
Panepist mio IwannÐnwn

Tm ma D. P. F. P.

Dr. Miq�lhc TzoÔmac
Majhmatikìc

M A J H M A T I K A

Tìmoc 1oc

-2

-1

 0

 1

 2

 0  1  2  3  4  5  6  7  8  9

-2

-1

 0

 1

 2

 0  1  2  3  4  5  6  7  8  9

AGRINIO 2005



ii



Perieqìmena

Perieqìmena i

Prìlogoc aþ

Eisagwg  1

1.1 To sÔnolo. OrismoÐ kai pr�xeic . . . . . . . . . . . . . . . . . . 1

1.2 Diatetagmèno zeÔgoc�Kartesianì ginìmeno . . . . . . . . . . . . 5

1.3 Metajèseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Diat�xeic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 SunduasmoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.6 AjroÐsmata - to
∑

. . . . . . . . . . . . . . . . . . . . . . . . . 12

1.7 To di¸numo tou Newton . . . . . . . . . . . . . . . . . . . . . . 15

AkoloujÐec - Seirèc 19

2.1 Oi sqèseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2 AkoloujÐec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.1 H monotonÐa . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.2 Ta fr�gmata . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.3 H sÔgklish . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.4 UpakoloujÐec . . . . . . . . . . . . . . . . . . . . . . . . 30

iii



iv PERIEQ�OMENA

2.2.5 Anadromikèc akoloujÐec . . . . . . . . . . . . . . . . . . 33

2.2.6 H akoloujÐa teÐnei sto ∞ . . . . . . . . . . . . . . . . . 37

2.2.7 Krit ria sÔgklishc . . . . . . . . . . . . . . . . . . . . . 39

2.3 Seirèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.3.1 Seirèc me omìshmouc ìrouc . . . . . . . . . . . . . . . . . 44

2.3.2 'Allec kathgorÐec Seir¸n . . . . . . . . . . . . . . . . . . 48

2.3.3 Dunamoseirèc . . . . . . . . . . . . . . . . . . . . . . . . 53

Sunart seic 59

3.1 Genik� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 H eujeÐa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.3 Gnwstèc ènnoiec kai idiìthtec twn sunart sewn . . . . . . . . . . 63

3.3.1 'Artia sun�rthsh . . . . . . . . . . . . . . . . . . . . . . 63

3.3.2 Peritt  sun�rthsh . . . . . . . . . . . . . . . . . . . . . 63

3.3.3 Amfimonos manth   �1-1� sun�rthsh . . . . . . . . . . . . 64

3.3.4 Fragmènec sunart seic . . . . . . . . . . . . . . . . . . . 65

3.3.5 MonotonÐa . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.4 H Parabol  kai h Uperbol  . . . . . . . . . . . . . . . . . . . . 66

3.4.1 H Parabol  . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.4.2 H Uperbol  . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.5 H ekjetik  kai h logarijmik  . . . . . . . . . . . . . . . . . . . . 70

3.5.1 H ekjetik  ax . . . . . . . . . . . . . . . . . . . . . . . . 70

3.5.2 H logarijmik  lna x . . . . . . . . . . . . . . . . . . . . 70

3.6 Oi trigwnometrikèc sunart seic . . . . . . . . . . . . . . . . . . 72

3.6.1 H sun�rthsh tou hmitìnou . . . . . . . . . . . . . . . . . 72

3.6.2 H sun�rthsh tou sunhmitìnou . . . . . . . . . . . . . . . 73

3.6.3 H sun�rthsh thc efaptomènhc . . . . . . . . . . . . . . . 74



PERIEQ�OMENA v

3.6.4 TÔpoi kai tautìthtec . . . . . . . . . . . . . . . . . . . . 76

3.6.5 AntÐstrofec trigwnometrikèc sunart seic . . . . . . . . . 76

3.6.6 Uperbolikèc sunart seic . . . . . . . . . . . . . . . . . . 78

3.7 'Allec kampÔlec . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.7.1 O kÔkloc . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.7.2 H parabol  . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.7.3 H 'Elleiyh . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.7.4 H Uperbol  . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.7.5 Parametrikèc exis¸seic kampÔlwn . . . . . . . . . . . . . 85

3.8 'Orio sunart sewn . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.8.1 'Orio thc f(x) kaj¸c to x teÐnei sto x0 . . . . . . . . . . 87

3.8.2 'Orio thc f(x) kaj¸c to x teÐnei sto ∞ . . . . . . . . . . 89

3.8.3 Jewr mata kai idiìthtec twn orÐwn . . . . . . . . . . . . 91

3.9 Sunèqeia sunart sewn . . . . . . . . . . . . . . . . . . . . . . . 96

3.9.1 OrismoÐ kai Idiìthtec . . . . . . . . . . . . . . . . . . . . 96

3.9.2 Shmantik� jewr mata thc sunèqeiac . . . . . . . . . . . . 98

3.9.3 H mèjodoc thc diqotìmhshc . . . . . . . . . . . . . . . . . 100

Par�gwgoc 105

4.1 Genik� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.2 Orismìc kai ermhneÐa thc parag¸gou . . . . . . . . . . . . . . . 106

4.2.1 O Orismìc thc parag¸gou . . . . . . . . . . . . . . . . . 106

4.2.2 H Gewmetrik  ermhneÐa thc parag¸gou . . . . . . . . . . 108

4.3 Idiìthtec twn parag¸gwn . . . . . . . . . . . . . . . . . . . . . . 110

4.4 Par�gwgoi stoiqeiwd¸n sunart sewn . . . . . . . . . . . . . . . 112

4.5 Par�gwgoi �llwn sunart sewn . . . . . . . . . . . . . . . . . . 114

4.5.1 Par�gwgoi peplegmènwn sunart sewn . . . . . . . . . . . 114



vi PERIEQ�OMENA

4.5.2 Sunart seic me parametrikèc exis¸seic . . . . . . . . . . 116

4.6 To diaforikì kai h ermhneÐa tou . . . . . . . . . . . . . . . . . . 117

4.7 TÔpoc tou Taylor . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.8 Shmantik� Jewr mata twn parag¸gwn . . . . . . . . . . . . . . 126

4.8.1 Akrìtata sun�rthshc . . . . . . . . . . . . . . . . . . . . 126

4.8.2 'Alla Jewr mata . . . . . . . . . . . . . . . . . . . . . . 129
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xiv KAT�ALOGOS PIN�AKWN



Prìlogoc

Oi shmei¸seic autèc gr�fthkan gia na bohj soun touc prwtoeteÐc foi-
thtèc tou tm matoc DiaqeÐrishc Perib�llontoc kai Fusik¸n Pìrwn tou Pa-
nepisthmÐou IwannÐnwn, na katano soun basik� shmeÐa twn Majhmatik¸n, na
sumplhr¸soun th gn¸sh touc kai na jumhjoÔn basikèc ènnoiec. Epiplèon na
qrhsimopoihjoÔn wc èna basikì eisagwgikì biblÐo gia ekeÐnouc, pou ja qrh-
simopoi soun ta Majhmatik� gia thn epÐlush problhm�twn   th dhmiourgÐa
montèlwn thc epist mhc touc kai na touc mu soun se ènan kainoÔrio trìpo
skèyhc se ì,ti afor� ta Majhmatik�, pou eÐnai men eniaÐa, wstìso up�rqoun
pollèc optikèc gia tic ènnoiec tic opoÐec diapragmateÔontai.

Sto keÐmeno gÐnetai prosp�jeia oi majhmatikèc ènnoiec kai oi majhmatikoÐ
tÔpoi pou qrhsimopoioÔntai na eÐnai gnwstoÐ apì ta Majhmatik� tou LukeÐou.
'Opou qrei�zontai k�poiec kainoÔriec ènnoiec   tÔpoi, ja eis�gontai   ja apo-
deiknÔontai th stigm  pou ja qrhsimopoioÔntai. Wstìso èmfash ja dojeÐ sthn
efarmog  kai th qr sh twn Majhmatik¸n. Gia thn empèdwsh thc Ôlhc up�rqei
ènac arijmìc lumènwn ask sewn   paradeigm�twn kai ènac arijmìc �lutwn a-
sk sewn kai problhm�twn sto tèloc k�je kefalaÐou. Gia th lÔsh orismènwn
ask sewn, pou eÐnai upologistikèc, eÐnai aparaÐthth h qr sh episthmonik c a-
rijmomhqan c (calculator, kompiouter�ki), thn opoÐa o foitht c ja prèpei na
m�jei na qeirÐzetai kal�. Gia tic grafikèc parast�seic o foitht c ja prèpei na
m�jei na qeirÐzetai to prìgramma gnuplot. 1 Sto keÐmeno up�rqei ènac arijmìc
paradeigm�twn qr shc tou parap�nw progr�mmatoc, pou ja prèpei na dokim�-
zontai apì ton anagn¸sth, ¸ste na exoikei¸netai me th qr sh kai na energeÐ
kat� perÐptwsh.

1Το gnuplot, θα το βρείτε στη διεύθυνση www.gnuplot.info. Στο Παράρτημα του παρόντος
εγχειριδίου θα βρείτε ένα μικρό οδηγό για τη χρήση του.

aþ



Eisagwg 

1.1 To sÔnolo. OrismoÐ kai pr�xeic

H ènnoia tou sunìlou ja jewrhjeÐ prwtarqik  kai de ja orisjeÐ. 'Etsi
akoÔgontac   diab�zontac {sÔnolo} ja ennooÔme autì pou ìloi mac katalabaÐ-
noume, dhl. mia sullog  apì antikeÐmena. To sÔnolo apoteleÐtai apì stoiqeÐa,
ta opoÐa brÐskontai mìno mÐa for� mèsa s' autì kai lème ìti to stoiqeÐo a
an kei sto sÔnolo A gr�fontac a ∈ A   to sÔnolo A perièqei to stoiqeÐo
a gr�fontac A ∋ a. AntÐjeta lème ìti to stoiqeÐo d den an kei sto sÔno-
lo A gr�fontac d ̸∈ A   to sÔnolo A den perièqei to stoiqeÐo d gr�fontac
A ̸∋ d. To sÔnolo eÐnai dunatìn na orisjeÐ pl rwc di� anagraf c twn stoi-
qeÐwn tou p.q. A = {a, b, c}   perigr�fontac aut� me mia idiìtht� touc p.q.
A = {x/x ta trÐa pr¸ta gr�mmata tou latinikoÔ alf�bhtou }. To sÔnolo pou
den perièqei stoiqeÐa onom�zetai kenì sÔnolo kai sumbolÐzetai me ∅. To pl joc
twn stoiqeÐwn tou sunìlou A onom�zetai plhj�rijmoc tou A, sumbolÐzetai me
N(A), opìte N(A) = 3, N(∅) = 0.

'Hdh eÐnai gnwst� ta sÔnola twn arijm¸n apì th deuterob�jmia ekpaÐ-
deush, ìpwc to sÔnolo twn fusik¸n arijm¸n N = {0, 1, 2, 3, . . .}, to opoÐo eÐnai
kleistì wc proc thn prìsjesh kai ton pollaplasiasmì, dhl. an prosjèsoume
  pollaplasi�soume duo fusikoÔc arijmoÔc to apotèlesma eÐnai p�li fusikìc
arijmìc. 'Omwc den sumbaÐnei to Ðdio me thn afaÐresh. EpekteÐname loipìn
to sÔnolo twn Fusik¸n kai dhmiourg same to sÔnolo twn akeraÐwn arijm¸n
Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .}, to opoÐo eÐnai t¸ra kleistì wc proc tic
pr�xeic thc prìsjeshc, thc afaÐreshc kai tou pollaplasiasmoÔ, den eÐnai ìmwc
kleistì wc proc thn pr�xh thc diaÐreshc, gi� autì epekteÐname to sÔnolo twn
akeraÐwn kai dhmiourg same to sÔnolo twn rht¸n arijm¸n Q. Prokeimènou
na ergastoÔme s� èna sÔnolo, ìpou up�rqoun kai arijmoÐ pou den gr�fontai

1
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a

b

c

A

B

A

Sq ma 1.1: SÔnolo � UposÔnolo sunìlou.

upì morf n kl�smatoc, dhmiourg same to sÔnolo twn pragmatik¸n arijm¸n R.
Tèloc, jèlontac na èqei ènnoia kai h tetragwnik  rÐza tou −1 (

√
−1) dhmiour-

g same to sÔnolo twn migadik¸n arijm¸n C.

To sÔnolo, gewmetrik�, parist�netai me mia apl  kleist  gramm . Ta
stoiqeÐa tou me teleÐec kai to ìnom� touc   me kat�llhlh diagr�mmish se pe-
rÐptwsh pou ta stoiqeÐa eÐnai poll�   den endiafèroun. Ta diagr�mmata pou
sqhmatÐzontai me autì ton trìpo lègontai diagr�mmata tou Venn.

Lème ìti to sÔnolo A eÐnai uposÔnolo tou sunìlou B kai sumbolÐzoume
A j B, an kai mìnon an ta stoiqeÐa tou sunìlou A eÐnai kai stoiqeÐa tou
sunìlou B. Autì ekfr�zetai me to ìti, an k�poio stoiqeÐo an kei sto sÔnolo
A, tìte an kei kai sto sÔnolo B. Sthn Ðdia perÐptwsh lème ìti to sÔnolo B
eÐnai upersÔnolo tou sunìlou A kai sumbolÐzoume B k A. To di�gramma
faÐnetai sto Sq ma 1.1. Gia par�deigma N j I kai R k Q. To kenì sÔnolo
eÐnai uposÔnolo pantìc sunìlou (∅ j A). EÐnai fanerì ìti an A j B tìte
N(A) ≤ N(B).

Duo sÔnola A kai B lème ìti eÐnai Ðsa kai sumbolÐzoume A = B, an kai
mìnon an A j B kai B j A. An ta duo sÔnola den eÐnai Ðsa, gr�foume A ̸= B.
Fusik� sthn perÐptwsh thc isìthtac isqÔei N(A) = N(B).

'Enwsh dÔo sunìlwn A kai B lème to sÔnolo pou apoteleÐtai apì ìla
ta stoiqeÐa tou sunìlou A kai ìla ta stoiqeÐa tou sunìlou B, sumbolÐzetai de
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AUB

A

U

B

Sq ma 1.2: H ènwsh kai h tom  duo sunìlwn.

me A ∪ B. Se epÐpedo stoiqeÐwn autì ekfr�zetai me to ìti, èna stoiqeÐo eÐnai
stoiqeÐo thc ènwshc A∪B an kai mìnon an eÐnai stoiqeÐo tou sunìlou A   tou
sunìlou B. An gia par�deigma èqoume A = {1, 2, 3, 4, 5} kai B = {3, 4, 5, 6, 7}
tìte A ∪B = {1, 2, 3, 4, 5, 6, 7}.

Tom  dÔo sunìlwn A kai B lème to sÔnolo pou apoteleÐtai apì ìla
ta koin� stoiqeÐa twn duo sunìlwn, sumbolÐzetai de me A ∩ B. Se epÐpedo
stoiqeÐwn autì ekfr�zetai me to ìti, èna stoiqeÐo eÐnai stoiqeÐo thc ènwshc
A ∩ B an kai mìnon an eÐnai stoiqeÐo kai tou sunìlou A kai tou sunìlou
B. An gia par�deigma èqoume A = {1, 2, 3, 4, 5} kai B = {3, 4, 5, 6, 7}, tìte
A ∩B = {3, 4, 5}.

H ènwsh kai h tom  èqoun thn antimetajetik  kai thn prosetairistik 
idiìthta kai epiplèon epimerÐzetai h mÐa wc proc thn �llh.

A ∪B = B ∪ A A ∩B = B ∩ A

A ∪ (B ∪ C) = (A ∪B) ∪ C A ∩ (B ∩ C) = (A ∩B) ∩ C (1.1)

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C) A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

Ac jewr soume t¸ra duo sÔnola A kai B. EÐnai dunatìn a)A j B kai b)
A * B. Sthn pr¸th perÐptwsh, to sÔnolo pou perièqei ta stoiqeÐa tou B pou
den perièqontai sto A lègetai sumpl rwma
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tou sunìlou A wc proc to sÔnolo B kai sum-
bolÐzetai AC

B   apl� AC , ìtan to upersÔnolo
B ennoeÐtai. Sth deÔterh perÐptwsh lègetai
diafor� kai sumbolÐzetai me B − A. 'Etsi an
èqoume A = {1, 2, 3, 4, 5}, X = {3, 4, 5} kai
B = {3, 4, 5, 6, 7}, tìte A − B = {1, 2} kai
XC

A = {1, 2}, XC
B = {6, 7}.

B A

B-A

Apì ta diagr�mmata tou Venn k�poioc mporeÐ na parathr sei ìti

A = (A ∩B) ∪ (A−B) kai B = (A ∩B) ∪ (B − A). (1.2)

Duo sÔnola pou h tom  touc eÐnai to kenì sÔnolo lègontai xèna metaxÔ
touc. Gia duo sÔnola A kai B, xèna metaxÔ touc, eÐnai fanerì ìti h ènws 
touc A ∪ B perièqei ìla ta stoiqeÐa tou A kai ìla ta stoiqeÐa tou B. 'Etsi
isqÔei

N(A ∪B) = N(A) +N(B) (1.3)

Prìtash 1.1.1Gia duo sÔnola A kai B isqÔei

N(A ∪B) = N(A) +N(B)−N(A ∩B) (1.4)

Apìdeixh: H ènwsh twn duo sunìlwn A kai B perièqei ta stoiqeÐa tou sunìlou
A pou den an koun sto B, ta stoiqeÐa tou B pou den an koun sto A kai ta
stoiqeÐa pou an koun kai sta duo sÔnola, dhl. ta stoiqeÐa thc tom c touc
A ∩ B. Tìte ja isqÔei A ∪ B = (A − B) ∪ (A ∩ B) ∪ (B − A) kai epeid  ta
sÔnola aut� eÐnai xèna metaxÔ touc, apì thn (1.3), ja èqoume

N(A ∪B) = N(A−B) +N(A ∩B) +N(B − A) (1.5)

ìmwc apì thn (1.2) isqÔeiN(A) = N(A∩B)+N(A−B) kaiN(B) = N(A∩B)+
N(B − A), opìte antikajist¸ntac kat�llhla sthn prohgoÔmenh paÐrnoume th
sqèsh mac. H Prìtash 1.1.1 paÐzei èna spoudaÐo rìlo sth JewrÐa Pijanot twn.

Par�deigma 1.1Se mia aÐjousa brÐskontai 120 �toma, ek twn opoÐwn 72 �to-
ma gnwrÐzoun Agglik�, 67 gnwrÐzoun Gallik� kai 39 gnwrÐzoun Agglik� kai
Gallik�. Na brejeÐ pìsa �toma de gnwrÐzoun oÔte Agglik� oÔte Gallik�, pìsa
�toma gnwrÐzoun mìnon Gallik�.
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LÔsh An jewr soume Ω = {x/x �tomo thc aÐjousac}, A = {x/x �tomo thc
aÐjousac pou gnwrÐzei Agglik�} kaiB = {x/x �tomo thc aÐjousac pou gnwrÐ-
zei Gallik�}, tìte ta �toma pou gnwrÐzoun eÐte Agglik� eÐte Gallik� ja eÐnai
A∪B. Apì thn Prìtash 1.1.1 ja èqoume N(A∪B) = N(A)+N(B)−N(A∩
B) = 72 + 67− 39 = 100. Ta �toma pou de gnwrÐzoun kami� gl¸ssa eÐnai 20,
afoÔ N(Ω) = 120.
Ta �toma pou gnwrÐzoun Gallik� kai de gnwrÐzoun Agglik� eÐnai (B−A) kai e-
keÐna pou gnwrÐzoun kai Agglik� kai Gallik� eÐnai (A∩B), apì thn (1.2) èqoume
B = (B−A)∪ (A∩B). Opìte N(B−A) = N(B)−N(A∩B) = 67−39 = 28.

1.2 Diatetagmèno zeÔgoc�Kartesianì ginìme-

no

Sta sÔnola den endiafèrei h seir� twn stoiqeÐwn. Wstìso, den eÐnai lÐgec
oi forèc pou h seir� twn stoiqeÐwn paÐzei spoudaÐo rìlo, p.q. s� ènan ag¸na
100m, prin ton ag¸na èqoume to sÔnolo twn ajlht¸n pou paÐrnoun mèroc, met�
ton ag¸na ìmwc èqoume touc nikhtèc tou agwnÐsmatoc p.q. pr¸toc, deÔteroc
k.lp. An prìkeitai gia duo stoiqeÐa a kai b me saf  prosdiorismì tou pr¸tou
kai tou deÔterou stoiqeÐou, mil�me gia diatetagmèno zeÔgoc kai shmei¸noume
(a, b). Gia ta diatetagmènh zeÔgh isqÔei

(a, b) = (c, d) ⇔ a = c kai b = d (1.6)

Me ton Ðdio trìpo mporoÔme na mil�me gia diatetagmènec tri�dec (a1, a2, a3), dia-
tetagmènec tetr�dec (a1, a2, a3, a4), kai genikìtera gia diatetagmènec ν−�dec
(a1, a2, . . . , an). Ta stoiqeÐa twn diatetagmènwn ν−�dwn onom�zontai sunte-
tagmènec.

JewroÔme t¸ra duo sÔnola A kai B diaforetik� tou kenoÔ. To sÔnolo
pou apoteleÐtai apì ìla ta diatetagmèna zeÔgh me pr¸to stoiqeÐo apì to sÔnolo
A kai deÔtero stoiqeÐo apì to sÔnolo B lègetai kartesianì ginìmeno aut¸n
kai sumbolÐzetai me A × B, p.q. an A = {1, 2}, B = {3, 4, 5} tìte A × B =
{(1, 3), (1, 4), (1, 5), (2, 3), (2, 3), (2, 4)}. EÐnai fanerì ìti me k�je stoiqeÐo apì
to pr¸to sÔnolo sqhmatÐzontai tìsa stoiqeÐa sto kartesianì ginìmeno, ìsa
eÐnai ta stoiqeÐa sto deÔtero sÔnolo. 'Etsi èqoume

N(A×B) = N(A)×N(B) (1.7)
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Me antÐstoiqo trìpo dhmiourgoÔntai kartesian� ginìmena tri¸n sunìlwn k.o.k.
ν sunìlwn kai p�nta ja isqÔei

N(A1 × A2 × · · · × Aν) = N(A1)×N(A2)× · · · ×N(Aν) (1.8)

Oi sqèseic (1.7) kai (1.8) anafèrontai wc kanìnec tou pollaplasiasmoÔ. 'Al-
lec, ìmwc, forèc anafèrontai kai wc kanìnec twn epilog¸n, afoÔ ousiastik�
mac deÐqnei pìsec dunatèc epilogèc èqoume, ìtan epilègoume stoiqeÐa   antikeÐ-
mena pr¸ta apì èna sÔnolo, èpeita apì k�poio �llo k.o.k. 'Etsi, gia par�deig-
ma, an èqoume na broÔme to pl joc twn kostoumi¸n pou dhmiourgoÔntai apì
èna pl joc tri¸n sakaki¸n kai tess�rwn panteloni¸n, apì ton kanìna twn
epilog¸n profan¸c ja broÔme d¸deka kostoÔmia.

Parat rhsh 1.2.1'Axio prosoq c eÐnai to gegonìc ìti, en¸ A×B ̸= B ×A,
p�nta isqÔei N(A×B) = N(B × A).

Par�deigma 1.2Na deiqteÐ ìti, gia trÐa mh ken� sÔnola, isqÔoun

i) A× (B ∩C) = (A×B)∩ (A×C) ii) A× (B ∪C) = (A×B)∪ (A×C)

LÔsh JewroÔme èna tuqaÐo stoiqeÐo (x, y) tou sunìlou A × (B ∩ C). Tìte
isqÔei {

x ∈ A
y ∈ (B ∩ C)

⇒


x ∈ A
y ∈ B
y ∈ C

⇒
{

(x, y) ∈ (A×B)
(x, y) ∈ (A× C)

opìte (x, y) ∈ (A×B) ∩ (A× C). Dhl.

A× (B ∩ C) j (A×B) ∩ (A× C). (1.9)

Antistrìfwc an (x, y) èna tuqaÐo stoiqeÐo tou sunìlou (A×B)∩ (A×C), ja
isqÔei {

(x, y) ∈ (A×B)
(x, y) ∈ (A× C)

⇒


x ∈ A
y ∈ B
y ∈ C

⇒
{

x ∈ A
y ∈ (B ∩ C)

opìte (x, y) ∈ A× (B ∩ C). Dhl.

(A×B) ∩ (A× C) j A× (B ∩ C). (1.10)

Oi sqèseic (1.9) kai (1.10) apodeÐqnoun to zhtoÔmeno.
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1.3 Metajèseic

Topojet¸ntac ta stoiqeÐa enìc sunìlou se mia seir� (dhl. aradi�zont�c
ta) dhmiourgoÔme mia met�jesh, p.q. mia met�jesh twn stoiqeÐwn tou sunì-
lou A = {a1, a2, a3, a4, a5} eÐnai h (a2, a3, a5, a1, a4), mia �llh eÐnai h (a4, a3,
a5, a2, a1). Gia na metr soume to pl joc twn parap�nw metajèsewn ja qrh-
simopoi soume ton kanìna twn epilog¸n. 'Etsi gia na epilèxoume to pr¸to
stoiqeÐo sto par�deigm� mac èqoume 5 dunatìthtec, gia na epilèxoume to deÔte-
ro stoiqeÐo èqoume 4 dunatìthtec (afoÔ  dh èqoume p�rei to èna stoiqeÐo), gia
na epilèxoume to trÐto stoiqeÐo èqoume 3 dunatìthtec (afoÔ  dh èqoume p�rei
ta dÔo stoiqeÐa), gia na epilèxoume to tètarto stoiqeÐo èqoume 2 dunatìthtec
(afoÔ  dh èqoume p�rei ta trÐa stoiqeÐa), tèloc gia na epilèxoume to pèmpto
stoiqeÐo èqoume 1 dunatìthta (afoÔ  dh èqoume p�rei ta tèssera stoiqeÐa), su-
nolik� loipìn èqoume M5 = 5 · 4 · 3 · 2 · 1 metajèseic. Genik�, gia na metr soume
to pl joc twn metajèsewn enìc sunìlou me ν stoiqeÐa, o parap�nw trìpoc mac
dÐnei

Mν = ν · (ν − 1) · (ν − 2) . . . 2 · 1 = ν! (1.11)

To ν! diab�zetai {ν paragontikì} kai shmaÐnei to ginìmeno ìlwn twn fusik¸n
apì to 1 mèqri to ν, orÐzontac 0! = 1 kai 1! = 1. EpÐshc to ν! mporeÐ na orisjeÐ
kai anadromik� wc

0! = 1 kai ν! = ν · (ν − 1)! (1.12)

To ν paragontikì aux�nei polÔ gr gora, p.q 10!=3628800 kai profan¸c oi
pr�xeic (pollaplasiasmoÐ) eÐnai p�ra pollèc kai dÔskolec. O epìmenoc tÔpoc
tou Stirling gia meg�la ν mac dÐnei proseggistik� to ν paragontikì

ν! ≈
√
2πν

(ν
e

)ν

(1.13)

Me ton tÔpo (1.13) brÐskoume 10! ≈ 3598696, arket� kont� sthn pragmatik 
tim .

Par�deigma 1.3Pìsouc pentay fiouc mporoÔme na dhmiourg soume me ta yh-
fÐa {1, 2, 3, 4, 5}, paÐrnont�c ta mìnon mia for� to kajèna?

LÔsh Gia th dhmiourgÐa pentay fiwn arijm¸n ja prèpei ousiastik� na broÔme
tic metajèseic aut¸n. 'Etsi

M5 = 5! = 5 · 4 · 3 · 2 · 1 = 120
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Th met�jesh σ0 = (1, 2, . . . , ν) twn ν pr¸twn fusik¸n thn onom�zoume
fusik  met�jesh. Sth fusik  met�jesh k�je stoiqeÐo eÐnai megalÔtero ap� ìla
ta prohgoÔmen� tou. De sumbaÐnei ìmwc to Ðdio kai stic �llec metajèseic. 'Otan
k�poio stoiqeÐo eÐnai mikrìtero apì k�poio prohgoÔmenì tou, lème ìti èqoume
mia anastrof , p.q. sth met�jesh (1, 2, 4, 3, 5) twn pènte pr¸twn fusik¸n, to
3 eÐnai mikrìtero apì to 4 pou eÐnai prohgoÔmenì tou, epomènwc èqoume mia
anastrof . Mia met�jesh lème ìti eÐnai �rtia   peritt , an kai mìnon an to
pl joc twn anastrof¸n eÐnai antÐstoiqa �rtio   perittì. 'Etsi, h met�jesh
(1, 5, 4, 3, 2) eÐnai �rtia, afoÔ èqei sunolik� èxi anastrofèc, en¸ h met�jesh
(1, 5, 2, 3, 4) eÐnai peritt , afoÔ sunolik� èqei mìnon treic anastofèc. H fusik 
met�jesh eÐnai �rtia, afoÔ to pl joc twn anastrof¸n eÐnai mhdèn.

An κ apì ta ν stoiqeÐa epanalamb�nontai, h met�jesh aut¸n eÐnai mia me-
t�jesh me epan�lhyh. Se k�je tètoia met�jesh, h met�jesh opoiwnd pote
apì ta Ðdia κ stoiqeÐa den prokaleÐ kami� metabol  sth met�jesh me epan�lh-
yh. An proc stigm n ta jewr soume diaforetik� ta κ aut� stoiqeÐa, tìte k�je
met�jesh me epan�lhyh ja mac d¸sei κ! aplèc metajèseic kai ìlec mazÐ ja mac
d¸soun ìlec tic aplèc metajèseic. Dhl.

k! ·Mκ
ν = Mν ⇔ Mκ

ν =
ν!

