

h

kai ektelèsoume tic prĹxeic, prokÔptei to proseggistikì poluÿnumo tou cos x
ătoi

cos x ≈ 9

2π3
x3 − 27

4π2
x2 +

1

4π
x + 1

sto Sqăma (2.1) faÐnetai h polÔ kală prosèggish pou gÐnetai sto cos x me to
parapĹnw poluÿnumo trÐtou bajmoÔ, sto diĹsthma [0, π]. Parathrăste pìso
grăgora sth sunèqeia qalĹei aută h prosèggish.
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Sqăma 2.1: H grafikă parĹstash twn dÔo sunartăsewn

2.3.2 Me {proc ta pÐsw diaforèc}

JewroÔme pĹli n+1 isapèqonta shmeÐa, ta x−n, x−n+1, . . . , x−1, x0. ’Estw
h = x−i+1−x−i, i = 1(1)n h apìstash metaxÔ touc kai θ ∈ R. Tÿra ja isqÔei

x−i = x0 − ih, ∀ i ∈ I0 (2.25)

enÿ gia opoiodăpote x ∈ [x0, x−n] èqoume

x = x0 − θh, me θ ∈ [0, n] ⊂ R (2.26)

H exÐswsh thc eujeÐac pou dièrqetai tÿra apì ta duo shmeÐa (x0, f0) kai
(x−1, f−1), lambĹnontac upìyh tic sqèseic (2.25) kai (2.26) eÐnai

f(x) = f0 + x−x0

x−1−x0
(f−1 − f0)

= f0 + −θh
−h

(−∇f0)

= f0 − θ∇f0

(2.27)

H jewrÐa pou anaptÔqjhke sthn prohgoÔmenh parĹgrafo isqÔei analo-
gikĹ kai tÿra. ’Etsi gia parĹdeigma isqÔei to epìmeno lămma (h apìdeixh na
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gÐnei apì ton anagnÿsth).

Lămma 2.3.4 An to x0 kai to x−k eÐnai sfl ènan pÐnaka diaforÿn tìte isqÔei

f−k = f0 −
(

k

1

)
∇f0 + · · ·+ (−1)k

(
k

k

)
∇kf0 (2.28)

To epìmeno Jeÿrhma (h apìdeixh na gÐnei apì ton anagnÿsth) mac dÐnei
ton tÔpo thc parembolăc me {proc ta pÐsw diaforèc}

Jeÿrhma 2.3.5 To poluÿnumo, pou pernĹ apì n + 1 isapèqonta shmeÐa, ta
x−i, i = 0(1)n, me {proc ta pÐsw diaforèc} dÐnetai apì ton tÔpo

Pn(x) = f0 −
(

θ

1

)
∇f0 + · · ·+ (−1)k

(
θ

n

)
∇nf0, me θ =

x0 − x

h
(2.29)

AfoÔ ădh èqoume pei ìti to poluÿnumo (2.29) eÐnai monadikì, ja prèpei na
èqoume upìyh mac ìti, sthn perÐptwsh pou h sunĹrthsh proseggÐzetai mèsa
apfl autì, to sfĹlma ja eÐnai ekeÐno thc (2.10).

Sthn prĹxh, ìtan èqoume na broÔme thn proseggistikă timă miac sunĹrth-
shc apì ènan pÐnaka diaforÿn se isapèqonta shmeÐa, prèpei na apofasÐsoume ti
poluÿnumo ja epilèxoume. Sthn perÐptwsh aută, eĹn prìkeitai na qrhsimopoiă-
soume proc ta emprìc diaforèc, onomĹzoume x0 to amèswc mikrìtero shmeÐo tou
pÐnaka, enÿ, eĹn prìkeitai na qrhsimopoiăsoume proc ta pÐsw diaforèc, ono-
mĹzoume x0 to amèswc megalÔtero shmeÐo tou pÐnaka kai stic duo periptÿseic
to θ ∈ (0, 1). Shmeiÿnoume ìti h epilogă tou poluwnÔmou den eÐnai pĹntote
eÔkolh upìjesh kai oÔte paÐrnoume to kalÔtero poluÿnumo parembolăc, an
qrhsimopoiăsoume megalÔtero plăjoc timÿn, parìlo pou mfl autìn ton trìpo
qrhsimopoioÔme perissìterh plhroforÐa. H grafikă parĹstash twn timÿn Ð-
swc eÐnai dunatìn na mac dÿsei mia èndeixh gia to poluÿnumo. H prosektikă
paratărhsh tou pÐnaka diaforÿn kai o entopismìc thc tĹxhc twn diaforÿn pou
eÐnai kontĹ sto mhdèn dÐnei mia Ĺllh èndeixh.

ParĹdeigma 2.4 Na brejeÐ h timă f(0.7), an eÐnai gnwstĹ ta exăc shmeÐa thc
sunĹrthshc: (−0.5, 0.25), (0, 0.1), (0.5, 0.3) kai (1, 1.7).
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LÔsh AfoÔ x = 0.7, jewroÔme ìti x0 = 1. Tìte èqoume ìti θ = 1−0.7
0.5

= 0.6.
Qrhsimopoiÿntac ton tÔpo (afoÔ ton apodeÐxoume!) ∇kf0 =

∑k
m=0 (−1)m

(
k
m

)
f−m,

ja pĹroume ∇f0 = −0.15,∇2f0 = 0.35 kai ∇3f0 = 0.8. Opìte o tÔpoc (2.29)
dÐnei

f(0.7) = 1.7− 0.6 · (−0.15) + 0.6 · (−0.4) · 0.35− 0.6 · (−0.4) · (−1.4)
= 1.946

ParĹdeigma 2.5 JewroÔme ton epìmeno pÐnaka timÿn (kai diaforÿn).

x f 4f 42f 43f 44f 45f 46f
−2 2.8

1.1
−1.5 3.9 0.3

1.4 −0.2
−1 5.3 0.1 0.06

1.5 −0.14 −0.13
−0.5 6.8 −0.04 −0.07 0.24

1.46 −0.21 0.11
0 8.26 −0.25 0.04 −0.2

1.21 −0.17 −0.09
0.5 9.47 −0.42 −0.05 0.21

0.79 −0.22 0.12
1 10.26 −0.64 0.07

0.15 −0.15
1.5 10.41 −0.79

−0.64
2 9.77

Na ektimhjoÔn oi timèc thc sunĹrthshc f sta shmeÐa: x = 0.2 kai x = 1.3

LÔsh ParathroÔme ìti oi diaforèc tètarthc tĹxhc eÐnai kontĹ sto mhdèn, enÿ
sth sunèqeia arqÐzoun kai megalÿnoun. ’Etsi frìnimo eÐnai na epilèxoume gia
parembolă èna poluÿnumo trÐtou bajmoÔ. SÔmfwna me autĹ pou eÐpame para-
pĹnw, me x0 = 0, θ = 0.4 kai ton tÔpo twn proc ta emprìc diaforÿn mporoÔme
na broÔme

f(0.2) = 8.26+1.21·0.4−0.42·0.4 · (−0.6)

2
−0.22·0.4 · (−0.6) · (−1.6)

6
= 8.7803
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Gia thn timă f(1.3) oi proc ta emprìc diaforèc den eparkoÔn. ’Etsi me proc ta
pÐsw diaforèc, x0 = 1.5 kai θ = 0.4 ja èqoume

f(1.3) = 10.41−0.15·0.4−0.42·0.4 · (−0.6)

2
−0.64·0.4 · (−0.6) · (−1.6)

6
= 10.35944

ParĹdeigma 2.6 Na brejeÐ to Ĺjroisma S3 = 13 + 23 + · · · + n3. (OmoÐwc
ta ajroÐsmata S2 kai S1). [Jewrăste dedomèno ìti ta ajroÐsmata autĹ eÐnai
poluÿnuma].

LÔsh JewroÔme th sunĹrthsh f(x) = 13 + 23 + · · · + x3. DhmiourgoÔme ton
exăc pÐnaka diaforÿn

x x3 f(x) 4f 42f 43f 44f 45f
1 1 1

8
2 8 9 19

27 18
3 27 36 37 6

64 24 0
4 64 100 61 6

125 30 0
5 125 225 91 6

216 36
6 216 441 127

343
7 343 784

opìte me proc ta emprìc diaforèc, x0 = 1 kai x = n dhladă θ = (n − 1)
paÐrnoume

f(n) = S3 = 1 + 8 · (n− 1) + 19 (n−1)(n−2)
2

+18 (n−1)(n−2)(n−3)
6

+ 6 (n−1)(n−2)(n−3)(n−4)
24

=
(

n(n+1)
2

)2

O anagnÿsthc ja mporoÔse na dokimĹsei na sqhmatÐsei ton parapĹnw tÔpo
parathrÿntac ìti S3 = 0 + S3, dhl. na dokimĹsei na kĹnei thn parapĹnw
diadikasÐa me x0 = 0 kai x = n dhladh θ = n.
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To jèma thc parembolăc den exantleÐtai edÿ. Den exantleÐtai oÔte kan
to jèma thc perembolăc me poluÿnuma. Gia thn akrÐbeia mìlic Ĺnoixe. Pol-
lèc forèc zhtĹme h sunĹrthsh pou jèloume na perembĹloume na èqei kai tic
Ðdiec paragÿgouc me to poluÿnumì mac (jumhjeÐte to poluÿnumo tou Taylor),
opìte èqoume perembolă me poluÿnuma Hermite. ’Allec forèc pĹli h perembolă
gÐnetai genikĹ me sunartăseic miac orismènhc morfăc sta diastămata miac diamè-
rishc, opìte èqoume parembolă me Splines. Wstìso, prin kleÐsoume to kefĹlaio
autì, ja prèpei na anafèroume ìti o foithtăc pou endiafèretai ja mporoÔse na
sqhmatÐsei mia plhrèsterh eikìna sta biblÐa ([1], [3], [6]).

Askăseic

’Askhsh 2.1 JewroÔme ta shmeÐa (x0, c), (x1, c), . . . , (xn, c). An upojèsoume
ìti autĹ eÐnai isapèqonta, na deiqjeÐ ìti to poluÿnumo parembolăc eÐnai mhde-
nikoÔ bajmoÔ. SumbaÐnei to Ðdio kai gia mh isapèqonta shmeÐa? DokimĹste me
Lagrange gia n = 2, 3.

’Askhsh 2.2 Na brejeÐ h timă tou a, ÿste to poluÿnumo pou orÐzetai apì ta

shmeÐa
x x0 x1 x2 x3

y 4 2a a2 a
na eÐnai poluÿnumo bajmoÔ mikrìterou tou 3

’Askhsh 2.3 JewroÔme th sunĹrthsh f(x) = x3 − x2 + 2x − 1, h opoÐa èqei
mia monadikă rÐza sto diĹsthma [0, 1] (giatÐ?). Na ektimăsete th rÐza aută a)
proseggÐzontac th sunĹrthsh me poluÿnumo 2oυ bajmoÔ. b) GnwrÐzontac ìti h
sunĹrthsh aută antistrèfetai (giatÐ?), na breÐte to poluÿnumo parembolăc 2oυ

bajmoÔ thc antÐstrofhc autăc kai na ektimăsete th rÐza.

’Askhsh 2.4 JewroÔme th sunĹrthsh f(x) = sin x. Qrhsimopoiÿntac tic
timèc thc sunĹrthshc sta shmeÐa {0, π

6
kai π

3
}, na grĹyete to poluÿnumo pa-

rembolăc tou Lagrange. Na qrhsimopoiăsete to poluÿnumo pou brăkate gia na
ektimăsete thn timă sin π

8
. BreÐte èna frĹgma gia to mègisto apìluto sfĹlma

kai èna gia to mègisto apìluto sqetikì sfĹlma, pou kĹnete, qrhsimopoiÿntac
ton tÔpo tou sfĹlmatoc parembolăc.
[Oi prĹxeic sac na eÐnai apìluta akribeÐc qrhsimopoiÿntac klĹsmata kai rizikĹ].
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’Askhsh 2.5 Na qrhsimopoiăsete ìla ta dedomèna, pou prokÔptoun apì tic
timèc thc sunĹrthshc f(x) = 0.8x sta shmeÐa xk = −2 + k, k = 0(1)4 kai
ton tÔpo twn proc ta emprìc diaforÿn Newton-Gregory, gia na ektimăsete thn
timă 3

√
0.8. BreÐte èna frĹgma gia to mègisto apìluto kai èna gia to mègisto

apìluto sqetikì sfĹlma, pou kĹnete.

’Askhsh 2.6 Na upologisteÐ to poluÿnumo Lagrange PL
2 (x) pou parembĹllei

thn sunĹrthsh f(x) = cos(x) sta shmeÐa 0, π
6
, π

2
. Na sugkrÐnete tic timèc thc

sunĹrthshc kai tou poluwnÔmou parembolăc sta shmeÐa π
4

kai π
3
. Na brejeÐ

èna frĹgma gia to mègisto apìluto sfĹlma.



Arijmhtikă Paragÿgish

3.1 GenikĹ

Sto prohgoÔmeno kefĹlaio eÐdame to pÿc mporoÔme na dhmiourgăsoume mia
sunĹrthsh, pou na plhreÐ tic parathrăseic mac gÔrw apì èna mègejoc. ’Omwc
eÐnai gnwstă h anagkaiìthta thc gnÿshc tou rujmoÔ metabolăc enìc megèjouc,
dhladă thc paragÿgou. Gia thn eÔresh thc paragÿgou suqnĹ katafeÔgoume
stic arijmhtikèc mejìdouc, idÐwc ìtan de gnwrÐzoume thn analutikă èkfrash
tou tÔpou thc sunĹrthshc. ’Iswc ja prèpei na eipwjeÐ ìti kai merikèc forèc,
pou eÐnai gnwstă h analutikă èkfrash thc sunĹrthshc, eÐnai protimìtero na
qrhsimopoioÔme arijmhtikèc mejìdouc, parĹ analutikèc ([11]).

3.2 TÔpoi kai SfĹlmata apì thn parembolă

3.2.1 Oi tÔpoi

Gia thn arijmhtikă paragÿgish thc Ĺgnwsthc sunĹrthshc f , qrhsimo-
poioÔme, gia na thn proseggÐsoume, touc tÔpouc thc parembolăc pou eÐdame sto
prohgoÔmeno kefĹlaio. IdiaÐtera, ìtan ta shmeÐa eÐnai mh isapèqonta, qrhsi-
mopoieÐtai to poluÿnumo tou Lagrange (2.8). H parĹgwgoc prokÔptei apì thn
paragÿgish tou poluwnÔmou tou Lagrange. Oi tÔpoi, pou prokÔptoun, eÐnai
mĹllon polÔplokoi. ’Etsi èqoume

f ′(x) ≈ (
n∑

i=0

Li(x)fi)
′ = (

n∑
i=0

L′i(x)fi) (3.1)

41
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ìpou gia thn èkfrash tou L′i(x) isqÔei

L′i(x) =
1∏n

j=0
j 6=i

(xi − xj)

n∑

k=0

n∏
j=0

j 6=i,k

(x− xj) (3.2)

KalÔtera mĹllon eÐnai ta prĹgmata, ìtan qrhsimopoioÔme isapèqonta shmeÐa.
Sthn perÐptwsh aută apì ton tÔpo twn proc ta emprìc diaforÿn (2.23), kai
lambĹnontac upìyh ìti dθ

dx
= 1

h
, èqoume

f ′(x) ≈ d

dθ
Pn(x) · dθ

dx
=

(
d

dθ

(
θ

1

)
4f0 + · · ·+ d

dθ

(
θ

n

)
4nf0

)
· 1

h
(3.3)

’Etsi gia n = 1 ă n = 2 èqoume

f ′(x) ≈ 1

h
4f0, gia n = 1

f ′(x) ≈ 1

h
(4f0 + (θ − 1

2
)42f0), gia n = 2

Ja prèpei na parathrăsoume ìti sta shmeÐa xi, i = 0(1)n eÐnai gnwstă mìnon
h timă thc sunĹrthshc, ìqi ìmwc kai thc paragÿgou. ’Etsi gia to shmeÐo xi,
èqoume θ = i, opìte thn timă thc paragÿgou th brÐskoume, an jèsoume ston
tÔpo (3.3), θ = i. EidikĹ gia xi = x0 èqoume

f ′(x0) ≈ 1

h

(
4f0 − 1

2
42f0 + · · ·+ (−1)n 1

n
4nf0

)
(3.4)

Enÿ gia n = 1 ă n = 2 prokÔptei ìti

f ′(x0) ≈ 1

h
(f1 − f0), gia n = 1 (3.5)

f ′(x0) ≈ − 1

2h
(f2 − 4f1 + 3f0), gia n = 2 (3.6)

Parìmoioi tÔpoi prokÔptoun apì touc tÔpouc twn proc ta pÐsw diaforÿn.
’Etsi apì ton tÔpo (2.29) prokÔptei

f ′(x) ≈ −1

h

d

dθ

(
−

(
θ

1

)
∇f0 + · · ·+ (−1)k

(
θ

n

)
∇nf0

)
(3.7)
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Oi upìloipoi tÔpoi twn proc ta pÐsw diaforÿn afănontai wc askăseic gia ton
anagnÿsth.

ParĹdeigma 3.1 Oi metrăseic tou ìgkou miac kathgorÐ-
ac rÔpwn twn teleutaÐwn 4 qrìnwn dÐnontai apì tic para-
thrăseic tou diplanoÔ pÐnaka, ìpou h prÿth stălh dÐnei
ta èth kai h deÔterh ton ìgko twn rÔpwn se mia monĹda
mètrhshc. Me dedomèno ìti h prÿth qroniĹ twn parath-
răsewn ătan to 1999, na upologÐsete to rujmì metabolăc
tou ìgkou twn rÔpwn tou ètouc 2002, qrhsimopoiÿntac
olìklhro ton pÐnaka timÿn.

ètoc ìgkoc rÔpwn
1999 4.2
2000 4.9
2001 5.8
2002 6.9

LÔsh Me dedomèno ìti h prÿth qroniĹ ătan to
1999, dhmiourgoÔme ton diplanì pÐnaka diaforÿn.
H timă pou zhtĹme eÐnai sto tèloc tou pÐnaka kai
epiplèon ja prèpei na qrhsimopoiăsoume ìlo to
fĹsma twn dedomènwn. MĹllon boleÔei na qrh-
simopoiăsoume tic proc ta pÐsw diaforèc. AfoÔ
oi diaforèc trÐthc tĹxhc eÐnai mhdèn, apì (2.29)
èqoume f(x) ≈ f0 − θ∇f0 + 1

2
θ(θ − 1)∇2f0, opìte

paragwgÐzontac paÐrnoume

f ′(x) ≈ −1

h
(−∇f0 +

1

2
(2θ − 1)∇2f0).