κ!
, (1.14)

ìpou Mκ
ν , eÐnai o arijmìc twn metajèsewn me epan�lhyh. O tÔpoc (1.14) geni-

keÔetai sthn perÐptwsh pou up�rqoun µ om�dec me κ1, κ2, . . . κµ Ðdia stoiqeÐa,
me κ1 + κ2 + · · ·+ κµ = n. Sthn perÐptwsh aut  isqÔei

Mκ1, κ2, ··· , κµ
ν =

ν!

κ1!κ2! · · ·κµ!
, (1.15)

Par�deigma 1.4Pìsec oqt�dec mporoÔme na sqhmatÐsoume me tèssera agìria
kai tèssera korÐtsia, topojet¸ntac ta se mia gramm ?

LÔsh Prìkeitai gia metajèseic me epan�lhyh, afoÔ ta agìria kai ta korÐtsia
eÐnai ta stoiqeÐa pou epanalamb�nontai. 'Etsi

M4,4
8 =

8!

4!4!
= 70
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Topojet¸ntac ta stoiqeÐa enìc sunìlou
se èna kÔklo, ìpwc faÐnetai sto diplanì sq -
ma, dhmiourgoÔme mia kuklik  met�jesh. EÐ-
nai fanerì ìti, an kìyoume ton kÔklo metaxÔ
duo opoiwnd pote stoiqeÐwn, dhmiourgoÔme mia
apl  met�jesh. M�lista, apì k�je kuklik 
met�jesh mporoÔme na dhmiourg soume ν aplèc

a1
a2

a3

a4a5

metajèseic. An me Kν parast soume to pl joc twn kuklik¸n metajèsewn, ja
èqoume Mν = ν ·Kν , opìte

Kν =
ν!

ν
= (ν − 1)! (1.16)

1.4 Diat�xeic

Epilègontac κ apì ta ν stoiqeÐa me κ < ν enìc sunìlou kai topojet¸ntac
ta se mia seir�, dhmiourgoÔme mia di�taxh. p.q. mia di�taxh twn 3 apì ta 5
stoiqeÐa tou sunìlou A = {a1, a2, a3, a4, a5} eÐnai h (a2, a3, a5), mia �llh eÐnai
h (a5, a2, a1). Apì ton kanìna twn epilog¸n (1.8) brÐskoume ìti

κ∆ν = ν · (ν − 1) · · · (ν − κ+ 1) =
ν!

(ν − κ)!
(1.17)

Par�deigma 1.5Pìsouc triy fiouc mporoÔme na dhmiourg soume me ta yhfÐa
{1, 2, 3, 4, 5}, paÐrnont�c ta mìno mia for� to kajèna?

LÔsh Gia th dhmiourgÐa triy fiwn arijm¸n ja prèpei na epilègoume k�je for�
trÐa apì ta pènte yhfÐa. 'Etsi

3∆5 =
5!

(5− 3)!
=

5!

2!
= 5 · 4 · 3 = 60

Epilègontac κ apì ta ν stoiqeÐa enìc sunìlou kai topojet¸ntac ta se
mia seir�, me th dunatìthta orismèna apì aut�   kai ìla na epanalamb�nontai,
dhmiourgoÔme mia di�taxh me epan�lhyh, p.q. mia di�taxh me epan�lhyh twn
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3 apì ta 5 stoiqeÐa tou sunìlou A = {a1, a2, a3, a4, a5} eÐnai h (a2, a3, a5), mia
�llh eÐnai h (a2, a2, a1). Apì ton kanìna twn epilog¸n (1.8) brÐskoume ìti

κEν = ν · ν · · · ν︸ ︷︷ ︸
κ

= νκ (1.18)

eÐnai fanerì t¸ra eÐnai dunatìn na èqoume kai κ ≥ ν.

Par�deigma 1.6Pìsouc triy fiouc mporoÔme na dhmiourg soume me ta yhfÐa
{1, 2, 3, 4, 5}?

LÔsh Gia th dhmiourgÐa triy fiwn arijm¸n ja prèpei na epilègoume k�je for�
trÐa apì ta pènte yhfÐa me th dunatìthta ta yhfÐa na epanalamb�nontai, p.q.
ja dhmiourg soume ton arijmì 324 all� kai ton 232. 'Etsi

3E5 = 53 = 125

Par�deigma 1.7Pìsec st lec PROPO mporoÔme na dhmiourg soume me ta
stoiqeÐa {1, 2, x}?

LÔsh Gia th dhmiourgÐa miac st lhc PROPO dekatri¸n shmeÐwn ja prèpei na
epilègoume k�je for� dekatrÐa apì ta trÐa stoiqeÐa, me th dunatìthta ta stoi-
qeÐa na epanalamb�nontai, p.q. ja dhmiourg soume th st lh 11x|2x1|xx1|2xx2.
'Etsi

13E3 = 313 = 1594323

1.5 SunduasmoÐ

H epilog  κ apì ta ν stoiqeÐa enìc sunìlou, qwrÐc na mac endiafèrei h
topojèths  touc se opoiad pote gramm , lègetai sunduasmìc twn ν an�
κ. Oi sunduasmoÐ twn ν an� κ sumbolÐzontai me

(
ν
κ

)
  Cν

κ . EÐnai fanerì ìti
oi diat�xeic twn ν an� κ prokÔptoun apì tic metajèseic twn κ stoiqeÐwn pou
epilèxame apì touc sunduasmoÔc, dhl. κ∆ν = κ!

(
ν
κ

)
, opìte(

ν

κ

)
=

1

κ!
κ∆ν =

ν!

κ!(ν − κ)!
(1.19)
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Par�deigma 1.8Pìsec pent�dec kart¸n mporoÔme na dhmiourg soume apì ta
52 fÔlla miac tr�poulac?

LÔsh Prìkeitai profan¸c gia sunduasmoÔc, afoÔ de mac endiafèrei h seir�,
me thn opoÐa ja topojethjoÔn oi k�rtec. 'Etsi(

52

5

)
=

52!

5!47!
=

52 · 51 · 50 · 49 · 48
1 · 2 · 3 · 4 · 5

= 2598960

O arijmìc twn trìpwn pou ja p�roume ta κ apì ta ν pr�gmata eÐnai
akrib¸c o Ðdioc me twn arijmì twn ν − κ apì ta ν pou ja af soume sthn �krh,
dhl. (

ν

κ

)
=

(
ν

ν − κ

)
K�ti tètoio prokÔptei kai apì tic pr�xeic.

L mma 1.5.1Gia touc sunduasmoÔc isqÔei p�nta

i)

(
ν

κ

)
+

(
ν

κ+ 1

)
=

(
ν + 1

κ+ 1

)
ii)

(
ν

κ+ 1

)
=

ν − k

k + 1

(
ν

κ

)
. (1.20)

Apìdeixh: Gia thn pr¸th (h deÔterh af netai gia �skhsh) k�nontac tic pr�xeic
prokÔptei (

ν

κ

)
+

(
ν

κ+ 1

)
=

ν!

κ!(ν − κ)!
+

ν!

(κ+ 1)!(ν − κ− 1)!

=
ν!(k + 1)

(κ+ 1)!(ν − κ)!
+

(ν − κ)ν!

(κ+ 1)!(ν − κ)!

=
ν!(κ+ 1 + ν − κ)

(κ+ 1)!(ν − κ)!

=

(
ν + 1

κ+ 1

)
�

Parat rhsh 1.5.1Gia na èqoun ènnoia ta parap�nw prèpei 1 ≤ κ ≤ ν. W-
stìso gia leitourgikoÔc lìgouc orÐzoume

(
ν
0

)
= 1.
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1.6 AjroÐsmata - to
∑

Meg�lo pl joc prosjèsewn, meg�la ajroÐsmata, eÐnai genik� dÔskola na
ta qeiristoÔme. Orismènec forèc ìmwc, ìtan ta ajroÐsmata aut� upakoÔoun se
k�poiouc kanìnec, mporoÔme na ta antimetwpÐsoume qrhsimopoi¸ntac kat�llhla
sÔmbola, p.q. to �jroisma twn n pr¸twn fusik¸n arijm¸n mporoÔme na to
gr�youme wc ex c

1 + 2 + · · ·+ n =
n∑

i=1

i

kai diab�zetai to �jroisma ìlwn twn fusik¸n i apì to 1 mèqri to n. O trìpoc
thc graf c aut c den eÐnai monos mantoc. To Ðdio �jroisma ja mporoÔsame na
to gr�youme kai wc

1 + 2 + · · ·+ n =
n−3∑
i=−2

(i+ 3).

K�tw apì to
∑

faÐnetai h metablht , sthn prokeimènh perÐptwsh to i kai to
k�tw ìrio (dhl. apì pou xekin� to i), kai p�nw apì to

∑
faÐnetai to �nw ìrio

(dhl. pou ft�nei to i), h metabol  (dhl. to b ma) eÐnai p�nta èna. Akrib¸c ta
Ðdia isqÔoun, ìtan oi fusikoÐ arijmoÐ eÐnai deÐktec, p.q.

a1 + a2 + · · ·+ an =
n∑

i=1

ai

Gia leitourgikoÔc lìgouc orÐzoume
∑k

i=k ai = ak.

AploÐ kanìnec tou ajroÐsmatoc faÐnontai sthn epìmenh prìtash.

Prìtash 1.6.1Gia to sÔmbolo tou
∑

isqÔoun:

i)
n∑

i=1

1 = n

ii)
n∑

i=1

(c · ai) = c ·
n∑

i=1

ai

iii)
n∑

i=1

(ai + bi) =
n∑

i=1

ai +
n∑

i=1

bi
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iv)
n∑

i=1

ai =
k∑

i=1

ai +
n∑

i=k+1

ai , 1 ≤ k < n

Apìdeixh: Qrhsimopoi¸ntac �mesa touc tÔpouc gia th (ii) paÐrnoume

n∑
i=1

(c · ai) = c · a1 + c · a2 + · · ·+ c · an = c(a1 + a2 + · · ·+ an) = c ·
n∑

i=1

ai

�
H apìdeixh twn (i), (iii) kai (iv) af netai wc �skhsh.

Me parìmoio trìpo orÐzontai ajroÐsmata megalÔterhc t�xhc, p.q. dipl�
tripl� k.lp, Ðswc me thn parat rhsh ìti aut� enall�ssontai kai, ìtan k�poiac
metablht c o deÐkthc den paÐrnei mèroc se k�poia �jroish, h metablht  sumpe-
rifèretai wc stajer�.

Prìtash 1.6.2Gia ta dipl� ajroÐsmata isqÔei

i)
n∑

i=1

m∑
j=1

aij =
m∑
j=1

n∑
i=1

aij

ii)
n∑

i=1

m∑
j=1

aibj =
n∑

i=1

ai

m∑
j=1

bj

Apìdeixh: Ja deÐxoume thn i) kai h ii) ja parameÐnei wc �skhsh

n∑
i=1

m∑
j=1

aij =
n∑

i=1

( m∑
j=1

aij

)
=

n∑
i=1

(ai1 + ai2 + · · ·+ aim)

= (a11+a12+ · · ·+a1m)+ (a21+a22+ · · ·+a2m)+ · · ·+(an1+an2+ · · ·+anm)

= (a11+a21+ · · ·+an1)+ (a12+a22+ · · ·+an2)+ · · ·+(a1m+a2m+ · · ·+anm)

=
n∑

i=1

ai1 +
n∑

i=1

ai2 + · · ·+
n∑

i=1

aim =
m∑
j=1

( n∑
i=1

aij

)
=

m∑
j=1

n∑
i=1

aij

�
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Par�deigma 1.9Na deiqteÐ ìti

i) 1 + 2 + · · ·+ n =
n(n+ 1)

2
, ii) 1 + 3 + · · ·+ (2n− 1) = n2 ,

iii)
1

1 · 2
+

1

2 · 3
+ · · ·+ 1

n · (n+ 1)
= 1− 1

n+ 1

LÔsh i) 'Amesa èqoume

2
n∑

i=1

i =
n∑

i=1

i+
n∑

i=1

(n+ 1− i) =
n∑

i=1

(i+ n+ 1− i) =
n∑

i=1

(n+ 1) = n ·(n+1)

opìte paÐrnoume to zhtoÔmeno. Gia thn ii) èqoume

n∑
i=1

(2i− 1) =
n∑

i=1

2i−
n∑

i=1

1 = 2
n∑

i=1

i− n = n(n+ 1)− n = n2.

Gia thn iii) èqoume

n∑
i=1

1

i · (i+ 1)
=

n∑
i=1

(1
i
− 1

i+ 1

)
=

n∑
i=1

1

i
−

n∑
i=1

1

i+ 1

= 1 +
( n∑

i=2

1

i

)
−

( n−1∑
i=1

1

i+ 1

)
− 1

n+ 1

'Omwc, oi posìthtec, mèsa stic parenjèseic, sto teleutaÐo algebrikì �jroisma,
eÐnai akrib¸c oi Ðdiec, opìte prokÔptei to zhtoÔmeno.

Par�deigma 1.10Na deiqteÐ ìti

i)
n∑

i=1

i2 =
n(n+ 1)(2n+ 1)

6
, ii)

n∑
i=1

i3 =
(n(n+ 1)

2

)2

,

LÔsh Kai stic duo peript¸seic ja qrhsimopoi soume epagwg . Gia n = 1 h
i) isqÔei. Upojètoume ìti isqÔei ìpwc eÐnai kai ja deÐxoume ìti isqÔei kai gia
n+ 1. Pr�gmati, prosjètontac kai sta duo mèlh to (n+ 1)2 èqoume

n∑
i=1

i2 + (n+ 1)2 =
n(n+ 1)(2n+ 1)

6
+ (n+ 1)2, opìte
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n+1∑
i=1

i2 =
n(n+ 1)(2n+ 1)

6
+

6(n+ 1)2

6
=

n+ 1

6
(2n2 + n+ 6n+ 6)

=
n+ 1

6
(2n2 + 4n+ 3n+ 6) =

(n+ 1)(n+ 2)(2n+ 3)

6
OmoÐwc gia n = 1 h ii) isqÔei. Upojètoume ìti isqÔei ìpwc eÐnai kai ja deÐxoume
ìti isqÔei kai gia n+1. Prosjètontac p�li kai sta duo mèlh to (n+1)3 èqoume

n∑
i=1

i3 + (n+ 1)3 =
(n(n+ 1)

2

)2

+ (n+ 1)3, opìte

n+1∑
i=1

i3 =
n2(n+ 1)2

4
+
4(n+ 1)3

4
=

(n+ 1)2(n2 + 4n+ 4)

4
=

((n+ 1)(n+ 2)

2

)2

1.7 To di¸numo tou Newton

To di¸numo tou Newton eÐnai gnwstì apì to Gumn�sio. 'Iswc ìqi sth
genik  tou morf , all� eÐnai gnwstì. Gia par�deigma, ìloi jumoÔntai thn
tautìthta (a+ b)2 = a2 + 2ab+ b2. Genik� èqoume ìti

Je¸rhma 1.7.1Gia k�je a kai b ∈ R kai i kai n ∈ N, isqÔei

(a+ b)n =
n∑

i=0

(
n

i

)
an−ibi (1.21)

Apìdeixh: H apìdeixh ja gÐnei epagwgik�. Gia n = 1 h isìthta eÐnai profan c.
Deqìmenoi wc orj  thn isìthta (1.21) kai pollaplasi�zontac kai ta duo mèlh
thc me (a+ b) prokÔptei:

(a+ b)n+1 = (a+ b)
n∑

i=0

(
n

i

)
an−ibi

=
n∑

i=0

(
n

i

)
an+1−ibi +

n∑
i=0

(
n

i

)
an−ibi+1

= an+1 +
n∑

i=1

(
n

i

)
an+1−ibi +

n−1∑
i=0

(
n

i

)
an−ibi+1 + bn+1
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= an+1 +
n∑

i=1

(
n

i

)
an+1−ibi +

n∑
i=1

(
n

i− 1

)
an+1−ibi + bn+1

=

(
n+ 1

0

)
an+1 +

n∑
i=1

[(
n

i

)
+

(
n

i− 1

)]
an+1−ibi +

(
n+ 1

n+ 1

)
bn+1

=

(
n+ 1

0

)
an+1 +

n∑
i=1

(
n+ 1

i

)
an+1−ibi +

(
n+ 1

n+ 1

)
bn+1

=
n+1∑
i=0

(
n+ 1

i

)
an+1−ibi

�
Epiplèon to i) apì to L mma 1.5.1 mac apodeiknÔei th sten  sqèsh pou èqoun
oi suntelestèc tou enìc diwnÔmou me touc stelestèc tou epìmenou. M�lista,
topojetoÔmenoi kat�llhla, dhmiourgoÔn èna trÐgwno gnwstì wc trÐgwno tou
Pascal, to opoÐo faÐnetai ston epìmeno pÐnaka mèqri tou n = 5.

1

1
+

1

1
+

2
+

1

1
+

3
+

3
+

1

1
+

4
+

6
+

4
+

1

1 5 10 10 5 1

EpÐshc to ii) apì to L mma 1.5.1 mac deÐqnei th sten  sqèsh pou èqoun o sun-
telest c tou k�je ìrou tou ajroÐsmatoc tou diwnÔmou tou Newton me ekeÐnon
tou prohgoÔmenou. Pr�gmati, an pollaplasi�soume to suntelest  enìc ìrou
me ton ekjèth thc dÔnamhc pou mei¸netai kai to ginìmeno to diairèsoume me
ton arijmì thc jèshc pou katèqei o ìroc autìc sto �jroisma, brÐskoume ton
epìmeno suntelest . Gia par�deigma, o tètartoc ìroc tou (a+ b)5 eÐnai 10a2b3,
o suntelest c tou pèmptou ìrou (tou epìmenou) brÐsketai wc ex c: 10·2 : 4 = 5.
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Par�deigma 1.11Na deiqteÐ ìti

i)
n∑

i=0

(
n

i

)
= 2n, ii)

[n
2
]∑

i=0

(
n

2i

)
=

[n
2
]∑

i=0

(
n

2i+ 1

)
ìpou to [n

2
] shmaÐnei to akèraio mèroc tou n

2
.

LÔsh Gia thn pr¸th apì tic parap�nw sqèseic jètoume a = 1 kai b = 1 sth
sqèsh (1.21), opìte paÐrnoume to zhtoÔmeno

2n = (1 + 1)n =

(
n

0

)
+

(
n

1

)
+ · · ·+

(
n

n− 1

)
+

(
n

n

)
Gia th deÔterh jètoume a = 1 kai b = −1 sth sqèsh (1.21), opìte paÐrnoume

0 = (1−1)n =

(
n

0

)
1n+

(
n

1

)
1n−1(−1)+ · · ·+

(
n

k

)
1n−k(−1)k+· · ·+

(
n

n

)
(−1)n

kai anadiat�ssontac aut , paÐrnoume th zhtoÔmenh.

Ask seic

'Askhsh 1.1JewroÔme to sÔnolo A = {a, b, c, d, e, f, g, h}. Na brejeÐ èna
sÔnolo X ⊆ A gia to opoÐo isqÔei

i) X ∩ {d, e, f, g, h} = {a, f, h} ii) X ∩ {d, e, f, g, h} = {f, g}

'Askhsh 1.2Na deiqteÐ h ii) tou paradeÐgmatoc (1.2).

'Askhsh 1.3'Eqei brejeÐ peiramatik� ìti, apì ènan plhjusmì 150 atìmwn enìc
eÐdouc, 75 �toma antidroÔn jetik� sthn ousÐa A, 98 antidroÔn jetik� sthn
ousÐa B kai 42 antidroÔn jetik� kai stic duo ousÐec. Na brejeÐ pìsa �toma den
antidroÔn kajìlou stic parap�nw ousÐec, pìsa �toma antidroÔn jetik� mìnon
sthn ousÐa A kai pìsa mìnon sthn ousÐa B.
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'Askhsh 1.4Na gÐnoun oi pr�xeic kai oi aplopoi seic twn parak�tw parast�-
sewn

i)
12!24!

22!11!
ii)

A

3!4!
+

B

5!2!
iii)

(n+ 2)!(n− 1)!

n!(n+ 1)!
iv) n!(n+3)−n2(n−1)!

'Askhsh 1.5Na deiqteÐ ìti

k−1∑
i=0

(
n+ i

m

)
=

(
n+ k

m+ 1

)

'Askhsh 1.6Me pìsouc trìpouc mporoÔme na b�loume 20 biblÐa sth seir�,
¸ste duo kìkkina na eÐnai p�nta dÐpla-dÐpla?

'Askhsh 1.7Na deiqteÐ ìti

i) (n)

(
n− 1

k − 1

)
= (k)

(
n

k

)
ii)

n∑
k=1

k

(
n

k

)
= n2n−1

'Askhsh 1.8Jewr ste tic tautìthtec (1+x)n kai (1+x)m. Gia j ≤ min{m,n}
upologÐste to suntelest  tou ìrou xj apì to ginìmeno (1 + x)n(1 + x)m. Upo-
logÐste to suntelest  tou ìrou xj apì thn tautìthta (1 + x)m+n. ApodeÐxte
thn tautìthta

(
2n
n

)
=

∑n
k=0

(
n
k

)(
n

n−k

)
.

'Askhsh 1.9Qrhsimopoi¸ntac th sqèsh (1.21), na deiqteÐ ìti

∀ θ ≥ 0, (1 + θ)n ≥ 1 + nθ, ∀ n ∈ N

Qrhsimopoi¸ntac majhmatik  epagwg , na deiqteÐ ìti h parap�nw sqèsh isqÔei
∀ θ ≥ −1



AkoloujÐec - Seirèc

2.1 Oi sqèseic

Sthn kajhmerinìtht� mac ta stoiqeÐa twn sunìlwn sundèontai logik� me-
taxÔ touc, p.q. oi foithtèc tou tm matoc D.P.F.P tou PanepisthmÐou IwannÐnwn
did�skontai ta maj mata tou progr�mmatoc spoud¸n touc. O kanìnac, o nìmoc
pou sundèei duo sÔnola metaxÔ touc lègetai sqèsh.

Majhmatikopoi¸ntac ta parap�nw ja
mporoÔsame na èqoume to sÔnolo A =
{x/x foitht c tou tm matoc D.P.F.P} to
B = {x/x m�jhma tou progr�mmatoc spou-
d¸n tou tm matoc D.P.F.P} kai wc sqèsh
σ thn èkfrash {O foitht c x did�sketai to
m�jhma y}. To sÔnolo A lègetai sÔnolo

fn-1

fn

fn+1

�m-1

�m

�m+1

ù
ú

afethrÐac kai to sÔnolo B lègetai sÔnolo �fixhc. Ta stoiqeÐa tou sunìlou
A lègontai arqètupa, en¸ ta stoiqeÐa tou sunìlou B lègontai eikìnec. To
sÔnolo G ⊆ A×B pou apoteleÐtai apì ta stoiqeÐa pou sundèontai metaxÔ touc
me thn sqèsh σ lègetai gr�fhma thc sqèshc. H tri�da (A,B,G) prosdiorÐzei
pl rwc mia sqèsh (  th sqèsh). Oi sqèseic paÐzoun spoudaÐo rìlo sth jew-
rÐa twn Majhmatik¸n. An�loga me tic idiìthtec pou èqoun, mac dÐnoun eidikèc
sqèseic. H apeikìnish eÐnai mia tètoia eidik  sqèsh.

Orismìc 2.1.1H apeikìnish f enìc sunìlou A se èna sÔnolo B eÐnai mia
sqèsh ìpou se k�je stoiqeÐo x tou sunìlou A antistoiqÐzei èna monadikì stoiqeÐo
y tou sunìlou B kai sumbolÐzetai f : A → B, y = f(x).

19
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x y

A B
f

Sq ma 2.3: H apeikìnish f : A → B, y = f(x).

2.2 AkoloujÐec

Mia apeikìnish gia thn opoÐa èqoume A = N kai B ⊆ R, lègetai akolou-
jÐa pragmatik¸n arijm¸n. H akoloujÐa, antÐ tou sumbolismoÔ a(n), sun jwc
sumbolÐzetai me to an. Oi a0, a1, a2, a3, . . . , an, . . . lègontai ìroi thc akoloujÐac
kai den eÐnai tÐpote �llo, par� oi a(0), a(1), a(2), a(3), . . . , a(n), . . .. Oi ìroi thc
akoloujÐac eÐnai, profan¸c, �peiroi. Oi akoloujÐec orÐzontai apì k�poio tÔpo,
p.q. stic akoloujÐec an = 1

n
me n ̸= 0, bn = 2n + 1 oi ìroi touc prokÔptoun,

an sth jèsh tou n jèsoume stoiqeÐa apì to sÔnolo N. K�poioi ìroi gia tic
akoloujÐec autèc eÐnai: a1 = 1, a2 = 1

2
, a10 = 1

10
, b1 = 3, b5 = 11. 'Allote

p�li oi akoloujÐec orÐzontai anadromik� apì mia sqèsh kai k�poion   k�poiouc
pr¸touc ìrouc, ètsi èqoume p.q. thn akoloujÐa pou orÐzetai apì touc pr¸touc
ìrouc a1 = 1, a2 = 1 kai thn anadromik  sqèsh an+2 = an+1 + an, merikoÐ ìroi
aut c eÐnai: a3 = 2, a4 = 3, a5 = 5, a6 = 8. To ìti oi ìroi thc akoloujÐac eÐnai
�peiroi de shmaÐnei ìti kai oi timèc pou paÐrnei mia akoloujÐa eÐnai sugqrìnwc
�peirec. Gia par�deigma h akoloujÐa an = (−1)n paÐrnei mìno duo timèc, to 1
kai to −1.

Oi timèc thc akoloujÐac gia sugkekrimènec timèc tou n eÐnai pl rwc pros-
diorÐsimec kai, wc ek toÔtou, den èqoun endiafèron. To endiafèron twn akolou-
ji¸n ègkeitai sto ti k�noun {telik�} kai ìtan lème telik�, ennooÔme ti sumbaÐnei
gia k�je n megalÔtero apì k�poio n0 (∀ n > n0). Sqetikèc ènnoiec me autì eÐnai
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h ènnoia thc monotonÐac, h ènnoia tou fr�gmatoc kai h ènnoia thc sÔgklishc.

2.2.1 H monotonÐa

Orismìc 2.2.1Mia akoloujÐa lègetai aÔxousa (gnhsÐwc aÔxousa), an kai mì-
non an

an ≤ (<)an+1, ∀ n ∈ N.

Mia akoloujÐa lègetai fjÐnousa (gnhsÐwc fjÐnousa), an kai mìnon an

an ≥ (>)an+1, ∀ n ∈ N.

Parat rhsh 2.2.1Oi ènnoia thc aÔxousac (gnhsÐwc aÔxousac) akoloujÐac
den all�zei ousiastik�, an h sqèsh prosdiorismoÔ thc antikatastajeÐ apì thn
∃n0 ∈ N : an ≤ (<)an+1, ∀ n > n0. AntÐstoiqa kai gia thn ènnoia thc fjÐnousac
(gnhsÐwc fjÐnousac) akoloujÐac.

Par�deigma 2.1JewroÔme tic akoloujÐec

an =
(
1 +

1

n

)n

bn =
(
1 +

1

n

)n+1

(2.1)

Na deÐxete ìti h an eÐnai mia aÔxousa akoloujÐa, en¸ h bn mia fjÐnousa.

LÔsh Arqik� parathroÔme ìti kai oi duo akoloujÐec èqoun jetikoÔc ìrouc
∀n ∈ N. JewroÔme t¸ra to lìgo an+1

an
kai ja deÐxoume ìti eÐnai megalÔteroc

tou èna.

an+1

an
=

(
1 + 1

n+1

)n+1

(
1 + 1

n

)n =

(
1 + 1

n+1

)n+1

(
1 + 1

n

)n+1

(
1 +

1

n

)
=

( n2 + 2n

(n+ 1)2

)n+1(n+ 1

n

)

=
(n2 + 2n+ 1− 1

(n+ 1)2

)n+1(n+ 1

n

)
=

(
1− 1

(n+ 1)2

)n+1(n+ 1

n

)
'Omwc, apì thn anisìthta tou Bernoulli, 'Askhsh (1.9), prokÔptei

an+1

an
≥

(
1− 1

n+ 1

)(n+ 1

n

)
= 1
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JewroÔme epÐshc to lìgo bn+1

bn
kai ja deÐxoume ìti eÐnai mikrìteroc tou èna.

bn+1

bn
=

(
1 + 1

n+1

)n+2

(
1 + 1

n

)n+1 =

(
1 + 1

n+1

)n+2

(
1 + 1

n

)n+2

(
1 +

1

n

)
=

( n2 + 2n

(n+ 1)2

)n+2(n+ 1

n

)

=
( 1

n2+2n+1
n2+2n

)n+2(n+ 1

n

)
=

1(
1 + 1

n2+2n

)n+2

(n+ 1

n

)
Apì thn anisìthta tou Bernoulli, 'Askhsh (1.9), kai me dedomèno ìti, ìtan mega-
l¸nei o paronomast c enìc kl�smatoc me jetikoÔc ìrouc, prokÔptei mikrìtero
kl�sma, èqoume

bn+1

bn
≤ 1(

1 + 1
n

)(n+ 1

n

)
= 1

�

Par�deigma 2.2JewroÔme thn akoloujÐa

a1 = 2, an+1 =
1

2

(
an +

2

an

)
(2.2)

Na deÐxete ìti h an eÐnai mia fjÐnousa akoloujÐa.

LÔsh ParathroÔme ìti h akoloujÐa èqei jetikoÔc ìrouc ∀ n ∈ N. EpÐshc
a2 = 5

4
< 2 = a1. JewroÔme t¸ra th diafor� an+1 − an kai ja deÐxoume ìti

eÐnai mikrìterh tou mhdenìc.

an+1 − an =
1

2

(
an +

2

an

)
− an =

2− a2n
2an

AfoÔ an ≥ 0, apomènei na doÔme to prìshmo tou arijmht . 'Etsi

2− a2n = 2−
(2− a2n−1

2an−1

)2

= 2−
4− 4a2n−1 + a4n−1

4a2n−1

= −
(2− a2n−1)

2

4a2n−1

≤ 0.