ètoc x f
1999 1 4.2

0.7
2000 2 4.9 0.2

0.9 0
2001 3 5.8 0.2

1.1
2002 4 6.9

Gia to prìblhmĹ mac x0 = 4, h = 1, θ = 0, f0 = 6.9, ∇f0 = 1.1 kai ∇2f0 = 0.2.
’Etsi brÐskoume ìti o rujmìc metabolăc to 2002 eÐnai

f ′(4) ≈ −1 · (−1.1− 0.5 · 0.2) = 1.2

3.2.2 Ta sfĹlmata

To sfĹlma pou gÐnetai apì touc parapĹnw tÔpouc eÐnai gia ìlec tic peri-
ptÿseic Ðdio, dhladă

E(x) = P ′
n(x)− f ′(x) = (Pn(x)− f(x))′
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’Eqontac upìyh to Jeÿrhma (2.2.2) kai kĹtw apì sugkekrimènec proôpojèseic,
h parapĹnw sqèsh mac dÐnei to exăc

E(x) = (Pn(x)− f(x))′ = − d

dx

(
f (n+1)(ξ)

(n + 1)!

n∏
i=0

(x− xi)

)
(3.8)

Wstìso me jewrÐa, pou mĹllon xefeÔgei apì touc skopoÔc twn shmeiÿseÿn
mac, eÐnai dunatìn na brejoÔn tÔpoi, pou ja mporoÔsan na mac bohjăsoun na
ektimăsoume ta sfĹlmata pou dhmiourgoÔntai. Gia to lìgo autì dÐnoume sth
sunèqeia to epìmeno Jeÿrhma, qwrÐc apìdeixh.

Jeÿrhma 3.2.1 ’Estw mia sunĹrthsh f, n + 2 forèc paragwgÐsimh sfl èna
diĹsthma [a, b] kai xi ∈ [a, b],∀i = 0(1)n. An Pn(x) to poluÿnumo parembolăc
sta parapĹnw shmeÐa, tìte gia kĹje x ∈ [a, b], upĹrqoun ξ kai η ∈ [a, b], ètsi
ÿste

P ′
n(x)− f ′(x) = −


f (n+1)(ξ)

(n + 1)!

n∑

k=0

n∏
i=0
i6=k

(x− xi) +
f (n+2)(η)

(n + 2)!

n∏
i=0

(x− xi)


 (3.9)

EÐnai fanerì ìti o parapĹnw tÔpoc eÐnai mĹllon polÔplokoc kai dÔsqrhstoc.
Pio aplĹ Ðswc eÐnai ta prĹgmata gia ton upologismì tou sfĹlmatoc sto shmeÐo
xj, gia isapèqonta shmeÐa. Sfl aută thn perÐptwsh, o deÔteroc ìroc tou ajroÐ-
smatoc tou dexioÔ mèlouc thc (3.9) mhdenÐzetai, ìpwc mhdenÐzontai sqedìn ìloi
oi ìroi tou ajroÐsmatoc tou prÿtou ìrou. ’Etsi èqoume

E(xj) = P ′
n(x)− f ′(x)

∣∣∣∣
x=xj

= −f (n+1)(ξ)

(n + 1)!

n∏
i=0
i6=j

(xj − xi) (3.10)

Akìmh pio aplĹ eÐnai ta prĹgmata gia ton upologismì tou sfĹlmatoc sto shmeÐo
x0. Tÿra èqoume (H apìdeixh afănetai wc Ĺskhsh).

E(x0) = P ′
n(x)− f ′(x)

∣∣∣∣
x=x0

= (−1)n+1f (n+1)(ξ) hn

n + 1
(3.11)

Ektìc apì ta sfĹlmata apokopăc, oi tÔpoi arijmhtikăc paragÿgishc eÐnai
euaÐsjhtoi kai sta sfĹlmata stroggÔleushc. An jewrăsoume, gia parĹdeigma
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ton tÔpo (3.5) gia thn eÔresh thc paragÿgou sto shmeÐo f0 kai upojèsoume
ìti gia thn proseggistikă timă sta shmeÐa x0 kai x1 isqÔei f ∗0 = f0 + e0 kai
f ∗1 = f1 + e1 antÐstoiqa, tìte gia thn ektÐmhsh tou sfĹlmatoc thc paragÿgou
ja isqÔei

σ = f ′(x0)
∗ − f ′(x0) =

1

h
(f ∗1 − f ∗0 )− 1

h
(f1 − f0) =

1

h
(e1 − e0) (3.12)

ApolÔtwc de, kai me dedomèno ìti ergazìmaste me èna prokajorismèno (p.q. k)
plăjoc dekadikÿn yhfÐwn, prĹgma pou shmaÐnei ìti |ei| ≤ 0.5 · 10−k, i = 0, 1,
paÐrnoume

|σ| = 1

h
|e1 − e0| ≤ 1

h
(|e1|+ |e0|) ≤ 1

h
10−k

ParathroÔme loipìn ìti, enÿ to h mikraÐnei, to sfĹlma megalÿnei. ’Etsi loipìn
sunolikĹ, enÿ kĹpoioc ja perÐmene ìti ìso pio mikrì gÐnetai to h, tìso kalÔtera
(akribèstera) apotelèsmata ja èqei, dustuqÿc apì kĹpoio shmeÐo kai pèra
ta prĹgmata allĹzoun kai ta apotelèsmata gÐnontai qeirìtera. Sto sqăma
(3.2) apeikonÐzetai to sfĹlma, pou gÐnetai ston upologismì thc sunĹrthshc
f(x) = x5 me touc tÔpouc (3.5) kai (3.6), kajÿc to h meiÿnetai apì 10−2 se
10−12. FaÐnetai kajarĹ ìti, enÿ arqikĹ to sfĹlma meiÿnetai, kajÿc meiÿnetai
to h, sth sunèqeia auxĹnei, kajÿc to h meiÿnetai peraitèrw.

3.3 TÔpoi me upologismì suntelestÿn

Gia thn eÔresh kai dhmiourgÐa tÔpwn arijmhtikăc paragÿgishc qrhsimo-
poieÐtai pollèc forèc h mèjodoc twn prosdioristèwn suntelestÿn. Sthn pe-
rÐptwsh aută, apì prin apofasÐzetai poia shmeÐa ja pĹroun mèroc ston tÔpo
upologismoÔ miac sugkekrimènhc paragÿgou kai dhmiourgeÐtai ènac tÔpoc, ìpou
ènac arijmìc paramètrwn prèpei na kajoristeÐ. Gia ton kajorismì twn para-
mètrwn dhmiourgoÔntai tìsec exisÿseic, ìsec oi Ĺgnwstoi, apaitÿntac o proc
prosdiorismì tÔpoc na eÐnai akribăc gia poluÿnuma 1, x, x2, x3, . . .. Gia ta po-
luÿnuma kai touc tÔpouc arijmhtikăc paragÿgishc isqÔei to epìmeno Jeÿrhma.

Jeÿrhma 3.3.1 ’Estw Πn to sÔnolo twn poluÿnumwn bajmoÔ n. ’Enac tÔpoc
arijmhtikăc paragÿgishc eÐnai akribăc ∀Pn(x) ∈ Πn, an kai mìnon an eÐnai
akribăc gia kajèna apì ta poluÿnuma 1, x, x2, x3, . . . , xn.
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Sqăma 3.2: To sfĹlma gia thn parĹgwgo thc f(x) = x5 me touc tÔpouc (3.5)
kai (3.6)

Apìdeixh: AfoÔ o tÔpoc mac eÐnai akribăc ∀Pn(x) ∈ Πn, eÐnai akribăc kai gia
ta poluÿnuma 1, x, x2, x3, . . . , xn wc stoiqeÐa tou sunìlou Πn. Antistrìfwc,
an eÐnai akribăc gia ta poluÿnuma 1, x, x2, x3, . . . , xn, lìgw thc grammikìthtac
thc paragÿgishc (dhl. ìti (af + bg)′ = af ′ + bg′) ja eÐnai akribăc kai gia to
grammikì sunduasmì autÿn, dhladă to poluÿnumo Pn(x). ¤

Gia thn katanìhsh kai empèdwsh thc parapĹnw diadikasÐac, dÐnoume to
epìmeno parĹdeigma

ParĹdeigma 3.2 Na prosdioristoÔn oi suntelestèc a, b, c ston epìmeno pro-
seggistikì tÔpo arijmhtikăc paragÿgishc, isapeqìntwn shmeÐwn

f ′0 =
1

h
(af−1 + bf0 + cf2). (3.13)

LÔsh Apì touc tÔpouc (2.12) kai (2.26) èqoume x−1 = x0−h, kai x2 = x0+2h.
JewroÔme arqikĹ th sunĹrthsh f(x) = 1, opìte f ′(x) = 0. Antikajistÿntac
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ston (3.13) èqoume

1

h
(a + b + c) = 0 opìte a + b + c = 0 (i)

JewroÔme tÿra th sunĹrthsh f(x) = x, opìte f ′(x) = 1, antikajistÿntac
ston (3.13) èqoume

1

h
[a(x0 − h) + bx0 + c(x0 + 2h)] = 1,

opìte lambĹnontac upìyh thn (i) paÐrnoume

−a + 2c = 1 (ii)

Tèloc jewroÔme th sunĹrthsh f(x) = x2, me f ′(x) = 2x, antikajistÿntac ston
(3.13) èqoume

2x0 =
1

h
[a(x0 − h)2 + bx2

0 + c(x0 + 2h)2]

=
1

h
[x2

0(a + b + c) + 2x0h(−a + 2c) + h2(a + 4c)].

LambĹnontac upìyh tic (i) kai (ii) paÐrnoume

h(a + 4c) = 0, opìte a + 4c = 0 (iii)

LÔnontac to sÔsthma twn triÿn exisÿsewn (i), (ii) kai (iii), brÐskoume touc
suntelestèc a = −2

3
, b = 1

2
kai c = 1

6
. O de tÔpoc (3.13) gÐnetai

f ′0 =
1

h

(
−2

3
f−1 +

1

2
f0 +

1

6
f2

)
=

1

6h
(−4f−1 + 3f0 + f2) (3.14)

ParĹdeigma 3.3 Oi diajèsimec plhroforÐec, twn teleutaÐwn 4
qrìnwn, tou ìgkou twn udĹtinwn pìrwn thc perioqăc mac dÐno-
ntai ston diplanì pÐnaka, ìpou h prÿth stălh dÐnei ta èth kai
h deÔterh ton ìgko twn pìrwn se mia monĹda mètrhshc. Me de-
domèno ìti h prÿth qroniĹ twn parathrăsewn ătan to 1999, na
upologÐsete to rujmì metabolăc tou ìgkou twn udĹtinwn pìrwn
tou ètouc 2000.

ètoc ìgkoc
1999 6.2
2000 5.9
2001 `
2002 5.5
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LÔsh Me dedomèno ìti h prÿth qroniĹ ătan to 1999, dhmiour-
goÔme to diplanì pÐnaka, jètontac th metablhtă x = 1, th qroniĹ
1999 kai x = 4, to 2002. Epeidă h timă pou zhtĹme eÐnai sto ètoc
2000 kai to ètoc 2001 den èqoume plhroforÐa, ja qrhsimopoiă-
soume ton tÔpo (3.14), pou prin lÐgo dhmiourgăsame, jewrÿntac
ìti oi timèc isapèqoun. ’Etsi paÐrnoume

ètoc x f
1999 1 6.2
2000 2 5.9
2001 3 `
2002 4 5.5

f ′0 =
1

6h
(−4f−1 + 3f0 + f2) =

1

6
(−4 · 6.2 + 3 · 5.9 + 5.5) = −0.2667

3.4 TÔpoi apì Taylor

’Enac akìmh trìpoc gia th dhmiourgÐa tÔpwn arijmhtikăc paragÿgishc
eÐnai o gnwstìc tÔpoc tou Taylor ([2], [8]).

f(x) ≈ f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)
2

2!
f ′′(x0) + · · ·+ (x− x0)

n

n!
f (n)(x0)

(3.15)

H diìrjwsh sthn perÐptwsh tou tÔpou tou Taylor eÐnai

R(x) =
(x− x0)

n+1

(n + 1)!
f (n+1)(ξ), me ξ ∈ (x, x0) ă ξ ∈ (x0, x) (3.16)

GrĹfontac apì ton tÔpo (3.15) mìno touc duo prÿtouc ìrouc, jètontac
x = x0 + h, èqoume

f(x0 + h) = f(x0) + hf ′(x0) dhladă f1 = f0 + hf ′0

apfl ìpou prokÔptei o gnwstìc tÔpoc (3.5). EpÐshc apì ton tÔpo (3.15), grĹ-
fontac mìnon touc duo prÿtouc ìrouc kai jètontac x = x0 − h èqoume

f(x0 − h) = f(x0)− hf ′(x0) dhladă f1 = f0 − hf ′0

apfl ìpou prokÔptei f ′0 = − 1
h
(f1−f0), pou eÐnai o antÐstoiqoc tou tÔpou (3.5), me

proc ta pÐsw diaforèc. MporeÐ kĹpoioc na parathrăsei apì th diìrjwsh (3.16)
ìti kai oi duo tÔpoi (upì thn proôpìjesh ìti h f ′′ eÐnai fragmènh) eÐnai O(h2).
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FusikĹ mporoÔme na dhmiourgăsoume tÔpouc megalÔterhc akrÐbeiac, ekmetal-
leuìmenoi katĹllhla ton tÔpo (3.15). ’Etsi, gia parĹdeigma, efarmìzontac ton
tÔpo gia x = x0 − 2h, x0 − h, x0 + h, x0 + 2h, èqoume

f(x0 − 2h) = f(x0)− 2hf ′(x0) +
(−2h)2

2!
f ′′(x0)− (−2h)3

3!
f ′′(x0) + · · ·

f(x0 − h) = f(x0)− hf ′(x0) +
(−h)2

2!
f ′′(x0)− (−h)3

3!
f ′′(x0) + · · ·

f(x0 + h) = f(x0) + hf ′(x0) +
(h)2

2!
f ′′(x0) +

(h)3

3!
f ′′(x0) + · · · (3.17)

f(x0 + 2h) = f(x0) + 2hf ′(x0) +
(−2h)2

2!
f ′′(x0) +

(−2h)3

3!
f ′′(x0) + · · ·

pollaplasiĹzontac tic sqèseic pou prokÔptoun me suntelestèc a, b, c, d kai
prosjètontac katĹ mèlh prokÔptei

af(x0 − 2h) + bf(x0 − h) + cf(x0 + h) + df(x0 + 2h)

= (a + b + c + d)f(x0) +
h

1
(−2a− b + c + d)f ′(x0) (3.18)

+
h2

2
(4a + b + c + 4d)f ′′(x0) +

h3

6
(−8a− b + c + 8d)f ′′′(x0) + · · ·

Apaitÿntac tÿra

a+b+c+d = 0, −2a−b+c+d = 1, 4a+b+c+4d = 0, kai −8a−b+c+8d = 0,

brÐskoume a = 1
12

, b = −2
3
, a = 2

3
, a = − 1

12
. ’Etsi, metĹ apì lÐgec prĹxeic,

èqoume to tÔpo

f ′0 ≈
1

12h
(f−2 − 8f−1 + 8f1 − f2) (3.19)

O tÔpoc (3.21), afoÔ oi ìroi pou perièqoun ta h2 kai h3 mhdenÐzontai, eÐnai
O(h4).

3.5 ParĹgwgoi uyhlìterhc tĹxhc

H jewrÐa pou anaptÔqjhke stic prohgoÔmenec paragrĹfouc, mporeÐ na
anaptuqjeÐ kai gia thn eÔresh tÔpwn arijmhtikăc paragÿgishc uyhlìterhc tĹ-
xhc. De ja asqolhjoÔme idiaÐtera mfl autoÔc touc tÔpouc. Wstìso ja broÔme
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duo tÔpouc gia thn plhrìthta tou keimènou. ParagwgÐzontac ton tÔpo (3.3)
paÐrnoume

f ′′(x) =
1

h2
· d

dθ

(
4f0 +

1

2
(2θ − 1)42f0 · · ·+ d

dθ

(
θ

n

)
4nf0

)
opìte

f ′′(x) =
1

h2
·
(
42f0 + (θ − 1)43f0 · · ·+ d

dθ

(
θ

n

)
4nf0

)
(3.20)

EpÐshc, qrhsimopoiÿntac touc tÔpouc tou Taylor, an sthn isìthta (3.18)
apaităsoume

a+b+c+d = 0, −2a−b+c+d = 0, 4a+b+c+4d = 1, kai −8a−b+c+8d = 0,

eÐnai dunatìn na broÔme a = 1
6
, b = −1

6
, c = −1

6
kai d = 1

6
. ’Etsi metĹ apì lÐgec

prĹxeic èqoume ton tÔpo

f ′′0 ≈
1

6h2
(f−2 − f−1 + f1 − f2) (3.21)

O tÔpoc (3.21), afoÔ oi ìroi pou perièqoun ta h kai h3 mhdenÐzontai, eÐnai
O(h4).

Wstìso, ja prèpei na anaferjeÐ ìti ènac apì touc plèon eÔqrhstouc kai
suqnĹ emfanizìmenouc tÔpouc sth bibliografÐa eÐnai o epìmenoc, tou opoÐou h
eÔresh afănetai wc Ĺskhsh

f ′′(x) =
1

h2
(f−1 − 2f0 + f1) (3.22)

Askăseic

’Askhsh 3.1 Na brejeÐ h timă thc y′(0.1), pou orÐzetai apì ta shmeÐa tou pÐ-
naka
x 0 0.1 0.2 0.3
y 4.231 4.132 4.256 4.5643

, qrhsimopoiÿntac ìla ta dedomèna tou, dh-

miourgÿntac èna katĹllhlo tÔpo apì th sqèsh (3.7).

’Askhsh 3.2 Ta shmeÐa tou epìmenou pÐnaka, dÐnoun tic posìthtec kai touc
rujmoÔc metabolăc miac sunĹrthshc katĹ tic antÐstoiqec qronikèc stigmèc.
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t f f ′

0.50 4.231 1.132
0.75 5.631 1.132

Qrhsimopoiÿntac katĹllhla ta dedomèna, na upologÐ-
sete to rujmì metabolăc thn epìmenh qronikă stigmă,
dhmiourgÿntac tÔpo thc morfăc

f ′2 =
1

h
(af0 + bf1) + cf ′0 + df ′1.

Qrhsimopoiăste ton tÔpo gia th sunĹrthsh f(x) = sin x sta shmeÐa x0 = π
6

kai x1 = π
4
gia na breÐte to f ′(π

3
). Na breÐte to sfĹlma pou gÐnetai.

’Askhsh 3.3 Qrhsimopoiÿntac ton tÔpo tou Taylor, na apodeÐxete touc tÔpouc

a)f ′(x) =
1

12h
(f2 − 8f1 + 8f1 − f2), b)f ′′(x) =

1

h2
(f−1 − 2f0 + f1)

Poiac tĹxhc eÐnai o kajènac wc proc to sfĹlma?
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Arijmhtikă Oloklărwsh

4.1 GenikĹ

’Ena apì ta megalÔtera problămata twn Majhmatikÿn eÐnai h Oloklărw-
sh. Dustuqÿc gia na broÔme thn parĹgousa sunĹrthsh miac sunĹrthshc f den
èqoume mhqanismoÔc, ìpwc akribÿc sumbaÐnei me thn parĹgwgo ă gia thn akrÐ-
beia èqoume polÔ lÐgouc kai gi’ autì katafeÔgoume se teqnĹsmata. ’Omwc ta
teqnĹsmata, parìlo pou mac dÐnoun lÔsh se pĹra pollèc periptÿseic, de dÐnoun
lÔsh se ìlec tic periptÿseic, opìte h eÔresh tou orismènou oloklhrÿmatoc
(dhladă tou embadoÔ pou perikleÐetai apì th grafikă parĹstash thc f(x), tou
orizìntiou Ĺxona kai tic katakìrufec sta Ĺkra enìc diastămatoc) eÐnai adÔna-
th. To megĹlo kenì pou dhmiourgeÐtai èrqetai na lÔsei h Arijmhtikă AnĹlush
prosfèrontac lÔseic arijmhtikèc (me upologismoÔc). Gia parĹdeigma to olo-
klărwma

∫
ex

x
dx den mporeÐ na ekfrasteÐ me stoiqeiÿdeic sunartăseic. Wstìso

to oloklărwma
∫ 2

1
ex

x
dx polÔ eÔkola mporeÐ kĹpoioc na brei ìti eÐnai 3.05912

me polÔ kală akrÐbeia. Thn idèa gia ton upologismì embadoÔ mac ton èdwsan
polÔ nwrÐc oi ArqaÐoi ’Ellhnec (p.q. O Arqimădhc eÐqe proteÐnei thn proseggi-
stikă eÔresh tou embadoÔ tou kÔklou). EpÐshc h arijmhtikă oloklărwsh qrh-
simopoieÐtai sthn perÐptwsh pou de gnwrÐzoume akribÿc th sunĹrthsh, allĹ
orismèna shmeÐa thc (periptÿseic pou eÐdame se prohgoÔmena kefĹlaia). ’Omwc
arijmhtikă oloklărwsh qrhsimopoioÔme kai se periptÿseic pou eÐnai gnwstă h
parĹgousa sunĹrthsh, allĹ o tÔpoc thc eÐnai polÔplokoc kai tètoiec sunartă-
seic eÐnai pollèc kai prokÔptoun kai apì aplèc proc oloklărwsh sunartăseic
p.q.