�
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2.2.2 Ta fr�gmata

Orismìc 2.2.2Lème ìti mia akoloujÐa eÐnai fragmènh, an kai mìnon an

∃ ϕ kai Φ ∈ R : ϕ ≤ an ≤ Φ, ∀n ∈ N (2.3)

Parat rhsh 2.2.2Mia akoloujÐa lègetai apolÔtwc fragmènh, an isqÔei |an| ≤
θ. Profan¸c, gia mia apolÔtwc fragmènh akoloujÐa ja isqÔei kai −θ ≤ an ≤ θ,
dhl. mia apolÔtwc fragmènh akoloujÐa eÐnai kai fragmènh. 'Omwc kai anti-
strìfwc, mia fragmènh akoloujÐa eÐnai kai apolÔtwc fragmènh, afoÔ arkeÐ na
p�roume θ = max{|ϕ|, |Φ|}

Par�deigma 2.3JewroÔme tic akoloujÐec

an =
1

n
, bn =

n2 + 10

2n2 + n

Na deÐxete ìti oi akoloujÐec autèc eÐnai fragmènec.

LÔsh H akoloujÐa an eÐnai fragmènh, diìti eÔkola k�poioc parathreÐ ìti 0 ≤
an ≤ 1. Gia thn akoloujÐa bn parathroÔme arqik� ìti bn ≥ 0. EpÐshc, merikoÐ
ìroi thc akoloujÐac eÐnai oi ex c: b1 = 11

3
, b2 = 14

10
, b3 = 19

21
k.lp. FaÐnetai,

loipìn, ìti èna pijanì fr�gma eÐnai to 4. 'Etsi

bn ≤ 4 ⇔ n2 + 10

2n2 + n
≤ 4 ⇔ n2 + 10 ≤ 8n2 + 4n ⇔ 7n2 + 4n− 10 ≥ 0.

H teleutaÐa ìmwc alhjeÔei ∀ n ≥ 1.

Par�deigma 2.4Na deÐxete ìti oi akoloujÐec twn paradeigm�twn (2.1) kai
(2.2) eÐnai fragmènec.

LÔsh Gia tic akoloujÐec tou paradeÐgmatoc (2.1) parathroÔme ìti

2 = a1 ≤ an =
(
1 +

1

n

)n

≤
(
1 +

1

n

)n+1

= bn ≤ b1 = 4

EpÐshc, gia thn akoloujÐa tou paradeÐgmatoc (2.2) isqÔei

2 = a1 ≥ an ≥ 0
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0 ���

0 ���

Sq ma 2.4: 'Orio thc akoloujÐac an = n4+13n2+17
2n4−10n+19

.

2.2.3 H sÔgklish

H sÔgklish twn akolouji¸n eÐnai to plèon shmantikì mèroc aut¸n. H
ènnoia eÐnai  dh gnwst  apì to LÔkeio, wstìso ja d¸soume ton epìmeno orismì.

Orismìc 2.2.3Lème ìti mia akoloujÐa an sugklÐnei se èna arijmì l kai sum-
bolÐzoume lim an = l   an → l, an kai mìnon an gia k�je ε > 0 up�rqei n0 ∈ N,
ètsi ¸ste |an − l| < ε gia k�je n > n0 (∀n > n0).

To l lègetai ìrio thc akoloujÐac kai apodeÐqnetai, ìti an mia akoloujÐa èqei
k�poio ìrio, tìte to ìrio autì eÐnai monadikì. Mia akoloujÐa pou sugklÐnei
lègetai sugklÐnousa akoloujÐa. Ed¸ prèpei na parathr soume ìti h metablht 
n èqei th dunatìthta na teÐnei mìnon sto ∞ kai epomènwc de qrei�zetai na faÐ-
netai autì k�tw apì to lim. Eidik�, ìtan l = 0, h akoloujÐa lègetai mhdenik .
EÔkola mporeÐ na diapist¸sei k�poioc apì ton orismì ìti

lim an = 0 ⇐⇒ lim |an| = 0 (2.4)
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O parap�nw orismìc ousiastik� mac lèei ìti {telik� } oi ìroi thc akoloujÐac
brÐskontai sto eswterikì thc tainÐac pou prosdiorÐzetai apì tic eujeÐec x = l−ε
kai x = l + ε. Autì mporeÐ k�poioc na to dei sto Sq ma 2.4, ìpou gia thn
akoloujÐa an = n4+13n2+17

2n4−10n+19
, èqoume l = 1

2
kai ε = 0.3. Apì ton orismì prokÔptei

ìti gia èna sugkekrimèno ε0, isqÔei l − ε0 ≤ an ≤ l + ε0 ∀ n > n0. 'Etsi, an
jèsoume ϕ = min{a1, a2, . . . , an0 , l − ε0} kai Φ = max{a1, a2, . . . , an0 , l + ε0},
èqoume ìti ϕ ≤ an ≤ Φ, ∀ n ∈ N, to opoÐo shmaÐnei ìti mia sugklÐnousa
akoloujÐa eÐnai p�ntote fragmènh. To antÐstrofo den isqÔei!

Par�deigma 2.5Na deiqteÐ ìti

lim
1

n
= 0 (2.5)

LÔsh Prèpei na deÐxoume ìti

∀ε > 0, ∃ n0 : ∀ n ∈ N me n > n0 ⇒
1

n
< ε

'Omwc isqÔei 1
n
< ε ⇔ 1

ε
< n. Epomènwc arkeÐ na p�roume wc n0 to

[
1
ε

]
.

Par�deigma 2.6Na deiqteÐ ìti

lim
2n+ 1

3n− 2
=

2

3
(2.6)

LÔsh Prèpei na deÐxoume ìti

∀ε > 0, ∃ n0 : ∀ n ∈ N me n > n0 ⇒
∣∣∣2n+ 1

3n− 2
− 2

3

∣∣∣ < ε

'Omwc isqÔei
∣∣2n+1
3n−2

− 2
3

∣∣ < ε ⇔
∣∣6n+3−6n+4

3(3n−2)

∣∣ < ε ⇔
∣∣ 7
3(3n−2)

∣∣ < ε ⇔ n >
∣∣6ε+7

9ε

∣∣
Epomènwc, arkeÐ na p�roume wc n0 to

[
6ε+7
9ε

]
.

H melèth twn orÐwn me ton orismì eÐnai exairetik� polÔplokh diadikasÐa,
ìmwc, gia th melèth aut¸n, èqoun anaptuqjeÐ jewr mata kai krit ria sÔgkli-
shc, pou dieukolÔnoun shmantik�. Sth sunèqeia, ja parajèsoume orismèna apì
aut�, apofeÔgontac apodeÐxeic pou den empÐptoun stouc skopoÔc tou egqeiri-
dÐou autoÔ.
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Je¸rhma 2.2.4('Algebra twn OrÐwn) 'Estw ìti lim an = k kai lim bn = l.
Tìte isqÔei

lim (c · an) = c · k   lim (c · an) = c · lim an

lim (an ± bn) = k ± l   lim (an ± bn) = lim an ± lim bn

lim (an · bn) = k · l   lim (an · bn) = lim an · lim bn

lim
an
bn

=
k

l
  lim

an
bn

=
lim an
lim bn

, me bn ̸= 0 kai l ̸= 0

lim |an| = |k|   lim |an| = | lim an|
lim

√
an =

√
k   lim

√
an =

√
lim an, me an > 0, ∀n

Tic perissìterec forèc to Je¸rhma 2.2.4 den efarmìzetai �mesa, epeid  den
isqÔoun �mesa oi proôpojèseic tou. 'Etsi to efarmìzoume, afoÔ k�noume tic
sqetikèc tropopoi seic kai aplopoi seic.

Par�deigma 2.7Na brejeÐ to ìrio twn akolouji¸n

i) an =
2n2 + 3n

3n2 + 4
ii) bn =

√
2n2 − 1 + n

2n+
√
n2 + 2

iii) cn =

√
4n2 − 1− 2n

n−
√
n2 + 2

LÔsh i) an = 2n2+3n
3n2+4

=
n2(2+ 3

n
)

n2(3+ 4
n
)
=

2+ 3
n

3+ 4
n

, opìte apì to Je¸rhma 2.2.4 kai th

sqèsh (2.5) brÐskoume

lim an =
lim (2 + 3

n
)

lim (3 + 4
n
)
=

(2 + lim 3
n
)

(3 + lim 4
n
)
=

(2 + 3 lim 1
n
)

(3 + 4 lim 1
n
)
=

2 + 3 · 0
3 + 4 · 0

=
2

3

ii) bn =
√
2n2−1+n

2n+
√
n2+2

=
n
√

2− 1
n
+n

2n+n
√

1+ 2
n

=
n
(√

2− 1
n
+1
)

n
(
2+
√

1+ 2
n

) =

√
2− 1

n
+1

2+
√

1+ 2
n

, opìte apì to Je¸-

rhma 2.2.4 kai th sqèsh (2.5) brÐskoume

lim bn = lim

√
2− 1

n
+ 1

2 +
√

1 + 2
n

=
lim (

√
2− 1

n
+ 1)

lim (2 +
√

1 + 2
n
)

=

√
2− lim 1

n
+ 1

2 +
√
1 + lim 2

n

=

√
2− 0 + 1

2 +
√
1 + 0

=
1 +

√
2

3
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iii) H teqnik  thc prohgoÔmenhc perÐptwshc den efarmìzetai �mesa t¸ra. 'Etsi,

cn =
√
4n2−1−2n
n−

√
n2+2

=
√
4n2−1−2n
n−

√
n2+2

·
√
4n2−1+2n
n+

√
n2+2

· n+
√
n2+2√

4n2−1+2n
= −1

−2
· n+

√
n2+2√

4n2−1+2n

= 1
2
·
n
(
1+

√
1+ 2

n2

)
n
(√

4− 1
n2+2

) = 1
2
·
1+

√
1+ 2

n2√
4− 1

n2+2
, opìte apì to Je¸rhma 2.2.4 kai th sqèsh

(2.5) brÐskoume

lim cn =
1

2
· lim

1 +
√
1 + 2

n2√
4− 1

n2 + 2
= · · · = 1

2
· 1 +

√
1 + 0√

4− 0 + 2
=

1

4
.

To epìmeno Je¸rhma, pou paratÐjetai qwrÐc apìdeixh, eÐnai idiaÐtera shmantikì
kai me autì ja apodeÐxoume prot�seic kai basik� ìria, idiaÐtera qr sima sth
melèth twn akolouji¸n.

Je¸rhma 2.2.5(Je¸rhma tou sandwich) JewroÔme tic akoloujÐec an, bn kai
cn, gia tic opoÐec isqÔei

lim an = l = lim bn kai an ≤ cn ≤ bn, ∀n ∈ N

tìte ja isqÔei kai
lim cn = l

Prìtash 2.2.6An h akoloujÐa an eÐnai mhdenik  (lim an = 0) kai h bn eÐnai
fragmènh, tìte h akoloujÐa an · bn eÐnai mhdenik  (lim (an · bn) = 0).

Apìdeixh: AfoÔ h bn eÐnai fragmènh, tìte ∃M ∈ R : |bn| < M, ∀n ∈ N kai
afoÔ lim an = 0 ⇔ lim |an| = 0. 'Etsi

0 < |an · bn| = |an| · |bn| < M · |an| → 0 ⇔ lim (an · bn) = 0.

�

Prìtash 2.2.7(Basik� ìria.)

∀a ∈ R me |a| < 1 ⇒ lim an = 0 (2.7)

∀ a > 0 ⇒ lim n
√
a = 1 (2.8)

lim n
√
n = 1 (2.9)
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Apìdeixh: Gia thn (2.7), afoÔ |a| < 1, tìte 1
|a| > 1, opìte 1

|a| = 1 + θ, ìpou
θ k�poioc jetikìc pragmatikìc arijmìc. 'Etsi, èqontac sto mualì mac kai thn
anisìthta tou Bernoulli( 1

|a|

)n

=
(
1 + θ

)n

≥ 1 + nθ ≥ nθ ⇒ 0 ≤ |a|n ≤ 1

nθ
=

1

n
· 1
θ
→ 0

Gia th (2.8), ja diakrÐnoume duo peript¸seic, thn i) a > 1 kai ii) a < 1,
h perÐptwsh a = 1 eÐnai tetrimmènh. An a > 1, tìte kai n

√
a > 1, opìte

n
√
a = 1 + θn, ìpou θn k�poia jetik  pragmatik  akoloujÐa. 'Etsi, me th

bo jeia thc anisìthtac tou Bernoulli

n
√
a = 1 + θn ⇒ a = (1 + θn)

n ≥ 1 + nθn ≥ nθn ⇒ θn ≤ a

n
→ 0

Opìte lim n
√
a = lim (1 + θn) = 1 + lim θn = 1 + 0 = 1. An a < 1, tìte kai

n
√
a < 1, opìte n

√
a = 1

1+θn
, ìpou θn k�poia jetik  pragmatik  akoloujÐa. Sth

sunèqeia, akoloujoÔme thn poreÐa thc prohgoÔmenhc perÐptwshc (na gÐnei wc
�skhsh).
Gia thn (2.9), arqik� parathroÔme ìti 2n

√
n > 1, opìte 2n

√
n = 1 + θn, ìpou θn

k�poia jetik  pragmatik  akoloujÐa. 'Etsi (anisìthta tou Bernoulli)

2n
√
n = 1 + θn ⇔

√
n = (1 + θn)

n ≥ 1 + nθn ≥ nθn ⇒ θn ≤ 1√
n
→ 0

Opìte èqoume ( 2n
√
n)2 = (1+ θn)

2 ⇔ n
√
n = 1+2θn + θ2n → 1+ 2 · 0+ 02 = 1 �

Par�deigma 2.8Na brejoÔn ta ìria twn akolouji¸n

i) an =
n
√
n2 + 3n ii) bn = n

√
2n + 3n iii) cn =

2n + 5n+1

3n+1 + 5n

LÔsh Gia thn i) isqÔei an = n
√
n2 + 3n = n

√
n2(1 + 3

n
) =

n
√
n2 n

√
(1 + 3

n
).

'Omwc, èqoume lim
n
√
n2 = lim ( n

√
n)2 = 12 = 1 kai 1 ≤ n

√
(1 + 3

n
) ≤ n

√
4 → 1,

opìte

lim an = lim
n
√
n2 · lim n

√
(1 +

3

n
) = 1 · 1 = 1
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Gia thn ii) èqoume bn = n
√
2n + 3n = n

√
3n(1 + (2

3
)n) = 3 n

√
1 + (2

3
)n. 'Omwc,

èqoume 1 ≤ n

√
1 + (2

3
)n ≤ n

√
2 → 1. 'Etsi

lim bn = 3 lim
n

√
1 +

(2
3

)n

= 3 · 1 = 3.

Gia thn iii) paÐrnoume

cn =
2n + 5n+1

3n+1 + 5n
=

5n[(2
5
)n + 5]

5n[3(2
5
)n + 1]

=
(2
5
)n + 5

3(2
5
)n + 1

→ 0 + 5

3 · 0 + 1
= 5.

Sthn arq  thc paragr�fou aut c anafèrame ìti mia akoloujÐa pou sug-
klÐnei eÐnai fragmènh. Sth sunèqeia, ja anafèroume èna Je¸rhma pou sundèei
th monotonÐa, ta fr�gmata kai to ìrio. To parajètoume qwrÐc apìdeixh, afoÔ
aut  xefeÔgei apì to skopì mac.

Je¸rhma 2.2.8K�je monìtonh kai fragmènh akoloujÐa sugklÐnei.

Parat rhsh 2.2.3Mia diaforetik  diatÔpwsh ja  tan h ex c: {K�je monì-
tonh akoloujÐa sugklÐnei, an kai mìno an eÐnai fragmènh}.

Parat rhsh 2.2.4Prosoq , h sÔgklish sunep�getai mìno to fragmèno thc

akoloujÐac kai ìqi kai th monotonÐa thc, p.q. h akoloujÐa an = (−1)n

n
, en¸ teÐnei

sto 0, den eÐnai monìtonh.

Par�deigma 2.9Na deÐxete ìti oi akoloujÐec

an =
(
1 +

1

n

)n

, bn =
(
1 +

1

n

)n+1

sugklÐnoun sto Ðdio ìrio.

LÔsh Sto Par�deigma 2.1 deÐxame ìti oi akoloujÐec autèc eÐnai monìtonec
(aÔxousa h pr¸th kai fjÐnousa h deÔterh). EpÐshc sto Par�deigma 2.4 ìti eÐnai
fragmènec. Apì to Je¸rhma 2.2.8 èpetai ìti oi akoloujÐec autèc sugklÐnoun.
Upojètoume ìti lim an = l. Tìte ja èqoume

lim (bn − an) = lim
[(

1 +
1

n

)n+1

−
(
1 +

1

n

)n]
= lim

(
1 +

1

n

)n

·lim
[
1−

(
1 +

1

n

)]
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= l · lim 1

n
= l · 0 = 0

Epomènwc lim bn = lim [(bn − an) + an] = 0+ l = l. To koinì autì ìrio orÐzetai
na eÐnai o gnwstìc mac �rrhtoc arijmìc e= 2.71828...

Par�deigma 2.10Na deiqteÐ ìti h akoloujÐa an = n( n
√
2−1) eÐnai fragmènh.

LÔsh Profan¸c oi ìroi thc eÐnai jetikoÐ. paÐrnontac merikoÔc pr¸touc ìrouc,
parathroÔme ìti autoÐ eÐnai mikrìteroi tou èna. 'Etsi

0 < an < 1 ⇔ n(
n
√
2− 1) < 1 ⇔ n

√
2 < 1 +

1

n
⇔ 2 <

(
1 +

1

n

)n

(2.10)

'Omwc autì isqÔei apì to Par�deigma 2.1.

Par�deigma 2.11Na deÐxete ìti h akoloujÐa

a1 = 2, an+1 =
1

2

(
an +

2

an

)
, ∀n ≥ 1

sugklÐnei kai na brejeÐ to ìrio.

LÔsh Apì to Par�deigma 2.2 gnwrÐzoume ìti h akoloujÐa mac eÐnai fjÐnousa
me jetikoÔc ìrouc. Epiplèon, apì to Par�deigma 2.4 blèpoume ìti aut  eÐnai kai
fragmènh. Epomènwc, apì to Je¸rhma 2.2.8 èpetai ìti h akoloujÐa sugklÐnei
kai m�lista to ìriì thc eÐnai jetikìc arijmìc.
'Estw lim an = l ⇒ lim an+1 = l, opìte èqoume

lim an+1 = lim
1

2

(
an +

2

an

)
⇒ l =

1

2

(
l +

2

l

)
⇔ 2l2 = l2 + 2 ⇒ l =

√
2

2.2.4 UpakoloujÐec

Ac jewr soume, t¸ra, mia akoloujÐa an kai ac eÐnai An to sÔnolo twn
ìrwn aut c, dhl An = {a1, a2, a3, . . . , an, . . .}. Mia gnhsÐwc aÔxousa akolou-
jÐa fusik¸n arijm¸n, èstw h kn, mporeÐ na orÐsei mia �llh akoloujÐa th-
n bn = akn . EÐnai fanerì ìti h kainoÔrgia akoloujÐa apoteleÐtai apì ì-
rouc thc arqik c. An me Akn parast soume to sÔnolo twn ìrwn thc, tìte
Akn = {ak1 , ak2 , ak3 , . . . , akn , . . .} kai isqÔei Akn ⊆ An. H kainoÔrgia akolou-
jÐa, pou dhmiourg jhke me autìn ton trìpo, lègetai upakoloujÐa thc arqik c.
Ta qarakthristik� thc arqik c ta klhronomeÐ kai h upakoloujÐa thc. 'Etsi
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Prìtash 2.2.9An mia akoloujÐa eÐnai fragmènh, tìte to Ðdio fragmènh eÐnai
kai k�je upakoloujÐa thc.

Prìtash 2.2.10An mia akoloujÐa eÐnai monìtonh, tìte to Ðdio monìtonh eÐnai
kai k�je upakoloujÐa thc.

Prìtash 2.2.11An mia akoloujÐa eÐnai sugklÐnousa, tìte k�je upakoloujÐa
aut c sugklÐnei sto Ðdio ìrio.

H �rnhsh twn parap�nw prot�sewn eÐnai exairetik� qr simh gia na deÐxoume ìti
h akoloujÐa mac den èqei k�poio apì ta parap�nw qarakthristik�. Dhl. gia na
deÐxoume ìti mia akoloujÐa de sugklÐnei, arkeÐ na deÐxoume ìti mia upakoloujÐa
thc de sugklÐnei   ìti duo upakoloujÐec aut c sugklÐnoun se diaforetik� ìria.

Par�deigma 2.12Na deiqteÐ ìti de sugklÐnoun oi akoloujÐec

i) an = sin
πn

2
ii) bn = cos

πn

2

LÔsh JewroÔme tic upakoloujÐec a4n+1 kai a4n+3. Gi autèc èqoume a4n+1 =

sin π(4n+1)
2

= sin (2πn+ π
2
) = sin π

2
= 1, en¸ a4n+3 = sin π(4n+3)

2
= sin (2πn+ 3π

2
)

= sin 3π
2
= −1. AfoÔ lim a4n+1 ̸= lim a4n+3, h akoloujÐa de sugklÐnei. An�lo-

ga kai gia thn ii).

Exairetik� qr simh apodeÐqnetai pollèc forèc h melèth twn upakolouji¸n
twn �rtiwn kai twn peritt¸n ìrwn aut c, idiaÐtera, ìtan oi ìroi thc de diathroÔn
prìshmo   ìtan oi diaforèc duo diadoqik¸n zeugari¸n ìrwn de diathroÔn prì-
shmo, ìpwc sto Par�deigma 2.15. To epìmeno Je¸rhma, pou eÔkola k�poioc
mporeÐ na apodeÐxei me ton orismì thc sÔgklishc kai ed¸ de ja apodeiqteÐ, eÐnai
exairetik� qr simo.

Je¸rhma 2.2.12Mia akoloujÐa an sugklÐnei, an kai mìno an sugklÐnoun sto
Ðdio ìrio oi upakoloujÐec twn �rtiwn (a2n) kai twn peritt¸n (a2n+1) ìrwn aut c,
dhl.

lim an = l ⇐⇒ lim a2n = l = lim a2n+1 (2.11)
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Par�deigma 2.13Na brejeÐ to ìrio thc akoloujÐac

an =
(
1 +

(−1)n

n

)n(
1 +

(−1)n+1

n

)n+1

LÔsh Arqik�, ja deÐxoume ìti lim
(
1− 1

n

)n
= 1

e
Pr�gmati

lim
(
1− 1

n

)n

= lim
1(
n

n−1

)n = lim
1(

n−1+1
n−1

)n = lim
1(

1 + 1
n−1

)n
= lim

1(
1 + 1

n−1

)n−1(
1 + 1

n−1

) =
1

e(1 + 0)
=

1

e

JewroÔme, t¸ra, tic upakoloujÐec a2n kai a2n+1, opìte paÐrnoume

a2n =
(
1 +

(−1)2n

2n

)2n(
1 +

(−1)2n+1

2n

)2n+1

=
(
1 +

1

2n

)2n(
1− 1

2n

)2n+1

=
(
1 +

1

2n

)2n(
1− 1

2n

)2n(
1− 1

2n

)
→ e

1

e
(1 + 0) = 1

a2n+1 =
(
1+

(−1)2n+1

2n+ 1

)2n+1(
1+

(−1)2n+2

2n+ 1

)2n+2

=
(
1− 1

2n+ 1

)2n+1(
1+

1

2n+ 1

)2n+2

=
(
1− 1

2n+ 1

)2n+1(
1 +

1

2n+ 1

)2n+1(
1 +

1

2n+ 1

)
→ 1

e
e(1 + 0) = 1

AfoÔ lim a2n = lim a2n+1 = 1, èqoume kai lim an = 1.

Wstìso, den prèpei na meÐnoume me thn entÔpwsh ìti mia upakoloujÐa
prèpei na èqei sugkekrimèno tÔpo   morf . mporeÐ na dhmiourghjeÐ kai me mia
diadikasÐa pou emeÐc ja orÐsoume. 'Ena par�deigma ja mporoÔse na eÐnai to
ex c: JewroÔme mia akoloujÐa an fragmènh apì duo arijmoÔc, touc d1 kai
g1 (d1 < g1), opìte d1 ≤ an ≤ g1, ∀n ∈ N. Apì touc �peirouc ìrouc thc
an epilègw k�poion, èstw ton ak1 . Diqotom¸ to di�sthma [d1, g1] kai apì ta
duo diast mata pou dhmiourgoÔntai, ta [d1,

d1+g1
2

] kai [d1+g1
2

, g1], epilègw ekeÐno
pou perièqei �peirouc ìrouc, (se perÐptwsh pou kai ta duo perièqoun �peirouc
ìrouc, epilègw qwrÐc bl�bh thc genikìthtac, to dexiì) orÐzw de wc �kra tou
diast matoc ta d2 kai g2. EÐnai fanerì ìti (g2 − d2) =

1
2
(g1 − d1). Apì touc

�peirouc ìrouc thc an sto di�sthma [d2, g2] epilègw ton ak2 , me thn parat rhsh
ìti k2 > k1. Epanalamb�nw th diadikasÐa opìte orÐzetai to di�sthma [d3, g3],
gia to opoÐo isqÔei (g3 − d3) =

1
2
(g2 − d2) =

1
22
(g1 − d1), kai o ìroc ak3 . Met�
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apì n − 1 epanal yeic, ja èqoume to di�sthma [dn, gn], gia to opoÐo isqÔei
(gn − dn) =

1
2n−1 (g1 − d1), kai ton ìro akn .

'Etsi èqw orÐsei duo akoloujÐec tic dn kai gn kai thn upakoloujÐa akn . Gia
tic duo akoloujÐec apì th diadikasÐa dhmiourgÐac touc, èqoume ìti autèc eÐnai
fragmènec kai h men dn eÐnai aÔxousa   de gn fjÐnousa, opìte ja sugklÐnoun se
koinì ìrio ξ, afoÔ lim (gn − dn) = lim 1

2n−1 (g1 − d1) = 0. Gia thn upakoloujÐa
akn , èqoume ìti gn ≤ akn ≤ dn, opìte apì to Je¸rhma 2.2.5 kai lim akn = ξ.
'Etsi apodeÐxame to Je¸rhma twn Bolzano–Weierstrass.

Je¸rhma 2.2.13(Je¸rhma twn Bolzano–Weierstrass) K�je fragmènh ako-
loujÐa èqei mia upakoloujÐa thc, h opoÐa sugklÐnei.

To ìrio miac upakoloujÐac akn , thc akoloujÐac an, lègetai shmeÐo suss¸reushc
aut c (thc akoloujÐac).

2.2.5 Anadromikèc akoloujÐec

'Eqoume  dh anafèrei ìti oi anadromikèc akoloujÐec prosdiorÐzontai apì
k�poion   k�poiouc arqikoÔc ìrouc kai apì mia anadromik  sqèsh. O arqikìc  
oi arqikoÐ ìroi thc akoloujÐac eÐnai exÐsou shmantikoÐ me thn anadromik  sqèsh
kai thn ephre�zoun apìluta. Gia par�deigma, sthn akoloujÐa me anadromik 

sqèsh an+1 =
2a2n
1+a2n

, ìpwc ja apodeÐxoume sta epìmena, èqoume ìti lim an = 0,
an 0 ≤ a1 < 1 kai lim an = 1, an a1 ≥ 1. Genik�, stic anadromikèc akoloujÐec
apodeÐqnoume to monìtono kai to fragmèno kai brÐskoume to ìrio apì th sqèsh
thc anadrom c, ìpwc sto Par�deigma 2.11, efìson autì mac d¸sei ap�nthsh.
Gia to monìtono,  dh èqei faneÐ apì ta paradeÐgmata, sugkrÐnoume to lìgo an+1

an
me to 1,   th diafor� an+1−an me to 0, fusik� den prèpei na xeqn�me, wc mèjodo,
th majhmatik  epagwg , kaj¸c kai to ìti, an to prìshmo duo diadoqik¸n diafo-
r¸n eÐnai stajerì, tìte autì ja eÐnai Ðdio me to prìshmo thc diafor�c twn duo
pr¸twn ìrwn, opìte èqoume akìmh èna krit rio gia th monotonÐa. Gia to fr�gma
qrhsimopoioÔme thn parathrhtikìtht� mac, ìmwc, k�poiec forèc eÐnai qr simo
na prosdiorÐzoume to ìrio, upojètontac ìti h akoloujÐa sugklÐnei, kai sth
sunèqeia na epanerqìmaste gia to fr�gma.

Par�deigma 2.14DeÐxte ìti gia thn akoloujÐa me anadromik  sqèsh an+1 =
2a2n
1+a2n

, isqÔei lim an = 0, an a1 = 1
2
kai lim an = 1, an a1 = 2. Ti gÐnetai an

a1 = 1?
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LÔsh i) a1 = 1
2
. Arqik� parathroÔme ìti an ≥ 0. Sth sunèqeia an+1 − an =

2a2n
1+a2n

−an = 2a2n−an−a3n
1+a2n

= −an(a2n−2an+1)
1+a2n

= −an(an−1)2

1+a2n
≤ 0. Sunep¸c h akoloujÐa

eÐnai fjÐnousa. 'Etsi 0 ≤ an ≤ a1 =
1
2
, dhl. h an fragmènh. 'Ara ja sugklÐnei,

opìte an lim an = l, ja èqoume

lim an = lim
2a2n

1 + a2n
⇒ l =

2l2

1 + l2
⇔ l3 + l = 2l2 ⇔ · · · ⇔ l = 0   l = 1,

sunep¸c lim an = 0. Gia th ii)( a1 = 2) isqÔoun akrib¸c ta Ðdia gia to monìtono.