∫
1

3− x3
dx =

2
√

3 arctan( 1√
3

+ 2 x
6√

35
)− 2 ln(−3 + 3

√
32 x) + ln(3 + 3

√
3x

(
3
√

3 + x
)
)

6 · 3
√

32

53
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’Iswc ja prèpei na parathrăsoume ìti pèra apì thn poluplokìthta twn prĹ-
xewn, oi proc upologismì parastĹseic de ja dÿsoun akribeÐc timèc, allĹ pro-
seggistikèc, prĹgma pou shmaÐnei ìti h telikĹ prokÔptousa posìthta den eÐnai
h akribăc allĹ kĹpoia proseggistikă.

Sth sunèqeia kai gia olìklhro to kefĹlaio thc Arijmhtikăc Oloklărw-
shc ja jewrăsoume ìti oi timèc twn shmeÐwn xi, i = 0(1)n isapèqoun.

4.2 Arijmhtikă Oloklărwsh apì thn parem-
bolă

4.2.1 O kanìnac tou orjogwnÐou

’Estw to proc upologismì oloklărwma

I =

∫ b

a

f(x)dx, (4.1)

ìpou h f(x) eÐnai mia oloklhrÿsimh sunĹrthsh. Jètoume x0 = a kai x1 = b
kai proseggÐzoume thn f(x) me proc ta emprìc diaforèc, apì ton tÔpo (2.23)
paÐrnontac ton prÿto ìro mìnon. ’Etsi èqoume

I =

∫ b

a

f(x) dx ≈
∫ x1

x0

f0 dx = f0(x1 − x0) = h · f0 (4.2)

O tÔpoc (4.2) kaleÐtai tÔpoc tou orjogwnÐou kai mporeÐ na efarmosteÐ kai sthn
perÐptwsh ìpou to diĹsthma [a, b] qwrÐzetai se n isomăkh mikrìtera diastămata.
Sthn perÐptwsh aută efarmìzontac ton tÔpo diadoqikĹ sta diastămata autĹ
paÐrnoume to genikeumèno kanìna tou orjogwnÐou pou eÐnai o epìmenoc

I =

∫ b

a

f(x) dx ≈ h · (f0 + f1 + · · ·+ fn−1) (4.3)

Apì to Jeÿrhma (2.2.2) mporoÔme na ektimăsoume to sfĹlma pou kĹnoume
wc exăc. AfoÔ jèsame f(x) ≈ f0, profanÿc ja èqoume

ε = h · f0 −
∫ b

a

f(x) dx =

∫ x1

x0

f ′(ξ(x))(x− x0) dx (4.4)
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Jewrÿntac ìti h f ′ eÐnai suneqăc sto [x0, x1], ja èqei mègisto (èstw to M) kai
elĹqisto (èstw to m). ’Etsi ja isqÔei

m ≤ f ′(ξ(x)) ≤ M

Me dedomèno ìti to x − x0 ≥ 0, pollaplasiĹzontac ìla ta mèlh thc prohgoÔ-
menhc mfl autì kai oloklhrÿnontac èqoume

m

∫ x1

x0

(x− x0) dx ≤
∫ x1

x0

f ′(ξ(x))(x− x0) dx ≤ M

∫ x1

x0

(x− x0) dx

ă isodÔnama ∫ x1

x0
f ′(ξ(x))(x− x0) dx∫ x1

x0
(x− x0) dx

∈ [m,M ]

epomènwc, apì to Jeÿrhma thc endiĹmeshc timăc, ja upĹrqei èna η ∈ [x0, x1]
ètsi ÿste na isqÔei

∫ x1

x0
f ′(ξ(x))(x− x0) dx∫ x1

x0
(x− x0) dx

= f ′(η)

opìte telikĹ èqoume

ε = f ′(η)

∫ x1

x0

(x− x0) dx =
h2

2
f ′(η)· (4.5)

GÐnetai plèon fanerì ìti to sfĹlma sthn perÐptwsh tou orjogwnÐou eÐnai O(h2).

4.2.2 O kanìnac tou trapezÐou

Gia ton upologismì tÿra tou oloklhrÿmatoc (4.1), proseggÐzoume thn
sunĹrthsh f(x) me touc duo prÿtouc ìrouc thc parembolăc me proc ta emprìc
diaforèc apì ton tÔpo (2.23). ’Etsi èqoume

I =

∫ b

a

f(x) dx ≈
∫ x1

x0

(f0 + θ4f0) dx, (4.6)
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Sqăma 4.3: Gewmetrikă ermhneÐa tou kanìna tou trapezÐou

ìpou θ = x−x0

h
kai 4f0 = f1 − f0. Antikajistÿntac autĹ sthn (4.6) kai

kĹnontac merikèc eÔkolec prĹxeic prokÔptei

I =

∫ b

a

f(x) dx ≈ h

2
(f0 + f1) (4.7)

O tÔpoc tou trapezÐou (4.7) mporeÐ na efarmosteÐ, ìpwc kai prohgoumè-
nwc, kai sthn perÐptwsh ìpou to diĹsthma [a, b] qwrÐzetai se n isomăkh mikrì-
tera diastămata. Sthn perÐptwsh aută, efarmìzontac ton tÔpo diadoqikĹ sta
diastămata autĹ, paÐrnoume ton genikeumèno kanìna tou trapezÐou, pou eÐnai o
epìmenoc

I =

∫ b

a

f(x) dx ≈ h

2
· (f0 + 2f1 + · · ·+ 2fn−1 + fn) (4.8)

Th gewmetrikă ermhneÐa tou tÔpou tou trapezÐou mporeÐ kĹpoioc na th
dei sto sqăma (4.3). Sto sqăma faÐnetai plèon kajarĹ ìti to embadìn pou
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prosdiìrize to oloklărwma (4.1), proseggÐzetai apì to embadìn enìc trapezÐou.
Autìc eÐnai kai o lìgoc gia ton opoÐo o tÔpoc (4.6) onomĹsthke kanìnac tou
trapezÐou.

Ja prosdiorÐsoume sth sunèqeia thn tĹxh tou sfĹlmatoc. Apo to Jeÿ-
rhma (2.2.2) èqoume

ε =
h

2
· (f0 + f1)−

∫ x1

x0

f(x) dx =
1

2

∫ x1

x0

f ′′(ξ(x))(x− x0)(x− x1) dx (4.9)

Jewrÿntac ìti h f ′′ eÐnai suneqăc sto [x0, x1], ja èqei mègisto (èstw to M)
kai elĹqisto (èstw to m). ’Etsi ja isqÔei

m ≤ f ′′(ξ(x)) ≤ M

Me dedomèno ìti to (x− x0)(x− x1) ≤ 0, pollaplasiĹzontac ìla ta mèlh thc
prohgoÔmenhc mfl autì kai oloklhrÿnontac èqoume

m

∫ x1

x0

(x− x0)(x− x1) dx ≥
∫ x1

x0

f ′′(ξ(x))(x− x0)(x− x1) dx

≥ M

∫ x1

x0

(x− x0)(x− x1) dx

ă isodÔnama

∫ x1

x0
f ′′(ξ(x))(x− x0)(x− x1) dx∫ x1

x0
(x− x0)(x− x1) dx

∈ [m,M ]

epomènwc, apì to Jeÿrhma thc endiĹmeshc timăc, ja upĹrqei èna η ∈ [x0, x1]
ètsi ÿste na isqÔei

∫ x1

x0
f ′′(ξ(x))(x− x0)(x− x1) dx∫ x1

x0
(x− x0)(x− x1) dx

= f ′′(η)

opìte brÐskoume
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∫ x1

x0

f ′′(ξ(x))(x− x0)(x− x1) dx = f ′′(η)

∫ x1

x0

(x− x0)(x− x1) dx.

’Ustera apì tic oloklhrÿseic kai afoÔ lĹboume upìyh mac ton tÔpo (4.9),
èqoume

ε =
1

2
f ′′(η)

∫ x1

x0

(x− x0)(x− x1) dx = −h3

12
f ′′(η). (4.10)

GÐnetai plèon fanerì ìti to sfĹlma sthn perÐptwsh tou trapezÐou eÐnai O(h3).

Gia ton upologismì thc tĹxhc tou sfĹlmatoc tou genikeumènou tÔpou
tou trapezÐou (4.8) mporoÔme na skeftoÔme wc exăc: Gia ton upologismì tou
oloklhrÿmatoc tÿra, èqoume qwrÐsei to diĹsthma [a, b] se n diastămata. ’Etsi
èqoume ∫ b

a

f(x) dx =
n∑

i=1

∫ xi

xi−1

f(x) dx (4.11)

opìte, an εi = −h3

12
f ′′(ηi) eÐnai to sfĹlma pou gÐnetai se kĹje diĹsthma [xi−1, xi]

apì ton tÔpo (4.10), tìte èqontac upìyh ton tÔpo (4.11) brÐskoume

εol =
n∑

i=1

εi = −h3

12

n∑
i=1

f ′′(ηi) (4.12)

Me thn f ′′(x) suneqă isqÔei ìti

m ≤ f ′′(η1) ≤ M

m ≤ f ′′(η2) ≤ M
... (4.13)

m ≤ f ′′(ηn) ≤ M

AjroÐzontac katĹ mèlh sthn (4.13) kai diairÿntac me n prokÔptei

m ≤ 1

n

n∑
i=1

f ′′(ηi) ≤ M (4.14)
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Apì to Jeÿrhma thc endiĹmeshc timăc ja upĹrqei èna η̂ gia to opoÐo ja isqÔei
1
n

∑n
i=1 f ′′(ηi) = f ′′(η̂) ă isodÔnama

∑n
i=1 f ′′(ηi) = nf ′′(η̂). LambĹnontac autì

upìyh sthn (4.12), telikĹ èqoume

εol = −h3

12
nf ′′(η̂) = −h2

12
(b− a)f ′′(η̂) (4.15)

Paratărhsh 4.2.1 EkeÐno pou ja parathroÔse kĹpoioc eÐnai ìti, ìtan qrhsi-
mopoioÔme to genikeumèno kanìna tou trapezÐou, to olikì sfĹlma eÐnai O(h2),
se antÐjesh me to sfĹlma tou aploÔ kanìna tou trapezÐou pou eÐnai O(h3).

ParĹdeigma 4.1 Na upologÐsete to Oloklărwma

∫ 2.5

1.5

x

x3 − 2
dx,

qrhsimopoiÿntac to genikeumèno kanìna tou trapezÐou (4.8), qwrÐzontac to diĹ-
sthma oloklărwshc se 10 upodiastămata

LÔsh AfoÔ ja qrhsimopoiăsoume ton kanìna tou trapezÐou gia 10 diastămata,
ja èqoume n = 10 kai h = 0.1, opìte x0 = 1.5 kai xi = 1.5 + i · h, i = 1(1)10.
Gia tic timèc twn xi brÐskoume tic antÐstoiqec fi dhladă f0 = 0.763359, f1 =
0.583591, f2 = 0.469729, f3 = 0.391027, f4 = 0.333333, f5 = 0.289216, f6 =
0.254394, f7 = 0.226222, f8 = 0.202977, f9 = 0.183486, f10 = 0.166923. Apì
ton tÔpo (4.8) brÐskoume

∫ 2.5

1.5

x

x3 − 3
dx =

0.1

2
(0.763359 + 2 · 0.583591 + 2 · 0.469729 + 2 · 0.391027

+ 2 · 0.333333 + 2 · 0.289216 + 2 · 0.254394 + 2 · 0.226222

+ 2 · 0.202977 + 2 · 0.183486 + 0.166923)

= 0.415105

4.2.3 O kanìnac tou Simpson

Gia ton upologismì tÿra tou oloklhrÿmatoc (4.1) proseggÐzoume th su-
nĹrthsh f(x) me touc treic prÿtouc ìrouc thc parembolăc twn proc ta emprìc
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diaforÿn apì ton tÔpo (2.23). EÐnai fanerì ìti tÿra qreiazìmaste trÐa shmeÐa
gia thn prosèggish aută, èstw ta x0 = a, x1 kai x2 = b. ’Etsi èqoume

I =

∫ b

a

f(x) dx ≈
∫ x2

x0

(f0 + θ∇f0 +

(
θ

2

)
42f0) dx, (4.16)

ìpou θ = x−x0

h
, 4f0 = f1 − f0 kai 42f0 = f2 − 2f1 + f0. Antikajistÿntac

autĹ sthn (4.16), to dx = hdθ kai prosarmìzontac katĹllhla ta Ĺkra thc
oloklărwshc prokÔptei

I ≈ h

∫ 2

0

(f0 + θ(f1 − f0)f0 +
θ(θ − 1)

2
(f2 − 2f1 + f0) dθ. (4.17)

’Epeita apì merikèc eÔkolec prĹxeic paÐrnoume

∫ b=x2

a=x0

f(x) =
h

3
(f0 + 4f1 + f2). (4.18)

O tÔpoc tou Simpson (4.18) mporeÐ na efarmosteÐ kai sthn perÐptwsh
ìpou to diĹsthma [a, b] qwrÐzetai se 2n isomăkh mikrìtera diastămata. Sthn
perÐptwsh aută efarmìzontac ton tÔpo diadoqikĹ sta diastămata autĹ paÐr-
noume to genikeumèno kanìna tou Simpson, pou eÐnai o epìmenoc

I =

∫ b

a

f(x) dx ≈ h

3
· (f0 + 4f1 + 2f2 + 4f3 + 2f4 · · ·+ 4f2n−1 + f2n) (4.19)

H gewmetrikă ermhneÐa tou tÔpou tou Simpson faÐnetai sto sqăma (4.4).
Sto sqăma faÐnetai plèon kajarĹ ìti h kampÔlh proseggÐzetai apì mia para-
bolă kai to embadìn pou prosdiìrize to oloklărwma (4.1) proseggÐzetai apì
to embadìn pou prosdiorÐzei h parabolă aută.

Gia na broÔme thn tĹxh tou sfĹlmatoc, dustuqÿc den mporoÔme na ako-
loujăsoume autoÔsia th diadikasÐa pou akoloujăsame ston kanìna tou tra-
pezÐou kai tou orjogwnÐou. Ja dÿsoume ìmwc thn tĹxh tou sfĹlmatoc qrh-
simopoiÿntac ton tÔpo tou Taylor (3.15). Gia to skopì autì anaptÔssoume
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Sqăma 4.4: Gewmetrikă ermhneÐa tou kanìna tou Simpson

ton tÔpo tou Taylor gÔrw apì to shmeÐo x1. To tuqaÐo shmeÐo x ∈ [x0, x2]
prokÔptei wc x = x1 + hθ, ìpou θ ∈ [−1, 1] kai h = x1 − x0 = x2 − x1.

f(x) = f(x1)+
f ′(x1)

1!
hθ+

f ′′(x1)

2!
h2θ2+

f ′′′(x1)

3!
h3θ3+

f (4)(x1)

4!
h4θ4+· · · (4.20)

Oloklhrÿnontac aută apì x1 mèqri x2 kai lambĹnontac upìyh ìti dx = hdθ
kai ìti, ìtan oloklhrÿnoume wc proc θ, ta Ĺkra thc oloklărwshc eÐnai −1 kai
1 èqoume

∫ x2

x0

f(x)dx = f(x1)h
[
θ
]1

−1
+

f ′(x1)

1!
h2

[θ2

2

]1

−1
+

f ′′(x1)

2!
h3

[θ3

3

]1

−1

+
f ′′′(x1)

3!
h4

[θ4

4

]1

−1
+

f (4)(x1)

4!
h5

[θ5

5

]1

−1
+ · · · (4.21)

KĹnontac tic lÐgec eÔkolec prĹxeic pou emfanÐzontai, paÐrnoume

∫ x2

x0

f(x)dx = 2hf(x1) +
h3f ′′(x1)

3
+

h5f (4)(x1)

60
+ · · · (4.22)
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Ja dhmiourgăsoume sth sunèqeia ton tÔpo tou Simpson efarmìzontac katĹl-
lhla to tÔpo tou Taylor.

f(x0) = f(x1)− f ′(x1)

1!
h +

f ′′(x1)

2!
h2 − f ′′′(x1)

3!
h3 +

f (4)(x1)

4!
h4 − · · ·

f(x2) = f(x1) +
f ′(x1)

1!
h +

f ′′(x1)

2!
h2 +

f ′′′(x1)

3!
h3 +

f (4)(x1)

4!
h4 + · · ·

(4.23)

Prosjètontac tic duo isìthtec thc (4.23) katĹ mèlh, prosjètontac kai sta dÔo
mèlh to 4f1 kai diairÿntac me h

3
paÐrnoume

h

3
(f0 + 4f1 + f2) = 2f(x1)h +

f ′′(x1)

3
h3 +

f (4)(x1)

36
h5 + · · · (4.24)

’Eqontac sto mualì mac ìti to h eÐnai sqetikĹ mikrì kai lambĹnontac upìyh tic
sqèseic (4.22) kai (4.24) gia to sfĹlma, blèpoume ìti

ε =
h

3
(f0 + 4f1 + f2)−

∫ x1

x0

f(x)dx ≈ −h5f (4)(x1)

90
(4.25)

EÐnai fanerì loipìn ìti to sfĹlma ston kanìna tou Simpson eÐnai O(h5) kai
exartĹtai apì tic tètarthc tĹxhc paragÿgouc. EÐnai akribăc loipìn gia poluÿ-
numa mèqri kai trÐtou bajmoÔ. Mia diaforetikă prosèggish tou parapĹnw ja
mporoÔse kĹpoioc na brei sto ([1]).

Ergazìmenoi ìpwc ston kanìna tou trapezÐou kai tou orjogwnÐou, mpo-
roÔme na ektimăsoume to sfĹlma sto genikeumèno kanìna tou Simpson, allĹ
h diadikasÐa afănetai wc Ĺskhsh gia ton anagnÿsth. H telikă morfă èqei wc
exăc

εol ≈ h4(b− a)f (4)(η̂)

180
(4.26)

FanerĹ to sfĹlma tÿra eÐnai O(h4).

Paratărhsh 4.2.2 Se ìlec tic periptÿseic ta sfĹlmata twn genikeumènwn
tÔpwn, upì thn proôpìjesh ìti mporoÔme na ektimăsoume èna frĹgma gia thn
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parĹgwgo thc tĹxhc pou qrhsimopoieÐtai, mporoÔn na qrhsimopoihjoÔn gia na
broÔme ton elĹqisto arijmì shmeÐwn pou prèpei na qrhsimopoiăsoume gia na
qwrÐsoume to diĹsthmĹ mac, gia na upologÐsoume to embadìn me epijumhtă
akrÐbeia.

ParĹdeigma 4.2 Na qrhsimopoiăsete to genikeumèno kanìna tou Simpson gia
thn eÔresh tou oloklhrÿmatoc

∫ 1

0

ex2

dx

afoÔ proôpologÐsete ton arijmì twn diasthmĹtwn kai tou h pou ja qrhsimopoi-
ăsete, ÿste to apìluto sfĹlma na mhn uperbaÐnei to ε = 0.0005.

LÔsh Gia thn perÐptwsh tou genikeumènou kanìna tou Simpson isqÔei o tÔpoc
(4.26). Sthn prokeimènh perÐptwsh èqoume b = 1, a = 0 kai f (4)(x) = 4ex2

(3 +
12x2 + 4x4). ’Ena Ĺnw frĹgma gia to teleutaÐo sto [0, 1] brÐsketai eÔkola,
afoÔ f (4)(x) ≤ 4e(3 + 12 + 4) ≤ 207. ’Etsi gia

εol ≤ 0.0005, arkeÐ
h4(b− a)f (4)(η̂)

180
≤ 0.0005, arkeÐ

h4 207

180
≤ 0.0005

ă isodÔnama

h4 ≤ 180

207
0.0005 ⇐⇒ h ≤ 0.1444

AfoÔ 2hn = (b− a), ja èqoume b−a
2n
≤ 0.1444, opìte n ≥ 3.4626 dhladă n = 4.

Me n = 4 qwrÐzoume to diĹsthma [0, 1] se 2n mikrìtera diastămata, me
ta shmeÐa x0 = 0, x1 = 0.125, x2 = 0.25, x3 = 0.375, x4 = 0.5, x5 = 0.625, x6 =
0.75, x7 = 0.875, x8 = 1. Oi antÐstoiqec timèc thc sunĹrthshc f(x) = ex2

eÐnai f0 = 1, f1 = 1.01575, f2 = 1.04649, f3 = 1.15099, f4 = 1.28403, f5 =
1.4779, f6 = 1.75505, f7 = 2.15034, f8 = 2.71828. TelikĹ apì ton (4.19) èqoume

∫ 1

0

ex2

dx =
h

3
(f0 + 4f1 + 2f1 + 4f2 + 4f3 + 2f4 + 4f5 + 2f6 + 4f7 + f8)

=
0.25

3
(1 + 4 · 1.01575 + 2 · 1.04649 + 4 · 1.15099 + 2 · 1.28403

+ 4 · 1.4779 + 2 · 1.75505 + 4 · 2.15034 + 2.71828)

= 1.46272
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H diadikasÐa tou prohgoÔmenou paradeÐgmatoc den eÐnai kai o plèon sunh-
jismènoc trìpoc gia thn ektÐmhsh enìc oloklhrÿmatoc, lìgw tou ìti h eÔresh
frĹgmatoc kĹpoiac tĹxhc kĹpoiac paragÿgou den eÐnai kai apì tic plèon eÔko-
lec diadikasÐec. Sunăjwc akoloujoÔme thn parakĹtw praktikă.

ArqikĹ upologÐzoume to oloklărwma, dialègontac kanìna kai plăjoc u-
podiasthmĹtwn (sunăjwc ekeÐno tou aploÔ kanìna, opìte eÐnai gnwstì to ar-
qikì h) kai sth sunèqeia upologÐzoume to oloklărwma ek nèou upodiplasiĹzo-
ntac to h ă diplasiĹzontac ton arijmì twn upodiasthmĹtwn sta opoÐa qwrÐsame
to arqikì diĹsthma. EĹn h apìluth diaforĹ twn duo teleutaÐwn timÿn twn o-
loklhrwmĹtwn pou brăkame eÐnai mikrìterh apì kĹpoia dedomènh akrÐbeia èstw
ε, kratĹme wc timă gia to proc upologismì oloklărwma thn teleutaÐa timă pou
brăkame, diaforetikĹ upodiplasiĹzoume to kainoÔrgio h kai suneqÐzoume ìpwc
kai prohgoumènwc.

ParĹdeigma 4.3 Qrhsimopoiÿntac ton kanìna tou Simson kai tic ligìterec to
dunatìn epanalăyeic na upologÐsete me akrÐbeia triÿn(3) dekadikÿn yhfÐwn to
oloklărwma

I =

∫ 3

2

x

ln x
dx

LÔsh Gia ton epanalhptikì prosdiorismì tou parapĹnw oloklhrÿmatoc arqikĹ
me x0 = 2, x2 = 3 kai h = 0.5 upologÐzoume to

I1 =

∫ x2

x0

x

ln x
dx =

h

3
(f0 + 4f1 + f2) = 2.75495

EpÐshc me x0 = 2, x4 = 3 kai h = 0.25 brÐskoume to

I2 =

∫ x4

x0

x

ln x
dx =

h

3
(f0 + 4f1 + 2f2 + 4f3 + f4) = 2.75376

AfoÔ |I2 − I1| = 0.00119 > 0.0005, suneqÐzoume thn diadikasÐa me x0 = 2,
x8 = 3 kai h = 0.125, opìte èqoume to

I3 =

∫ x8

x0

x

ln x
dx =

h

3
(f0+4f1+2f2+4f3+2f4+4f5+2f6+4f7+f8) = 2.75366

AfoÔ |I2 − I1| = 0.00010 < 0.0005, stamatĹme th diadikasÐa kai jewroÔme ìti
I = 2.75366.
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Paratărhsh 4.2.3 ProgrammatÐzontac kĹpoioc thn parapĹnw diadikasÐa ja
prèpei na lĹbei upìyh tou ìti oi timèc thc sunĹrthshc f(x) sto băma i eÐnai
gnwstèc kai diajèsimec kai gia to băma (i + 1), opìte èqei na upologÐsei mì-
no tic kainoÔrgiec timèc twn endiĹmeswn shmeÐwn. Katfl autìn ton trìpo to
upologistikì kìstoc periorÐzetai sto misì.

4.3 ProsdiorÐzontac touc suntelestèc

’Opwc kai sto prohgoÔmeno kefĹlaio ètsi ki edÿ h grammikìthta tou
telestă oloklărwshc mac epitrèpei na dhmiourgăsoume mìnoi mac tÔpouc gia thn
eÔresh enìc oloklhrÿmatoc, apaitÿntac na eÐnai akribeÐc gia ìso to dunatìn
megalÔterou bajmoÔ poluÿnuma. De ja perigrĹyoume pĹli thn Ðdia teqnikă,
wstìso ja dÿsoume èna parĹdeigma.

ParĹdeigma 4.4 Na brejeÐ o tÔpoc thc morfăc
∫ x1

x0

f(x)dx ≈ h(af0 + bf1) + h2(cf ′0 + df ′1) (4.27)

LÔsh AfoÔ oi Ĺgnwstoi suntelestèc eÐnai tèsseric, ja dhmiourgăsoume tès-
seric exisÿseic. XekinĹme me f(x) = 1. Apì thn (4.27) paÐrnoume

∫ x1

x0

1dx ≈ h(af0 + bf1) + h2(0c + 0d) ⇐⇒ a + b = 1 (4.28)

Sth sunèqeia jewroÔme ìti f(x) = x. Tÿra apì thn (4.27) kai lambĹnontac
upìyh thn (4.28) èqoume

∫ x1

x0

xdx ≈ h(ax0 + bx1) + h2(1c + 1d) ⇐⇒ b + c + d =
1

2
(4.29)

JewroÔme tÿra ìti f(x) = x2. H (4.27) gÐnetai
∫ x1

x0

x2dx = h(ax2
0 + bx2

1) + h2(2x0c + 2x1d) ⇐⇒

(x0 + h)3 − x3
0

3
= h(ax2

0 + b(x0 + h)2) + h2(2x0c + 2(x0 + h)d) ⇐⇒ (4.30)
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b + 2d =
1

3

Tèloc jewroÔme ìti f(x) = x3. H (4.27) tÿra gÐnetai
∫ x1

x0

x3dx = h(ax3
0 + bx3

1) + h2(3x2
0c + 3x2

1d) ⇐⇒

(x0 + h)4 − x4
0

4
= h(ax3

0 + b(x0 + h)3) + h2(3x2
0c + 3(x0 + h)2d) ⇐⇒ (4.31)

b + 3d =
1

4

LÔnontac to sÔsthma twn tessĹrwn exisÿsewn (4.28,4.29, 4.30,4.31) mporoÔme
na broÔme a = 1

2
, b = 1

2
, c = 1

12
, d = − 1

12
, opìte èqoume

∫ x1

x0

f(x)dx ≈ h

2
(f0 + f1) +

h2

12
(f ′0 − f ′1) (4.32)

EÐnai fanerì ìti o tÔpoc pou dhmiourgăjhke me ton parapĹnw trìpo eÐnai
akribăc gia poluÿnuma mèqri kai trÐtou (3ou) bajmoÔ toulĹqiston.

4.4 ProgrammatÐzontac ston Hlektronikì U-
pologistă

Gia thn eÔresh tou oloklhrÿmatoc arijmhtikĹ ja qrhsimopoiăsoume ton
kanìna tou Simpson kai o anagnÿsthc wc Ĺskhsh na kĹnei to Ðdio gia touc
Ĺllouc kanìnec ă tÔpouc. Ta dedomèna gia to prìblhmĹ mac eÐnai h sunĹrthsh
f(x), ta Ĺkra tou diastămatoc oloklărwshc a kai b kai h akrÐbeia ε. ArqikĹ
qrhsimopoioÔme ton tÔpo (4.18), dhladă n = 2 kai h = b−a

n
. Sth sunèqeia

diplasiĹzoume to n kĹnontĹc to 4, opìte to h = b−a
n

upodiplasiĹzetai kai qrh-
simopoioÔme ton tÔpo (4.19). SugkrÐnoume thn apìluth timă thc diaforĹc twn
duo posotătwn pou brăkame me ekeÐnh tou ε kai eĹn aută eÐnai mikrìterh, kratĹ-
me wc timă gia to oloklărwma thn teleutaÐa pou brăkame, alliÿc suneqÐzoume
th diadikasÐa diplasiĹzontac to n k.l.p.. EkeÐno pou ja parathroÔse kĹpoioc
sth diadikasÐa eÐnai ìti oi timèc twn Ĺkrwn tou diastămatoc emfanÐzontai kĹje
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forĹ stouc tÔpouc, epomènwc ja prèpei na upologÐzontai efĹpax. Oi upìloi-
pec timèc thc sunĹrthshc f qwrÐzontai se timèc twn shmeÐwn me Ĺrtiouc deÐktec
(Ĺrtiec timèc (f even) ) kai se timèc twn shmeÐwn me perittoÔc deÐktec (perittèc
timèc (f odd) ). EkeÐnec twn perittÿn deiktÿn pollaplasiĹzontai me 4, enÿ ekeÐ-
nec twn artÐwn deiktÿn pollaplasiĹzontai me 2. KĹje forĹ se mia kainoÔrgia
epanĹlhyh Ĺrtiec kai perittèc timèc gÐnontai Ĺrtiec (f even=f even+f odd) kai
ìlec oi kainoÔrgiec timèc eÐnai oi perittèc.

ParĹdeigma 4.5 Qrhsimopoiÿntac ton kanìna tou Simson kai tic ligìterec to
dunatìn epanalăyeic na upologÐsete me akrÐbeia tessĹrwn(4) dekadikÿn yhfÐwn
to oloklărwma: ∫ 2

1

ex

ln (x + 1)
dx

LÔsh To prìblhma ja to lÔsoume dhmiourgÿntac duo arqeÐa ston trèqonta
upokatĹlogo tou matlab. To prÿto arqeÐo ja perièqei thn sunĹrthsh kai ja
to onomĹsoume f.m

function y=f(x)

y=exp(x)/log(x+1);

To deÔtero arqeÐo ja perièqei to prìgramma kai ja to onomĹsoume Simpson.m

e=0.00005;

a=1;

b=2;

n=2;

f_ab=f(a)+f(b);

f_odd=f((a+b)/2);

f_even=0;

s_new=(f_ab+4*f_odd)*(b-a)/6;

s_old=s_new+1;

k=1;

while abs(s_new-s_old)>e

s_old=s_new;

n=2*n;
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h=(b-a)/n;

x=a:h:b; %Epanaprosdiorizoume ta shmeia x.

f_even=f_even+f_odd; %Upologizoume to ajroisma stic

f_odd=0; % artiec theseis.

for i=2:2:n

f_odd=f_odd+f(x(i)); %Upologizoume to athroisma

end %stic perittes theseic.

s_new=(f_ab+4*f_odd+2*f_even)*h/3; %Upologizoume

k=k+1; %to oloklirwma.

end

Trèqoume to prìgramma me to ìnomĹ tou (Simpson) kai blèpoume thn timă tou
oloklhrÿmatoc me to ìnoma (s new). To k mac dÐnei ton arijmì twn epanală-
yewn.

Askăseic

’Askhsh 4.1 Na lÔsete to prìblhma tou paradeÐgmatoc (4.2) gia ton kanìna
a) trapezÐou, b) orjogwnÐou

’Askhsh 4.2 Mia omĹda foithtÿn prokeimènou na brei to embadìn tou èlouc
tou sqămatoc (4.5) to qÿrise se oqtÿ tmămata plĹtouc 10m. Ston epìmeno
pÐnaka faÐnetai to măkoc kĹje eujugrĹmmou tmămatoc AiBi, i = 1(n)n.

eujÔgramma tmăma A1B1 A2B2 A3B3 A4B4 A5B5 A6B6 A7B7

măkoc tmămatoc 23 27 43 41 38 35 28

Sth sunèqeia qrhsimopoÐhse ton kanìna tou Simson. KĹnte to Ðdio.

’Askhsh 4.3 Na brejeÐ h tĹxh tou sfĹlmatoc sto genikeumèno kanìna tou
orjogwnÐou akoloujÿntac mia taktikă Ðdia me ekeÐnh pou akoloujăsame ston
kanìna tou trapezÐou.



EPISTHMONIKOI UPOLOGISMOI 69

$�

$�
$� $�

$� $�

$�

%�
%�

%� %�
%�

%�

%�

Sqăma 4.5: ’Eloc qwrismèno se oktÿ tmămata

’Askhsh 4.4 Na apodeÐxete qrhsimopoiÿntac katĹllhlo tÔpo parembolăc ton
kanìna tou orjogwnÐou. BreÐte èkfrash gia to sfĹlma.

I =

∫ x1

x0

f(x) dx ≈ h · f1

’Askhsh 4.5 Na ermhneÔsete gewmetrikĹ ton kanìna tou orjogwnÐou tìso tou
tÔpou (4.7) ìso kai ekeÐnon thc Ĺskhshc (4.4).

’Askhsh 4.6 Na apodeiqjeÐ ìti gia kĹje poluÿnumo trÐtou bajmoÔ isqÔei

∫ b

a

P3(x) dx =
b− a

6
(f(a) + 4f(

b + a

2
) + f(b))

’Askhsh 4.7 a)Na apodeÐxete qrhsimopoiÿntac katĹllhla ton tÔpo tou tra-
pezÐou (PollaplasiĹste me 1

3
) kai ekeÐnon thc Ĺskhshc (4.8) (PollaplasiĹste

me 2
3
) ton kanìna tou Simpson.
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’Askhsh 4.8 Na apodeÐxete ìti isqÔei

∫ b

a

f(x) dx ≈ (b− a)f(
a + b

2
)

’Askhsh 4.9 Na apodeÐxete ìti gia to sfĹlma thc prohgoÔmenhc Ĺskhshc (4.8)
isqÔei

ε = (b− a)f(
a + b

2
)−

∫ b

a

f(x) dx = −h3f ′′(ξ)
24

, me ξ ∈ (a, b)

qrhsimopoiÿntac thn teqnikă pou anaptÔqjhke gia thn ektÐmhsh tou sfĹlmatoc
tou kanìna tou Simpson ă opoiondăpote Ĺllon trìpo.

’Askhsh 4.10 UpologÐste thn kĹjeth diatomă enìc potamoÔ plĹtouc 10 mè-
trwn apì ta parakĹtw stoiqeÐa qrhsimopoiÿntac katĹllhla to genikeumèno
kanìna a)tou trapezÐou b)tou Simpson.

apìst. apì thn aktă 0 1 2 3 4 5 6 7 8 9 10
bĹjoc se mètra 0.2 0.4 0.7 1.3 1.5 1.7 1.4 1.2 0.9 0.5 0.1

’Askhsh 4.11 Na dhmiourgăsete to genikeumèno tÔpo upologismoÔ oloklhrÿ-
matoc tou (4.32) kai na ton qrhsimopoiăsete gia na upologÐsete to oloklărwma

∫ 3

2

ex

ln(x + 1)
dx

me akrÐbeia tessĹrwn (4) dekadikÿn yhfÐwn. KĹnte to Ðdio me ton kanìna tou
Simpson. Ti parathreÐte?



Prosèggish sunartăsewn

5.1 GenikĹ

’Eqoume ădh dei to pÿc proseggÐzoume tic n + 1 timèc miac sunĹrthshc me
èna poluÿnumo n bajmoÔ. EpÐshc tonÐsthke ìti autìc den eÐnai pĹnta o kalÔte-
roc trìpoc gia na proseggÐsoume ta peiramatikĹ mac dedomèna ă apotelèsmata.
Sto epìmeno parĹdeigma dÐnontai tèssera(4) shmeÐa (parathrăseic) kai zhteÐtai
na brejeÐ to kalÔtero poluÿnumo pou proseggÐzei autĹ. Profanÿc me th jew-
rÐa pou gnwrÐzoume mèqri edÿ, to kalÔtero poluÿnumo ja ătan èna poluÿnumo
3ou bajmoÔ, to opoÐo ja dièrqetai apfl ìla ta shmeÐa.

ParĹdeigma 5.1 Na brejeÐ to kalÔtero poluÿnumo pou proseggÐzei ta shmeÐa
x -1 0.9 1.1 3
f 4 2.499 1.501 0

Na gÐnei h grafikă parĹstash autoÔ.