'Omwc, t¸ra, an upojèsoume an ≥ 1, èqoume kai an+1 ≥ 1 ⇔ 2a2n
1+a2n

≥ 1 ⇔
2a2n ≥ 1 + a2n ⇔ a2n ≥ 1, pou isqÔei. 'Etsi, afoÔ kai a1 = 2 > 0, ja èqoume
1 ≤ an ≤ a1 = 2. 'Ara ja sugklÐnei, opìte an lim an = l, ja èqoume l = 2l2

1+l2
⇔

· · · l = 0   l = 1, opìte lim an = 1.

Par�deigma 2.15Na brejeÐ an up�rqei to ìrio thc akoloujÐac

a1 = 1, an+1 =
1

1 + an
∀n ∈ N

LÔsh EÐnai fanerì ìti 0 ≤ an ≤ 1, dhl. h akoloujÐa eÐnai fragmènh. EpÐshc
parathroÔme ìti

an+1 − an =
1

1 + an
− 1

1 + an−1

=
1 + an−1 − 1− an
(1 + an)(1 + an−1)

=
−(an − an−1)

(1 + an)(1 + an−1)

dhl. de diathreÐtai to prìshmo metaxÔ duo diadoqik¸n diafor¸n ìrwn. An ìmwc
p�roume thn upakoloujÐa twn peritt¸n ìrwn aut c (peritt  upakoloujÐa), ja
èqoume diadoqik�

a2n+1 − a2n−1 =
1

1 + a2n
− 1

1 + a2n−2

=
1

1 + 1
1+a2n−1

− 1

1 + 1
1+a2n−3

=
1 + a2n−1

2 + a2n−1

− 1 + a2n−3

2 + a2n−3

= · · · = a2n−1 − a2n−3

(2 + a2n−1)(2 + a2n−3)

to opoÐo shmaÐnei ìti oi diaforèc twn peritt¸n ìrwn diathroÔn to prìshmo, �ra
h upakoloujÐa aut  eÐnai monìtonh. OmoÐwc kai oi diaforèc twn �rtiwn ìrwn
(�rtia upakoloujÐa) diathroÔn to prìshmo. AfoÔ autèc eÐnai fragmènec, ja
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sugklÐnoun. 'Estw lim a2n+1 = l1 kai lim a2n = l2, tìte ja èqoume l1 =
1

1+l2
⇔

l1 + l1l2 = 1 kai l2 = 1
1+l1

⇔ l2 + l1l2 = 1, opìte, afair¸ntac kat� mèlh,
paÐrnoume l1 = l2. 'Etsi h akoloujÐa sugklÐnei, afoÔ, apì thn sqèsh (2.11), h
�rtia kai h peritt  upakoloujÐa thc èqoun koinì ìrio.

'Ena eÔlogo er¸thma stic anadromikèc akoloujÐec eÐnai to ex c: {Up�rqei
tÔpoc pou na mac dÐnei touc Ðdiouc ìrouc me mia anadromik  akoloujÐa?} H
ap�nthsh den eÐnai eÔkolh. Se diaforetikèc morfèc anagwgik¸n tÔpwn èqoun
anaptuqjeÐ diaforetikèc teqnikèc kai mèjodoi, me arket  majhmatik  jewrÐa
kai gn¸sh! EmeÐc ja anaptÔxoume sth sunèqeia tic teqnikèc se duo aplèc
peript¸seic, qwrÐc apìdeixh, afoÔ k�ti tètoio xefeÔgei apì to skopì mac.

a) an+1 = kan + f(n). Sthn perÐptwsh aut  anaptÔssoume kat�llhla
ìlouc touc ìrouc me n = 1, n = 2, k.lp kai prosjètoume kat� mèlh.

Par�deigma 2.16Na brejeÐ o genikìc ìroc thc akoloujÐac

a1 ∈ R, an+1 =
1

3
an +

1

2n

LÔsh

n = 1, a2 =
1

3
a1 +

1

2
⇔ a2

/
=

1

3
a1 +

1

2

n = 2, a3 =
1

3
a2 +

1

22
⇔ 3a3

/
= a2

/
+

3

22

n = 3, a4 =
1

3
a3 +

1

23
⇔ 32a4

/
= 3a3

/
+

32

23
...

...

n = n− 1, an =
1

3
an−1 +

1

2n−1
⇔ 3n−2an = 3n−3an−1

/
+

3n−2

2n−1

Prosjètontac kat� mèlh ta dexi� mèlh twn isodunami¸n, paÐrnoume mia sqèsh,
ènan tÔpo gia thn akoloujÐa mac,  toi

3n−2an =
1

3
a1+

1

2

[
1+

(3
2

)
+
(3
2

)2

+· · ·+
(3
2

)(n−2)]
= · · · = 1

3
a1−1+

(3
2

)(n−1)

kai

an =
1

3n−1
(a1 − 3) +

3

2n−1
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b) an+2 = kan+1 + lan. Sthn perÐptwsh aut  jewroÔme thn exÐswsh x2 =
kx+ l, h opoÐa lègetai {qarakthristik }. 'Estw ìti ρ1 kai ρ2 eÐnai diaforetikèc
metaxÔ touc rÐzec aut c, tìte h akoloujÐa an = c1ρ1 + c2ρ2 eÐnai h zhtoÔmenh,
afoÔ prosdiorÐsoume ta c1 kai c2 apì tic arqikèc timèc.

Par�deigma 2.17Na brejeÐ o n-ostoc ìroc thc akoloujÐac

a1 = 1, a2 = 1, an+2 = an+1 + an, ∀ n ∈ N

LÔsh JewroÔme th qarakthristik , x2 = x+1. Oi rÐzec aut c eÐnai ρ1 =
1+

√
5

2

kai ρ2 =
1−

√
5

2
, opìte

an = c1

(1 +√
5

2

)n

+ c2

(1−√
5

2

)n

(2.12)

Gia n = 1, paÐrnoume c1
1+

√
5

2
+c2

1−
√
5

2
= 1, en¸ gia n = 2, paÐrnoume c1

(
1+

√
5

2

)2
+

c2
(
1−

√
5

2

)2
= 1. LÔnontac to sÔsthma twn duo exis¸sewn wc proc ta c1 kai c2

paÐrnoume telik� to n−ostì ìro thc akoloujÐac,  toi

an =

√
5

5

(1 +√
5

2

)n

−
√
5

5

(1−√
5

2

)n

(2.13)

H akoloujÐa aut  lègetai akoloujÐa Fibonacci. Oi ìroi thc èqoun sqèsh me
th Botanik . epÐshc emfanÐzontai sto trÐgwno tou Pascal en¸ ston tÔpo thc
emfanÐzetai h qrus  tom .
'Estw t¸ra ìti h ρ eÐnai h dipl  rÐza thc qarakthristik c, tìte h zhtoÔmenh
akoloujÐa eÐnai h an = c1ρ

n+nc2ρ
n = (c1+nc2)ρ

n, afoÔ prosdiorÐsoume ta c1
kai c2 apì tic arqikèc timèc.

Par�deigma 2.18Na brejeÐ o n-ostoc ìroc thc akoloujÐac

a1 = 1, a2 = 2, an+2 = an+1 −
1

4
an, ∀ n ∈ N

LÔsh JewroÔme th qarakthristik , x2 = x− 1
4
. H dipl  rÐza thc eÐnai ρ = 1

2
,

opìte an = (c1 + nc2)
1
2n
. Gia n = 1, paÐrnoume 1

2
(c1 + c2) = 1 en¸ gia n = 2,

paÐrnoume 1
4
(c1 + 2c2) = 2. LÔnontac to sÔsthma twn duo exis¸sewn wc proc

ta c1 kai c2, paÐrnoume telik� to n−ostì ìro thc akoloujÐac,  toi

an = (6n− 4)
1

2n
(2.14)
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2.2.6 H akoloujÐa teÐnei sto ∞

H akoloujÐa twn fusik¸n arijm¸n (an = n), dÐnei ìrouc, pou aux�noun
suneq¸c kai mporoÔn na gÐnoun osod pote meg�loi. Aut  th suneq  aÔxhsh
twn ìrwn miac akoloujÐac kai to mporoÔn na gÐnoun osod pote meg�loi, to
ìti dhl. ìpoion arijmì jetikì pragmatikì na jewr soume, oi ìroi thc akolou-
jÐac ton xepernoÔn, to lème {h akoloujÐa mac teÐnei sto �peiro jetik�}. H
majhmatikopoÐhsh autoÔ perièqetai ston epìmeno orismì.

Orismìc 2.2.14Lème ìti h akoloujÐa an teÐnei sto �peiro jetik�   apeirÐzetai
jetik� kai sumbolÐzoume lim an = +∞, an kai mìnon an, gia k�je jetikì prag-
matikì arijmì M, up�rqei ènac n0 fusikìc, ètsi ¸ste, gia k�je n > n0 isqÔei
an > M , Sumbolik�,

lim an = +∞ ⇔ ∀M > 0,∃n0 ∈ N : ∀ n > n0 ⇒ an > M (2.15)

OmoÐwc lème ìti h akoloujÐa an teÐnei sto �peiro arnhtik�   apeirÐzetai arnhtik�
kai sumbolÐzoume lim an = −∞, an kai mìnon an, gia k�je jetikì pragmatikì
arijmì M, up�rqei ènac n0 fusikìc, ètsi ¸ste, gia k�je n > n0 isqÔei an <
−M , Sumbolik�,

lim an = −∞ ⇔ ∀M > 0, ∃n0 ∈ N : ∀ n > n0 ⇒ an < −M (2.16)

Par�deigma 2.19Na deiqteÐ ìti h akoloujÐa an = n2 teÐnei sto ∞

LÔsh Prèpei na deÐxoume ìti

∀M > 0, ∃ n0 : ∀ n ∈ N me n > n0 ⇒ n2 > M

'Omwc isqÔei n2 > M ⇔ n >
√
M . Epomènwc, arkeÐ na p�roume wc n0 to

[
√
M ].

EÔkola k�poioc mporeÐ na dei ìti, an mia akoloujÐa an eÐnai mhdenik  me jetikoÔc
ìrouc, h akoloujÐa bn = 1

an
apeirÐzetai jetik�, en¸ me arnhtikoÔc ìrouc, h

akoloujÐa bn = 1
an

apeirÐzetai arnhtik�. Gia na dieukolunjoÔme sthn arijmhtik 
twn orÐwn dÐnontai oi epìmenec treic prot�seic, qwrÐc apìdeixh.
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Prìtash 2.2.15'Estw ìti isqÔei lim an = l ∈ R \ {0} kai lim bn = ±∞, tìte
èqoume

i) lim (an + bn) = ±∞ ii) lim (an − bn) = ∓∞

iii) lim (an · bn) =
{

±∞ an l > 0
∓∞ an l < 0

iv) lim ( bn
an
) =

{
±∞ an l > 0
∓∞ an l < 0

v) lim (an
bn
) = 0

(2.17)

Prìtash 2.2.16'Estw ìti isqÔei lim an = ∞ kai lim bn = ∞, tìte èqoume

lim (an) = ±∞
lim (bn) = ±∞

}
⇒

{
lim (an + bn) = ±∞
lim (an · bn) = +∞

lim (an) = ±∞
lim (bn) = ∓∞

}
⇒

{
lim (an − bn) = ±∞
lim (an · bn) = −∞

(2.18)

UpotÐjetai ìti oi sunduasmoÐ twn prìshmwn eÐnai pr¸to me pr¸to kai deÔtero
me deÔtero.

Prìtash 2.2.17'Estw ìti isqÔei lim an = ±∞ kai lim bn = 0 me bn ̸= 0
∀n ∈ N, tìte èqoume

lim (an + bn) = ±∞

lim an
bn

=

{
+∞, an telik� oi ìroi thc akoloujÐac eÐnai jetikoÐ
−∞, an telik� oi ìroi thc akoloujÐac eÐnai arnhtikoÐ

(2.19)

Me thn ènnoia twn pr�xewn twn orÐwn, ìpwc prokÔptoun apì tic parap�nw
prot�seic, qarakthrÐzontai wc epitreptèc pr�xeic kai oi pr�xeic sto sÔnolo R =
R ∪ {−∞,+∞}, p.q. 5 · (−∞) = −∞. Pr�xeic pou den mporoÔn na oristoÔn
wc pr�xeic orÐwn, qarakthrÐzontai wc mh epitreptèc, p.q. 0 · (∞) =?, giatÐ, an
jewr soume ¸c akoloujÐec tic an = 1

n
me lim an = 0 kai bn = n2 me lim bn = ∞,

èqoume lim (an · bn) = ∞, en¸, an jewr soume ¸c akoloujÐec tic an = 1
n2 p�li

me lim an = 0 kai bn = n p�li me lim bn = ∞, èqoume lim (an · bn) = 0.
Wc mh epitreptèc pr�xeic qarakthrÐzontai oi epìmenec

0

0
=?, ∞−∞ =?, 0 · ∞ =?,

∞
∞

=?, 10 =?, 1∞ =?, 0∞ =?, ∞0 =?, 00 =?



MAJHMATIKA I 39

2.2.7 Krit ria sÔgklishc

O orismìc thc sÔgklishc jèlei kat� k�poio trìpo na mantèyoume to ìrio
gia na leitourg sei. O Caushy onìmase basik  thn akoloujÐa gia thn opoÐa
gia k�je ε jetikì up�rqei deÐkthc n0, ¸ste gia k�je fusikoÔc n kai m me
n, m > n0 isqÔei |an − am| < ε kai apèdeixe ìti:

Prìtash 2.2.18Mia akoloujÐa eÐnai basik , an kai mìnon an sugklÐnei se
pragmatikì arijmì l.

'Etsi h sÔgklish kajÐstatai plèon, anex�rthth tou orÐou.

O lìgoc duo diadoqik¸n ìrwn kai h sÔgkris  tou me to èna  tan mèqri
t¸ra ergaleÐo gia thn eÔresh thc monotonÐac. H eÔresh tou orÐou twn lìgwn
duo diadoqik¸n ìrwn miac akoloujÐac gÐnetai ergaleÐo gia thn eÔresh tou orÐou
rizikoÔ. 'Etsi

Prìtash 2.2.19An gia mia akoloujÐa an, me jetikoÔc ìrouc, èqoume lim
an+1

an
=

l tìte lim n
√
an = l.

Par�deigma 2.20Na prosdiorÐsete to ìrio lim an, an an = n

√
3n+1n!
nn−1

LÔsh Jètoume bn = 3n+1n!
nn−1 kai paÐrnoume

lim
bn+1

bn
= lim

3n+2(n+1)!
(n+1)n

3n+1n!
nn−1

= lim
3n+2(n+ 1)!nn−1

3n+1n!(n+ 1)n
= lim

3(n+ 1)nn−1

(n+ 1)n−1(n+ 1)

= lim
3nn−1

(n+ 1)n−1
= 3 lim

1

(1 + 1
n
)n−1

= 3 lim
1

(1 + 1
n
)n
(1 +

1

n
) → 3

1

e
(1+0) =

3

e
.

Opìte apì thn prohgoÔmenh prìtash prokÔptei lim an = 3
e
.

To epìmeno krit rio, gnwstì wc krit rio tou Stolz eÐnai èna dunamikì
krit rio, to opoÐo dÐnei ìrio exet�zontac to lìgo diafor¸n.

Prìtash 2.2.20'Estw an mia akoloujÐa kai bn mia gnhsÐwc aÔxousa akolou-
jÐa. An lim bn = +∞ tìte

lim
an+1 − an
bn+1 − bn

= l ∈ R ∪ {±∞} =⇒ lim
an
bn

= l (2.20)
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Par�deigma 2.21Na prosdiorÐsete to ìrio lim cn, an cn = 1+
√
2+ 3√3+ 4√4+···+ n

√
n

n

LÔsh ParathroÔme ìti o paronomast c eÐnai mia gnhsÐwc aÔxousa akoloujÐa,
me ìrio to ∞. Apì thn Prìtash 2.2.20 èqoume

lim cn = lim
an+1 − an
bn+1 − bn

= lim
n+1
√
n+ 1

1
= 1

Opìte kai lim cn = 1.
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2.3 Seirèc

'Estw an, n ∈ N mia akoloujÐa pragmatik¸n arijm¸n, tìte mporoÔme na
sqhmatÐsoume apì aut  thn akoloujÐa mia kainoÔrgia akoloujÐa me ton ex c
trìpo:

σ1 = a1

σ2 = a1 + a2
... (2.21)

σn = a1 + a2 + · · ·+ an
...

∞∑
n=1

an = a1 + a2 + · · ·+ an + · · ·

Lème, loipìn, ìti èqoume th seir�
∑∞

n=1 an. Ousiastik� isqÔei
∑∞

n=1 an =
limσn, wstìso qrhsimopoioÔme ton ìro seir� kai gia na dhl¸soume thn a-
koloujÐa pou genniètai, ajroÐzontac me sugkekrimèno trìpo touc ìrouc miac
�llhc akoloujÐac. 'Otan

∑∞
n=1 an ∈ R, lème ìti h seir� sugklÐnei, ìtan∑∞

n=1 an = +∞, lème ìti h seir� apeirÐzetai jetik�, en¸ ìtan
∑∞

n=1 an = −∞
lème ìti h seir� apeirÐzetai arnhtik�. Oi epimèrouc ìroi thc kainoÔrgiac a-
koloujÐac lègontai {merik� ajroÐsmata} thc seir�c. O k�je ìroc an, thc
arqik c akoloujÐac mac lègetai {ìroc thc seir�c} kai o ìroc σn =

∑n
i=1 ai

{genikìc ìroc thc seir�c}. EÐnai fanerì ìti mia akoloujÐa prosdiorÐzei
pl rwc mia seir�, ìmwc kai mia seir� prosdiorÐzei pl rwc mia akoloujÐa, afoÔ

an = σn − σn−1 (2.22)

PaÐrnontac ìria sthn teleutaÐa sqèsh (2.22) sumperaÐnoume ìti

Prìtash 2.3.1An mia seir� sugklÐnei se pragmatikì arijmì (
∑∞

n=1 an = l),
tìte h akoloujÐa mac eÐnai mhdenik  (lim an = 0).

To antÐstrofo den isqÔei, dhl. h seir� pou prokÔptei apì k�je mhdenik  ako-
loujÐa de sugklÐnei p�nta se pragmatikì arijmì. H prìtash qrhsimopoieÐtai
sun jwc antÐstrofa, dhl. gia na deÐxoume ìti mia seir� de sugklÐnei se prag-
matikì arijmì, deÐqnoume ìti h akoloujÐa tou genikoÔ ìrou den eÐnai mhdenik .
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Gia orismènec seirèc o genikìc touc ìroc dÐnetai mèsa apì k�poio tÔpo,
k�ti pou dieukolÔnei ta pr�gmata kat� k�poio trìpo sth melèth aut¸n. Ac
jumhjoÔme tic gewmetrikèc proìdouc apì to LÔkeio, tìte dÐnontan o pr¸toc
ìroc a1, ed¸ q�rin eukolÐac ac p�roume a1 = 1, kai o lìgoc ω ̸= 1, opìte
mporoÔsame na prosdiorÐsoume ton n−ostì ìro an = a1ω

n−1 = ωn−1 all� kai

to �jroisma twn n pr¸twn ìrwn σn = a1(1−ωn)
1−ω

= 1−ωn

1−ω
, to teleutaÐo eÐnai to

merikì �jroisma thc seir�c
∑n

k=1 ω
k−1. H melèth plèon thc seir�c (1 + ω +

ω2 + · · ·+ωn + · · · ) pou lègetai gewmetrik  seir�, kajÐstatai eÔkolh. 'Etsi
èqoume

i) |ω| < 1, tìte
∞∑
n=1

ωn−1 = lim
1− ωn

1− ω
=

1− 0

1− ω
=

1

1− ω

ii) ω > 1, tìte
∞∑
n=1

ωn−1 = lim
1− ωn

1− ω
=

1

1− ω
− 1

1− ω︸ ︷︷ ︸
<0

ωn =
1

1− ω
+∞ = ∞

iii) ω < −1, tìte
∞∑
n=1

ωn−1 = lim
1− ωn

1− ω
=

1

1− ω
− 1

1− ω︸ ︷︷ ︸
>2

ωn =

1

1− ω
+

{
−∞ an n �rtio
∞ an n perittì

=

{
−∞ an n �rtio
∞ an n perittì

JumÐzoume ìti, an duo upakoloujÐec miac akoloujÐac sugklÐnoun se diaforetik�
ìria, h akoloujÐa de sugklÐnei. 'Etsi h gewmetrik  seir� de sugklÐnei gia
ω < −1. Sthn teleutaÐa perÐptwsh, pollèc forèc apant�tai o ìroc h seir�
{talanteÔetai}. Oi peript¸seic ω = 1 kai ω = −1 na gÐnoun wc ask seic. 'Etsi
sunoyÐzontac èqoume

Prìtash 2.3.2Gia th gewmetrik  seir�
∑∞

n=1 ω
n−1 isqÔei

an |ω| < 1 ⇒
∑∞

n=1 ω
n−1 ∈ R

an ω ≥ 1 ⇒
∑∞

n=1 ω
n−1 = ∞

an ω ≤ −1 ⇒ H seir� talanteÔetai

Sto Sq ma 2.5 faÐnetai h gewmetrik  ermhneÐa thc sÔgklishc gewmetrik c sei-
r�c me ω = 1

2
, sto 2. To �jroisma twn embad¸n ìlwn twn tetrag¸nwn kai twn
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1

1/2

1/4
1/8

2

1

Sq ma 2.5: Gewmetrik  ermhneÐa thc seir�c
∑∞

n=1

(
1
2

)n−1

orjogwnÐwn pou sqhmatÐzontai èqei ìrio to 2, ìso dhl. eÐnai to embadìn ìlou
tou orjogwnÐou.
O ìroc seir� qrhsimopoieÐtai, ektìc apì to na dhl¸sei to ìrio miac akoloujÐac,
kai gia na prosdiorÐsei thn Ðdia thn akoloujÐa kai apì t¸ra kai sto ex c ètsi
ja qrhsimopoieÐtai. 'Etsi, ìtan mil�me gia thn gewmetrik  seir� me lìgo ω = 1

2
,

ja ennooÔme af� enìc touc ìrouc σn = 1+ 1
2
+ 1

4
++ · · ·+ 1

n
kai af� etèrou to

ìrio aut c to 2.

Mia seir� wc akoloujÐa, profan¸c ja mporoÔme na th melet soume me
ta ergaleÐa thc prohgoÔmenhc paragr�fou. Gia par�deigma, to Je¸rhma 2.2.5,
prosarmosmèno kat�llhla gia akoloujÐec pou apeirÐzontai, mporoÔme na to
doÔme na efarmìzetai sto epìmeno par�deigma.

Par�deigma 2.22Na deiqteÐ ìti
∑∞

n=1
1√
n
= ∞

LÔsh JewroÔme thn akoloujÐa σn = 1 + 1√
2
+ 1√

3
+ · · ·+ 1√

n
, opìte èqoume

σn = 1 +
1√
2
+

1√
3
+ · · ·+ 1√

n
≥ 1√

n
+

1√
n
+ · · ·+ 1√

n
≥ n

1√
n
≥

√
n → ∞
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Ac jewr soume t¸ra th seir�
∑∞

n=1 an, tìte mporoÔme na gr�foume

i)
∞∑
n=1

kan = k ·
∞∑
n=1

an, k > 0. (2.23)

ii)
∞∑
n=1

an =
k∑

n=1

an +
∞∑

n=k+1

an ⇔
∞∑

n=k+1

an =
∞∑
n=1

an −
k∑

n=1

an

H pr¸th sqèsh shmaÐnei ìti, an h seir�
∑∞

n=1 kan sugklÐnei   apeirÐzetai jetik�
  arnhtik�, to Ðdio k�nei kai h seir� k ·

∑∞
n=1 an kai antÐstrofa, en¸ h deÔterh

ìti, an h seir�
∑∞

n=1 an sugklÐnei   apeirÐzetai jetik�   arnhtik�, to Ðdio k�nei

kai h seir�
∑∞

n=k+1 an kai antÐstrofa, afoÔ
∑k

n=1 an = m ∈ R.

Tèloc, epeid  prìkeitai gia eidikèc akoloujÐec (akoloujÐa pou prokÔptei
apì akoloujÐa), èqoun anaptuqjeÐ prìsjeta jewr mata, prot�seic kai krit ria
sÔgklishc, pou ja ta doÔme sth sunèqeia kai meletoÔn th seir� σn, melet¸ntac
aut  kajeaut  thn akoloujÐa an.

2.3.1 Seirèc me omìshmouc ìrouc

Mia meg�lh kathgorÐa seir¸n eÐnai oi seirèc pou èqoun telik� omìshmouc
ìrouc. Epeid  mia seir� me mh jetikoÔc ìrouc diafèrei apì mia seir� me mh
arnhtikoÔc ìrouc mìno wc proc to prìshmo plhn (−), ja melet soume mìno
tic seirèc pou èqoun telik� mìnon mh arnhtikoÔc ìrouc. Ja prèpei Ðswc na
parathr soume ìti sthn kathgorÐa aut  h seir� eÐnai plèon mia aÔxousa ako-
loujÐa, afoÔ k�je ìroc thc prokÔptei apì ton prohgoÔmeno prosjètontac èna
mh arnhtikì arijmì dhl.

σn = a1 + a2 + · · ·+ an−1 + an = σn−1 + an

An loipìn aut  eÐnai fragmènh, profan¸c ja sugklÐnei, en¸ an eÐnai mh frag-
mènh, ja apeirÐzetai jetik�.
H di�taxh twn ìrwn duo akolouji¸n (0 ≤ an ≤ bn) sunep�getai th di�taxh twn
antÐstoiqwn seir¸n aut¸n (

∑∞
n=1 an ≤

∑∞
n=1 bn). To sumpèrasma faÐnetai sto

epìmeno Je¸rhma
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Je¸rhma 2.3.3An gia duo akoloujÐec mh arnhtik¸n ìrwn isqÔei 0 ≤ an ≤ bn,
tìte ∑∞

n=1 bn ∈ R ⇒
∑∞

n=1 an ∈ R∑∞
n=1 an = ∞ ⇒

∑∞
n=1 bn = ∞

(2.24)

Parat rhsh 2.3.1Apì th sqèsh (2.23) faÐnetai ìti to Je¸rhma 2.3.3 isqÔei
kai gia 0 ≤ an ≤ k · bn.

Par�deigma 2.23Na deiqteÐ ìti
∑∞

n=1
1
k
√
n
= ∞

LÔsh AfoÔ
k
√
n <

√
n ⇔ 1

k
√
n
>

1√
n

To sumpèrasma eÐnai �meso apì to Je¸rhma 2.3.3. Parìmoia apotelèsmata
dÐnei h di�taxh twn lìgwn, 'Askhsh 2.11.

To prohgoÔmeno Je¸rhma dÐnei plhroforÐec gia th sÔgklish   mh thc
seir�c, sugkrÐnontac touc genikoÔc ìrouc aut¸n. To epìmeno Je¸rhma dÐnei
plhroforÐec gia th seir�, sugkrÐnontac to ìrio tou lìgou twn genik¸n ìrwn

Je¸rhma 2.3.4An gia duo akoloujÐec an kai bn ̸= 0 mh arnhtik¸n ìrwn
isqÔei 0 < lim an

bn
= l < ∞, tìte∑∞

n=1 an ∈ R ⇔
∑∞

n=1 bn ∈ R∑∞
n=1 an = ∞ ⇔

∑∞
n=1 bn = ∞

(2.25)

∗Apìdeixh: Apì ton orismì tou orÐou prokÔptei: ∀ε > 0, ∃n0 ∈ N : ∀n >
n0, |anbn − l| < ε. Tìte ìmwc, gia ε = l

2
èqoume

|an
bn

− l| < l

2
⇔ − l

2
<

an
bn

− l <
l

2
⇔ l

2
·bn < an <

3l

2
·bn ⇔ 2

l
·an < bn <

2

3l
·an

Oi duo teleutaÐec sqèseic, mazÐ me thn Parat rhsh 2.3.1, apodeiknÔoun to
Je¸rhma (giatÐ?). H apìdeixh tou parap�nw Jewr matoc mac odhgeÐ sto na
bg�loume kai �lla sumper�smata sqetik� me th sÔgklish   mh twn seir¸n,
ìpwc mporeÐ k�poioc na dei sthn 'Askhsh 2.10.
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Par�deigma 2.24Na deÐxete ìti
∑∞

n=1
n√
n3+2

= ∞

LÔsh 'Estw an = n√
n3+2

, jewroÔme thn akoloujÐa bn = 1√
n
. AfoÔ

lim
an
bn

= lim

n√
n3+2
1√
n

= lim

√
n3

n3 + 2
= lim

√
1

1 + 2
n3

= 1

kai
∑∞

n=1 bn = ∞, apì to Je¸rhma 2.3.4 ja èqoume kai
∑∞

n=1 an = ∞.
'Opwc faÐnetai sto parap�nw par�deigma, qreiazìmaste mia seir�, ac thn poÔme
bohjhtik , gia na apofanjoÔme gia th sÔgklish thc seir�c mac. 'Iswc na faneÐ
magikìc o trìpoc pou epilèxame thn dik  mac (bn = 1√

n
). 'Omwc, se èna meg�lo

pl joc problhm�twn ap�nthsh dÐnei h armonik  seir� (
∑∞

n=1
1
nr ), thc opoÐac h

melèth ja dojeÐ sto Par�deigma 2.28.

Mèqri ed¸ h melèth miac seir�c ginìtan dia mèsou mia �llhc seir�c, �llo-
te sugkrÐnontac touc genikoÔc ìrouc aut¸n kai �llote sugkrÐnontac lìgouc  
ìria genik¸n ìrwn aut¸n. Sth sunèqeia, ja d¸soume tèssera isqur� krit ria,
pou mac epitrèpoun na apofanjoÔme, ìson afor� th sÔgklish   mh thc seir�c
kai basÐzontai sthn Ðdia th seir�. H apìdeixh kai twn tess�rwn ja paralei-
fjeÐ, parìlo pou den eÐnai idiaÐtera dÔskolh (ektìc Ðswc ekeÐnhc tou Raabe,
pou qrei�zetai epÐ plèon jewrÐa), epeid  xefeÔgei twn skop¸n mac kai periè-
qetai se pl joc panepisthmiak¸n suggramm�twn Majhmatik c An�lushc p.q.
([2],[7],[5]).