LÔsh AfoÔ ta shmeÐa den eÐnai isapèqonta, me to poluÿnumo tou Langrange
brÐskoume

f(x) =
3∑

i=0

∏3
j=0,j 6=i(x− xj)∏3
j=0,j 6=i(xi − xj)

f(xi) = · · · = x3 − 3x2 − x + 1

H Grafikă parĹstash twn tessĹrwn shmeÐwn kajÿc kai tou parapĹnw poluw-
nÔmou faÐnetai sto sqăma (5.6)

Apì to sqăma ìmwc faÐnetai ìti polÔ pijanìn h sunĹrthsh f(x) na mhn eÐnai
kai h plèon katĹllhlh gia na perigrĹyei to parapĹnw peÐrama. Ja mporoÔse
kĹpoioc na isqurisjeÐ ìti ta parapĹnw shmeÐa mĹllon perigrĹfontai kalÔtera
apì mia eujeÐa grammă (poluÿnumo 1ou bajmoÔ), parĹ apì èna poluÿnumo 3ou

71
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Sqăma 5.6: H grafikă parĹstash twn tessĹrwn shmeÐwn kai thc f(x)

bajmoÔ. To ìti de brÐskontai akribÿc pĹnw se eujeÐa grammă ja mporoÔse na
ermhneujeÐ apì to gegonìc ìti autì ofeÐletai se sfĹlmata twn metrăsewn ă
twn orgĹnwn. To erÿthma pou ja mporoÔse na diatupÿsei kĹpoioc eÐnai: {An
deqjoÔme ìti ta shmeÐa autĹ proseggÐzontai kalÔtera apì mia eujeÐa grammă,
me poio trìpo ja mporoÔsame na thn prosdiorÐsoume?} Sto erÿthma autì ja
apantăsoume sthn epìmenh parĹgrafo.

5.2 H EujeÐa twn elaqÐstwn tetragÿnwn

’Estw (xi, fi), i = 1(1)n ta n shmeÐa, ta opoÐa katĹ thn Ĺpoyă mac
brÐskontai se eujeÐa kai proseggÐzontai apì thn

y = ax + b. (5.1)

Profanÿc oi suntetagmènec twn shmeÐwn pou proseggÐzoun ta prohgoÔmena
mèsa apì thn eujeÐa eÐnai ta (xi, yi), i = 1(1)n (Sthn pragmatikìthta alhjeÐc
timèc jewroÔntai autèc thc eujeÐac kai proseggistikèc ekeÐnec twn shmeÐwn).
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To sfĹlma pou kĹnoume sthn prosèggish aută gia kĹje shmeÐo eÐnai

εi = fi − yi, i = 1(1)n. (5.2)

’Ena kritărio gia na deqtoÔme thn prosèggish aută wc {kalÔterh} ja ătan h
elaqistopoÐhsh autÿn twn sfalmĹtwn. H prospĹjeia na elaqistopoiăsoume
sugqrìnwc ìla autĹ ta sfĹlmata (5.2) ja ătan mĹtaih! ’Omwc mia kală idèa
ja ătan na elaqistopoiăsoume to Ĺjroisma twn tetragÿnwn touc, afoÔ kĹti
tètoio ja mac èpeije ìti sunolikĹ autĹ meiÿnontai. ’Etsi to prìblhma anĹgetai
sto na broÔme tic timèc twn a kai b, oi opoÐec elaqistopoioÔn th sunĹrthsh

E(a, b) =
n∑

i=1

ε2
i =

n∑
i=1

(fi − yi)
2 =

n∑
i=1

(fi − axi − b)2 (5.3)

EÐnai gnwstì apì ta MajhmatikĹ ( [10]) ìti milĹme gia tic timèc twn a kai b pou
mhdenÐzoun tic prÿtec merikèc paragÿgouc thc E, dhladă tic Ea kai Eb. ’Etsi
milĹme gia th lÔsh tou sustămatoc





∂E
∂a

= 0

∂E
∂b

= 0
⇔




−2

∑n
i=1(fi − axi − b)xi = 0

−2
∑n

i=1(fi − axi − b) = 0
⇔





a
∑n

i=1 x2
i + b

∑n
i=1 xi =

∑n
i=1 fixi

a
∑n

i=1 xi + nb =
∑n

i=1 fi

(5.4)

H lÔsh tou parapĹnw sustămatoc (5.4) mac dÐnei ta zhtoÔmena a kai b. To ìti
oi timèc twn a kai b elaqistopoioÔn th sunĹrthsh tou sfĹlmatoc (5.3) mporeÐ
na to dei kaneÐc mèsa apì tic sunjăkec deÔterhc tĹxhc ( [10]). PrĹgmati,

∂2E

∂a2
= 2

n∑
i=1

x2
i > 0

EpÐshc kai

∂2E

∂a2
· ∂2E

∂b2
− (

∂2E

∂a∂b
)2 = · · · = n

n∑
i=1

x2
i − (

n∑
i=1

xi)
2 > 0

afoÔ to teleutaÐo prokÔptei Ĺmesa apì thn anisìthta tou Schwarz |xT · y| ≤
‖x ‖‖ y ‖ ( [7]), an pĹroume wc dianÔsmata ta x = (x1 x2 . . . xn)T kai y =
(1 1 1 . . . 1)T .
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ParĹdeigma 5.2 Na brejeÐ to prwtobĹjmio poluÿnumo pou proseggÐzei ta sh-
meÐa
x -1 0.9 1.1 3
f 4 2.499 1.501 0

Na gÐnei h grafikă parĹstash autoÔ.

LÔsh Gia thn eÔresh tou prwtobĹjmiou autoÔ poluwnÔmou prèpei na prosdio-
rÐsoume touc suntelestèc tou sustămatoc (5.4). Prokeimènou na kerdÐzoume
kìpo kai qrìno, kalì ja eÐnai na susthmatopoioÔme kai na organÿnoume th
douleiĹ mac. ProteÐnoume thn orgĹnwsh ston parakĹtw pÐnaka.

i xi fi x2
i xifi

1 −1 4 1 −4
2 0.9 2.499 0.81 2.2491
3 1.1 1.501 1.21 1.6511
4 3 0 9 0

AjroÐsmata 4 8 12.02 −0.0998

EÐnai tÿra fanerì ìti to sÔsthmĹ mac eÐnai to




12.02a + 4b = −0.0998

4a + 4b = 8
(5.5)

LÔnontac to parapĹnw sÔsthma me opoiondăpote trìpo (p.q. me orÐzousec)
brÐskoume D = 32.08, Da = −32.3992, Db = 96, 5592 kai a = −1.0100, b =
3.0100. ’Etsi h zhtoÔmenh eujeÐa eÐnai h y = −1.01x + 3.01. MporeÐ plèon
na parathrăsei kĹpoioc sto sqăma (5.7) ìti ta shmeÐa proseggÐzontai polÔ
kalÔtera me thn eujeÐa parĹ me to poluÿnumo 3ou bajmoÔ tou sqămatoc (5.6).

5.3 H Ekjetikă twn elaqÐstwn tetragÿnwn

Pollèc forèc pĹli h grafikă parĹstash tou pÐnaka timÿn thc sunĹrthshc
mac odhgeÐ sto na skeftoÔme ìti h sunĹrthsă mac pijanìn na èqei th morfă

y = ceax (i) ă y = cxa (ii). (5.6)

H apeujeÐac qrăsh thc mejìdou twn elaqÐstwn tetragÿnwn dhmiourgeÐ problă-
mata. Gia to lìgo autì, prin qrhsimopoiăsoume th mèjodì mac, logarijmoÔme



EPISTHMONIKOI UPOLOGISMOI 75

�� � � �

�

�

�

�

-1 1 2 3

1

2

3

4

Sqăma 5.7: H grafikă parĹstash twn tessĹrwn shmeÐwn kai thc eujeÐac

tic sqèseic mac. ’Etsi èqoume

ln y = ax + ln c (i) ă ln y = a ln x + ln c (ii). (5.7)

An de jèsoume ŷ = ln y, x̂ = ln x kai b = ln c, prokÔptoun oi sqèseic

ŷ = ax + b (i) ă ŷ = ax̂ + b (ii). (5.8)

ParathroÔme ìti oi sqèseic (5.8) eÐnai ìmoiec me èkeÐnec thc (5.1). EkeÐno pou
prèpei na prosèxoume tÿra eÐnai to ìti ta x̂ kai ŷ den proseggÐzoun tic timèc
twn xi kai fi antÐstoiqa, allĹ ekeÐnec twn ln xi kai ln fi. H eÔresh twn a kai
b akoloujeÐ th diadikasÐa thc prohgoÔmenhc paragrĹfou kai ìpou qreiĹzetai
apologarijmopoioÔme!
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ParĹdeigma 5.3 O jewrhtikìc tÔpoc pou ekfrĹzei th metabolă
thc posìthtac kĹpoiou eÐdouc rÔpou, metĹ thn epibolă enìc fÐl-
trou, sunartăsei tou qrìnou eÐnai Q(t) = kLt. Mia omĹda foith-
tÿn prosèggise ta peiramatikĹ dedomèna tou diplanoÔ pÐnaka me
{elĹqista terĹgwna} epilègontac ènan apì touc dÔo epìmenouc
tÔpouc q = at+ b ă q = eat+b. a) Na brăte ta a kai b tou swstoÔ
tÔpou pou qrhsimopoÐhsan oi foithtèc b) Na breÐte tic stajerèc
k kai L tou jewrhtikoÔ tÔpou gia to sugkekrimèno prìblhma.

ti Qi

0,25 6,050
0,5 4,953

0,75 4,055
1 3,320

1,25 2,718
1,5 2,226

1,75 1,822
2 1,492

LÔsh AfoÔ o jewrhtikìc tÔpoc eÐnai ekjetikìc, oi foithtèc epèlexan ton tÔpo
q = eat+b. ’Etsi logarijmÐzontac èqoume

q = eat+b ⇐⇒ ln q = at + b ⇐⇒ q̂ = at + b

EkeÐno pou prèpei na prosèxoume eÐnai ìti to q̂ proseggÐzei tic timèc q̂i =
ln Qi, i = 1(1)8. Gia th dieukìlunsă mac dhmiourgoÔme ton pÐnaka

i ti Qi q̂i = ln Qi t2i tiq̂i

1 0.25 6.05 1.8001 0.0625 0.4500
2 0.5 4.653 1.5375 0.2500 0.7688
3 0.75 4.055 1.4000 0.5625 1.0500
4 1 3.32 1.2000 1.0000 1.2000
5 1.25 2.718 0.9999 1.5625 1.2499
6 1.5 2.226 0.8002 2.2500 1.2003
7 1.75 1.822 0.5999 3.0625 1.0499
8 2 1.492 0.4001 4.0000 0.8002

AjroÐsmata 9 8.7377 12.7500 7.7691

To sÔsthma (5.4) pou prèpei na lÔsoume diamorfÿnetai wc exăc:




a
∑n

i=1 t2i + b
∑n

i=1 ti =
∑n

i=1 tiq̂i

a
∑n

i=1 ti + nb =
∑n

i=1 q̂i

⇔
{

12.75a + 9b = 7.7691
9a + 8b = 8.7377

Qrhsimopoiÿntac tic orÐzousec arqikĹ brÐskoume D = 21, Da = −16.4865 kai
Db = 41.4838, opìte a = −0.7851 kai b = 1.9754. ’Etsi o tÔpoc pou brăkan
oi foithtèc ătan q(t) = e−0.7851t+1.9754. Tèloc, eÔkola mporeÐ tÿra kĹpoioc na
dÿsei tic stajerèc tou proseggistikoÔ tÔpou wc exăc

q(t) = e−0.7851t+1.9754 = e1.9754(e−0.7851)t = 7.2095 · 0.4561t =: kLt.
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5.4 H Parabolă twn elaqÐstwn tetragÿnwn

H logikă pou anaptÔqjhke stic duo prohgoÔmenec paragrĹfouc mporeÐ
na anaptuqjeÐ gia kĹje poluÿnumo bajmoÔ m < (n−1), ìpou n eÐnai o arijmìc
twn shmeÐwn pou proseggÐzoume. Wstìso to sÔsthma pou kaloÔmaste telikĹ
na lÔsoume gia na broÔme touc suntelestèc tou poluwnÔmou, parìlo pou a-
podeiknÔetai ìti èqei pĹnta monadikă lÔsh, den eÐnai {eustajèc} gia m > 7,
me apotèlesma na dhmiourgoÔntai problămata sth lÔsh tou ([12], [3]). Sth
sunèqeia ja skiagrafăsoume th mèjodo me èna parĹdeigma.

ParĹdeigma 5.4 Mia omĹda foithtÿn prosèggise ta peirama-
tikĹ dedomèna tou diplanoÔ pÐnaka me {elĹqista tetrĹgwna} epi-
lègontac wc tÔpo thn parabolă (f(x) = ax2 + bx + c). a) Na
breÐte ta a, b kai c tou tÔpou pou qrhsimopoÐhsan oi foithtèc b)
Na gÐnei h grafikă parĹstash thc sunĹrthshc kai twn shmeÐwn
sto Ðdio sÔsthma axìnwn.

xi fi

0 1
0.25 0.9
0.5 0.7

0.75 0.9
1 1.2

1.25 1.4
1.5 1.7

1.75 2.4
2 3

LÔsh JewroÔme th sunĹrthsh

y(x) = ax2 + bx + c, (5.9)

h opoÐa proseggÐzei tic timèc tou pÐnakĹ mac. Gia na efarmìsoume th jewrÐa
twn elaqÐstwn tetragÿnwn, jewroÔme th sunĹrthsh

E(a, b, c) =
9∑

i=1

(fi − y(xi))
2 =

9∑
i=1

(fi − ax2
i − bxi − c)2 (5.10)

Gia thn eÔresh twn timÿn twn paramètrwn a, b kai c dhmiourgoÔme kai lÔnoume
to sÔsthma





∂E
∂a

= 0

∂E
∂b

= 0

∂E
∂c

= 0

⇔





−2
∑9

i=1(fi − ax2
i − bxi − c)x2

i = 0

−2
∑9

i=1(fi − ax2
i − bxi − c)xi = 0

−2
∑9

i=1(fi − ax2
i − bxi − c) = 0

⇔
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a
∑9

i=1 x4
i + b

∑n
i=1 x3

i + c
∑n

i=1 x2
i =

∑9
i=1 fix

2
i

a
∑9

i=1 x3
i + b

∑n
i=1 x2

i + c
∑n

i=1 xi =
∑9

i=1 fixi

a
∑9

i=1 x2
i + b

∑n
i=1 xi + 9c =

∑9
i=1 fi

(5.11)

Gia dieukìlunsh stic prĹxeic dhmiourgoÔme ton parakĹtw pÐnaka

i xi fi x2
i x3

i x4
i fixi fix

2
i

1 0 1 0 0 0 0 0
2 0.25 0.9 0.0625 0.015625 0.00390625 0.225 0.05625
3 0.5 0.7 0.25 0.125 0.0625 0.35 0.175
4 0.75 0.9 0.5625 0.421875 0.31640625 0.675 0.50625
5 1 1.2 1 1 1 1.2 1.2
6 1.25 1.4 1.5625 1.953125 2.44140625 1.75 2.1875
7 1.5 1.7 2.25 3.375 5.0625 2.55 3.825
8 1.75 2.4 3.0625 5.359375 9.37890625 4.2 7.35
9 2 3 4 8 16 6 12

AjroÐsmata 9 13.2 12.75 20.25 34.265625 16.95 27.3

’Etsi to sÔsthma (5.11) gÐnetai





34.265625a + 20.25b + 12.75c = 27.3

20.25a + 12.75b + 9c = 16.95

12.75a + 9b + 9c = 13.2

,

h lÔsh tou opoÐou mac dÐnei a = 0.9143, b = 0.8286 kai c = 1. Gia th grafikă
parĹstash twn shmeÐwn kai thc sunĹrthshc sto Ðdio sÔsthma axìnwn {trèqou-
me} to parakĹtw prìgramma sto { Mathematica}

Clear[g, x];

t1 = Table[{{0, 1}, {0.25, 0.9}, {0.5, 0.7}, {0.75, 0.9},

{1., 1.2}, {1.25, 1.4}, {1.5, 1.7}, {1.75, 2.4}, {2., 3.}}];

p1 = ListPlot[t1, AspectRatio -> Automatic,

PlotStyle -> {Hue[0.0], PointSize[0.04]}];
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Sqăma 5.8: Parabolă ` Prosèggish

g[x_] = 0.9143x^2 - 0.8286x + 1;

p2 = Plot[g[x], {x, 0, 2.1}, PlotRange -> {0.5, 3},

AspectRatio -> Automatic, PlotStyle -> Hue[0.8]];

Show[p1, p2];

Sto sqăma (5.8) faÐnetai h polÔ kală prosèggish pou epitugqĹnetai sta shmeÐa
pou dìjhkan.

5.5 Prosèggish me sunartăseic

Mèqri edÿ h prosèggish meletăjhke (ă h melèth sqoliĹsthke) me gram-
mikĹ anexĹrthta poluÿnuma, ta {1, x, x2, · · · , xm}, qrhsimopoiÿntac th mèjodo
twn elaqÐstwn tetragÿnwn. Wstìso kĹpoioc ja mporoÔse na ergasteÐ me ton
Ðdio trìpo me opoiodăpote sÔnolo grammikĹ anexĹrthtwn sunartăsewn. ’Etsi
mporeÐ kĹpoioc na qrhsimopoiăsei wc sÔnolo, kĹpoio sÔnolo trigwnometrikÿn
sunartăsewn p.q.

{1, cos x, cos 2x, · · · , cos mx}
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ă èna sÔnolo ekjetikÿn sunartăsewn p.q.

{1, eλ1x, eλ2x, · · · , eλmx, }

ParĹdeigma 5.5 Gia na proseggÐsete tic parathrăseic pou pe-
rigrĹfontai sto diplanì pÐnaka, ìpou h prÿth stălh perièqei
to x kai h deÔterh to y, na qrhsimopoiăsete mia sunĹrthsh
thc morfăc f(x) = ax + b kai mia sunĹrthsh thc morfăc
g(x) = ax + b

√
x. Poia ja qrhsimopoioÔsate gia na problèyete

to y, ìtan to x eÐnai 12? Dikaiologăste thn apĹnthsă sac.

xi yi

0 0
1 -0.5
4 1
9 4.5

LÔsh Gia thn eÔresh twn suntelestÿn a kai b thc sunĹrthshc f(x) qreiĹze-
tai na lÔsoume to sÔsthma (5.4). Gia thn eÔresh twn suntelestÿn kai twn
stajerÿn ìrwn autoÔ èqoume:

i xi yi x2
i xiyi

1 0 0 0 0
2 1 −0.5 1 −0.5
3 4 1 16 4
4 9 4.5 81 40.5

AjroÐsmata 14 5 98 44

EÐnai tÿra fanerì ìti to sÔsthmĹ mac eÐnai to



98a + 14b = 44

14a + 4b = 5

LÔnontac to parapĹnw sÔsthma me opoiondăpote trìpo brÐskoume a = 0.5408
kai b = −0.6429. ’Etsi h zhtoÔmenh eujeÐa eÐnai h y = 0.5408x− 0.6429.
Gia thn eÔresh twn suntelestÿn a kai b thc sunĹrthshc g(x) qreiĹzetai na
jewrăsoume th sunĹrthsh

E(a, b) =
4∑

i=1

(yi − g(xi))
2 =

4∑
i=1

(yi − axi − b
√

xi)
2

DhmiourgoÔme kai lÔnoume to sÔsthma




∂E
∂a

= 0

∂E
∂b

= 0
⇔





−2
∑4

i=1(yi − axi − b
√

xi)xi = 0

−2
∑4

i=1(yi − axi − b
√

xi)
√

xi = 0

⇔
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Sqăma 5.9: Prosèggish me eujeÐa kai grammikĹ anexĹrthtec sunartăseic





a
∑4

i=1 x2
i + b

∑4
i=1 xi

√
xi =

∑4
i=1 yixi

a
∑4

i=1 xi
√

xi + b
∑4

i=1 xi =
∑4

i=1 yi
√

xi

(5.12)

Gia thn eÔresh twn suntelestÿn kai twn stajerÿn ìrwn tou sustămatoc (5.12)
èqoume

i xi yi x2
i

√
xi xi

√
xi xiyi yi

√
xi

1 0 0 0 0 0 0 0
2 1 −0, 5 1 1 1 −0, 5 −0, 5
3 4 1 16 2 8 4 2
4 9 4, 5 81 3 27 40, 5 13, 5

AjroÐsmata 14 5 98 6 36 44 15

opìte to proc lÔsh sÔsthma diamorfÿnetai wc exăc




98a + 36b = 44

36a + 14b = 15

H lÔsh tou parapĹnw sustămatoc mac dÐnei ìti a = 1 kai b = −3
2
, opìte

brÐskoume ìti g(x) = x − 3
2

√
x. Apì to sqăma (5.9) kĹpoioc mporeÐ na dei kai

sth sunèqeia na epalhjeÔsei, ìti h sunĹrthsh g(x) eÐnai h akribăc sunĹrthsh
h opoÐa dièrqetai apì ta parapĹnw shmeÐa. ’Etsi eÐnai logikì na th deqjeÐ wc
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sunĹrthsh prìbleyhc, opìte g(12) = 6.80. Wstìso de ja ătan lĹjoc kĹpoioc
na isquristeÐ ìti wc sunĹrthsh prìbleyhc jewreÐ ekeÐnh thc eujeÐac, epeidă ta
shmeÐa brÐskontai perÐpou se eujeÐa grammă kai kĹpoiec apoklÐseic ofeÐlontai
se sfĹlmata metrăsewn. H problepìmenh timă f(12) = 5.84 den apèqei polÔ
apì thn prohgoÔmenh.