Je¸rhma 2.3.5Krit rio tou lìgou   krit rio D’ Alembert. JewroÔme th
seir�

∑∞
n=1 an me an > 0, tìte

lim an+1

an
< 1 =⇒

∑∞
n=1 an ∈ R

lim an+1

an
> 1 =⇒

∑∞
n=1 an = ∞

lim an+1

an
= 1 =⇒ den èqoume sumpèrasma!

Par�deigma 2.25Na melethjeÐ wc proc th sÔgklish h seir�
∑∞

n=1
qn

n!
.

LÔsh 'Estw an = qn

n!
, tìte

lim
an+1

an
= lim

qn+1

(n+1)!

qn

n!

= lim

qn+1

(n+1)!

qn

n!

= lim
q

n+ 1
= 0 < 1

'Etsi h seir� sugklÐnei en R.
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Par�deigma 2.26Na melethjeÐ wc proc th sÔgklish h seir�
∑∞

n=1
nn

n!
.

LÔsh 'Estw an = nn

n!
, tìte

lim
an+1

an
= lim

(n+1)n+1

(n+1)!

nn

n!

= lim
n!(n+ 1)n+1

(n+ 1)!nn
= lim

(
1 +

1

n

)n

= e > 1

'Etsi h seir� den sugklÐnei en R.

Je¸rhma 2.3.6Krit rio thc rÐzac   krit rio Cauchy. JewroÔme th seir�∑∞
n=1 an me an > 0, tìte

lim n
√
an < 1 =⇒

∑∞
n=1 an ∈ R

lim n
√
an > 1 =⇒

∑∞
n=1 an = ∞

lim n
√
an = 1 =⇒ den èqoume sumpèrasma!

Par�deigma 2.27Na melethjeÐ wc proc th sÔgklish h seir�
∑∞

n=1

(
n

2n+1

)n

.

LÔsh 'Estw an =
(

n
2n+1

)n

, tìte

lim n
√
an = lim n

√( n

2n+ 1

)n

= lim
n

2n+ 1
=

1

2

'Etsi h seir� sugklÐnei en R.
Parìlo pou ta parap�nw krit ria eÐnai dunamik� ergaleÐa gia thn exètash twn
seir¸n, den eÐnai lÐgec oi forèc pou apotugq�noun, ìpwc gia par�deigma sthn

armonik  seir�,  toi thn
∑∞

n=1

(
1
n

)p
, afoÔ lim

( 1
n+1

)p

( 1
n
)p

= lim n

√(
1
n

)p
= 1.

DÐnoume sth sunèqeia th diaforetik  org�nwsh twn ìrwn miac akoloujÐac
me fjÐnontec jetikoÔc ìrouc.

a1 + a2 + a3︸ ︷︷ ︸
≤2a2

+ a4 + a5 + a6 + a7︸ ︷︷ ︸
≤4a4

+ a8 + a9 + · · ·+ a14 + a15︸ ︷︷ ︸
≤8a8

+a16 + · · ·

a1 + a2 + a3 + a4︸ ︷︷ ︸
≥2a4

+ a5 + a6 + a7 + a8︸ ︷︷ ︸
≥4a8

+ a9 + a10 + · · ·+ a15 + a16︸ ︷︷ ︸
≥8a16

+ · · ·

Sthrizìmenoc k�poioc sthn org�nwsh aut , ja mporoÔse na apodeÐxei to epì-
meno Je¸rhma:



48 AkoloujÐec - Seirèc

Je¸rhma 2.3.7'Estw an mia fjÐnousa akoloujÐa me jetikoÔc ìrouc kai bn =
a2n mia upakoloujÐa aut c, tìte oi seirèc

∑∞
n=1 an kai

∑∞
n=1 2

n · a2n sumperi-
fèrontai to Ðdio, dhl. sugklÐnoun sto R   apeirÐzontai jetik�.

Par�deigma 2.28Na melethjeÐ wc proc th sÔgklish h armonik  seir� dhl.

h
∑∞

n=1

(
1
n

)p

.

LÔsh 'Estw bn = a2n =
(

1
2n

)p
, tìte

∞∑
n=1

2n · bn =
∞∑
n=1

2n ·
( 1

2n
)p

=
∞∑
n=1

1

2(p−1)n
=

∞∑
n=1

( 1

2(p−1)

)n

=
1

2(p−1)

∞∑
n=1

( 1

2(p−1)

)n−1

'Omwc h teleutaÐa eÐnai h gewmetrik  seir� me lìgo ω = 1
2(p−1) , opìte apì thn

Prìtash 2.3.2 prokÔptei ìti gia
i) p > 1 èqoume ìti ω < 1 kai h seir� sugklÐnei sto R, �ra kai h armonik 
seir� sugklÐnei sto R.
ii) p ≤ 1 èqoume ìti ω ≥ 1 kai h seir� apeirÐzetai jetik�, �ra kai h armonik 
seir� apeirÐzetai jetik�.
H armonik  seir� me p = 1, dhl. h

∑∞
n=1

1
n
, jewreÐtai èna kalì par�deigma

thc prìtashc (2.2.18), dhl. deÐqnetai ìti h armonik  seir� den eÐnai basik  kai
epomènwc de sugklÐnei sto R.

Tèloc se peript¸seic pou apotugq�nei to krit rio tou D’ Alembert do-
kim�zoume to krit rio tou Raabe.

Je¸rhma 2.3.8Krit rio tou Raabe. JewroÔme th seir�
∑∞

n=1 an me an > 0,
tìte

lim [n(1− an+1

an
)] < 1 =⇒

∑∞
n=1 an = ∞

lim [n(1− an+1

an
)] > 1 =⇒

∑∞
n=1 an ∈ R

2.3.2 'Allec kathgorÐec Seir¸n

Exet�sthke sta prohgoÔmena h perÐptwsh, ìpou h seir� eÐqe jetikoÔc
ìrouc. 'Omwc gia tic seirèc, afoÔ prokÔptoun apì tic akoloujÐec, tÐpote den
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S1

S3

S4 S5

S6
S2

-a2

a3

-a4

-a6

a5

Sq ma 2.6: Sqhmatik� h enall�ssousa seir�

eggu�tai ìti autèc ja èqoun jetikoÔc   èstw mh arnhtikoÔc ìrouc. Genik�
loipìn, oi seirèc eÐnai dunatìn na èqoun ìrouc o,tid pote. Apì autì to �peiro
pl joc seir¸n pou up�rqei, mia endiafèrousa kathgorÐa eÐnai ekeÐnec, twn opoÐ-
wn oi ìroi eÐnai ìroi miac jetik c fjÐnousac mhdenik c akoloujÐac an kai sth
seir� enall�ssoun to prìshmì touc. 'Etsi, ta merik� ajroÐsmata thc seir�c∑∞

n=1 (−1)n+1an telik� ja èqoun th morf  tou Sq matoc 2.6. Autì mac odhgeÐ
sto na skeftoÔme ìti oi �rtioi ìroi twn merik¸n ajroism�twn thc seir�c eÐnai
mia akoloujÐa aÔxousa kai oi perittoÐ mia akoloujÐa fjÐnousa. Pr�gmati

σ2n+2 − σ2n = σ2n+2 − σ2n+1 + σ2n+1 − σ2n =

(−1)2n+3a2n+2 + (−1)2n+2a2n+1 = −(a2n+2 − a2n+1) ≥ 0,

to opoÐo shmaÐnei ìti h σ2n eÐnai mia aÔxousa akoloujÐa kai

σ2n+1 − σ2n−1 = σ2n+1 − σ2n + σ2n − σ2n−1 =

(−1)2n+2a2n+1 + (−1)2n+1a2n = (a2n+1 − a2n) ≤ 0,

pou p�li shmaÐnei ìti h σ2n eÐnai mia fjÐnousa akoloujÐa. EpÐshc, ìloi oi �rtioi
ìroi eÐnai dexi� twn peritt¸n, afoÔ

σ2n+1 − σ2n = (−1)2n+2a2n+1 = a2n+1 > 0



50 AkoloujÐec - Seirèc

'Etsi, oi duo akoloujÐec wc monìtonec kai fragmènec (a2 ≤ σ2n ≤ σ2n+1 ≤ a1)
ja sugklÐnoun kai m�lista se koinì ìrio, afoÔ

lim (σ2n+1 − σ2n) = lim a2n+1 = 0.

ApodeÐxame loipìn to epìmeno Je¸rhma tou Leibnitz:

Je¸rhma 2.3.9(Je¸rhma tou Leibnitz:) An mia akoloujÐa an eÐnai jetik ,
fjÐnousa kai mhdenik , tìte h seir�

∑∞
n=1 (−1)n+1an sugklÐnei sto R.

Par�deigma 2.29Na exetastoÔn wc proc th sÔgklish oi seirèc

∞∑
n=1

(−1)n+1 1

n
,

∞∑
n=1

(−1)n+1 1

2n− 1

LÔsh EÔkola mporoÔme na deÐxoume ìti tìso h mia (an = 1
n
) ìso kai h �llh

(bn = 1
2n−1

) eÐnai jetikèc, fjÐnousec kai mhdenikèc akoloujÐec, opìte oi enal-
l�ssousec seirèc aut¸n sugklÐnoun sto R. Ja doÔme, ìtan anaferjoÔme stic
seirèc Taylor (4.18), ìti

∞∑
n=1

(−1)n+1 1

n
= ln 2,

∞∑
n=1

(−1)n+1 1

2n− 1
=

π

4

Par�deigma 2.30Na exetasteÐ wc proc th sÔgklish h seir�

∞∑
n=1

(−1)n+1 n

n+ 1
,

LÔsh H seir� aut  den plhroÐ tic proôpojèseic tou Jewr matoc tou Leibnitz,
afoÔ lim n

n+1
= 1 kai epomènwc to Je¸rhma den efarmìzetai. (Dokim�ste na

fti�xete to antÐstoiqo Sq ma 2.6 gia na deÐte th sumperifor� thc). Pr�gmati,
eÔkola k�poioc mporeÐ na deÐxei ìti h σ2n+1 eÐnai aÔxousa kai epomènwc σ2n+1 >
σ1 = 1

2
, en¸ h σ2n eÐnai fjÐnousa kai sunep¸c σ2n < σ2 = −1

3
, opìte oi duo

upakoloujÐec aut c sugklÐnoun (na apodeiqteÐ wc �skhsh!) se diaforetik�
ìria, pr�gma pou shmaÐnei ìti h seir� de sugklÐnei.

Mia endiafèrousa ènnoia eÐnai h ènnoia thc sÔgklishc kat� apìluth tim .



MAJHMATIKA I 51

Orismìc 2.3.10An h seir�
∑∞

n=1 |an| sugklÐnei, lème ìti h seir�
∑∞

n=1 an
eÐnai apìluta sugklÐnousa   sugklÐnei apìluta.

H melèth tètoiwn peript¸sewn profan¸c an�getai sthn par�grafo (2.3.1).
Wstìso up�rqoun endiafèronta stoiqeÐa na dei k�poioc ed¸.
Ac upojèsoume ìti h seir�

∑∞
n=1 an apoteleÐtai apì �peirouc jetikoÔc kai

�peirouc arnhtikoÔc ìrouc kai epiplèon eÐnai mia apìluta sugklÐnousa seir�.
Ac jewr soume epiplèon tic akoloujÐec me touc mh arnhtikoÔc kai touc mh
jetikoÔc ìrouc, pou mporoÔme na p�roume ap� aut , tic

a+n =

{
an, an an ≥ 0
0, an an < 0

kai a−n =

{
0, an an ≥ 0
an, an an < 0

Gia k�je mia ap� autèc isqÔei 0 ≤ a+n ≤ |an| kai 0 ≤ −a−n ≤ |an|, opìte apì to
Je¸rhma 2.3.3 kai to gegonìc ìti h seir�

∑∞
n=1 |an| sugklÐnei, sumperaÐnoume

ìti kai oi seirèc
∑∞

n=1 a
+
n kai

∑∞
n=1 a

−
n sugklÐnoun sto R. Fusik�, afoÔ ∀n ∈

N, isqÔei |an| = a+n −a−n , h sÔgklish twn seir¸n twn jetik¸n kai twn arnhtik¸n
ìrwn sunep�getai th sÔgklish thc apìluthc sÔgklishc thc seir�c. Epiplèon,
afoÔ ∀n ∈ N, isqÔei an = |an| − 2a−n kai h seir�

∑∞
n=1 an ja sugklÐnei sto R.

'Etsi apodeÐxame to epìmeno Je¸rhma.

Je¸rhma 2.3.11An mia seir� sugklÐnei apìluta, tìte sugklÐnei kai apl�.
Epiplèon oi seirèc twn jetik¸n kai arnhtik¸n ìrwn sugklÐnoun, an kai mìno an
h seir� sugklÐnei apìluta.

Oi akoloujÐec twn opoÐwn oi ìroi de diathroÔn to prìshmo qrei�zontai
idiaÐterh prosoq , giatÐ eÐnai dunatì na odhghjoÔme se paralogismoÔc kai �to-
pa. Gia par�deigma, ac doÔme to Par�deigma 2.30, ìpou deÐxame ìti h seir� den
sugklÐnei. An k�poioc k�nei to sf�lma kai thn exet�sei ìpwc parak�tw, ac
doÔme pou katal gei

∞∑
n=1

(−1)n+1 n

n+ 1
=

1

2
− 2

3
+

3

4
− 4

5
+ · · ·+ (−1)n+1 n

n+ 1
+ · · · =

(1
2
− 2

3

)
+
(3
4
− 4

5

)
+ · · ·+

(
(−1)n+1 n

n+ 1
+ (−1)n+2n+ 1

n+ 2

)
+ · · · =

1

6
+

1

20
+ · · ·+ 1

(n+ 1)(n+ 2)
+ · · · =

∞∑
n=1

1

(n+ 1)(n+ 2)
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'Omwc aut , afoÔ eÐnai mia seir� jetik¸n ìrwn kai epiplèon isqÔei 1
(n+1)(n+2)

<
1
n2 , apì to Je¸rhma (2.3.3) kai to gegonìc ìti h teleutaÐa eÐnai sugklÐnousa,
ja sugklÐnei. �topo. Genik� loipìn oi omadopoi seic den epitrèpontai stouc
ìrouc twn seir¸n. ApodeÐqnetai ìmwc ìti

Je¸rhma 2.3.12An mia seir� eÐnai sugklÐnousa, tìte opoiad pote omadopoÐh-
sh twn ìrwn thc, qwrÐc allag  thc t�xhc touc, mac dÐnei seir� sugklÐnousa
sto Ðdio ìrio me thn arqik .

EpÐshc se tètoia par�loga odhgoÔmaste, ìtan k�noume anadiat�xeic ìrwn kai
ìtan lème anadiat�xeic ìrwn, ennooÔme na topojet soume touc ìrouc thc seir�c
me mia �llh di�taxh, ektìc aut c pou eÐnai t¸ra qwrÐc na prosjèsoume   na
paraleÐyoume ìrouc. Gia to par�deigm� mac ja p�roume thn enall�ssousa
armonik  seir� pou  dh èqoume dei, sto Par�deigma 2.29, ìti sugklÐnei sto ln 2.
Ed¸ o pr¸toc kai deÔteroc ìroc mènoun ìpwc eÐnai, apì ekeÐ kai pèra ìloi oi
ìroi pou brÐskontai sth jèsh 2k+1 phgaÐnoun sthn jèsh 3k+1 kai ìloi oi ìroi
pou brÐskontai sth jèsh 2k phgaÐnoun: autoÐ pou eÐnai sth jèsh 4m, sth jèsh
3m, en¸ autoÐ pou eÐnai sth jèsh 4m + 2 sth jèsh 3m + 2 . 'Etsi diadoqik�
èqoume

ln 2 = 1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+

1

7
− 1

8
+

1

9
− 1

10
+

1

11
− 1

12
+

1

13
− 1

14
+ · · · =

(
1− 1

2

)
− 1

4
+
(1
3
− 1

6

)
− 1

8
+
(1
5
− 1

10

)
− 1

12
+
(1
7
− 1

14

)
− 1

16
−
(1
9
+

1

18

)
+

1

20
−· · · =

1

2
− 1

4
+
1

6
− 1

8
+

1

10
− 1

12
+

1

14
− 1

16
+

1

18
−· · · = 1

2

(
1− 1

2
+
1

3
− 1

4
+
1

5
−· · ·

)
=

1

2
ln 2 �topo.

Genik� loipìn oi anadiat�xeic ìrwn den epitrèpontai stic seirèc. ApodeÐqnetai
ìmwc ìti

Je¸rhma 2.3.13An mia seir� sugklÐnei apìluta, tìte, opoiad pote anadi�ta-
xh twn ìrwn thc, mac dÐnei seir� sugklÐnousa sto Ðdio ìrio me thn arqik .

Wstìso to epìmeno Je¸rhma tou Riemann, pou anafèretai se seirèc me
jetikoÔc kai arnhtikoÔc ìrouc, mac deÐqnei thn prosoq  me thn opoÐa prèpei na
exet�zontai autèc.
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Je¸rhma 2.3.14An mia seir� sugklÐnei all� de sugklÐnei apìluta, tìte gia
k�je x ∈ R, up�rqei mia anadi�taxh twn ìrwn thc, pou mac dÐnei seir� sugklÐ-
nousa s� autì to x ∈ R.

2.3.3 Dunamoseirèc

P�ra pollèc forèc oi ìroi twn seir¸n eÐnai sunart seic thc metablht c
x, kai sthn pio apl  morf  dun�meic tou monwnÔmou x−x0, dhl. èqoun th morf ∑∞

n=1 an(x− x0)
n, ìpou an oi ìroi k�poiac akoloujÐac kai x0 k�poioc prag-

matikìc arijmìc. Tètoiec seirèc lègontai dunamoseirèc   seirèc dun�mewn
kai eÐnai exairetik� qr sima ergaleÐa sthn epÐlush majhmatik¸n problhm�twn,
p.q. diaforik¸n exis¸sewn.

Gia k�je pragmatik  tim  thc metablht c x h dunamoseir� metatrèpetai
se seir� kai an h seir� sugklÐnei sto R, to x lègetai shmeÐo sÔgklishc. EÐnai
fanerì ìti gia x = x0 k�je dunamoseir� sugklÐnei sto 0, dhl. èqei èna sh-
meÐo sÔgklishc, ìmwc k�ti tètoio eÐnai tetrimmènh perÐptwsh kai den endiafèrei.
Pollèc dunamoseirèc sugklÐnoun gia èna di�sthma (x0− r, x0+ r) gÔrw apì to
x0, pou lègetai di�sthma sÔgklishc to de r lègetai aktÐna sÔgklishc.

Ap� ìsa eÐpame mèqri t¸ra stic seirèc (Je¸rhma 2.3.6), prokÔptei ìti mia
dunamoseir� ja sugklÐnei, an

lim n
√
|an(x− x0)n| < 1 ⇔ |x− x0| lim n

√
|an|︸ ︷︷ ︸

=ρ

< 1. (2.26)

an ρ = 0, h seir� sugklÐnei gia k�je pragmatikì x, afoÔ plhroÐ thn (2.26), an
0 < ρ < +∞, h seir� sugklÐnei gia k�je pragmatikì x, me

x0 −
1

ρ
< x < x0 +

1

ρ
(2.27)

dhl. h aktÐna sÔgklishc eÐnai r = 1
ρ
, en¸ an ρ = +∞, h seir� sugklÐnei mìnon

gia x = 0. 'Otan to x paÐrnei tic timèc twn �krwn tou diast matoc sÔgklishc,
h anisìthta thc sqèshc (2.26) den isqÔei. 'Etsi, prèpei na exet�soume th seir�
idiaÐtera sta �kra tou diast matoc. Ac skiagraf soume ìla ta parap�nw sto
epìmeno par�deigma.

Par�deigma 2.31Na brejeÐ to di�sthma sÔgklishc thc dunamoseir�c
∑∞

n=1
xn

n2n
.

Na melethjeÐ idiaÐtera sta �kra tou diast matoc.



54 AkoloujÐec - Seirèc

LÔsh Sthn prokeimènh perÐptwsh èqoume an = 1
n2n

kai x0 = 0. 'Etsi

ρ = lim
n

√
1

n2n
=

1

lim n
√
n2n

=
1

2 lim n
√
n
=

1

2

Opìte r = 1
ρ

= 2 kai x ∈ (−2, 2). Eidik� gia x = 2, h seir� gÐnetai∑∞
n=1

2n

n2n
=

∑∞
n=1

1
n

= ∞ (armonik  seir�). Gia x = −2, h seir� gÐnetai∑∞
n=1

(−2)n

n2n
=

∑∞
n=1 (−1)n 1

n
∈ R (enall�ssousa armonik  seir�). 'Etsi to

di�sthma sÔgklishc eÐnai [−2, 2).

Parat rhsh 2.3.2Parìmoia antimet¸pish tou probl matoc thc sÔgklishc
dunamoseir¸n me to krit rio tou D’Alembert (Je¸rhma 2.3.5)   efarmog  thc

Prìtashc 2.2.19 mac dÐnei ìti ρ = lim |an+1|
|an| .

Par�deigma 2.32Na brejeÐ to di�sthma sÔgklishc thc dunamoseir�c
∑∞

n=1
xn

n!
.

LÔsh Sthn prokeimènh perÐptwsh èqoume an = 1
n!

kai x0 = 0. 'Etsi

ρ = lim
|an+1|
|an|

= lim

1
(n+1)!

1
n!

= lim
1

n+ 1
= 0.

'Etsi h seir� sugklÐnei gia k�je pragmatikì x. Epiplèon k�poioc mporeÐ na
sumper�nei ìti limn→∞

x2n

(2n)!
= 0 (giatÐ?).

To prìblhma twn seir¸n eÐnai exairetik� eurÔ. Ed¸ ègine m�llon mia
eisagwg . An�loga me to prìblhm� tou o foitht c ja prèpei na kateujunjeÐ
se biblÐa perissìtero eidik�.

Ask seic

'Askhsh 2.1Gr�yte touc pènte pr¸touc ìrouc twn akolouji¸n

an =
n+ 1

3n
, bn =

n

1 + n
√
2 +

n
√
22 +

n
√
23 + · · ·+ n

√
2n−1

, cn = n(
n
√
3− 1)

DeÐxte ìti autèc eÐnai fragmènec.
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'Askhsh 2.2Exet�ste wc proc th monotonÐa kai to fragmèno tic akoloujÐec

an =
1

2 · 3
+

1

3 · 4
+ · · · 1

n · (n+ 1)
,

bn =
1√

3 +
√
2
+

1√
4 +

√
3
+ · · ·+ 1√

(n+ 1) +
√
n

Gr�yte autèc se aploÔsterh morf .

'Askhsh 2.3Prosarmìste kat�llhla kai apodeÐxte to Je¸rhma tou sandwich
(2.2.5) stic apeirizìmenec akoloujÐec.

'Askhsh 2.4Prosarmìste kat�llhla kai apodeÐxte thn Prìtash 2.2.6 stic
apeirizìmenec akoloujÐec.

'Askhsh 2.5Na deiqteÐ ìti an lim an = a, tìte (upì thn proôpìjesh ìti orÐ-
zontai)

i) lim
a1 + a2 + · · ·+ an

n
= a, ii) lim n

√
a1 · a2 · · · · · an = a

iii) lim
n

1
a1

+ 1
a2

+ · · ·+ 1
an

= a,

[Prosoq ! sto iii), o paronomast c den aux�nei p�nta gn sia.]

'Askhsh 2.6BreÐte ta ìria twn akolouji¸n

an =
2n + 3n

3n − 4n
, bn =

2n

2n + 1
, an =

2n + 2−n

2n − 2−n

.

'Askhsh 2.7DÐnetai h akoloujÐa

an+1 =
√
2 + an, a1 =

√
2

1) DeÐxte ìti eÐnai aÔxousa
2) DeÐxte ìti eÐnai fragmènh
3) BreÐte to ìriì thc.
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'Askhsh 2.8Exet�ste wc proc th sÔgklish th seir�
∑∞

n=1 (an − an−1), an
lim an = l.

'Askhsh 2.9Na deiqteÐ ìti h akoloujÐa an = n( n
√
3− 1) eÐnai fragmènh.

'Askhsh 2.10A) An gia duo akoloujÐec an kai bn jetik¸n ìrwn isqÔei lim
an
bn

=
0, tìte ∑∞

n=1 an = ∞ ⇒
∑∞

n=1 bn = ∞∑∞
n=1 bn < ∞ ⇒

∑∞
n=1 an < ∞

B) An gia duo akoloujÐec an kai bn jetik¸n ìrwn isqÔei lim an
bn

= ∞, tìte∑∞
n=1 an < ∞ ⇒

∑∞
n=1 bn < ∞∑∞

n=1 bn = ∞ ⇒
∑∞

n=1 an = ∞

'Askhsh 2.11An gia duo akoloujÐec mh jetik¸n ìrwn isqÔei 0 ≤ an+1

an
≤ bn+1

bn
,

tìte ∑∞
n=1 bn ∈ R ⇒

∑∞
n=1 an ∈ R∑∞

n=1 an = −∞ ⇒
∑∞

n=1 bn = −∞

[DhmiourgoÔme touc lìgouc gia i = 1, 2, . . . , n kai pollaplasi�zoume kat� mè-
lh.]

'Askhsh 2.12Exet�ste wc proc th sÔgklish tic seirèc

∞∑
n=1

2n · n!
nn

,

∞∑
n=1

3n · n!
nn

'Askhsh 2.13Exet�ste wc proc th sÔgklish tic seirèc

∞∑
n=1

1√
n(n+ 1)

,
∞∑
n=1

1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · 2n
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'Askhsh 2.14Exet�ste wc proc th sÔgklish th seir�

∞∑
n=1

1

n · (lnn)p
,

qrhsimopoi¸ntac to Je¸rhma 2.3.7,   ìpoion �llo trìpo jèlete.

'Askhsh 2.15DeÐxte ìti

∞∑
n=1

a2n < ∞ ⇒
∞∑
n=1

an
n

< ∞,

qrhsimopoi¸ntac to gegonìc ìti ab ≤ 1
2
(a2 + b2),   ìpoion �llo trìpo jèlete.

'Askhsh 2.16Exet�ste wc proc th sÔgklish tic seirèc

∞∑
n=1

(−1)n+1 n

n
√
n− 1

,
∞∑
n=1

( 1− n

2n+ 1

)n

'Askhsh 2.17Exet�ste wc proc th sÔgklish th seir�

∞∑
n=1

n2

2n

TÐ sumperaÐnete sqetik� me thn sÔgklish kai to fragmèno twn akolouji¸n

an = n2

2n
kai bn = 2n

n2 ?

'Askhsh 2.18Stic parak�tw dunamoseirèc

∞∑
n=1

(−1)n+1n!x
n

nn
,

∞∑
n=1

(2x− 1)n

3nn2
,

∞∑
n=1

(3x− 2)n

2nn2

1) ProsdiorÐste to x0.
2) BreÐte to di�sthma sÔgklishc.
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Sunart seic

3.1 Genik�

'Eqoume dei  dh sto prohgoÔmeno kef�laio ton orismì thc apeikìnishc.
Mia apeikìnish, thc opoÐac ta sÔnola A kai B eÐnai uposÔnola twn pragmatik¸n
arijm¸n, lègetai pragmatik  sun�rthsh miac pragmatik c metablht c. To
sÔnolo A lègetai pedÐo orismoÔ en¸ to sÔnolo B sÔnolo �fixhc. H metablht  x
pou paÐrnei timèc sto sÔnolo A eÐnai h anex�rthth metablht , en¸ h exarthmènh
metablht  y, h metablht  thc opoÐac oi timèc exart¸ntai apì tic timèc thc
anex�rththc metablht c, paÐrnei timèc sto sÔnolo B. Sun jwc oi timèc thc
metablht c y dÐnontai mèsa apì mia èkfrash, ènan tÔpo, pou lègetai tÔpoc thc
sun�rthshc kai sumbolik� gr�fetai

f : A → B, y = f(x) (3.1)

To sÔnolo twn tim¸n thc metablht c y lègetai sÔnolo tim¸n aut c kai sumbo-
lÐzetai me f(A). EÐnai  dh gnwstì ìti to pedÐo orismoÔ A miac sun�rthshc, to
sÔnolo B kai o tÔpoc thc sun�rthshc eÐnai anagkaÐa gia ton pl rh prosdio-
rismì aut c. Gia tic pragmatikèc, ìmwc, sunart seic wc sÔnolo B jewreÐtai
olìklhro to R, en¸ to pedÐo orismoÔ A prosdiorÐzetai wc to eurÔtero uposÔno-
lo tou R, gia to opoÐo èqei ènnoia pragmatikoÔ arijmoÔ o tÔpoc thc sun�rthshc
afenìc kai den èrqetai se antÐjesh me th fÔsh tou probl matoc afetèrou.

Par�deigma 3.1Na brejeÐ to pedÐo orismoÔ

a) thc sun�rthshc f(x) =
√
100− x2

b) thc sun�rthshc z thshc p(q) =
√
100− q2

59
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LÔsh Gia thn pr¸th perÐptwsh èqoume ìti Af = {x/−10 ≤ x ≤ 10}, afoÔ tìte
èqei ènnoia pragmatikoÔ arijmoÔ o tÔpoc thc sun�rthshc. Gia th deÔterh, ìmwc,
perÐptwsh èqoume Ap = [0, 10], afoÔ af� enìc tìte èqei ènnoia pragmatikoÔ
arijmoÔ o tÔpoc thc sun�rthshc, af� etèrou se mia sun�rthsh z thshc den
mporoÔme na mil�me gia arnhtikèc posìthtec.