5.6 Prosèggish sunartăsewn

Mèqri edÿ proseggÐsame sunartăseic pou ătan gnwstèc oi timèc touc se
kĹpoia shmeÐa me Ĺllec sunartăseic (p.q. poluÿnuma). Wstìso den eÐnai lÐgec
oi forèc pou ja prèpei na proseggÐsoume suneqeÐc sunartăseic pou eÐnai gnw-
stìc o tÔpoc touc me poluÿnuma, afoÔ autĹ èqoun, ìpwc èqoume pei, polÔ kală
sumperiforĹ. Sthn perÐptwsh aută ousiastikĹ èqoume èna Ĺpeiro plăjoc sh-
meÐwn pou ja prèpei na proseggÐsoume. H mèjodoc twn elaqÐstwn tetragÿnwn
pou perigrĹfthke parapĹnw suneqÐzei na isqÔei, me th diaforĹ ìti to Ĺjroisma
antikajÐstatai plèon apì to oloklărwma. ’Etsi an jewrăsoume ìti èqoume th
sunĹrthsh f(x), x ∈ [a, b] kai jèloume na thn proseggÐsoume me èna poluÿnumo
bajmoÔ to polÔ m p.q. to Pm(x) = amx + am−1x + · · ·+ a0, apodeiknÔetai ìti
autì to poluÿnumo upĹrqei kai eÐnai monadikì. To sfĹlma pou gÐnetai se kĹje
shmeÐo xi ∈ [a, b] eÐnai εi = f(xi) − Pm(xi), enÿ to sunolikì tou tetragÿnou
tou sfĹlmatoc sfl olìklhro to diĹsthma [a, b] eÐnai

E(am, am−1, · · · , a0) =

∫ b

a

(f(x)−Pm(x))2dx =

∫ b

a

(f(x)−amx−am−1x−· · ·−a0)
2dx

H elaqistopoÐhsh thc E(am, am−1, · · · , a0) petuqaÐnetai me thn eÔresh twn su-
ntelestÿn {am, am−1, · · · , a0}, gia touc opoÐouc isqÔoun

Eai
(am, am−1, · · · , a0) = 0, i = 0(1)m (5.13)

AfoÔ tìso h sunĹrthsh (f(x) − Pm(x))2, ìso kai oi sunartăseic ∂
∂ai

(f(x) −
Pm(x))2 eÐnai suneqeÐc sunartăseic ([2]), oi sqèseic (5.13) mac dÐnoun to sÔsth-
ma

m∑
i=0

ai

∫ b

a

xi+jdx =

∫ b

a

xjf(x)dx, j = 0(1)m (5.14)

H epÐlush tou parapĹnw sustămatoc mac dÐnei touc suntelestèc tou poluwnÔ-
mou pou proseggÐzei th sunĹrthsh, kĹnontac elĹqisto to sunolikì tetragwnikì
fĹlma.
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ParĹdeigma 5.6 Na brejeÐ h parabolă pou proseggÐzei th sunĹrthsh y =
cos x katĹ ton kalÔtero trìpo sto diĹsthma [−π

2
, π

2
].

LÔsh ’Estw P2(x) = ax2 + bx+ c h parabolă pou proseggÐzei me ton kalÔtero
trìpo thn sunĹrthsă mac. Gia thn eÔresh twn suntelestÿn a, b kai c arkeÐ na
lÔsoume to sÔsthma (5.13), to opoÐo sthn prokeimènh perÐptwsh gÐnetai

Ea(a, b, c) = 0, Eb(a, b, c) = 0 kai Ec(a, b, c) = 0

ă analutikìtera





∂
∂a

∫ −π
2

−π
2

(f(x)− ax2 − bx− c)2dx = 0

∂
∂b

∫ −π
2

−π
2

(f(x)− ax2 − bx− c)2dx = 0

∂
∂c

∫ −π
2

−π
2

(f(x)− ax2 − bx− c)2dx = 0

to opoÐo me th seirĹ tou mac dÐnei to sÔsthma





∫ −π
2

−π
2

∂
∂a

(f(x)− ax2 − bx− c)2dx = 0

∫ −π
2

−π
2

∂
∂b

(f(x)− ax2 − bx− c)2dx = 0

∫ −π
2

−π
2

∂
∂c

(f(x)− ax2 − bx− c)2dx = 0

kai telikĹ metĹ apì tic anagkaÐec prĹxeic





a
∫ −π

2

−π
2

x4dx + b
∫ −π

2

−π
2

x3dx + c
∫ −π

2

−π
2

x2dx =
∫ −π

2

−π
2

x2 cos xdx

a
∫ −π

2

−π
2

x3dx + b
∫ −π

2

−π
2

x2dx + c
∫ −π

2

−π
2

xdx =
∫ −π

2

−π
2

x cos xdx

a
∫ −π

2

−π
2

x2dx + b
∫ −π

2

−π
2

xdx + c
∫ −π

2

−π
2

dx =
∫ −π

2

−π
2

cos xdx

(5.15)

O upologismìc twn epimèrouc orismènwn oloklhrwmĹtwn tou sustămatoc (5.15)



84 PROSEGGISH SUNARTHSEWN

-3 -2 -1 1 2 3

-1

-0.5

0.5

1

1.5

Sqăma 5.10: Prosèggish thc y = cos x sto [−π
2
, π

2
] me parabolă

mac dÐnei to akìloujo sÔsthma proc lÔsh





π5

80
a + π3

12
c = π2

2
− 4

π3

12
b = 0

π3

12
a + πc = 2

(5.16)

H epÐlush tou sustămatoc (5.16) mac dÐnei touc suntelestèc thc parabolăc h
opoÐa telikĹ eÐnai h

f(x) =
60(π2 − 12)

π5
x2 − 3(π2 − 20)

π3

To epìmeno prìgramma sto {Mathematica} mac dÐnei ta Ðdia me ta prohgoÔmena
apotelèsmata

Clear[a, b, c, x, f, A, A1, A2, A3];

f[x_] = a*x^2 + b*x + c;

A[a_, b_, c_] = Integrate[(Cos[x] - f[x])^2, {x, -Pi/2, Pi/2}];

A1= D[A[a, b, c], a];

A2 = D[A[a, b, c], b];

A3 = D[A[a, b, c], c];
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Solve[{A1 == 0, A2 == 0, A3 == 0}, {a, b, c}]

Tèloc sto sqăma (5.10) faÐnetai h prosèggish pou petÔqame sth sunĹrthsă
mac me th mèjodo twn elaqÐstwn tetragÿnwn.

Paratărhsh 5.6.1 O pÐnakac tou sustămatoc (5.15) kai katfl epèktash tou
(5.14) eÐnai ènac pÐnakac me {kakă katĹstash} kai wc ek toÔtou h epÐlush
tou sustămatoc parousiĹzei duskolÐec. Gia to lìgo autì allĹ kai gia lìgouc
upologistikoÔc h prosèggish twn sunartăsewn gÐnetai me ta poluÿnuma Le-
gendre. De ja anaferjoÔme edÿ sth jewrÐa aută, giatÐ xefeÔgei apì to skopì
twn shmeiÿseÿn mac, ja mporoÔse ìmwc kĹpoioc na pĹrei mia prÿth Ðdèa apì
aută sta ([3] kai [12]). EpÐshc sta Ðdia biblÐa ja mporoÔse kĹpoioc na dei gia
thn mini-max jewrÐa kajÿc kai thn prosèggish me poluÿnuma Chebyshev.

Askăseic

’Askhsh 5.1 Na brejeÐ to prwtobĹjmio kai to deuterobĹjmio poluÿnumo pou

proseggÐzei ta shmeÐa
x 1 1.9 2.3 3.2 3.7 4.5 5
f 4 3.4 2.5 2 1.3 0.4 0.1

Na gÐnei h

grafikă parĹstash autÿn.

’Askhsh 5.2 Na brejeÐ h sunĹrthsh y = eax+b pou proseggÐzei ta shmeÐa
x 0 0.2 0.4 0.6 0.8 1
f 1.65 1.73 1.82 1.92 2.01 2.12

Na gÐnei h grafikă parĹstash au-

tăc.

’Askhsh 5.3 Na brejeÐ h sunĹrthsh y = bax pou proseggÐzei ta shmeÐa
x 2 3 5 9 13 22
f 2.83 3.46 4.47 6 7.21 9.38

Na gÐnei h grafikă parĹstash autăc.

’Askhsh 5.4 Na brejeÐ h sunĹrthsh y = 1
ax+b

pou proseggÐzei ta parakĹtw
shmeÐa, me th mèjodo twn elaqÐstwn tetragÿnwn.
x 0 0.2 0.4 0.6 0.8 1
f 10 2 1.11 0.77 0.59 0.48
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’Askhsh 5.5 Na brejeÐ h sunĹrthsh y = a
√

x + b 1√
x
, pou proseggÐzei ta

parakĹtw shmeÐa, me th mèjodo twn elaqÐstwn tetragÿnwn.
x 0.2 0.4 0.6 0.8 1
f 2.24 1.26 0.77 0.44 0.2

’Askhsh 5.6 Na proseggÐsete th sunĹrthsh y = sin x, me th mèjodo twn
elaqÐstwn tetragÿnwn sta diastămata [0, π] kai [π

2
, 3π

2
], me èna poluÿnumo to

polÔ deutèrou bajmoÔ. Na kĹnete tic sqetikèc grafikèc parastĹseic kai na
sqoliĹsete to gegonìc.



EpÐlush exisÿsewn

6.1 GenikĹ

Oi duskolÐec epÐlushc twn exisÿsewn eÐnai gnwstèc apì ta GumnasiakĹ
qrìnia. Wstìso th duskolÐa mac aută sqedìn ìloi mac th suneidhtopoiăsame
sto LÔkeio, ìtan anakalÔyame xafnikĹ ìti thn epÐlush poluwnumikÿn exisÿse-
wn 3ou kai 4ou bajmoÔ mporoÔme men na thn kĹnoume, qrhsimopoiÿntac kĹpoiouc
tÔpouc, eÐnai ìmwc polÔplokh h efarmogă twn tÔpwn autÿn kai h epÐlush exi-
sÿsewn bajmoÔ megalÔterou tou 5ou eÐnai adÔnath me kĹpoia diadikasÐa ă tÔpo.
Bèbaia, gia eidikèc morfèc poluwnumikÿn exisÿsewn kai eidikèc morfèc Ĺllwn
tÔpwn exisÿsewn (p.q. trigwnometrikèc ă logarijmikèc) èqoun katĹ kairoÔc
anaptuqjeÐ diĹforec mèjodoi, pou ènac megĹloc arijmìc apì autèc didĹsketai
sto LÔkeio. To sÔnolo ìmwc twn exisÿsewn de lÔnetai me sumbatikoÔc trìpouc
kai epomènwc kai ènac megĹloc arijmìc problhmĹtwn perimènei lÔsh mèsa apì
upologistikèc mejìdouc.

ParĹdeigma 6.1 O plhjusmìc pt miac omĹdac dÐnetai apì ton parakĹtw tÔpo

pt = p0e
t − qt

et − 1

t
,

ìpou p0 eÐnai o plhjusmìc thc omĹdac thn arqikă qronikă stigmă, qt o rujmìc
metabolăc tou plhjusmoÔ katĹ thn t qronikă stigmă. Na brejeÐ h qronikă
stigmă katĹ thn opoÐa pt = qt = 1332 an p0 = 1022

To parĹdeigma (6.1) eÐnai èna qarakthristikì parĹdeigma tètoiac perÐptwshc,
ìpou apaiteÐtai lÔsh, wstìso oi mèjodoi pou eÐnai gnwstèc gia th lÔsh miac
exÐswshc apotugqĹnoun na th lÔsoun.

87
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Gia thn epÐlush miac exÐswshc me upologistikèc mejìdouc, orismènec ek
twn opoÐwn ja anaptÔxoume sth sunèqeia, sunăjwc proôpìjesh apoteleÐ o
entopismìc thc rÐzac, dhladă h eÔresh enìc diastămatoc sto opoÐo anăkei h
rÐza. KÔria ergaleÐa gia thn eÔresh tètoiwn diasthmĹtwn apoteloÔn h grafikă
parĹstash thc sunĹrthshc, efìson katorjÿsoume na thn kĹnoume p.q. me
kĹpoio sqediastikì kai to Jeÿrhma tou Bolzano ( [2], [9]), to opoÐo anafèroume
amèswc.

Jeÿrhma 6.1.1 ’Estw h sunĹrthsh f h opoÐa eÐnai suneqăc sto kleistì diĹ-
sthma [a, b]. An isqÔei f(a)f(b) < 0, tìte h sunĹrthsh èqei toulĹqiston mia
rÐza ξ ∈ [a, b].

Paratărhsh 6.1.1 To parapĹnw jeÿrhma isqÔei tropopoihmèno kai gia anoi-
ktì ă hmiĹnoikto diĹsthma, me th mình diaforĹ ìti h timă thc sunĹrthshc sta
Ĺkra antikajÐstatai apì ta ìria sta Ĺkra autĹ.

6.2 H Mèjodoc thc diqotìmhshc

H plèon aplă mèjodoc eÔreshc rÐzac exÐswshc eÐnai h mèjodoc thc diqo-
tìmhshc. H mèjodoc aută sthrÐzetai sto Jeÿrhma (6.1.1) pou proanafèrame,
giautì kai pollèc forèc anafèretai san mèjodoc tou Bolzano. JewroÔme th
suneqă sunĹrthsh f(x) x ∈ [a, b] ⊂ R, me f(a)f(b) < 0. Apì to Jeÿrhma
(6.1.1) ja upĹrqei mÐa toulĹqiston rÐza ξ ∈ (a, b). Gia thn perigrafă thc mejì-
dou ja upojèsoume epiplèon ìti h rÐza aută eÐnai monadikă sto diĹsthma autì.
Se antÐjeth perÐptwsh qreiĹzetai idiaÐterh prosoqă gia thn efarmogă thc me-
jìdou. Eklègoume to shmeÐo x0 = a+b

2
kai elègqoume thn timă thc f(x0). Duo

periptÿseic upĹrqoun; a)f(x0) = 0, sthn perÐptwsh aută to prìblhma èqei
lujeÐ, afoÔ brăkame thn rÐza ă b)f(x0) 6= 0, sthn perÐptwsh aută jewroÔme
ìti h timă x0 eÐnai mia prosèggish thc rÐzac mac. EĹn briskìmaste sth deÔterh
perÐptwsh, to shmeÐo x0 me èna apì ta Ĺkra tou prohgoÔmenou diastămatoc
orÐzoun èna kainoÔrgio diĹsthma, sto opoÐo brÐsketai h rÐza mac. Upojètontac
ìti to Ĺkro autì eÐnai to a kai jètontac a1 = a kai b1 = x0, orÐzetai to diĹsth-
ma [a1, b1] ⊂ [a0, b0], sto opoÐo brÐsketai h rÐza thc exÐswsăc mac. Eklègoume
tÿra to shmeÐo x1 = a1+b1

2
kai kĹnoume thn prohgoÔmenh diadikasÐa . . ., opìte

orÐzetai me autìn ton trìpo èna kainoÔrgio diĹsthma [a2, b2] ⊂ [a1, b1] sto opoÐo
brÐsketai h rÐza ξ kai èna kainoÔrgio x2 = a2+b2

2
k.o.k.
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H parapĹnw diadikasÐa orÐzei mia akoloujÐa xn, h opoÐa sugklÐnei sth rÐza ξ.
PrĹgmati epeidă isqÔei

|xn − ξ| ≤ 1

2
|an − bn|

=
1

22
|an−1 − bn−1|

=
1

23
|an−2 − bn−2| (6.1)

...

=
1

2n+1
|a− b|

kai lim 1
2n = 0, sumperaÐnoume ìti lim xn = ξ.

ParĹdeigma 6.2 Na gÐnoun pènte epanalăyeic thc mejìdou thc diqotìmhshc
gia thn eÔresh thc

√
5. Ti akrÐbeiac eÐnai h rÐza pou brăkate?

LÔsh H
√

5 eÐnai h jetikă rÐza thc exÐswshc f(x) = x2−5 = 0. EÐnai eÔkolo na
diapistwjeÐ ìti f(2.2) = 4.84−5 = −0.16 < 0 enÿ f(2.5) = 6.25−5 = 1.25 > 0.
Epomènwc h rÐza mac brÐsketai sto diĹsthma [a, b] = [2.2, 2.5]. Gia th leitourgÐa
thc mejìdou me qartÐ kai molÔbi proteÐnoume ton parakĹtw pÐnaka. Sthn prÿth
stălh grĹfoume ta bămata, sth deÔterh kai trÐth tic timèc twn ai kai bi, tèloc
sthn tètarth kai pèmpth tic timèc twn xi kai f(xi) antÐstoiqa.

băma ai(−) bi(+) xi = ai+bi

2
f(xi)

0 2, 2 2, 5 2, 35 0, 5225
1 2, 2 2, 35 2, 275 0, 175625
2 2, 2 2, 275 2, 2375 0, 00640625
3 2, 2 2, 2375 2, 21875 −0, 077148438
4 2, 21875 2, 2375 2, 228125 −0, 035458984
5 2, 228125 2, 2375 2, 2328125 −0, 01454834

Jewrÿntac san proseggistikă timă thc rÐzac mac thn teleutaÐa timă (ξ∗ = x5),
ja èqoume |ξ∗− ξ| < 0.5 · |a5− b5| = · · · = 0.0046 < 0.5 ·10−2, to opoÐo shmaÐnei
ìti proseggÐzoume th rÐza mac se dÔo dekadikĹ yhfÐa.