Oi tèsseric pr�xeic thc arijmhtik c orÐzontai wc pr�xeic kai stic sunar-
t seic, sto koinì pedÐo orismoÔ touc, me touc parap�nw periorismoÔc. 'Etsi

f ± g : Af±g → R, (f ± g)(x) = f(x)± g(x), ìpou Af±g = Af ∩ Ag

f · g : Af ·g → R, (f · g)(x) = f(x) · g(x), ìpou Af ·g = Af ∩ Ag (3.2)

f

g
: A f

g
→ R, (

f

g
)(x) =

f(x)

g(x)
, ìpou A f

g
= Af ∩ Ag \ {x/x : g(x) = 0}

Par�deigma 3.2An f(x) =
√
x− 1 kai g(x) =

√
4− x2, na orÐsete tic su-

nart seic: f ± g, f · g, f
g
.

LÔsh 'Eqoume Af = [1,∞) kai Ag = [−2, 2] kai

f ± g : Af±g → R, (f ± g)(x) =
√
x− 1 +

√
4− x2, me Af±g = [1, 2]

f ± g : Af ·g → R, (f ± g)(x) =
√
x− 1 ·

√
4− x2, me Af±g = [1, 2]

f

g
: A f

g
→ R, (

f

g
)(x) =

√
x− 1√
4− x2

=

√
x− 1

4− x2
, me A f

g
= [1, 2)

Parat rhsh 3.1.1H prohgoÔmenh sun�rthsh f
g
lème ìti eÐnai ènac periori-

smìc thc h(x) =
√

x−1
4−x2 , afoÔ Ah = (−∞,−2) ∪ [1, 2) ⊇ [1, 2) = A f

g
.

MporoÔme na sunjèsoume sunart seic kai na dhmiourg soume �llec, fu-
sik� p�nta k�tw apì kat�llhlec proôpojèseic. 'Estw f kai g duo sunart seic
kai Af , Ag ta antÐstoiqa pedÐa orismoÔ aut¸n. An to sÔnolo tim¸n f(Af ) thc
f èqei koin� shmeÐa me to pedÐo orismoÔ Ag thc g, tìte up�rqoun k�poia shmeÐa
sto Af ta opoÐa apeikonÐzontai me thn f sto Ag kai sth sunèqeia apeikonÐzontai
me thn g sto R. EÐnai fanerì ìti aut� eÐnai ta g(f(x)). 'Omwc ètsi orÐzetai mia
nèa sun�rthsh pou lègetai sÔnjesh twn f kai g kai sumbolÐzetai g ◦ f . Dhl.

g◦f : Ag◦f → R, (g◦f)(x) = g(f(x)) me Ag◦f = {x/x, x ∈ Af kai f(x) ∈ Ag}
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Par�deigma 3.3Gia tic sunart seic f(x) =
√
x+ 2 kai g(x) =

√
9− x2,na

brejeÐ h sÔnjesh g ◦ f kai f ◦ g.

LÔsh 'Eqoume Af = [−2,∞) kai Ag = [−3, 3]. 'Etsi Ag◦f = [−2, 7], a-
foÔ x ∈ [−2,∞) kai

√
x+ 2 ∈ [−3, 3] ⇒ −2 ≤ x ≤ 7. Tèloc g(f(x)) =√

9− (
√
x+ 2)2 =

√
7− x. OmoÐwc Af◦g = [−3, 3] afoÔ x ∈ [−3, 3] kai

√
9− x2 ∈ [−2,∞) ⇒ −3 ≤ x ≤ 3 me f(g(x)) =

√
2 +

√
9− x2.

To gr�fhma G, stic pragmatikèc sunart seic miac pragmatik c metablh-
t c, apoteleÐtai apì shmeÐa tou epipèdou (R2), to opoÐo shmaÐnei ìti mporoÔme
na ta apeikonÐsoume s� autì. H apeikìnish aut , pou eÐnai shmeÐa   grammè-
c, apoteloÔn th grafik  par�stash thc sun�rthshc. Orismèna shmeÐa eÐnai
qarakthristik� gia th grafik  par�stash. Gia par�deigma to shmeÐo tou gra-
f matoc
(0, f(0)) eÐnai to shmeÐo pou h grafik  par�sta-
sh tèmnei ton katakìrufo �xona, en¸ ta shmeÐa
(xi, 0), ìpou f(xi) = 0, eÐnai ta shmeÐa pou h gra-
fik  par�stash tèmnei ton orizìntio �xona. EpÐ-
shc, tètoia shmeÐa eÐnai ta shmeÐa twn �krwn twn
diasthm�twn, an to pedÐo orismoÔ aut c perièqei
tètoia. Sto diplanì sq ma dÐnetai h grafik  pa-
r�stash thc sun�rthshc y = 2

√
1− x2.

�
�� [\ −=

(-1,0)

(0,2)

(1,0)

3.2 H eujeÐa

H gnwst  sun�rthsh
y = ax+ b (3.3)

me pedÐo orismoÔ to R, parist�netai grafik� me mia eujeÐa gramm , h opoÐa
pern� apì to shmeÐo b tou katakìrufou �xona kai èqei klÐsh a, dhl. tanω = a,
ìpou ω eÐnai h mikrìterh jetik  gwnÐa pou sqhmatÐzei h eujeÐa me ton orizìntio
�xona. Pio praktik� h klÐsh m�c lèei ìti, ìtan to x aux�nei kat� mia mon�da,
to y aux�nei kar� a. EÐnai fanerì ìti, ton orizìntio �xona ton tèmnei sto
shmeÐo − b

a
. Sunart seic me to Ðdio a parist�nontai apì par�llhlec eujeÐec,

afoÔ èqoun thn Ðdia klÐsh, en¸ sunart seic me to Ðdio b, parist�nontai apì
dèsmh eujei¸n pou pern�ne ìlec apì to b tou katakìrufou �xona. H stajer 
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&

b

0

y = a x + b

Sq ma 3.7: H apeikìnish f : A → B, y = ax+ b.

sun�rthsh y = b èqei wc grafik  par�stash mia eujeÐa par�llhlh wc proc ton
orizìntio �xona. Gia to sqediasmì thc grafik c par�stashc miac sun�rthshc
thc morf c y = ax + b, lìgw tou ìti aut  eÐnai mia eujeÐa, mac arkoÔn duo
opoiad pote shmeÐa. Sun jwc brÐskoume ta shmeÐa tom c aut c me touc �xonec,
ektìc kai an prìkeitai gia ton periorismì aut c se di�sthma, opìte brÐskoume
ta �kra tou diast matoc.

Genikìtera ta shmeÐa thc exÐswshc

ax+ by + c = 0 (3.4)

brÐskontai p�nw se mia eujeÐa gramm , afoÔ gia b ̸= 0, h (3.4) me aplèc pr�xeic
metatrèpetai sthn (3.3). 'Otan b = 0, h (3.4) paÐrnei th morf 

x = − c

a
,

h opoÐa den eÐnai men sun�rthsh, ìmwc parist�netai apì mia eujeÐa par�llhlh
proc ton katakìrufo �xona y′y, pou pern� apì to shmeÐo − c

a
tou orizìntiou.
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3.3 Gnwstèc ènnoiec kai idiìthtec twn sunar-

t sewn

3.3.1 'Artia sun�rthsh

Orismìc 3.3.1Mia sun�rthsh f orismènh s� èna di�sthma [−θ, θ] lègetai
�rtia, an f(−x) = f(x).

Lìgw thc summetrÐac twn tim¸n thc metablht c x kai thc isìthtac f(−x) =
f(x), oi �rtiec sunart seic èqoun �xona summetrÐac ton katakìrufo �xona.

Par�deigma 3.4Na deiqjeÐ ìti h sun�r-
thsh f(x) = cosx

x2 eÐnai �rtia.

LÔsh Pr�gmati eÔkola brÐskoume ìti

f(−x) = cos (−x)
(−x)2

= cosx
x2 = f(x).

H grafik  thc par�stash faÐnetai sto di-
planì sq ma, ìpou h summetrÐa eÐnai fa-
ner .

�� ���� ��� �

����

���

���

���

���

�

Parat rhsh 3.3.1Genikìtera, mia sun�rthsh me pedÐo orismoÔ to R èqei
�xona summetrÐac thn eujeÐa x = a, an isqÔei f(a − x) = f(a + x). Sthn
perÐptwsh pou h sun�rthsh èqei wc pedÐo orismoÔ to di�sthma [a, b], tìte èqei
�xona summetrÐac th mesok�jeth tou tm matoc (x = a+b

2
) an isqÔei f(x) =

f(a+ b− x).

H apìdeixh thc parat rhshc af netai wc �skhsh gia ton anagn¸sth.

3.3.2 Peritt  sun�rthsh

Orismìc 3.3.2Mia sun�rthsh f orismènh s� èna di�sthma [−θ, θ] lègetai
peritt , an f(−x) = −f(x).

Lìgw thc summetrÐac twn tim¸n thc metablht c x kai thc isìthtac f(−x) =
−f(x), oi perittèc sunart seic èqoun kèntro summetrÐac thn arq  twn axìnwn.
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Par�deigma 3.5Na deiqjeÐ ìti h sun�r-
thsh f(x) = sinx

x2 eÐnai peritt .

LÔsh Pr�gmati eÔkola brÐskoume ìti

f(−x) = sin (−x)
(−x)2

= − sinx
x2 = −f(x).

H grafik  thc par�stash dÐnetai sto di-
planì sq ma, ìpou h summetrÐa faÐnetai ka-
jar�.

�� ���� ��� �

����

����

���

���

Parat rhsh 3.3.2Genikìtera, mia sun�rthsh me pedÐo orismoÔ to R èqei
kèntro summetrÐac to shmeÐo x = a, an isqÔei f(a − x) = −f(a + x). Sthn
perÐptwsh pou h sun�rthsh èqei wc pedÐo orismoÔ to di�sthma [a, b], tìte èqei
kèntro summetrÐac to mèso tou tm matoc (x = a+b

2
), an isqÔei f(x) = −f(a +

b− x).

H apìdeixh thc parat rhshc af netai wc �skhsh gia ton anagn¸sth.

3.3.3 Amfimonos manth   �1-1� sun�rthsh

Orismìc 3.3.3Mia sun�rthsh f orismènh sto A lègetai amfimonos manth  
�1-1� sun�rthsh, an gia k�je x1 kai x2 ∈ A me f(x1) = f(x2) ⇒ x1 = x2.

Me apl� lìgia, Ðdiec eikìnec proèrqontai apì Ðdia arqètupa. IsodÔnama, ja
mporoÔse na pei k�poioc ìti diaforetik� arqètupa dÐnoun diaforetikèc eikìnec.

Se mia sun�rthsh f , se k�je stoiqeÐo tou pedÐou orismoÔ thc A antistoi-
qÐzetai k�poio stoiqeÐo tou pedÐou tim¸n thc f(A). 'Omwc ètsi kai se k�je stoi-
qeÐo tou pedÐou tim¸n f(A) antistoiqÐzetai k�poio stoiqeÐo tou pedÐou orismoÔ
A. M� autìn ton trìpo orÐzetai mia kainoÔrgia sqèsh. Sthn perÐptwsh pou h
f eÐnai amfimonos manth, h kainoÔrgia aut  sqèsh eÐnai sun�rthsh (giatÐ?) kai
sumbolÐzetai me f−1 kai onom�zetai antÐstrof  thc f . EÐnai plèon gegonìc,
ìti sthn antÐstrofh sun�rthsh h exarthmènh metablht  gÐnetai anex�rthth kai
h anex�rthth gÐnetai exarthmènh. Sto epìmeno par�deigma faÐnetai o trìpoc
diapragm�teushc tètoiwn peript¸sewn.

Par�deigma 3.6Na exet�sete an h sun�rthsh f me tÔpo y =
√
x+ 2 èqei

antÐstrofh kai se katafatik  ap�nthsh na breÐte ton tÔpo thc.
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LÔsh To pedÐo orismoÔ aut c eÐnai A = [−2,∞). Apì ton Orismì 3.3.3 pro-
kÔptei

∀x1, x2 ∈ A me f(x1) = f(x2) ⇒
√
x1 + 2 =

√
x2 + 2 ⇒ x1+2 = x2+2 ⇒ x1 = x2.

AfoÔ h sun�rthsh eÐnai amfimonos manth, mporoÔme na broÔme thn antÐstrof 
thc, me x ∈ f(A) kai y ∈ A wc ex c

x =
√

y + 2 ⇔ x2 = y + 2 ⇔ y = x2 − 2.

'Etsi gia thn antÐstrofh f−1 èqoume

f−1 : f(A) → A, f−1(x) = x2 − 2.

'Opwc f�nhke apì ta prohgoÔmena, ìtan to tuqaÐo
zeÔgoc (x, y) brÐsketai sto gr�fhma thc f , to zeÔ-
goc (y, x) brÐsketai sto gr�fhma thc f−1, sto e-
pÐpedo autì shmaÐnei ìti aut� ta duo shmeÐa eÐnai
summetrik� wc proc th diqotìmo tou pr¸tou tetar-
thmìriou. 'Etsi, olìklhrh h grafik  par�stash
thc f−1 eÐnai h summetrik  thc grafik c par�sta-
shc thc f . Sto diplanì sq ma faÐnetai h grafik 
par�stash thc sun�rthshc tou prohgoÔmenou pa-
radeÐgmatoc kai thc antÐstrof c thc, -2

-1

 0

 1

 2

 3

-2 -1  0  1  2  3

f(x)
g(x)

x

ìpou faÐnetai kai h summetrÐa.

3.3.4 Fragmènec sunart seic

Orismìc 3.3.4Mia sun�rthsh f(x) me pedÐo orismoÔ to sÔnolo A lème ìti
eÐnai �nw fragmènh (k�tw fragmènh), ìtan up�rqei ènac pragmatikìc arijmìc ϕ,
¸ste gia k�je stoiqeÐo tou pedÐou orismoÔ thc na isqÔei f(x) ≤ ϕ (f(x) ≥ ϕ).

Gia par�deigma h sun�rthsh f(x) = x2 eÐnai k�tw fragmènh, afoÔ isqÔei x2 ≥ 0.
An gia th sun�rthsh up�rqoun ϕ1 kai ϕ2, tètoio ¸ste ϕ1 ≤ f(x) ≤ ϕ2, lème ìti
h sun�rthsh eÐnai apl� fragmènh. Gia par�deigma, h sun�rthsh tou hmitìnou
eÐnai fragmènh, afoÔ −1 ≤ sin x ≤ 1.
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Parat rhsh 3.3.3An sumbeÐ to el�qisto apì ta �nw fr�gmata thc sun�rth-
shc na eÐnai stoiqeÐo tou sunìlou tim¸n thc, lègetai mègisto, en¸ an sumbeÐ to
mègisto apì ta k�tw fr�gmata aut c na eÐnai stoiqeÐo tou sunìlou tim¸n thc,
lègontai el�qisto. To mègisto kai to el�qisto lègetai akrìtato.

3.3.5 MonotonÐa

Orismìc 3.3.5Mia sun�rthsh f orismènh s� èna sÔnolo A lègetai gnhsÐwc
aÔxousa (gnhsÐwc fjÐnousa), �n ∀x1 kai x2 ∈ A me x1 < x2 ⇒ f(x1) < f(x2)
(f(x1) > f(x2)).

Orismìc 3.3.6Mia sun�rthsh f orismènh s� èna sÔnolo A lègetai aÔxousa
(fjÐnousa), an ∀x1 kai x2 ∈ A me x1 < x2 ⇒ f(x1) ≤ f(x2) (f(x1) ≥ f(x2)).

Parat rhsh 3.3.4EÐnai gegonìc ìti gia mia gnhsÐwc monìtonh sun�rthsh
(gnhsÐwc aÔxousa   gnhsÐwc fjÐnousa) sumbaÐnei to ex c: se diaforetik� ar-
qètupa antistoiqoÔn diaforetikèc eikìnec. Dhl. mia tètoia sun�rthsh eÐnai
�1-1�.

3.4 H Parabol  kai h Uperbol 

3.4.1 H Parabol 

H Parabol  eÐnai gnwst  apì to Gumn�sio akìmh. Sthn pio apl  thc
morf  èqei ton tÔpo

y = ax2, x ∈ R (3.5)

EÐnai fanerì ìti gia a > 0 aut  eÐnai
fjÐnousa sto di�sthma (−∞, 0] kai aÔxou-
sa sto di�sthma [0,−∞). O katakìrufoc
�xonac eÐnai �xonac summetrÐac (eÐnai �r-
tia) kai èqei el�qisth tim  to 0, sto x = 0.
Parìmoia sumbaÐnoun gia a < 0. t¸ra aut 
eÐnai aÔxousa gia to di�sthma (−∞, 0]

-4

-3

-2

-1

 0

 1

 2

 3

 4

-4 -3 -2 -1  0  1  2  3  4

a>0

a<0

kai fjÐnousa gia to di�sthma [0,−∞). O katakìrufoc �xonac suneqÐzei na eÐ-
nai �xonac summetrÐac kai èqei mègisth tim  to 0, sto x = 0.
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(0,0)

x=-b/a

Sq ma 3.8: H apeikìnish thc y = ax2 + bx+ c.

Genik� h parabol  èqei th morf 

y = ax2 + bx+ c, x ∈ R (3.6)

me aplèc pr�xeic aut  paÐrnei th morf 

y = a
(
x+

b

2a

)2

− b2 − 4ac

4a
(3.7)

JumÐzoume ìti qarakthristik� shmeÐa thc eÐnai oi rÐzec thc (ìtan b2 − 4ac ≥ 0)
ston orizìntio �xona kai to shmeÐo c tou katakìrufou �xona. H eujeÐa x = − b

2a

eÐnai t¸ra �xonac summetrÐac kai sto shmeÐo x = − b
2a

paÐrnei thn el�qisth
tim , ìtan a > 0 kai mègisth, ìtan a < 0. H grafik  thc par�stash prokÔptei
apì th grafik  par�stash thc ax2 metakin¸ntac thn orizìntia kat� − b

2a
kai

sth sunèqeia metakin¸ntac thn kainoÔrgia katakìrufa kat� − b2−4ac
4a

. Ta duo
b mata faÐnontai sto Sq ma 3.8. 'Enac �lloc trìpoc ja  tan na metakin soume
to sÔsthma axìnwn sto shmeÐo (− b

2a
,− b2−4ac

4a
) kai na sqedi�soume thn Y = aX2

sto kainoÔrgio sÔsthma.

Par�deigma 3.7Na sqediasteÐ h grafik  par�stash thc y = x2 − 5x + 6,
afoÔ shmei¸sete ta qarakthristik� shmeÐa thc kai tic qarakthristikèc eujeÐec
thc.
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 0
-0.25

 2.5 0

(0,0) 32

6

Sq ma 3.9: H apeikìnish thc y = x2 − 5x+ 6.

LÔsh Ta qarakthristik� shmeÐa aut c eÐnai to 2 kai 3 tou orizìntiou �xona
kai to 6 tou katakìrufou. H eujeÐa x = 2.5 eÐnai �xonac summetrÐac kai sto
x = 2.5 paÐrnei el�qisth tim  thn y = −0.25. 'Ola ta parap�nw faÐnontai sto
Sq ma 3.9.

3.4.2 H Uperbol 

H Uperbol  eÐnai ki aut  gnwst  apì to Gumn�sio. Sthn pio apl  thc
morf  èqei ton tÔpo

y =
a

x
, x ∈ R \ {0} (3.8)

EÐnai fanerì ìti gia a > 0 aut  eÐnai fjÐ-
nousa gia to di�sthma (−∞, 0) kai epÐshc
fjÐnousa gia to di�sthma (0,∞). H arq 
twn axìnwn eÐnai kèntro summetrÐac (eÐnai
peritt ) kai paÐrnei ìlec tic timèc ektìc apì
thn tim  0. Parìmoia sumbaÐnoun gia a < 0.

t¸ra eÐnai aÔxousa gia to di�sthma
-4

-2

 0

 2

 4

-4 -2  0  2  4

a>0

a>0 a<0

a<0

(−∞, 0) kai epÐshc aÔxousa gia to di�sthma (0,∞). H arq  twn axìnwn eÐnai
p�li kèntro summetrÐac.
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a/c

-d/a

b/d

-b/a

(0,0)

Sq ma 3.10: H apeikìnish thc y = ax+b
cx+d

.

Genik� h uperbol  èqei th morf 

y =
ax+ b

cx+ d
, x ∈ R \ {−d

c
} (3.9)

me aplèc pr�xeic aut  paÐrnei th morf 

y = k +
m

cx+ d
, ìpou k =

a

c
kai m =

bc− ad

c
. (3.10)

Ta shmeÐa tom c me touc �xonec (qarakthristik� shmeÐa thc) eÐnai to x = − b
a

tou orizìntiou kai y = b
d
tou katakìrufou. Oi eujeÐec x = −d

c
kai y = a

c
eÐnai

asÔmptwtec thc uperbol c kai to shmeÐo (−d
c
, a
c
) to kèntro summetrÐac aut c.

H grafik  thc par�stash prokÔptei apì th grafik  par�stash thc m
x
metaki-

n¸ntac thn orizìntia kat� −d
c
kai sth sunèqeia metakin¸ntac thn kainoÔrgia

katakìrufa kat� a
c
. Ta duo b mata faÐnontai sto Sq ma 3.10. 'Enac �lloc

trìpoc ja  tan na metakin soume to sÔsthma axìnwn sto shmeÐo (−d
c
, a
c
) kai

na sqedi�soume thn Y = m
X

sto kainoÔrgio.

Par�deigma 3.8Na sqediasteÐ h grafik  par�stash thc y = x+2
x+1

, afoÔ
shmei¸sete ta qarakthristik� shmeÐa thc kai tic qarakthristikèc eujeÐec thc.

LÔsh Ta qarakthristik� shmeÐa aut c eÐnai to −2 tou orizìntiou �xona (rÐza
aut c) kai to 2 tou katakìrufou (tom  thc sun�rthshc me ton �xona yy′).
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Diair¸ntac arijmht  me paronomast  (diaÐresh poluwnÔmwn), paÐrnoume y =
1 + 1

x+1
. H eujeÐa x = −1 eÐnai katakìrufh asÔmptwth kai h y = 1 orizìntia.

'Ola ta parap�nw faÐnontai sto Sq ma 3.10.

3.5 H ekjetik  kai h logarijmik 

3.5.1 H ekjetik  ax

Me a ∈ R+\{1} èqei orisjeÐ apì to LÔkeio, stadiak�, h dÔnamh ax, arqik�
gia fusikoÔc arijmoÔc, sth sunèqeia gia akeraÐouc, gia rhtoÔc kai tèloc gia
pragmatikoÔc. 'Etsi gia a ̸= 1 orÐzetai h sun�rthsh

f : R → R, f(x) = ax, (3.11)

h opoÐa onom�zetai ekjetik  sun�rthsh ax. Gia a = 1 èqoume th stajer 
sun�rthsh f(x) = 1, pou den èqei endiafèron. Qarakthristikì shmeÐo thc
ekjetik c eÐnai to 1 tou katakìrufou �xona, afoÔ a0 = 1. Profan¸c to
sÔnolo tim¸n aut c eÐnai R+.
Gia a > 1 h sun�rthsh eÐnai gnhsÐwc aÔxousa, en¸ gia a < 1 h sun�rthsh
eÐnai gnhsÐwc fjÐnousa. H grafik  thc par�stash faÐnetai sto Sq ma 3.11.
Sto Par�deigma 2.9 èqoume orÐsei ton pragmatikì arijmì e. Me b�sh autìn
orÐzoume th sun�rthsh

f : R → R, f(x) = ex, (3.12)

h opoÐa eÐnai exairetik� qr simh sta Majhmatik� kai emfanÐzetai se p�ra pollèc
efarmogèc twn episthm¸n tou Perib�llontoc twn Fusik¸n episthm¸n kai thc
OikonomÐac.

3.5.2 H logarijmik  lna x

H ekjetik  sun�rthsh f(x) = ax, wc gnhsÐwc monìtonh, eÐnai �1-1�. OrÐ-
zetai loipìn h antÐstrof  thc f−1, h opoÐa onom�zetai logarijmik  me b�sh a
kai sumbolÐzetai me lna, dhl.

f−1 : R+ → R, y = lna x (3.13)
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1

(0,0)

a>1a<1

Sq ma 3.11: H apeikìnish f : A → B, y = ax.

'Etsi gia duo arijmoÔc ρ ∈ R kai θ ∈ R+ kai gia k�je a ∈ R+ \ {1} isqÔei

θ = aρ ⇐⇒ ρ = lna θ (3.14)

Apì ton Orismì 3.14 twn logarÐjmwn mporoÔme eÔkola na deÐxoume ([1]) tic
parak�tw idiìthtec.

• alna θ = θ kai lna a
ρ = ρ

• lna 1 = 0 kai lna a = 1

• lna (θ1 · θ2) = lna θ1 + lna θ2 kai lna
θ1
θ2

= lna θ1 − lna θ2

• lna θ
k = k lna θ kai lna

k
√
θ = 1

k
lna θ

• lnβ θ = lna θ
lna β

'Otan h b�sh eÐnai to e, mil�me apl� gia ton fusikì log�rijmo ln θ kai gia
th logarijmik  sun�rthsh y = ln x. H grafik  par�stash thc logarijmik c
sun�rthshc y = lna x faÐnetai sto Sq ma 3.12.
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-1

 0

 1

a 0 1/a

(0,0)

a>1

a<1

1

Sq ma 3.12: H apeikìnish f : A → B, y = lna x.

3.6 Oi trigwnometrikèc sunart seic

Oi trigwnometrikèc sunart seic eÐnai exairetik� qr simec sunart seic a-
foÔ m� autèc mporoÔme na perigr�foume kai na meletoÔme periodik� probl mata,
ìpwc to prìblhma thc tal�ntwshc   ta probl mata pou èqoun sqèsh me th me-
lèth kairik¸n fainomènwn se et sia b�sh. Oi trigwnometrikoÐ arijmoÐ kai oi
trigwnometrikèc sunart seic èqoun melethjeÐ analutik� sto LÔkeio. Ed¸ apl�
ja upenjumÐsoume orismènec apì tic idiìthtèc touc kai tic sqèseic pou touc (tic)
dièpoun.

3.6.1 H sun�rthsh tou hmitìnou

H sun�rthsh tou hmitìnou orÐzetai pantoÔ sto sÔnolo twn pragmati-
k¸n arijm¸n, èqei wc sÔnolo tim¸n to di�sthma [−1, 1] kai eÐnai peritt , afoÔ
sin(−x) = − sin(x). 'Htoi

sin : R → [−1, 1], y = sin(x)

EpÐshc aut  eÐnai periodik , dhl.

∀x ∈ A, ∃ T (= 2π) ∈ R \ {0} : f(x+ T ) = f(x)
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-1

3ð/2ð/2 0-ð/2-3ð/2

-ð ð

Sq ma 3.13: H apeikìnish f : A → B, y = sin x.

kai wc periodik  arkeÐ na th melet soume sto di�sthma [0, 2π). EÐnai loipìn
gnhsÐwc aÔxousa sta diast mata [0, π

2
) kai [3π

2
, 2π) kai gnhsÐwc fjÐnousa sto

[π
2
, 3π

2
). Sto shmeÐo x = π

2
h sun�rthsh parousi�zei mègisto (sin(π

2
) = 1) en¸

sto shmeÐo x = 3π
2
h sun�rthsh parousi�zei el�qisto (sin(3π

2
) = −1).

JumÐzoume epÐshc ìti

• sin (π − x) = sinx, sin (π + x) = − sin x

• sin 0 = 0, sin (π
6
) = 1

2
, sin (π

4
) =

√
2
2
, sin (π

3
) =

√
3
2
, sin (π

2
) = 1.

3.6.2 H sun�rthsh tou sunhmitìnou

H sun�rthsh tou sunhmitìnou orÐzetai pantoÔ sto sÔnolo twn pragmati-
k¸n arijm¸n, èqei wc sÔnolo tim¸n ki aut  to di�sthma [−1, 1] kai eÐnai �rtia,
afoÔ cos(−x) = cos(x). 'Htoi

cos : R → [−1, 1], y = cos(x)

EpÐshc eÐnai periodik  me perÐodo T = 2π kai wc periodik  arkeÐ na th melet -
soume sto di�sthma [0, 2π). EÐnai loipìn gnhsÐwc fjÐnousa sto diast ma [0, π)
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 1

-1

p 0-p

-p ð

Sq ma 3.14: H apeikìnish f : A → B, y = cos x.

kai gnhsÐwc aÔxousa sto [π, 2π). Sto shmeÐo x = 0 h sun�rthsh parousi�zei
mègisto (cos 0 = 1) en¸ sto shmeÐo x = π h sun�rthsh parousi�zei el�qisto
(cos π = −1).

JumÐzoume epÐshc ìti

• sin2 x+ cos2 x = 1, cos (π − x) = − cosx, cos (π + x) = − cosx

• cos (π
2
− x) = sinx, cos (π

2
+ x) = − sinx

• cos 0 = 1, cos (π
6
) =

√
3
2
, cos (π

4
) =

√
2
2
, cos (π

3
) = 1

2
, cos (π

2
) = 0.

To gegonìc ìti sinx = cos (π
2
− x) = cos (x− π

2
) mac odhgeÐ sto sumpèra-

sma ìti h sun�rthsh tou hmitìnou prokÔptei apì th sun�rthsh tou sunhmitìnou
me orizìntia metafor� kat� π

2
  h sun�rthsh tou sunhmitìnou prokÔptei me o-

rizìntia metafor� tou hmitìnou kat� −π
2
.

H grafik  thc par�stash, gia x ∈ [−2π, 2π), faÐnetai sto Sq ma 3.14.

3.6.3 H sun�rthsh thc efaptomènhc

H sun�rthsh thc efaptomènhc, wc kl�sma twn hmitìnou kai sunhmitìnou,
den orÐzetai plèon pantoÔ sto sÔnolo twn pragmatik¸n arijm¸n, all� èqei wc
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p/2 0-p/2

Sq ma 3.15: H apeikìnish f : A → B, y = tanx.

pedÐo orismoÔ to A = R \ {x/x = kπ + π
2
}, wc sÔnolo tim¸n to R kai eÐnai

peritt , afoÔ tan(−x) = tan(x). 'Htoi

tan : A → R, y = tan(x)

EÐnai ki aut  periodik , ìmwc me perÐodo T = π kai wc periodik  arkeÐ na
th melet soume sto di�sthma (−π

2
, π
2
). H sun�rthsh thc efaptomènhc eÐnai

gnhsÐwc aÔxousa s� ìlo to di�sthma (−π
2
, π
2
).

JumÐzoume ìti

• tanx = sinx
cosx

,

• tan (π − x) = − tanx, tan (π + x) = tan x,

• tan (π
2
− x) = 1

tanx
, tan (π

2
+ x) = − 1

tanx
,

• tan 0 = 0, tan (π
6
) =

√
3
3
, tan (π

4
) = 1, tan (π

3
) =

√
3.

H grafik  thc par�stash, gia x ∈ [−π, π), faÐnetai sto Sq ma 3.15.
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3.6.4 TÔpoi kai tautìthtec

'Enac meg�loc arijmìc tÔpwn kai tautot twn susqetÐzoun touc trigwno-
metrikoÔc arijmoÔc gwni¸n kai tìxwn, pou eÐnai qr simo na gnwrÐzei kaneÐc,
ìtan epexerg�zetai tètoia probl mata. Sth sunèqeia ja d¸soume orismènouc
basikoÔc tÔpouc, oi opoÐoi èqoun didaqteÐ sto LÔkeio.

• 'Ajroisma kai diafor� tìxwn
sin(a+ b) = sin a cos b+ sin b cos a, sin(a− b) = sin a cos b− sin b cos a,
cos(a+ b) = cos a cos b− sin a sin b, cos(a− b) = cos a cos b+ sin a sin b,
tan(a+ b) = tan a+tan b

1−tan a tan b
, tan(a− b) = tan a−tan b

1+tan a tan b
.

• Dipl�sia - mis� tìxa
sin 2a = 2 sin a cos a,
cos 2a = cos2 a− sin2 a = 2 cos2 a− 1 = 1− 2 sin2 a,
tan 2a = 2 tan a

1−tan2 a
, sin 2a = 2 tan

1+tan2 a
, cos 2a = 1−tan2 a

1+tan2 a
.

• MetasqhmatismoÐ ginomènwn se ajroÐsmata
2 sin a cos b = sin (a+ b) + sin (a− b),
2 sin a sin b = cos (a− b)− cos (a+ b),
2 cos a cos b = cos (a− b) + cos (a+ b).

• MetasqhmatismoÐ ajroism�twn se ginìmena
sinA+ sinB = 2 sin A+B

2
cos A−B

2
,

sinA− sinB = 2 sin A−B
2

cos A+B
2

,
cosA+ cosB = 2 cos A+B

2
cos A−B

2
,

cosA− cosB = −2 sin A+B
2

sin A−B
2

.

• Nìmoi hmitìnou kai sunhmitìnou (Ta a, b, c eÐnai oi pleurèc tou trig¸nou
ABC)
sinA
a

= sinB
b

= sinC
c

,
a = b2 + c2 − 2bc cosA.

3.6.5 AntÐstrofec trigwnometrikèc sunart seic

H sun�rthsh y = sinx den antistrèfetai, afoÔ aut  den eÐnai �1-1�. W-
stìso, an perioristoÔme kat�llhla sto di�sthma [−π

2
, π
2
], h sun�rthsh gÐnetai
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�1-1� kai mporoÔme na p�roume thn antÐstrof  thc

sin−1 : [−1, 1] → [−π

2
,
π

2
], y = sin−1 x. (3.15)

H y = sin−1 x diab�zetai {tìxon hmitìnou x} kai sth
bibliografÐa, Ðswc tic perissìterec forèc, anagr�fetai
y = arcsin x. Ousiastik� dhl. h sun�rthsh aut  mac epi-
strèfei to tìxo y, pou brÐsketai metaxÔ tou −π

2
kai tou π

2

kai èqei hmÐtono to x, p.q. arcsin 1
2
= π

6
, afoÔ sin π

6
= 1

2
,

epÐshc arcsin (−
√
2
2
) = −π

4
, afoÔ sin (−π

4
) = −

√
2
2
. H

grafik  thc par�stash faÐnetai sto diplanì sq ma.

 0

 1 0-1

Parìmoia isqÔoun kai me tic �llec trigwnometrikèc sunart seic. H su-
n�rthsh y = cos x gÐnetai �1-1�, an perioristoÔme sto di�sthma [0, π] mporoÔme
na p�roume thn antÐstrof  thc, dhl.

cos−1 : [−1, 1] → [0, π], y = cos−1 x. (3.16)

H y = cos−1 x diab�zetai {tìxo sunhmitìnou x} kai sth
bibliografÐa, anagr�fetai y = arccos x. Ousiastik�, h
sun�rthsh aut  mac epistrèfei to tìxo y, pou brÐsketai
metaxÔ tou 0 kai tou π kai èqei sunhmÐtono to x, p.q.

arccos 1
2
= π

3
, afoÔ cos π

3
= 1

2
epÐshc arccos (−

√
3
2
) = 5π

6
,

afoÔ sin (5π
6
) = −

√
3
2
. H grafik  thc par�stash faÐnetai

sto diplanì sq ma.

3.14

 0
 1 0-1

Tèloc, h sun�rthsh y = cos x gÐnetai �1-1�, an perioristoÔme sto di�sthma
(−π

2
, π
2
) kai mporoÔme na p�roume thn antÐstrof  thc, dhl.

tan−1 : R → (−π

2
,
π

2
), y = tan−1 x. (3.17)

H y = tan−1 x diab�zetai {tìxo efaptomènhc x} kai sth
bibliografÐa anagr�fetai y = arctan x. Ousiastik�, h
sun�rthsh aut  mac epistrèfei to tìxo y, pou brÐsketai
metaxÔ tou −π

2
kai tou π

2
kai èqei efaptomènh to x, p.q.

arctan 1 = π
4
, afoÔ tan π

4
= 1, epÐshc arccos (−

√
3
3
) = −π

6
,

afoÔ sin (−π
3
) = −

√
3
6
. H grafik  thc par�stash faÐnetai

sto diplanì sq ma.

 0

 0
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Par�deigma 3.9Na upologisteÐ h par�stash sin (arcsin 1
3
+ arccos 2

3
), an ta

tìxa arcsin 1
3
kai arccos 2

3
an koun sto pr¸to tetarthmìrio.

LÔsh Jètoume arcsin 1
3
= a kai arccos 2

3
= b, opìte sin a = 1

3
kai cos b = 2

3
,

ètsi èqoume

sin (a+ b) = sin a cos b+ sin b cos a =
1

3
· 2
3
+
√
1− cos2 b

√
1− sin2 a

=
1

3
· 2
3
+

√
5

9

√
8

9
=

2 +
√
40

9

Par�deigma 3.10Na lujeÐ h exÐswsh arcsin x
2
+ arccosx = 5π

6
, an ta tìxa

arccos x kai arcsin x
2
an koun sto [0, π

2
].

LÔsh Jètoume arcsin x
2
= a, opìte sin a = x

2
kai arccos x = b, opìte cos b = x,

ètsi èqoume

a+ b =
5π

6
⇒ sin (a+ b) = sin

5π

6
⇒ sin a cos b+ sin b cos a =

1

2
⇒

x

2
x+

√
1− cos2 b

√
1− sin2 a =

1

2
⇒ x2

2
+
√
1− x2

√
1− x2

4
=

1

2
⇒

· · · x2 = 1 ⇒ x = ±1,

'Omwc h x = −1 aporrÐptetai, diìti den plhroÐ thn isìthta thc �skhshc.

3.6.6 Uperbolikèc sunart seic

To uperbolikì hmÐtono tou x orÐzetai ∀x ∈ R me ton tÔpo sinhx = ex−e−x

2
.

To uperbolikì sunhmÐtono tou x orÐzetai ∀x ∈ R me ton tÔpo coshx = ex+e−x

2
. H

uperbolik  efaptomènh tou x orÐzetai ∀x ∈ R me ton tÔpo tanh x = ex−e−x

ex+e−x . 'Ena
pl joc idiot twn, pou moi�zoun me ekeÐnec twn trigwnometrik¸n sunart sewn,
isqÔoun kai eÔkola apodeiknÔontai, p.q.

• cosh2 x− sinh2 x = 1
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• sinh (x± y) = sinhx cosh y ± sinh y coshx

• cosh (x± y) = coshx cosh y ± sinh y sinhx

• sinhx+ sinh y = 2 sinh x+y
2

cosh x−y
2

• coshx+ cosh y = 2 cosh x+y
2

cosh x−y
2

• coshx− cosh y = 2 sinh x+y
2

sinh x−y
2

OrÐzetai, loipìn, h sun�rthsh tou uperbolikoÔ hmitìnou

sinh : R → R, sinhx =
ex − e−x

2
(3.18)

H sun�rthsh tou uperbolikoÔ hmitìnou eÐnai peritt , afoÔ
sinh (−x) = e−x−ex

2
= − ex−e−x

2
= − sinhx, me kèntro

summetrÐac thn arq  twn axìnwn. AfoÔ ex > 1 > e−x

gia x > 0, èpetai ìti sinhx > 0 gia x > 0 kai epomènwc
sinhx < 0 gia x < 0. H sun�rthsh aut  eÐnai gnhsÐwc
aÔxousa, afoÔ gia x1 < x2 isqÔei sinhx1 − sinhx2 =
sinhx1 + sinh (−x2) = 2 sinh x1−x2

2
cosh x1+x2

2
< 0.

y=sinh(x)

(0,0)

H grafik  thc par�stash faÐnetai sto diplanì sq ma. Wc gnhsÐwc aÔxousa su-
n�rthsh eÐnai �1-1� kai epomènwc èqei antÐstrofh, thc opoÐac h eÔresh af netai
wc �skhsh.

H sun�rthsh tou uperbolikoÔ sunhmitìnou eÐnai h

cosh : R → R, coshx =
ex + e−x

2
. (3.19)

H sun�rthsh tou uperbolikoÔ sunhmitìnou eÐnai �rtia, a-
foÔ cosh (−x) = e−x+ex

2
= ex+e−x

2
= cosh x, me �xona

summetrÐac ton katakìrufo. AfoÔ ex + e−x > 0, ∀x ∈ R,
èpetai ìti coshx > 0 gia ìla ta x. Gia th sun�rthsh
aut  isqÔei coshx1 − coshx2 = 2 sinh x1−x2

2
sinh x1+x2

2
, to

opoÐo eÐnai arnhtikì (< 0) gia x1 < x2 kai x1, x2 jetik�
kai jetikì (> 0) gia x1, x2 arnhtik�. 'Etsi h sun�rthsh
eÐnai fjÐnousa ∀x < 0 kai aÔxousa ∀x > 0.

y=cosh(x)

(0,0)

1

H grafik  thc par�stash faÐnetai sto diplanì sq ma. H sun�rthsh den eÐnai
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�1-1� (giatÐ?) kai epomènwc den èqei antÐstrofh, kat�llhloc ìmwc periorismìc
aut c mac dÐnei antÐstrofh, thc opoÐac h melèth af netai wc �skhsh.

H sun�rthsh thc uperbolik c efaptomènhc eÐnai h

cosh : R → (−1, 1), tanhx =
ex − e−x

ex + e−x
. (3.20)

H sun�rthsh thc uperbolik c efaptomènhc eÐnai pe-
ritt , afoÔ tanh (−x) = e−x−ex

e−x+ex
= − ex−e−x

ex+e−x =
− tanh x, me kèntro summetrÐac thn arq  twn axìnwn.
AfoÔ ex + e−x > 0 ∀x ∈ R, èpetai ìti h tanhx su-
mperifèretai ìpwc h sinhx, dhl. tanhx > 0, ∀x > 0
kai tanh x < 0, ∀x < 0. Gia th sun�rthsh aut  me
x1 < x2, isqÔei tanh (x1 − x2) =

tanhx1−tanhx2

1−tanhx1·tanhx2
,

y=tanh(x)

(0,0)

1

to opoÐo sunep�getai (giatÐ?) ìti h sun�rthsh eÐnai aÔxousa ∀x ∈ R. H grafik 
thc par�stash faÐnetai sto diplanì sq ma. H sun�rthsh eÐnai �1-1� (giatÐ?) kai
epomènwc èqei antÐstrofh, thc opoÐac h melèth af netai wc �skhsh.

3.7 'Allec kampÔlec

EÐnai gnwstì ìti ta shmeÐa tou epipèdou, pou oi suntetagmènec touc plh-
roÔn thn exÐswsh f(x, y) = 0, eÐnai ta shmeÐa enìc gewmetrikoÔ tìpou kai
brÐskontai genik� se mia gramm . 'Hdh èqoume dei thn eujeÐa, ta shmeÐa thc
opoÐac plhroÔn thn exÐswsh (3.4).

3.7.1 O kÔkloc

To sÔnolo twn shmeÐwn tou epipèdou pou apèqoun stajer  apìstash apì
stajerì shmeÐo eÐnai ta shmeÐa enìc kÔklou. 'Estw loipìn K(a, b) to stajerì
shmeÐo tou epipèdou kaiM(x, y) to tuqaÐo shmeÐo autoÔ, tou opoÐou h apìstash
apì to shmeÐo K(a, b) eÐnai stajer  kai Ðsh me r. Tìte isqÔei√

(x− a)2 + (y − b)2 = r ⇔ (x− a)2 + (y − b)2 = r2, (3.21)

h opoÐa eÐnai kai h exÐsws  tou. H kampÔlh thc exÐswshc (3.21) profan¸c den
eÐnai grafik  par�stash k�poiac sun�rthshc, wstìso paÐrnoume apì aut , me
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aplèc pr�xeic, tic epìmenec duo sqèseic

y = b+
√

r2 − (x− a)2, y = b−
√
r2 − (x− a)2, (3.22)

k�je mÐa apì tic opoÐec eÐnai sun�rthsh kai h grafik  par�stash, thc men
pr¸thc eÐnai to hmikÔklio tou kÔklou, pou brÐsketai p�nw apì thn eujeÐa y = b,
thc de deÔterhc k�tw.

3.7.2 H parabol 

O gewmetrikìc tìpoc twn shmeÐwn pou apèqoun ex� Ðsou apì èna stajerì
shmeÐo P (p, 0) kai mia stajer  eujeÐa, thn x = −p, onom�zetai parabol . 'Estw
M(x, y) èna tuqaÐo shmeÐo tou tìpou, tìte ja isqÔei√

(x− p)2 + y2 = |x+ p| ⇔ (x− p)2 + y2 = (x+ p)2 ⇔ y2 = 4px (3.23)

H kampÔlh thc exÐswshc (3.23) eÐnai fanerì ìti den eÐnai grafik  par�stash
k�poiac sun�rthshc, wstìso paÐrnoume apì aut , me aplèc pr�xeic, tic epìmenec
duo sqèseic

y = +
√

2px, y = −
√
2px, (3.24)

oi opoÐec eÐnai sunart seic kai h grafik  par�stash thc men pr¸thc eÐnai o
kl�doc pou brÐsketai p�nw apì ton orizìntio �xona, thc de deÔterhc k�tw.
'Otan to p eÐnai jetikì, h parabol  eÐnai strammènh proc ta dexi� en¸, ìtan
to p eÐnai arnhtikì, h parabol  eÐnai strammènh proc ta arister�. Fusik�,
enall�ssontac ta x kai y paÐrnoume th gnwst  mac parabol  (x2 = 4py) apì
thn par�grafo (3.4.1).

3.7.3 H 'Elleiyh

O gewmetrikìc tìpoc twn shmeÐwn pou to �jroisma twn apost�sewn apì
duo stajer� shmeÐa P1(−c, 0) kai P2(c, 0) eÐnai stajerì, onom�zetai èlleiyh.
'Estw M(x, y) èna tuqaÐo shmeÐo tou tìpou kai 2a (a > c > 0) h stajer 
apìstash, tìte ja isqÔei√
(x+ c)2 + y2+

√
(x− c)2 + y2 = 2a ⇔

√
(x+ c)2 + y2 = 2a−

√
(x− c)2 + y2,

a
√
(x− c)2 + y2 = a2 − cx ⇔ (a2 − c2)x2 + a2y2 = a2(a2 − c2) ⇔
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 0

y^2=4px

(0,0)

x=-p/2
p

 0

y^2=4px

(0,0)

x=-p/2
p

Sq ma 3.16: H apeikìnish f : A → B, y2 = 4px.

x2

a2
+

y2

(a2 − c2)
= 1 ⇔ x2

a2
+

y2

b2
= 1, (b2 = a2 − c2) (3.25)

EÐnai fanerì ìti a > b. H kampÔlh thc exÐswshc (3.25) p�li den eÐnai grafik 
par�stash k�poiac sun�rthshc, wstìso paÐrnoume apì aut , me aplèc pr�xeic,
tic epìmenec duo sqèseic

y = +
b

a

√
a2 − x2, y = − b

a

√
a2 − x2, (3.26)

oi opoÐec eÐnai sunart seic kai h grafik  par�stash thc men pr¸thc eÐnai o
kl�doc pou brÐsketai p�nw apì ton orizìntio �xona, thc de deÔterhc k�tw.
EpÐshc o gewmetrikìc tìpoc twn shmeÐwn pou to �jroisma twn apost�sewn
apì ta stajer� shmeÐa P1(0,−c) kai P2(0, c) eÐnai stajerì kai Ðso me 2b eÐnai
h èlleiyh pou èqei tic estÐec thc ston katakìrufo �xona kai ton Ðdio tÔpo me
a2 = b2 − c2. Profan¸c t¸ra b > a. Sto Sq ma 3.17 parousi�zontai oi duo
elleÐyeic. Me a = b h èlleiyh èqei tic estÐec thc sthn arq  twn axìnwn kai
ekfulÐzetai se kÔklo aktÐnac a.
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c(0,0)-c a

b

c

(0,0)

-c

a

b

Sq ma 3.17: H apeikìnish thc èlleiyhc.

3.7.4 H Uperbol 

O gewmetrikìc tìpoc twn shmeÐwn pou h diafor� twn apost�sewn apì
duo stajer� shmeÐa P1(−c, 0) kai P2(c, 0) eÐnai stajer , onom�zetai uperbol .
'Estw M(x, y) èna tuqaÐo shmeÐo tou tìpou kai 2a (c > a) h stajer  apìstash,
tìte ja isqÔei√
(x+ c)2 + y2−

√
(x− c)2 + y2 = 2a ⇔

√
(x+ c)2 + y2 = 2a+

√
(x− c)2 + y2,

a
√

(x− c)2 + y2 = cx− a2 ⇔ (c2 − a2)x2 − a2y2 = a2(c2 − a2) ⇔

x2

a2
− y2

(c2 − a2)
= 1 ⇔ x2

a2
− y2

b2
= 1, (b2 = a2 − c2) (3.27)

OÔte h kampÔlh thc exÐswshc (3.27) eÐnai grafik  par�stash k�poiac sun�rth-
shc, wstìso paÐrnoume apì aut , me aplèc pr�xeic, tic epìmenec duo sqèseic

y = +
b

a

√
x2 − a2, y = − b

a

√
x2 − a2, (3.28)

oi opoÐec eÐnai sunart seic kai h grafik  par�stash thc men pr¸thc eÐnai o
kl�doc pou brÐsketai p�nw apì ton orizìntio �xona, thc de deÔterhc k�tw.
O gewmetrikìc tìpoc twn shmeÐwn pou h diafor� twn apost�sewn apì duo
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c(0,0) a

c

(0,0)

a

Sq ma 3.18: H apeikìnish thc uperbol c.

stajer� shmeÐa P1(0,−c) kai P2(0, c) eÐnai stajer  kai Ðsh me 2b eÐnai epÐshc

mia uperbol  me tÔpo y2

b2
− x2

a2
= 1 (a2 = b2 − c2). Profan¸c t¸ra b > a. Sto

Sq ma 3.18 parousi�zontai oi duo uperbolèc. Me a = b h uperbol  lème ìti
eÐnai mia isoskel c uperbol .

Sthn par�grafo (3.4.2) eÐdame th sun�rthsh y = a
x
⇔ xy = a. An strè-

youme touc �xonec tou epipèdou sto opoÐo thn èqoume parast sei grafik� kat�
gwnÐa 45o, apodeiknÔetai ìti oi kainoÔrgiec suntetagmènec (X, Y ) sundèontai
me tic palièc (x, y) me touc tÔpouc

x = cos
π

4
X + sin

π

4
Y

y = sin
π

4
X − cos

π

4
Y

  isodÔnama me touc

x =

√
2

2
X +

√
2

2
Y

y =

√
2

2
X −

√
2

2
Y

opìte prokÔptei ìti o tÔpoc aut c thc kampÔlhc mporeÐ na èqei th morf 

xy = a ⇔ X2

2
− Y 2

2
= a ⇔ X2

(
√
2a)2

− Y 2

(
√
2a)2

= 1
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dhl. miac isoskeloÔc uperbol c, ap� ìpou paÐrnei kai to ìnom� thc.

3.7.5 Parametrikèc exis¸seic kampÔlwn

EÐdame mèqri ed¸ tic kampÔlec na perigr�fontai apì exis¸seic thc morf c
f(x, y) = 0. Tètoiec exis¸seic lègontai analutikèc exis¸seic thc kampÔlhc.
Wstìso, p�ra pollèc forèc oi kampÔlec perigr�fontai kalÔtera   m�llon h
melèth touc eÐnai eukolìterh ìtan autèc perigrafoÔn me diaforetikì trìpo. Mia
�llh morf  exis¸sewn, me thn opoÐa mporoÔme na perigr�youme mia kampÔlh,
eÐnai oi parametrikèc exis¸seic. Autèc èqoun th morf 

x = x(t) kai y = y(t), t ∈ ∆, (3.29)

ìpou ∆ èna di�sthma twn pragmatik¸n arijm¸n, sto opoÐo paÐrnei timèc h pa-
r�metroc t.

Apì èna zeug�ri parametrik¸n exis¸sewn mporoÔme na p�roume thn a-
nalutik  morf  thc kampÔlhc, efìson autì eÐnai dunatì, apaleÐfontac thn
par�metro t. Gia par�deigma, oi suntetagmènec tou kÔklou (O, r) mporoÔn na
ekfrastoÔn mèsa apì tic

x = r cos θ kai y = r sin θ, θ ∈ [0, 2π), (3.30)

ìpou r eÐnai h aktÐna tou kÔklou kai θ h gwnÐa pou sqhmatÐzei h aktÐna OM
me ton orizìntio hmi�xona. Pr�gmati, uy¸nontac tic duo prohgoÔmenec sto te-
tr�gwno kai prosjètontac kat� mèlh prokÔptei h gnwst  exÐswsh tou kÔklou.
EkeÐno pou ja prèpei na tonisteÐ ed¸ eÐnai ìti o trìpoc pou ekfr�zetai mia
kampÔlh me parametrikèc exis¸seic den eÐnai monìdromoc. 'Etsi, o kÔkloc, pou
ekfr�zetai me tic (3.30), mporeÐ na ekfrasteÐ kai me tic ex c

x =
1− t2

1 + t2
kai y =

2t

1 + t2
, t ∈ R,

afoÔ p�li uy¸nontac tic duo prohgoÔmenec sto tetr�gwno kai prosjètontac
kat� mèlh prokÔptei h gnwst  exÐswsh tou kÔklou.

Oi suntetagmènec thc èlleiyhc (O, a, b) mporoÔn na ekfrastoÔn mèsa
apì tic

x = a sin θ kai y = b cos θ, θ ∈ [0, 2π), (3.31)
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ìpou a kai b eÐnai ta shmeÐa tom c thc èlleiyhc me ton orizìntio kai katakìrufo
�xona antÐstoiqa kai θ h gwnÐa pou sqhmatÐzei h aktÐna OM me ton orizìntio
�xona. Pr�gmati, diair¸ntac tic duo exis¸seic thc (3.31) me a kai b antÐstoiqa,
uy¸nontac sto tetr�gwno kai prosjètontac kat� mèlh prokÔptei h gnwst 
exÐswsh thc èlleiyhc. Ki ed¸ h èlleiyh mporeÐ na ekfrasteÐ kai me tic ex c
exis¸seic

x = a
1− t2

1 + t2
kai y = b

2t

1 + t2
, t ∈ R \ {0},

afoÔ p�li me thn prohgoÔmenh diadikasÐa prokÔptei h gnwst  exÐswsh aut c.

Oi suntetagmènec thc uperbol c (O, a, b) mporoÔn na ekfrastoÔn mèsa
apì tic

x = ±a cosh t kai y = b sinh t, t ∈ R, (3.32)

ìpou a kai b eÐnai oi stajerèc thc uperbol c kai t ènac pragmatikìc arijmìc.
Pr�gmati, diair¸ntac tic duo exis¸seic thc (3.32) me a kai b antÐstoiqa, uy¸no-
ntac sto tetr�gwno kai afair¸ntac prokÔptei h gnwst  exÐswsh thc uperbol c.
Ki ed¸ h uperbol  mporeÐ na ekfrasteÐ kai me tic ex c

x = a
t2 + 1

2t
kai y = b

t2 − 1

2t
, t ∈ R,

afoÔ p�li me thn prohgoÔmenh diadikasÐa prokÔptei h gnwst  exÐswsh aut c.
Ja prèpei na shmei¸soume ed¸ ìti h èkfrashc thc uperbol c mèsa apì tic exi-
s¸seic (3.32) q�rise to ìnoma stouc uperbolikoÔc trigwnometrikoÔc arijmoÔc.

Tèloc, oi suntetagmènec thc parabol c (O, p) mporoÔn na ekfrastoÔn
mèsa apì tic

x = ±2pt2 kai y = 2pt, t ∈ R, (3.33)

ìpou p eÐnai h stajer� thc parabol c kai t ènac pragmatikìc arijmìc. Pr�gma-
ti, apaleÐfontac to t stic duo exis¸seic thc (3.32) prokÔptei h gnwst  exÐswsh
thc uperbol c. Prin kleÐsoume thn paroÔsa par�grafo ja prèpei na poÔme
ìti gia èna pl joc �llwn kampÔlwn o foitht c ja prèpei na anatrèxei sth
bibliografÐa, afoÔ megalÔterh èktash tou parìntoc xefeÔgei twn skop¸n tou.

3.8 'Orio sunart sewn

H ènnoia tou orÐou eÐnai  dh gnwst  apì th melèth twn akolouji¸n kai
twn seir¸n. EkeÐ melet same to ìrio miac akoloujÐac, kaj¸c to n èteine sto
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�peiro. Ed¸ ja melet soume to ìrio twn sunart sewn, to opoÐo, genik�, ja
diaforopoieÐtai wc proc to gegonìc ìti to pedÐo orismoÔ plèon eÐnai to sÔnolo
twn pragmatik¸n arijm¸n   diast mata autoÔ. 'Omwc, prin arqÐsoume na asqo-
loÔmaste me tic ènnoiec autèc, ja d¸soume merikoÔc aparaÐthtouc orismoÔc.

Orismìc 3.8.1Onom�zoume perioq  tou shmeÐou ξ k�je di�sthma thc morf c
(a, ξ) ∪ (ξ, b) j R, ìpou a, b ∈ R.

An h perioq  tou shmeÐou ξ eÐnai h (ξ − δ, ξ) ∪ (ξ, ξ + δ), ìpou δ ∈ R+, aut 
kaleÐtai δ−perioq  tou ξ. EÐnai fanerì ìti s� aut  thn perÐptwsh isqÔei ìti
0 < |x − ξ| < δ. H perioq  (ξ − δ, ξ) lègetai arister  perioq  tou ξ, en¸
h (ξ, ξ + δ) lègetai dexi� perioq  tou ξ. 'Ena di�sthma thc morf c (−∞, a)
kaleÐtai perioq  tou −∞, en¸ èna di�sthma thc morf c (a,∞) kaleÐtai perioq 
tou ∞.

Orismìc 3.8.2'Ena shmeÐo ξ kaleÐtai shmeÐo susswreÔsewc tou diast matoc
∆ j R, an k�je δ-perioq  tou shmeÐou ξ perièqei stoiqeÐa tou diast matoc ∆.
Diaforetik�, to shmeÐo kaleÐtai memonwmèno shmeÐo.

Apì ton orismì katalabaÐnei kaneÐc ìti k�je shmeÐo ξ me a < ξ < b enìc
kleistoÔ, anoiktoÔ   hmi�noiktou diast matoc twn pragmatik¸n arijm¸n eÐnai
shmeÐo susswreÔsewc. Sta epìmena kai ìsec forèc qrei�zetai k�poio shmeÐo
na eÐnai shmeÐo susswreÔsewc, ja jewreÐtai wc tètoio, ektìc kai an anafèretai
kathgorhmatik� wc memonwmèno.

3.8.1 'Orio thc f(x) kaj¸c to x teÐnei sto x0

'Estw mia sun�rthsh f(x) me pedÐo orismoÔ A(f) j R kai x0 èna shmeÐo
susswreÔsewc autoÔ.

Orismìc 3.8.3Lème ìti to ìrio miac sun�rthshc f(x) èqei ìrio to l ∈ R kaj¸c
to x teÐnei sto x0 kai sumbolÐzoume me

lim
x→x0

f(x) = l,

ìtan gia k�je ε > 0 up�rqei mia δ-perioq  tou shmeÐou x0, pou exart�tai apì to
ε, ¸ste gia k�je shmeÐo thc perioq c aut c na isqÔei |f(x)− l| < ε.
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Me sumbolismoÔc o parap�nw orismìc lèei

lim
x→x0

f(x) = l ⇔ ∀ε > 0,∃δ(ε) > 0 : 0 < |x− x0| < δ(ε) ⇒ |f(x)− l| < ε.