H mèjodoc thc diqotìmhshc eÐnai h monadikă mèjodoc eÔreshc rÐzac, sthn
opoÐa mporoÔme na proôpologÐsoume ton arijmì twn epanalăyewn gia thn epiju-
mhtă prosèggish. PrĹgmati, an upojèsoume ìti epijumoÔme na proseggÐsoume
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th rÐza kĹpoiac exÐswshc me akrÐbeia ε, apì th sqèsh (6.1) ja èqoume

|ξ∗ − ξ| = |xn − ξ| ≤ 1

2n+1
|a− b|, arkeÐ

1

2n+1
|a− b| ≤ ε

|a− b|
ε

≤ 2n+1 (6.2)

ln(
|a− b|

ε
) ≤ (n + 1) ln 2

(n + 1) ≥ (ln 2)−1 ln(
|a− b|

ε
)

n ≥ (ln 2)−1 ln(
|a− b|

ε
)− 1

ParĹdeigma 6.3 Na upologÐsete tic epanalăyeic n pou qreiĹzetai h mèjodoc
thc diqotìmhshc gia thn eÔresh thc 3

√
5 me akrÐbeia 5 dekadikĹ yhfÐa. Sth

sunèqeia na qrhsimopoiăsete to n gia na breÐte th rÐza qrhsimopoiÿntac opoio-
dăpote majhmatikì pakèto.

LÔsh H 3
√

5 eÐnai h pragmatikă rÐza thc exÐswshc f(x) = x3 − 5 = 0. EÐnai
eÔkolo na diapistwjeÐ ìti f(1) = 1 − 5 = −4 < 0, enÿ f(2) = 8 − 5 = 3 > 0.
Epomènwc h h rÐza mac brÐsketai sto diĹsthma [a, b] = [1, 2]. Apì thn (6.2) me
a = 1, b = 2 kai ε = 0.5 · 10−5 èqoume ìti

n ≥ (ln 2)−1 ln(
|a− b|

ε
)− 1 ≈ 16.6096

Epomènwc o akribăc arijmìc epanalăyewn eÐnai n = 17. DÐnoume sth sunèqeia
se Matlab kÿdika ton algìrijmo gia thn eÔresh thc rÐzac

a = 1; b = 2; n = 17;

for i = 1:n

x = (a+b)/2;

if x^3-5 < 0

a = x;

else
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b = x;

end

end

To parapĹnw prìgramma apodÐdei

a =

1.7099609375

b =

1.70997619628906

(a+b)/2

1.70996856689453

EÔkola kĹpoioc mporeÐ na epalhjeÔsei thn orjìthta thc jewrÐac.

6.3 H Mèjodoc thc esfalmènhc jèshc

Sthn prohgoÔmenh parĹgrafo h prosèggish thc rÐzac thc exÐswshc ègine
me to mèso tou diastămatoc [a, b] sto opoÐo briskìtan h rÐza. Mia diaforetikă
idèa ja ătan na proseggÐsoume th sunĹrthsh me eujeÐa kai sth sunèqeia th rÐza
(shmeÐo tomăc thc grafikăc parĹstashc thc sunĹrthshc me ton orizìntio Ĺxona)
me th rÐza thc eujeÐac (shmeÐo tomăc thc grafikăc parĹstashc thc eujeÐac me
ton orizìntio Ĺxona). H Grafikă parĹstash thc mejìdou faÐnetai sto sqăma
(6.11). H mèjodoc thc esfalmènhc jèshc anafèretai sth bibliografÐa kai wc
mèjodoc Regula - falsi. To shmeÐo x0 mporoÔme na to broÔme wc exăc: Apì
ton tÔpo (2.8) brÐskoume to poluÿnumo prÿtou bajmoÔ, pou dièrqetai apì ta
shmeÐa (a, f(a)) kai (b, f(b)), ătoi to

p1(x) =
x− b

a− b
f(a) +

x− a

b− a
f(b). (6.3)

AfoÔ to x0 eÐnai rÐza tou p1(x), ja prokÔptei wc h lÔsh thc exÐswshc p1(x) = 0
dhladă

x0 =
bf(a)− af(b)

f(a)− f(b)
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Sqăma 6.11: Gewmetrikă parĹstash thc Regula Falsi

Apì to sqăma (6.11) gÐnetai fanerì ìti to shmeÐo x0, h prosèggish thc rÐzac
mac, anăkei sto diĹsthma [a, b] kai me èna apì ta Ĺkra (ìpwc kai sth mèjodo
thc diqotìmhshc) orÐzei èna kainoÔrgio diĹsthma to [a1, b1], sto opoÐo brÐske-
tai h rÐza, opìte brÐskoume, ìpwc kai prohgoumènwc, èna kainoÔrgio x1 (mia
kainoÔrgia prosèggish) k.l.p.. DhmiourgoÔme me autìn ton trìpo thn epìmenh
akoloujÐa

xn =
bnf(an)− anf(bn)

f(an)− f(bn)
, (6.4)

h opoÐa sugklÐnei sth rÐza ξ. H apìdeixh thc sÔgklishc thc akoloujÐac autăc
xefeÔgei apì touc skopoÔc twn shmeiÿsewn autÿn. Ja apodeÐxoume ìmwc to
epìmeno jeÿrhma.

Jeÿrhma 6.3.1 JewroÔme ìti h suneqăc sunĹrthsh f èqei mia monadikă rÐza
sto diĹsthma [a, b]. Sthn epanalhptikă diadikasÐa (6.4), pou perigrĹfthke
parapĹnw, se kĹje epanĹlhyh, to shmeÐo xn pou brÐskoume anăkei sto diĹsthma
[an, bn].

Apìdeixh: ArkeÐ na deiqteÐ ìti xn − an > 0 kai bn − xn > 0. Ja apodeÐxoume
to prÿto kai ja afăsoume thn apìdeixh tou deÔterou wc Ĺskhsh, afoÔ eÐnai
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akribÿc Ðdia. Apì thn (6.4) èqoume

xn − an =
bnf(an)− anf(bn)

f(an)− f(bn)
− an =

bnf(an)− anf(bn)− anf(an) + anf(bn)

f(an)− f(bn)

=
(bn − an)f(an)

f(an)− f(bn)

Apì ton trìpo pou orÐsthke to diĹsthma [an, bn], gÐnetai fanerì ìti f(an)f(bn) <
0. ’Etsi to prìshmo thc diaforĹc f(an)−f(bn) èqei to Ðdio prìshmo me to f(an)
(giatÐ?), dhladă sign(f(an)− f(bn)) = sign(an). Opìte xn − an > 0. ¤

Parìlo pou h mèjodoc thc tèmnousac moiĹzei me th mèjodo thc diqotì-
mhshc, kamiĹ sqèsh den èqoun metaxÔ touc. Sth mèjodo thc diqotìmhshc h
rÐza prokÔptei wc to shmeÐo pou katalăgei èna diĹsthma pou kleÐnei suneqÿc.
AntÐjeta sth mèjodo thc tèmnousac h rÐza prosdiorÐzetai wc o arijmìc, ston
opoÐo sugklÐnei mia akoloujÐa shmeÐwn. Sto sqăma (6.11) autì gÐnetai fanerì.
Gia parĹdeigma, sto sqăma (6.11) faÐnetai ìti to Ĺkro bn paramènei stajerì
kai Ðso me b, bèbaia autì ofeÐletai sto epìmeno Jeÿrhma.

Jeÿrhma 6.3.2 JewroÔme th sunĹrthsh f(x), h opoÐa eÐnai duo forèc para-
gwgÐsimh kai èqei mia monadikă rÐza sto diĹsthma [a, b]. An h deÔterh parĹgw-
goc thc f(x) diathreÐ prìshmo sto diĹsthma [a, b] kai f(a)f ′′(a) > 0, tìte h
akoloujÐa (6.4) paÐrnei th morfă

xn =
xn−1f(a)− af(xn−1)

f(a)− f(xn−1)
, me n = 1, 2, . . . kai x0 = b (6.5)

diaforetikĹ (f(a)f ′′(a) < 0)

xn =
xn−1f(b)− bf(xn−1)

f(b)− f(xn−1)
, me n = 1, 2, . . . kai x0 = a (6.6)

Apìdeixh:

JewroÔme arqikĹ ìti f ′′(x) > 0 ∀x ∈ [a, b] = [a0, b0] kai f(a)f ′′(a) > 0,
opìte èqoume Ĺmesa ìti f(a) > 0. An upojèsoume ìti briskìmaste sto băma
k = 0, 1, 2, . . ., tìte apì thn (2.2.2) isqÔei

f(xk)− P1(xk) =
f ′′(η)

2!
(xk − a)(xk − xk−1)
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AfoÔ P1(xk) = 0, f ′′(η) > 0, xk − a > 0 kai xk − xk−1 < 0 prokÔptei ìti
f(xk) < 0, epomènwc h rÐza mac brÐsketai sto [a, xk] kai h diadikasÐa mac su-
neqÐzetai. Parìmoia sumperĹsmata mporoÔme na pĹroume gia thn perÐptwsh
f ′′(x) < 0 ∀x ∈ [a, b] = [a0, b0]. H sqèsh (6.6) apodeiknÔetai me ton Ðdio trìpo.
¤

Sthn prĹxh o algìrijmoc stamatĹ, ìtan duo diadoqikèc epanalăyeic su-
mpÐptoun se èna prokajorismèno plăjoc k shmantikÿn ă dekadikÿn yhfÐwn kai
h teleutaÐa epanĹlhyh lambĹnetai wc h prosèggish thc rÐzac mac. To plăjoc
k ja eÐnai h {akrÐbeia} eÔreshc thc rÐzac mac, qwrÐc ìmwc autì na shmaÐnei ìti
kai sthn pragmatikìthta h teleutaÐa epanĹlhyh sumpÐptei me thn pragmatikă
timă thc rÐzac se k shmantikĹ ă dekadikĹ yhfÐa. ’Allec forèc pĹli wc kritărio
stamatămatoc qrhsimopoioÔme thn timă thc sunĹrthshc, apaitÿntac aută na
eÐnai arkoÔntwc kontĹ sto mhden (to upìloipo na eÐnai polÔ mikrì).

ParĹdeigma 6.4 Na gÐnoun pènte epanalăyeic thc mejìdou thc esfalmènhc
jèshc gia thn eÔresh thc

√
5. Na sugkrÐnete to upìloipo thc timăc pou brăkate

(f(x∗)) me to upìloipo thc timăc pou brăkate sto parĹdeigma (6.2).

LÔsh Ergazìmenoi sto diĹsthma [2.2, 2.5] tou paradeÐgmatoc (6.2), mporoÔ-
me na parathrăsoume ìti f ′′(x) > 0 me x ∈ [2.2, 2.5] kai f ′′(2.2)f(2.2) < 0.
Sunepÿc ja qrhsimopoiăsoume ton tÔpo (6.6). ’Etsi èqoume, an pĹroume wc
x0 to Ĺllo Ĺkro, x1 = 2.23404255319149, x2 = 2.23595505617978, x3 =
2.23606168446026, x4 = 2.23606762680025 kai x5 = 2.23606795795597.
To upìloipo eÐnai f(x5) = 0.000000000000000888. AntÐjeta sto parĹdeigma
(6.2) to upìloipo eÐnai f(x∗) = −0.014548. GÐnetai fanerì ìti h mèjodoc thc
esfalmènhc jèshc eÐnai tromerĹ pio grăgorh se sqèsh me th mèjodo thc diqo-
tìmhshc, toulĹqiston se orismènec periptÿseic.

6.4 H genikă epanalhptikă Mèjodoc

Prin milăsoume gia th mèjodo, ja dÿsoume merikèc eisagwgikèc ènnoiec
kai thn aparaÐthth jewrÐa apì ta MajhmatikĹ gia thn katanìhsă thc.

Orismìc 6.4.1 ’Estw h sunĹrthsh g(x) me pedÐo orismoÔ to sÔnolo A. To
shmeÐo x̃ ∈ A lègetai stajerì shmeÐo, an kai mìnon an g(x̃) = x̃.
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Prìtash 6.4.2 Apì tic suneqeÐc sunartăseic, ekeÐnec gia tic opoÐec to sÔnolo
timÿn eÐnai uposÔnolo tou pedÐou orismoÔ touc, dhladă isqÔei g(A) ⊆ A, èqoun
èna toulĹqiston stajerì shmeÐo.

Apìdeixh: PrĹgmati, eĹn g(a) = a ă g(b) = b kai h prìtash isqÔei. Diafo-
retikĹ a < g(a) kai g(b) < b, opìte orÐzoume th sunĹrthsh h(x) = g(x) − x
gia thn opoÐa isqÔei h(a)h(b) < 0 kai h prìtash isqÔei lìgw tou jewrămatoc
(6.1.1). ¤

Orismìc 6.4.3 ’Estw h sunĹrthsh g(x) me pedÐo orismoÔ to sÔnolo A ⊂ <.
Ja lème ìti h sunĹrthsh g(x) ikanopoieÐ sto pedÐo orismoÔ thc mia sunjăkh
Lipschitz, an kai mìnon an

∀x, y ∈ A, ∃λ ∈ <, tètoio ÿste |g(x)− g(y)| ≤ λ|x− y| (6.7)

An epiplèon isqÔei λ < 1, ja lème ìti h sunĹrthsă mac eÐnai mia sustolă.

Paratărhsh 6.4.1 ApodeiknÔetai ( [1]) ìti paragwgÐsimec sunartăseic me su-
neqă parĹgwgo se èna kleistì diĹsthma [a, b], plhroÔn mia sunjăkh Lipschitz
kai epiplèon to mikrìtero λ pou plhreÐ th sunjăkh eÐnai to

λ = max
x∈[a,b]

|g′(x)|

O orismìc (6.4.1) upodeiknÔei apì mìnoc tou th dhmiourgÐa miac akolou-
jÐac thc

xn+1 = g(xn), n = 0, 1, 2, . . . kai x0 katĹllhlo, (6.8)

h opoÐa an sugklÐnei, ja sugklÐnei sto stajerì shmeÐo thc sunĹrthshc g(x).
Dhladă xn → ξ ⇒ ξ = g(ξ).
’Estw loipìn tÿra h exÐswsh f(x) = 0 me mia monadikă rÐza ξ sto diĹsthma
[a, b]. Mia idèa gia thn eÔresh thc rÐzac mac ξ eÐnai na tropopoiăsoume thn
exÐswsă mac (na thn anadiatĹxoume) sth morfă x = g(x) kai na proteÐnoume
ton algìrijmo (6.8) gia thn eÔresă thc. FusikĹ h rÐza ja brÐsketai, an o
algìrijmoc sugklÐnei se èna monadikì stajerì shmeÐo tou diastămatoc [a, b].
KĹje timă tou algorÐjmou ja eÐnai kai mia prosèggish gia th rÐza mac. ’Etsi
kĹje forĹ ja isqÔei

εn = |xn − ξ| = |g(xn−1)− g(ξ)|, n = 1, 2, . . . (6.9)
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An h sunĹrthsh g(x) plhreÐ mia sunjăkh Lipschitz sto diĹsthma [a, b] kai e-
klèxoume to x0 ètsi ÿste ìlec oi epanalăyeic na pèftoun mèsa sto diĹsthma
[a, b], apì thn (6.9) ja èqoume ìti

εn = |xn − ξ| ≤ λ|xn−1 − ξ| = λεn−1

εn−1 ≤ λεn−2

... (6.10)

ε1 ≤ λε0

PollaplasiĹzontac katĹ mèlh tic prohgoÔmenec sqèseic prokÔptei ìti

εn ≤ λnε0

An epiplèon isqÔei λ < 1, to εn → 0 opìte xn → ξ. PrĹgmati an upojèsoume
ìti sugklÐnei se kĹpoio Ĺllo shmeÐo η, ja isqÔei

|ξ − η| = |g(ξ)− g(η)| ≤ λ|ξ − η| < |ξ − η|

to opoÐo eÐnai Ĺtopo. ’Etsi apodeÐqthke to epìmeno

Jeÿrhma 6.4.4 JewroÔme th sunĹrthsh g(x), x ∈ [a, b], h opoÐa eÐnai mia
sustolă sto [a, b] kai proèrqetai apì thn anadiĹtaxh thc f(x) = 0 se x = g(x).
O algìrijmoc (6.8) gia kĹje {katĹllhlo} x0 sto monadikì stajerì shmeÐo tou
diastămatoc, pou eÐnai h rÐza thc exÐswshc f(x) = 0.

Paratărhsh 6.4.2 Wc {katĹllhlo} x0 mporoÔme na eklèxoume opoiodăpote
shmeÐo, pou anăkei sto mikrìtero apì ta diastămata [a, ξ] ∪ [ξ, b]. PrĹgmati,
apì tic sqèseic (6.10), gia kĹje epanĹlhyh isqÔei xi+1 ∈ [xi, ξ] ă xi+1 ∈ [ξ, xi]
anĹloga me thn jèsh tou xi, opìte telikĹ xi+1 ∈ [a, b].

Paratărhsh 6.4.3 To mikrìtero apì ta diastămata thc prohgoÔmenhc para-
tărhshc mporeÐ na brejeÐ apì to katĹ pìso h rÐza ξ brÐsketai dexiĹ ă aristerĹ
apì to kèntro a+b

2
tou diastămatoc [a, b]. PraktikĹ loipìn wc x0 eklègoume to

Ĺkro tou diastămatoc pou brÐsketai apì th meriĹ thc rÐzac.

H anadiĹtaxh thc f(x) = 0 se x = g(x) den eÐnai monosămanth. Pollèc
sqèseic thc morfăc x = g(x) mporoÔn na prokÔyoun. Gia parĹdeigma gia thn
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eÔresh thc jetikăc tetragwnikăc rÐzac thc (f(x) =)x2 − 2 = 0 mporoÔn na
protajoÔn a) x = x2 + x− 2(= g1(x)), b) x = −0.5x2 + x + 1(= g2(x)) kai èna
megĹlo plăjoc Ĺllwn isotătwn. KatĹllhlec bèbaia ja eÐnai ekeÐnec pou eÐnai
sustolèc sto diĹsthma prosdiorismoÔ thc rÐzac. EÔkola kĹpoioc diapistÿnei
ìti ξ ∈ [1, 2]. ExetĹzontac thn g1 sto parapĹnw diĹsthma parathroÔme ìti

|g1(x)− g1(y)| = · · · = |x + y + 1||x− y| ≤ 5|x− y|, ∀x, y ∈ [1, 2]

epomènwc den mporoÔme na qrhsimopoiăsoume to Jeÿrhma (6.4.4). ExetĹzontac
tÿra thn g2 sto parapĹnw diĹsthma parathroÔme ìti

|g2(x)− g2(y)| = · · · = |1− 0.5(x + y)||x− y| ≤ 1|x− y|, ∀x, y ∈ [1, 2]

epomènwc pĹli den mporoÔme na qrhsimopoiăsoume to Jeÿrhma (6.4.4). An ìmwc
qrhsimopoiăsoume th mèjodo thc diqotìmhshc, brÐskoume ìti epÐshc ξ ∈ [1, 1.5].
ExetĹzontac omoÐwc tic duo sunartăseic brÐskoume ìti h g1 den eÐnai sustolă
sto kainoÔrgio diĹsthma, ìmwc gia thn g2 isqÔei

|g2(x)− g2(y)| = · · · = |1− 0.5(x + y)||x− y| ≤ 0.5|x− y|, ∀x, y ∈ [1, 1.5]

opìte h g2 eÐnai sustolă sto [1, 1.5]. MporoÔme loipìn na qrhsimopoiăsoume
ton algìrijmo

xn = −0.5x2
n−1 + xn−1 + 1, n = 1, 2, . . . me {katĹllhlo} x0

Wc {katĹllhlo} x0 eklègoume to dexÐ Ĺkro tou diastămatoc, dhl. x0 = 1.5,
afoÔ h rÐza brÐsketai dexiĹ tou mèsou 1+1.5

2
= 1.25. Sth sunèqeia dÐnoume tic

pènte prÿtec epanalăyeic tou algìrijmou: x1 = 1.375, x2 = 1.4297, x3 =
1.4077, x4 = 1.4169, x5 = 1.4131. H exètash kai h eÔresh tou λ se mia
sunjăkh Lipschitz den eÐnai pĹnta eÔkolh upìjesh, giautì qrhsimopoioÔme thn
paratărhsh (6.4.1). ’Etsi

Jeÿrhma 6.4.5 JewroÔme th sunĹrthsh g(x), x ∈ [a, b], h opoÐa èqei suneqă
parĹgwgo sto [a, b] kai proèrqetai apì thn anadiĹtaxh thc f(x) = 0, se x =
g(x). An

max
x∈[a,b]

|g′(x)| = λ < 1,

o algìrijmoc (6.8) sugklÐnei, gia kĹje {katĹllhlo} x0, sto monadikì stajerì
shmeÐo tou diastămatoc, pou eÐnai h rÐza thc exÐswshc f(x) = 0.
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ParĹdeigma 6.5 Na brejoÔn oi jetikèc rÐzec thc exÐswshc (f(x) =)ex −
2 cos x = 0, me akrÐbeia pènte dekadikÿn yhfÐwn.

LÔsh AfoÔ f ′(x) = ex + 2 sin x > 0 x ∈ R+, h exÐswsă mac ja èqei to
polÔ mÐa rÐza. EpÐshc h exÐswsh ja èqei toulĹqiston mÐa rÐza sto R+, a-
foÔ f(0) · limx→+∞ f(x) < 0. ’Etsi h exÐswsh èqei akribÿc mÐa rÐza. Pa-
rathroÔme ìti h rÐza aută brÐsketai sto diĹsthma [0, 1] afoÔ f(0) = −1 kai
f(1) = e − 2 cos 1 > 0. Gia thn eÔresh autăc, mia anadiĹtaxh thc f(x) = 0
eÐnai h x = ln (2 cos x), profanÿc g(x) = ln (2 cos x) kai |g′(x)| = tan x, h
opoÐa eÐnai aÔxousa sto [0, π

2
) k [0, 1]. ParathroÔme ìti sto diĹsthma [0, 1],

isqÔei maxx∈[0,1] |g′(x)| > tan π
4

= 1. DiqotomoÔme to parapĹnw diĹsthma kai
parathroÔme ìti sto diĹsthma [0.5, 1], sto opoÐo brÐsketai h rÐza, epÐshc isqÔ-
ei maxx∈[0.5,1] |g′(x)| > 1. DiqotomoÔme ek nèou to diĹsthmĹ mac, opìte sto
diĹsthma [0.5, 0.75], sto opoÐo brÐsketai h rÐza, isqÔei maxx∈[0.5,0.75] |g′(x)| =
0.9316 < 1. ’Etsi gia thn eÔresh thc rÐzac qrhsimopoioÔme ton algìrijmo

xn = ln (2 cos xn−1), n = 1, 2, ... kai x0 = 0.75

afoÔ h rÐza brÐsketai dexiĹ tou 0.625. To epìmeno prìgramma se kÿdika matlab
mac brÐskei th rÐza me thn akrÐbeia pou jèloume

xnew=0.75;

xold=0;

i=0;

while (abs(xold-xnew)>0.000005)

xold=xnew;

xnew=log(2*cos(xnew));

i=i+1;

end

MetĹ apì 23 epanalăyeic brÐskoume xnew = 0.5398.

6.5 H Mèjodoc Newton-Raphson

H genikă epanalhptikă den proteÐnei mia sugkekrimènh mèjodo, allĹ èna
sÔnolo mejìdwn gia thn eÔresh rÐzac. To megĹlo prìblhma se aută thn pe-
rÐptwsh eÐnai ìti o lÔthc prèpei apì mìnoc tou na brei poia apì to sÔnolo
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twn proteinìmenwn eÐnai katĹllhlh gia qrăsh. Oi Newton-Raphson eÐqan mia
aplă allĹ kataplhktikă idèa gia thn eÔresh miac genikăc mejìdou eÔreshc al-
gorÐjmou, o opoÐoc sugklÐnei pĹntote sth rÐza, arkeÐ na prosdioristeÐ to {ka-
tĹllhlo} x0 kai mĹlista exairetikĹ grăgora. ’Etsi, an upojèsoume ìti èqoume
thn exÐswsh f(x) = 0 sto [a, b] me rÐza ξ ∈ [a, b] kai f ′(x) 6= 0, mporoÔme na
anadiatĹxoume thn isìthta wc exhc: DiairoÔme kai ta duo mèlh me f ′(x), polla-
plasiĹzoume me (−1) kai prosjètoume kai sta duo mèlh to x, opìte prokÔptei

x = x− f(x)

f ′(x)
, x ∈ [a, b], (6.11)

h opoÐa mac dÐnei ton epìmeno algìrijmo

xn+1 = xn − f(xn)

f ′(xn)
, n = 0, 1, 2, . . . kai {katĹllhlo} x0 (6.12)

To deÔtero mèloc thc (6.11) eÐnai h g(x) thc genikăc epanalhptikăc mejìdou.
An upojèsoume ìti h deÔterh parĹgwgoc thc f(x) upĹrqei kai eÐnai suneqăc,
èqoume th suneqă sunĹrthsh

g′(x) = 1− (f ′(x))2 − f(x)f ′′(x)

(f ′(x))2
=

f(x)f ′′(x)

(f ′(x))2
(6.13)

Gia th rÐza ξ h parĹgwgoc gÐnetai g′(ξ) = 0, afoÔ f(ξ) = 0. Lìgw thc sunèqeiac
thc g′ se mia perioqă tou ξ ja isqÔei |g′(x)| < 1, pou shmaÐnei ìti h mèjodoc
sugklÐnei pĹnta gia {katĹllhlo} x0. H eklogă tou {katĹllhlou} x0 gÐnetai
ìpwc kai sthn prohgoÔmenh parĹgrafo.

’Omwc h sÔgklish thc mejìdou den eÐnai to mìno thc pleonèkthma. ’Ena
Ĺllo pleonèkthmĹ thc eÐnai h taqÔthta sÔgklishc autăc. H tĹxh sÔgklishc
miac mejìdou prosdiorÐzetai apì th sqèsh pou sundèei ta sfĹlmata metaxÔ duo
epanalăyewn kai mac deÐqnei pìso grăgora ă argĹ sugklÐnei mia mèjodoc. Ta
parapĹnw perièqontai ston epìmeno orismì.

Orismìc 6.5.1 ’Estw xn mia akoloujÐa, h opoÐa sugklÐnei se kĹpoion arijmì
ξ. Lème ìti h sÔgklish eÐnai grammikă an kai mìnon an

∃ 0 < c < 1 kai n0 ∈ N : |xn+1 − ξ| < c|xn − ξ| ∀n ∈ N me n > n0.

Lème ìti h sÔgklish eÐnai tĹxhc k > 1 an kai mìnon an

∃ c ∈ R+ : ∀n ∈ N isqÔei |xn+1 − ξ| < c|xn − ξ|k.
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’Otan k = 2, h mèjodoc lègetai tetragwnikăc sÔgklishc enÿ gia k = 3 h mèjo-
doc lègetai kubikăc sÔgklishc. ’Oso megalÔterh eÐnai h tĹxh sÔgklishc, tìso
pio grăgorh eÐnai h mèjodoc. H Mèjodoc Newton-Raphson eÐnai toulĹqiston
tetragwnikăc sÔgklishc (an upojèsoume ìti eÐnai fragmènh h f ′′ sto [a, b]), se
antÐjesh me th mèjodo thc diqotìmhshc pou eÐnai grammikă. Autì mporoÔme na
to doÔme wc exăc:

0 = f(ξ) = f(xn − εn) = f(xn)− εnf
′(xn) +

ε2
n

2!
f ′′(η),

ìpou to η eÐnai metaxÔ tou xn kai tou ξ. ’EpÐshc èqoume

xn+1 = xn − f(xn)

f ′(xn)
⇔ f(xn) = f ′(xn)(xn+1 − xn),

opìte

(xn+1 − xn + εn)f ′(xn) =
ε2

n

2!
f ′′(η)

ă isodÔnama

εn+1 =
f ′′(η)

2f ′(xn)
ε2

n (6.14)

AfoÔ loipìn h f ′′ eÐnai fragmènh sto [a, b]), eÔkola mporoÔme na doÔme ìti
plhreÐtai o orismìc (6.5.1) me k = 2.
H sqèsh (6.14) mac dÐnei kai ènan diaforetikì trìpo gia thn eklogă tou {ka-
tĹllhlou} x0. ’Estw M èna apìluto Ĺnw frĹgma gia thn f ′′ kai Λ èna apìluto
kĹtw frĹgma gia thn f ′, tìte èqoume ìti

|εn+1| = |f ′′(η)|
2|f ′(xn)|ε

2
n <

M

2Λ
ε2

n = λε2
n,

ìpou λ = M
2Λ

. Gia thn eklogă tou {katĹllhlou} x0 akoloujoÔme th diadikasÐa
pou akoloujăsame sthn prohgoÔmenh parĹgrafo, prospajÿntac na petÔqoume
λ < 1. To pleonèkthma eÐnai ìti pollèc forèc oi prĹxeic pou upeisèrqontai
eÐnai ligìterec apì ekeÐnec thc genikăc epanalhptikăc.

H Mèjodoc Newton-Raphson èqei megĹlh omoiìthta me th mèjodo thc
esfalmènhc jèshc. Se ekeÐnh thn perÐptwsh proseggÐzoume thn kampÔlh me
thn eujeÐa pou pernoÔse apì dÔo shmeÐa kai to kainoÔrgio shmeÐo prosèggishc
ătan to shmeÐo tomăc autăc me ton orizìntio Ĺxona, enÿ tÿra proseggÐzoume
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Sqăma 6.12: Gewmetrikă parĹstash thc Newton Raphson

th sunĹrthsh me thn efaptomènh thc kampÔlhc sto shmeÐo (xn, f(xn)) kai to
kainoÔrgio shmeÐo prosèggishc eÐnai to shmeÐo tomăc thc, pĹli me ton orizìntio
Ĺxona. PrĹgmati h exÐswsh thc efaptomènhc sto shmeÐo (xn, f(xn)) eÐnai

y = f ′(xn)(x− xn) + f(xn)

to shmeÐo tomăc me ton orizìntio Ĺxona èqei y = 0, opìte lÔnontac thn proh-
goÔmenh wc proc x brÐskoume ton tÔpo (6.12). H gewmetrikă ermhneÐa faÐnetai
sto sqăma (6.12). Sth sunèqeia dÐnoume to antÐstoiqo Jeÿrhma tou (6.3.2).

Jeÿrhma 6.5.2 JewroÔme th sunĹrthsh f(x), h opoÐa eÐnai duo forèc para-
gwgÐsimh kai epiplèon oi parĹgwgoi diathroÔn to prìshmì touc sto diĹsthma
[a, b], sto opoÐo brÐsketai h rÐza ξ. An f ′(x)f ′′(x) > 0, tìte o algìrijmoc Newton
Raphson sugklÐnei, gia x0 tètoio ÿste f(x0)f

′′(x) > 0. An f ′(x)f ′′(x) < 0, tìte
o algìrijmoc Newton Raphson sugklÐnei, gia x0 tètoio ÿste f(x0)f

′′(x) < 0.

Apìdeixh: H diatărhsh tou prosămou thc f ′(x) sunepĹgetai th monadikìthta
thc rÐzac ξ. Upojètoume arqikĹ ìti f ′(x) > 0. Tìte epÐshc isqÔei f ′′(x) > 0.
’Amesa sumperaÐnoume ìti x0 > ξ kai f(x0) > 0. Apì thn upìjesh kai thn
(6.14) prokÔptei ìti x1 − ξ = ε1 > 0, dhladă x1 > ξ. EpÐshc apì thn upìjesh
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kai thn (6.12) prokÔptei ìti x1 − x0 = − f(x0)
f ′(x0)

< 0, dhladă x1 < x0. Dhladă
x1 ∈ (ξ, x0), opìte ε1 = λε0, me |λ| < 1. EpagwgikĹ mporoÔme parìmoia na
deÐxoume ìti εn+1 = λεn, me |λ| < 1 kai telikĹ thn alăjeia tou Jewrămatoc gia
thn perÐptwsh aută. Oi Ĺllec periptÿseic apodeiknÔontai me thn Ðdia diadikasÐa.
¤

ParĹdeigma 6.6 JewroÔme th sunĹrthsh f(x) = −x3 + 1.5x2 + 0.5. Na a-
podeÐxete ìti h exÐswsh f(x) = 0 èqei monadikă rÐza kai na prosdiorÐsete èna
katĹllhlo diĹsthma gi’ aută. Na qrhsimopoiăsete ton algìrijmo Newton Ra-
phson gia na breÐte th rÐza thc exÐswshc me prosèggish èxi dekadikÿn yhfÐwn.

LÔsh ParathroÔme ìti f(1.1) = 0.984, enÿ f(2) = −1.5, ètsi h rÐza brÐ-
sketai sto [1.1, 2]. EpÐshc h f ′(x) = −3x2 + 3x < 0, ∀x ∈ [1.1, 2] kai
f ′′(x) = −6x + 3 < 0, ∀x ∈ [1.1, 2]. ’Epomènwc plhroÔntai oi proôpojè-
seic tou Jewrămatoc (6.5.2) kai o algìrijmoc sugklÐnei gia x0 = 2. Se kÿdika
Mathematica brÐskoume th rÐza se pènte epanalăyeic.

Clear[xold, xnew, g, g1, g2];

g[x_] = -x^3 + 1.5 x^2 + 0.5;

g1[x_] = D[g[x], x];

g2[x_] = x - g[x]/g1[x];

xold := 0;

xnew := 2;

i = 1;

While[Abs[xnew - xold] > 0.0000005,

xold = xnew;

xnew = g2[xold];

Print[i++, ". xnew = ", PaddedForm[xnew, 12]]]

To prìgramma apodÐdei: x1 = 1.75, x2 = 1.68253968, x3 = 1.67767528, x4 =
1.67765070 kai x5 = 1.67765070.

An proseggÐsoume thn parĹgwgo sto shmeÐo xn me

f ′(xn) =
1

h
(f(xn)− f(xn−1)) =

f(xn)− f(xn−1)

xn − xn−1
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ston algìrijmo twn Newton-Raphson (6.12) prokÔptei mia nèa mèjodoc gnwstă
wc mèjodoc thc tèmnousac. O algìrijmoc pou prokÔptei èqei th morfă

xn+1 = xn − f(x)
f(xn)−f(xn−1)

xn−xn−1

= · · · = xn−1f(xn)− xnf(xn−1)

f(xn)− f(xn−1)
, (6.15)

me n = 1, 2, . . . kai {katĹllhla} x0 kai x1

ApodeiknÔetai ([1]) ìti h mèjodoc thc tèmnousac kĹtw apì katĹllhlec sunjăkec
sugklÐnei sth rÐza thc f(x) = 0 kai h sÔgklish eÐnai tĹxhc k = 1+

√
5

2
≈ 1.64. H

mèjodoc păre to ìnomĹ thc apì to gegonìc ìti h efaptomènh thc kampÔlhc pro-
seggÐzetai plèon apì mia eujeÐa pou thn tèmnei. An sugkrÐnei kĹpoioc ton tÔpo
(6.15) me ekeÐnon thc (6.4), ja parathrăsei th megĹlh omoiìthta pou upĹrqei.
Wstìso h diadikasÐa thc miac kai thc Ĺllhc diafèroun safÿc.

Askăseic

’Askhsh 6.1 JewroÔme th sunĹrthsh f(x) = 2x3 − 2x2 − 1. Na gÐnei h gra-
fikă parĹstash autăc qrhsimopoiÿntac to Mathematica. Na apodeÐxete ìti h
exÐswsh f(x) = 0 èqei monadikă rÐza kai na prosdiorÐsete èna katĹllhlo diĹ-
sthma gi’ aută. Na deÐxete ìti oi dÔo epìmenoi algìrijmoi xn+1 = 1

3
(xn +2+ 1

x2
n
)

kai xn+1 = 1
2
(2x2

n− 1
xn

) prokÔptoun apì th mèjodo tou stajeroÔ shmeÐou. Poioc
apì touc dÔo sugklÐnei sth rÐza kai giatÐ? Na qrhsimopoiăsete ton algìrijmo
pou sugklÐnei kai na kĹnete treic epanalăyeic. An qrhsimopoiăsete to diĹsth-
ma pou dialèxate kai th mèjodo thc diqotìmhshc, poioc eÐnai o elĹqistoc arijmì
epanalăyewn pou qreiĹzeste gia na petÔqete thn parapĹnw prosèggish? Na
qrhsimopoiăsete tic parapĹnw mejìdouc gia na breÐte th rÐza me prosèggish 6
d.y.

’Askhsh 6.2 Na apodeiqjeÐ ìti h akoloujÐa pou orÐzetai apì th sqèsh

xn+1 =
1

2
(xn +

2

xn

), n > 0

sugklÐnei sto
√

2, a) ∀x0 > 1 kai b) ∀x0 > 0. g) Qrhsimopoiăste thn parapĹnw
akoloujÐa gia na breÐte thn

√
2 me akrÐbeia dÔo(2) dekadikÿn yhfÐwn.
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’Askhsh 6.3 JewroÔme th sunĹrthsh f(x) = 2 − x ln x. a) Na apodeÐxete
ìti h exÐswsh f(x) = 0 èqei monadikă lÔsh. b) Na deÐxete ìti o algìrijmoc
Newton-Raphson sugklÐnei gia kĹje arqikă timă x0 ≥ ξ, ìpou ξ eÐnai h rÐza
thc f(x). g) Na qrhsimopoiăsete ton algìrijmo autì gia na breÐte th rÐza thc
exÐswshc me prosèggish triÿn dekadikÿn yhfÐwn (d.y.).

’Askhsh 6.4 JewroÔme th sunĹrthsh f(x) = x3 + x2 − 1. a) Na apodeÐxete
ìti h exÐswsh f(x) = 0 èqei monadikă rÐza. b) Na prosdiorÐsete èna katĹl-
lhlo diĹsthma gi’ aută, ÿste o algìrijmoc Regula-falsi na sugklÐnei. g) Na
qrhsimopoiăsete ton algìrijmo kai to Mathematica, gia na breÐte th rÐza thc
exÐswshc me prosèggish èxi dekadikÿn yhfÐwn. EpÐshc na prosdiorÐsete èna
katĹllhlo diĹsthma gi’ aută, ÿste o algìrijmoc Newton-Raphson na sugklÐ-
nei. g) Na grĹyete kÿdika MatLab gia ton algìrijmo autì, gia na breÐte th
rÐza thc exÐswshc me prosèggish èxi dekadikÿn yhfÐwn.

’Askhsh 6.5 Na deÐxete ìti h exÐswsh 6xe−x − 3
e

= 0 èqei dÔo rÐzec akribÿc.
Sth sunèqeia na brejoÔn oi rÐzec me akrÐbeia 6 d.y. qrhsimopoiÿntac kÿdika
sto MatLab kai sto Mathematica.
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