(3.34)
ApodeiknÔetai, ìpwc kai sta ìria twn akolouji¸n, ìti to ìrio thc sun�rthshc
f(x), kaj¸c to x teÐnei sto x0, ìtan up�rqei, eÐnai monadikì.

Par�deigma 3.11'Estw h sun�rthsh f(x) = 2x− 3. ApodeÐxte ìti

lim
x→2

f(x) = 1.

LÔsh 'Estw tuqaÐo ε > 0 gia to opoÐo isqÔei |f(x)− 1| < ε. Ja deÐxoume ìti
pr�gmati up�rqei k�poio δ(ε) > 0 tètoio ¸ste ∀x ∈ A(f), |x − x0| < δ(ε) ⇒
|f(x)− l| < ε.

|f(x)−1| < ε ⇔ |2x−3−1| < ε ⇔ |2x−4| < ε ⇔ 2|x−2| < ε ⇔ |x−2| < ε

2
.

ArkeÐ loipìn na p�roume wc δ(ε) to ε
2
.

Orismìc 3.8.4Lème ìti to ìrio miac sun�rthshc f(x) èqei ìrio to ∞ (−∞),
kaj¸c to x teÐnei sto x0 kai sumbolÐzoume me

lim
x→x0

f(x) = ∞ (−∞),

ìtan gia k�je ε > 0 up�rqei mia δ-perioq  tou shmeÐou x0, ¸ste gia k�je shmeÐo
thc perioq c aut c na isqÔei f(x) > 1

ε
(f(x) < −1

ε
).

Me sumbolismoÔc o parap�nw orismìc lèei

lim
x→x0

f(x) = ∞ (−∞) ⇔ (3.35)

∀ε > 0,∃δ(ε) > 0 : 0 < |x− x0| < δ(ε) ⇒ f(x) >
1

ε
(f(x) < −1

ε
).

Par�deigma 3.12'Estw h sun�rthsh f(x) = 2
(x−2)2

. ApodeÐxte ìti

lim
x→2

f(x) = ∞.
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LÔsh 'Estw tuqaÐo ε > 0 gia to opoÐo isqÔei f(x) > 1
ε
. Ja deÐxoume ìti

pr�gmati up�rqei k�poio δ(ε) > 0 tètoio ¸ste ∀x ∈ A(f) = R\{2}, |x−x0| <
δ(ε) ⇒ f(x) > 1

ε
.

f(x) >
1

ε
⇔ 2

(x− 2)2
>

1

ε
⇔ (x− 2)2 < 2ε ⇔ |x− 2| <

√
2ε.

ArkeÐ loipìn na p�roume wc δ(ε) to
√
2ε.

'Otan ston Orismì 3.8.3 antikatast soume thn ènnoia thc perioq c me
thn ènnoia thc arister c   dexi�c perioq c, paÐrnoume ton orismì thc ènoiac
tou pleurikoÔ orÐou, aristeroÔ   dexioÔ. 'Etsi

lim
x→x−

0

f(x) = l ⇔ ∀ε > 0, ∃δ1(ε) > 0 : 0 < x0 − x < δ1(ε) ⇒ |f(x)− l| < ε, (3.36)

lim
x→x+

0

f(x) = l ⇔ ∀ε > 0, ∃δ2(ε) > 0 : 0 < x− x0 < δ2(ε) ⇒ |f(x)− l| < ε. (3.37)

AntÐstoiqoi orismoÐ (pleurik¸n orÐwn) prokÔptoun apì ton Orismì 3.8.4 kai
mènei ston anagn¸sth na touc dhmiourg sei wc �skhsh.

Prìtash 3.8.5An x0 èna shmeÐo susswreÔsewc sto pedÐo orismoÔ thc su-
n�rthshc f(x), tìte

lim
x→x0

f(x) = l ⇔ lim
x→x−

0

f(x) = l = lim
x→x+

0

f(x).

Apìdeixh: Ja skiagraf soume thn apìdeixh, af nontac thn pl rh (apìdeixh)
wc �skhsh. An upojèsoume ìti limx→x0 f(x) = l, tìte wc δ1(ε) kai δ2(ε) gia
ta pleurik� ìria mporoÔme na p�roume to Ðdio to δ(ε).
An upojèsoume ìti limx→x−

0
f(x) = l = limx→x+

0
f(x), tìte wc δ(ε), gia to ìrio,

mporoÔme na p�roume to min {δ1(ε), δ2(ε)}. �

3.8.2 'Orio thc f(x) kaj¸c to x teÐnei sto ∞

'Otan to ∞ eÐnai shmeÐo susswreÔsewc, tìte orÐzetai to ìrio thc sun�r-
thshc f(x) kaj¸c to x teÐnei sto ∞, wc ex c:
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Orismìc 3.8.6Lème ìti to ìrio thc f(x) eÐnai to l ∈ R kaj¸c to x teÐnei sto
∞, kai sumbolÐzoume

lim
x→∞

f(x) = l,

ìtan gia k�je ε > 0 up�rqei M(ε) > 0, ¸ste gia k�je x sto pedÐo orismoÔ thc
f(x) me x > M(ε) na isqÔei |f(x)− l| < ε.

Me sumbolismoÔc o Orismìc 3.8.6 eÐnai

lim
x→∞

f(x) = l ⇔ ∀ε > 0, ∃M(ε) > 0 : ∀x > M(ε) ⇒ |f(x)− l| < ε. (3.38)

Sth sunèqeia dÐnoume kai touc upìloipouc orismoÔc me sumbolismoÔc.

lim
x→−∞

f(x) = l ⇔ ∀ε > 0,∃M(ε) > 0 : ∀x < −M(ε) ⇒ |f(x)− l| < ε.

lim
x→∞

f(x) = ∞ ⇔ ∀ε > 0,∃M(ε) > 0 : ∀x > M(N) ⇒ f(x) >
1

ε
.

lim
x→−∞

f(x) = ∞ ⇔ ∀ε > 0,∃M(ε) > 0 : ∀x < −M(N) ⇒ f(x) >
1

ε
.

lim
x→∞

f(x) = −∞ ⇔ ∀ε > 0,∃M(ε) > 0 : ∀x > M(N) ⇒ f(x) < −1

ε
.

lim
x→−∞

f(x) = −∞ ⇔ ∀ε > 0,∃M(ε) > 0 : ∀x < −M(N) ⇒ f(x) < −1

ε
.

Par�deigma 3.13DeÐxte ìti, an f(x) = 2x−1
x+1

,

lim
x→+∞

f(x) = 2.

LÔsh 'Estw tuqaÐo ε > 0 gia to opoÐo isqÔei |f(x)− 2| < ε kai gia jewr¸ntac
ìti x > 0, afoÔ x → +∞, ja deÐxoume ìti pr�gmati up�rqei k�poio M(ε) > 0
tètoio ¸ste ∀x ∈ A(f) = R \ {−1}, x > M(ε) ⇒ |f(x)− 2| < ε.

|f(x)− 2| < ε ⇔ |2x− 1

x+ 1
− 2| < ε ⇔ |2x− 1− 2x− 2

x+ 1
| < e ⇔

| −3

x+ 1
| < ε ⇔ 3

x+ 1
< ε ⇔ x >

3

ε
− 1.

ArkeÐ loipìn na p�roume wc M(ε) to 3−ε
ε
.
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Par�deigma 3.14DeÐxte ìti, an f(x) = 1
x

a) lim
x→∞

f(x) = 0, b) lim
x→0+

f(x) = ∞, c) lim
x→0−

f(x) = −∞.

LÔsh a) 'Estw tuqaÐo ε > 0 gia to opoÐo isqÔei |f(x)| < ε. Ja deÐxoume ìti
pr�gmati up�rqei k�poio M(ε) > 0 tètoio ¸ste ∀x ∈ A(f) = R \ {0},
x > M(ε) ⇒ |f(x)| < ε. AfoÔ x → ∞, jewroÔme ìti x > 0, opìte

|f(x)| < ε ⇔ 1

x
< ε ⇔ x >

1

ε
.

ArkeÐ loipìn na p�roume wc M(ε) to 1
ε
.

b) 'Estw tuqaÐo ε > 0 gia to opoÐo isqÔei f(x) > 1
ε
. Ja deÐxoume ìti pr�gmati

up�rqei k�poio δ(ε) > 0 tètoio ¸ste ∀x ∈ A(f) = R \ {0}, 0 < x < δ(ε) ⇒
f(x) > 1

ε
.

f(x) >
1

ε
⇔ 1

x
>

1

ε
⇔ 0 < x < ε.

ArkeÐ loipìn na p�roume wc δ(ε) to ε. To c) apodeiknÔetai parìmoia.

3.8.3 Jewr mata kai idiìthtec twn orÐwn

Stic prohgoÔmenec paragr�fouc eÐdame ta ìria sunart sewn mèsa apì
touc orismoÔc. H eÔres  touc kai h apìdeix  touc eÐnai mia diadikasÐa dÔskolh
kai gi� autì èqei protajeÐ mia seir� klasik¸n Jewrhm�twn kai idiot twn pou
dieukolÔnoun th diadikasÐa aut .

Prìtash 3.8.7An h sun�rthsh f(x) eÐnai fragmènh se mia perioq  tou x0

kai limx→x0 g(x) = 0, tìte

lim
x→x0

(f(x)g(x)) = 0.

Apìdeixh: AfoÔ h f(x) eÐnai fragmènh se mia perioq  tou x0, tìte ja eÐnai
kai apolÔtwc fragmènh, opìte gia kat�llhlh perioq  ja isqÔei |f(x)| < M .
EpÐshc gia kat�llhlh perioq  (poi�?) ja isqÔei |g(x)| < ε

M
. 'Etsi, telik�
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up�rqei perioq  (poi�?) pou isqÔei |f(x)g(x)| < ε. �

Ta epìmena Jewr mata pou dÐnontai qwrÐc apìdeixh ta èqoume dei kai stic
akoloujÐec. EÐnai shmantik� kai mac epitrèpoun na bg�zoume sumper�smata gia
to ìrio miac sun�rthshc, mèsa apì �llec sunart seic.

Je¸rhma 3.8.8'Estw ìti limx→x0 f(x) = k, limx→x0 g(x) = l kai x0 shmeÐo
susswreÔsewc sto koinì pedÐo orismoÔ touc, tìte kai efìson oi pr�xeic epitrè-
pontai,

lim
x→x0

(h(x) + g(x)) = k + l,

lim
x→x0

(h(x)− g(x)) = k − l,

lim
x→x0

(h(x) · g(x)) = k, ·l

lim
x→x0

h(x)

g(x)
=

k

l
, l ̸= 0.

Parat rhsh 3.8.1'Eqontac upìyh ìti limx→x0 k = k kai limx→x0 x = x0 (a-
podeiknÔontai polÔ eÔkola) kai me b�sh to Je¸rhma 3.8.8 mporoÔme na broÔme
ta ìria poluwnumik¸n all� kai rht¸n sunart sewn. Ex�llou sqetikèc mejo-
dologÐec eÐnai gnwstèc apì to LÔkeio.

Je¸rhma 3.8.9'Estw duo sunart seic f(x) kai g(x) gia tic opoÐec orÐzetai
h sÔnjesh (f ◦ g)(x). an gia tic duo sunart seic isqÔei ìti f(x) ̸= ξ se mia
perioq  tou x0, limx→x0 f(x) = ξ kai limx→ξ g(x) = l, tìte

lim
x→x0

(f ◦ g)(x) = lim
x→x0

f(g(x)) = l. (3.39)

Je¸rhma 3.8.10'Estw ìti f(x) ≤ h(x) ≤ g(x), x0 shmeÐo susswreÔsewc gia
to koinì pedÐo orismoÔ touc kai limx→x0 f(x) = l = limx→x0 g(x), tìte

lim
x→x0

h(x) = l.
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O

x

∆

ΓB

A

Sq ma 3.19: Sqetik� me to limx→0
sinx
x
.

Par�deigma 3.15Na deiqtoÔn oi epìmenec isìthtec:

1) lim
x→0

sinx = 0, lim
x→0

cos x = 1,

2) lim
x→x0

sin x = sin x0, lim
x→x0

cosx = cos x0,

3) lim
x→0

sin x

x
= 1, lim

x→0

x

tanx
= 1.

LÔsh 1) EÔkola diapist¸nei kaneÐc (bl. kai Sq ma 3.19) ìti−|x| < sinx < |x|,
opìte apì to Je¸rhma 3.8.10 prokÔptei limx→0 sin x = 0. Apì th gnwst 

trigwnometrik  tautìthta cos x =
√
1− sin2 x kai to Je¸rhma 3.8.8 paÐrnoume

limx→0 cosx = 1.
2) Apì tic trigwnometrikèc tautìthtec ajroÐsmatoc tìxwn prokÔptei

lim
x→x0

sin x = lim
h→0

sin (x0 + h) = lim
h→0

(sinx0 cosh+ cos x0 sinh) = sinx0,

lim
x→x0

cos x = lim
h→0

cos (x0 + h) = lim
h→0

(cosx0 cosh− sin x0 sinh) = cosx0.

3) Gia x > 0, ìpwc faÐnetai sto Sq ma 3.19 Emb(OAB) <Emb(O.AxB) <
Emb(OAΓ), opìte isodÔnama èqoume 1

2
R sinx < 1

2
Rx < 1

2
R tanx, aplopoi¸nta-

c, diair¸ntac me sinx kai antistrèfontac paÐrnoume cos x < sinx
x

< 1 kai apì to
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Je¸rhma 3.8.10 prokÔptei limx→0
sinx
x

= 1. Gia x < 0, isqÔei

lim
x→0

sin x

x
= lim

x→0

sin (−|x|)
−|x|

= lim
x→0

− sin (|x|)
−|x|

= lim
|x|→0

sin (|x|)
|x|

= 1

Wc �skhsh na apodeiqteÐ limx→0
x

tanx
= 1.

Prìtash 3.8.11'Estw duo sunart seic f(x) kai g(x) gia tic opoÐec isqÔei ìti
f(x) ≥ g(x) gia mia perioq  tou x0 kai epiplèon up�rqoun ta ìria limx→x0 f(x)
kai limx→x0 g(x), tìte

lim
x→x0

f(x) ≥ lim
x→x0

g(x).

Apìdeixh: 'Estw limx→x0 f(x) = l1 kai limx→x0 g(x) = l2 kai l1 < l2, tìte
isqÔei

l2 − l1 > ε > 0 ⇒ l2 − l1 + f(x)− g(x) > ε > 0 ⇒
|l2 − l1 + f(x)− g(x)| > ε > 0 ⇒ |f(x)− l1|+ |g(x)− l2| > ε > 0 (3.40)

EpÐshc up�rqei mia koin  perioq  tou x0 (poi�?) pou ja isqÔei

|f(x)− l1| <
ε

2
kai |g(x)− l2| <

ε

2
⇒ |f(x)− l1|+ |g(x)− l2| < ε,

to opoÐo odhgeÐ se �topo. �
'Omwc kai apì to ìrio mporoÔme na bg�loume sumper�smata gia tic sunart seic.
'Etsi, an limx→x0 f(x) = l > 0, apì ton orismì tou orÐou me ε = l, paÐrnoume
ìti

∃δ(l) > 0 : ∀x ∈ Af , me |x− x0| < δ(l) ⇒ |f(x)− l| < l

⇒ f(x) > 0, ∀x ∈ Af , me |x− x0| < δ(l),

to opoÐo mac dÐnei thn epìmenh prìtash.

Prìtash 3.8.12An limx→x0 f(x) = l > 0, tìte up�rqei mia perioq  tou x0,
ìpou h sun�rthsh f(x) eÐnai jetik .
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'Ena shmantikì Je¸rhma eÐnai to epìmeno. OfeÐletai ston Heine kai
sundèei to ìrio twn sunart sewn me to ìrio twn akolouji¸n. QrhsimopoieÐtai
gia na broÔme to ìrio miac sun�rthshc s� èna shmeÐo, all� kai gia na deÐxoume
ìti k�poia sun�rthsh den èqei ìrio se k�poio shmeÐo. Prin ìmwc d¸soume to
Je¸rhma, ac doÔme ta epìmena.
'Estw mia sun�rthsh f(x) me pedÐo orismoÔ A(f), kai xn mia akoloujÐa autoÔ
(xn ∈ A(f)). H akoloujÐa

f(x1), f(x2), f(x3), . . . f(xn) . . .

lègetai akoloujÐa tim¸n thc sun�rthshc f(x).

Je¸rhma 3.8.13'Estw ξ èna shmeÐo susswreÔsewc sto pedÐo orismoÔ miac
sun�rthshc f(x), tìte limx→ξ f(x) = l, an kai mìnon an gia k�je akoloujÐa xn

tou pedÐou orismoÔ thc f(x), me limxn = ξ, isqÔei lim f(xn) = l.

Par�deigma 3.16DeÐxte ìti ta parak�tw ìria den up�rqoun.

1) lim
x→0+

sin
1

x
, 2) lim

x→0+
cos

1

x
.

LÔsh JewroÔme tic akoloujÐec xn = 1
2πn

kai yn = 1
2πn+π

2
. Oi antÐstoiqec

akoloujÐec tim¸n eÐnai

sin
1
1

2πn

= sin 2πn = 0, n = 0, 1, 2, . . .

sin
1
1

2πn+π
2

= sin (2πn+
π

2
) = 1, n = 0, 1, 2, . . .

EÐnai fanerì ìti oi duo akoloujÐec tim¸n pou dhmiourg same de sugklÐnoun sto
Ðdio ìrio. Sunep¸c h sun�rthsh de sugklÐnei. Me parìmoio trìpo apodeiknÔetai
kai to 2).

Par�deigma 3.17DeÐxte ta parak�tw ìria:

1) lim
x→x0

ax = ax0 , 2) lim
x→∞

(
1 +

1

x

)x

= e. (3.41)
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LÔsh Ja skiagraf soume th lÔsh stic duo peript¸seic. H olokl rwsh twn
apodeÐxewn ja prèpei na gÐnei apì touc anagn¸stec. 1) Arqik� deÐqnoume ìti
limx→0 a

x = 1. JewroÔme tuqoÔsa akoloujÐa xn → 0+. AfoÔ limxn = 0, ja
isqÔei kai 1

xn
→ ∞, opìte kai

[
1
xn

]
→ ∞. 'Estw mn =

[
1
xn

]
, opìte isqÔei

xn ≤ 1
mn

me 1 < axn ≤ a
1

mn = mn
√
a → 1, afoÔ lim n

√
a = 1. EÔkola t¸ra

paÐrnoume ìti genik� isqÔei limx→x0 (a
x − ax0) = limx→x0 a

x0(ax−x0 − 1) = 0,
opìte limx→x0 a

x = ax0 .
2) Me lÐgh prosoq  parap�nw mporoÔme na doÔme kai to �llo ìrio. T¸ra ja
jewr soume tuqaÐa akoloujÐa xn → ∞. Gi� aut n isqÔei [xn] ≤ xn < [xn] + 1
  isodÔnama

1 +
1

[xn] + 1
< 1 + 1

xn
≤ 1 +

1

[xn]
⇔(

1 +
1

[xn] + 1

)[xn]

<
(
1 + 1

xn

)xn

≤
(
1 +

1

[xn]

)[xn]+1

⇔(
1 +

1

[xn] + 1

)−1(
1 +

1

[xn] + 1

)[xn]+1

<
(
1 + 1

xn

)xn

≤
(
1 +

1

[xn]

)[xn]+1

.

Apì ta Jewr mata (3.8.10) kai (3.8.13) sumperaÐnoume ìti

limx→∞

(
1 + 1

x

)x

= e.

3.9 Sunèqeia sunart sewn

H ènnoia thc sunèqeiac eÐnai Ðswc apì tic plèon shmantikèc, tìso sto
jewrhtikì, ìso kai ston praktikì tomèa. Wstìso eÐnai m�llon paramelhmènh
apì touc mh muhmènouc qr stec twn majhmatik¸n. EÐnai sten� sundedemènh
me th grafik  par�stash thc sun�rthshc kai epomènwc me th gewmetrÐa kai
metafr�zetai apì polloÔc wc monokontuli�.

3.9.1 OrismoÐ kai Idiìthtec

Orismìc 3.9.1Mia sun�rthsh f(x) lème ìti eÐnai suneq c sto shmeÐo x0, tou
pedÐou orismoÔ thc, an

lim
x→x0

f(x) = f(x0).
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'Opwc faÐnetai apì to orismì, gia na mil�me gia sunèqeia s� èna shmeÐo tou
pedÐou orismoÔ thc sun�rthshc, prèpei afenìc na orÐzetai h sun�rthsh sto
sugkekrimèno shmeÐo kai afetèrou na up�rqei to ìrio. 'Etsi, ek prooimÐou se
shmeÐa pou den orÐzetai h sun�rthsh den mporoÔme na mil�me gia sunèqeia. EpÐ-
shc den mporoÔme na mil�me gia sunèqeia se memonwmèna shmeÐa. Se peript¸seic
pou eÐmaste upoqrewmènoi na paÐrnoume pleurik� ìria, tìte mporoÔme na mil�me
gia pleurik  sunèqeia, ìtan k�poio apì ta pleurik� ìria isoÔtai me thn tim 
thc sun�rthshc.

Parat rhsh 3.9.1PolloÐ suggrafeÐc dÐnontac ènan ε − δ orismì, katal -
goun se endiafèronta apotelèsmata ([2]), emeÐc ìmwc ja suneqÐsoume th melèth
mac emmènontac ston Orismì 3.9.1.

Par�deigma 3.18Na melethjeÐ wc proc th sunèqeia sto shmeÐo x0 = 0 h
sun�rthsh

f(x) =

{
1−cosx

x2 , x ̸= 0
1
2
, x = 0.

LÔsh H sun�rths  mac orÐzetai sto x0 = 0 kai m�lista f(0) = 1
2
. EpÐshc

lim
x→0

f(x) = lim
x→0

1− cosx

x2
= lim

x→0

1− cos2 x

x2(1 + cos x)
= lim

x→0

sin2 x

x2

1

(1 + cos x)
=

1

2

kai afoÔ limx→0 f(x) = f(0), h sun�rthsh eÐnai suneq c sto x0 = 0.

Orismìc 3.9.2Mia sun�rthsh f(x) lème ìti eÐnai suneq c sun�rthsh, ìtan
eÐnai suneq c se k�je shmeÐo tou pedÐou orismoÔ thc.

Me ton parap�nw orismì genikeÔoume ton Orismì 3.9.1 kai epomènwc dÐnoume
k�ti polÔ pio isqurì wc ergaleÐo melèthc. EÔkola mporoÔme na apodeÐxoume
ìti

Je¸rhma 3.9.3An duo sunart seic f(x) kai g(x) eÐnai suneqeÐc sto pedÐo
orismoÔ touc, pou orÐzontai oi epìmenec pr�xeic, tìte eÐnai suneqeÐc kai autèc,
dhl. eÐnai suneqeÐc oi

f(x)± g(x), f(x) · g(x), ∀ x ∈ Af ∩ Ag,

f(x)

g(x)
, ∀ x ∈ Af ∩ Ag, me g(x) ̸= 0,

(f ◦ g)(x) = f(g(x)), ∀ x ∈ Af◦g.
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H parat rhsh (3.8.1) kai ta paradeÐgmata (3.15) (3.17) deÐqnoun ìti oi basikèc
aplèc sunart seic eÐnai suneqeÐc sunart seic, opìte, mazÐ me to Je¸rhma 3.9.3,
mporoÔme na sumper�noume gia th sunèqeia twn poluwnumik¸n, twn rht¸n, e-
ktìc twn shmeÐwn pou mhdenÐzetai o paronomast c touc, kai gia èna pl joc
�llwn perissìtero polÔplokwn sunart sewn.

Je¸rhma 3.9.4An h sun�rthsh f(x) me Af = [a, b], eÐnai suneq c kai mo-
nìtonh, tìte kai h antÐstrofh aut c up�rqei kai eÐnai suneq c kai monìtonh.

Apìdeixh: H Ôparxh thc antÐstrofhc kai thc monotonÐac prokÔptei apì thn
parat rhsh (3.3.4).
AfoÔ h f(x) eÐnai suneq c sto x0, tìte gia k�je akoloujÐa xn, me limxn = x0

ja isqÔei lim f(xn) = f(x0). 'Estw t¸ra ìti h f−1(y) den eÐnai suneq c sto
shmeÐo f(x0). Ac eÐnai yn mia akoloujÐa tou f(Af ) me lim yn = f(x0), thc opoÐac
h akoloujÐa tim¸n f−1(yn) de sugklÐnei sto f−1(f(x0) = x0, tìte, epeid  oi
timèc f−1(yn) an koun sto [a, b], aut  ja eÐnai fragmènh. Apì to Je¸rhma
2.2.13 up�rqei mia upakoloujÐa aut c, èstw h f−1(y∗n) = x∗

n, h opoÐa sugklÐnei
se k�poio shmeÐo, p.q. to x′ ̸= x0.
AntÐstrofa t¸ra, limx∗

n = x′, afoÔ h f(x) eÐnai suneq c ja èqoume lim f(x∗
n) =

lim y∗n = f(x′), epÐshc, afoÔ h y∗n eÐnai upakoloujÐa thc yn ja isqÔei lim y∗n =
f(x0) �topo.

3.9.2 Shmantik� jewr mata thc sunèqeiac

Shmantik� jewr mata sqetik� me th sumperifor� miac sun�rthshc isqÔ-
oun, ìtan aut  eÐnai suneq c se k�poio shmeÐo   k�poio di�sthma. Gia par�-
deigma, an gnwrÐzoume ìti h f(x) eÐnai suneq c sto shmeÐo x0 kai epiplèon ìti
f(x0) > 0, tìte, efarmìzontac ta sumper�smata thc Prìtashc 3.8.12 èqoume
to epìmeno Je¸rhma.

Je¸rhma 3.9.5An h sun�rthsh f(x) eÐnai suneq c sto shmeÐo x0 kai epi-
plèon f(x0) > 0, tìte up�rqei mia perioq  tou x0 ìpou h sun�rthsh f(x) eÐnai
jetik .



MAJHMATIKA I 99

(0,0)

f(a)

f(b)

Sq ma 3.20: To Je¸rhma tou Bolzano.

Ta duo epìmena Jewr mata, ek twn opoÐwn to èna eÐnai to Je¸rhma tou
Bolzano, eÐnai iswc apì ta plèon shmantik� Jewr mata kai gnwst� apì to
LÔkeio. Gia thn apìdeix  touc qreiazìmaste Ôlh pou xefeÔgei apì touc skopoÔc
tou parìntoc, ìsoi, ìmwc, epijumoÔn na doun thn apìdeixh, ac katafÔgoun sta
([7],[2]).

Je¸rhma 3.9.6(Je¸rhma mègisthc kai el�qisthc tim c). An h sun�rthsh
f(x) eÐnai orismènh kai suneq c sto di�sthma [a, b], tìte h f(x) eÐnai fragmènh
sto [a, b] kai epiplèon paÐrnei mègisth kai el�qisth tim  s� autì.

Je¸rhma 3.9.7(Je¸rhma tou Bolzano). An h sun�rthsh f(x) eÐnai orismènh
kai suneq c sto di�sthma [a, b] kai epiplèon isqÔei f(a)f(b) < 0, tìte up�rqei
x0 ∈ (a, b), ¸ste f(x0) = 0.

Parathr ste ìti telik� h sun�rthsh prèpei na eÐnai orismènh sto kleistì di�-
sthma [a, b] kai na eÐnai suneq c pantoÔ. H monadikìthta tou shmeÐou x0 ∈ (a, b)
den exasfalÐzetai apì to Je¸rhma. Gia par�deigma sto Sq ma 3.20 up�rqoun
perissìtera shmeÐa pou mhdenÐzoun th sun�rthsh kai epiplèon h sun�rthsh
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paÐrnei thn tim  mhdèn gia olìklhro di�sthma.
Jewr¸ntac ìti h sun�rthsh f(x) eÐnai orismènh kai suneq c sto di�sthma [a, b]
kai epiplèon isqÔei f(a) < f(b), tìte gia k�je c ∈ (f(a), f(b)) mporoÔme na
jewr soume th sun�rthsh g(x) = f(x) − c, h opoÐa plhroÐ to Je¸rhma tou
Bolzano kai epomènwc up�rqei x0 ∈ (a, b), ¸ste f(x0) = c. 'Etsi mporoÔme na
apodeÐxoume to epìmeno Je¸rhma

Je¸rhma 3.9.8(Je¸rhma twn endi�meswn tim¸n). An h sun�rthsh f(x)
eÐnai orismènh kai suneq c sto di�sthma [a, b] kai paÐrnei duo timèc c kai d sto
R, tìte paÐrnei k�je tim  sto di�sthma [c, d].

Shmantik� Jewr mata thc �lgebrac mporoÔn plèon eÔkola na apodeiqtoÔn ì-
pwc faÐnetai stic ask seic (3.12, 3.13), kai mia spoudaÐa arijmhtik  mèjodoc
eÔreshc thc rÐzac proteÐnetai sthn epìmenh par�grafo.

3.9.3 H mèjodoc thc diqotìmhshc

H plèon apl  mèjodoc eÔreshc rÐzac exÐswshc eÐnai h mèjodoc thc diqo-
tìmhshc. H mèjodoc aut  sthrÐzetai sto Je¸rhma 3.9.7 pou proanafèrame, gi�
autì kai pollèc forèc anafèretai wc mèjodoc tou Bolzano. JewroÔme th su-
neq  sun�rthsh f(x), x ∈ [a, b] ⊂ R, me f(a)f(b) < 0. Apì to Je¸rhma 3.9.7
ja up�rqei mÐa toul�qiston rÐza ξ ∈ (a, b). Gia thn perigraf  thc mejìdou ja
upojèsoume epiplèon ìti h rÐza aut  eÐnai monadik  sto di�sthma autì. Se a-
ntÐjeth perÐptwsh, qrei�zetai idiaÐterh prosoq  gia thn efarmog  thc mejìdou.
Eklègoume to shmeÐo x0 =

a+b
2

kai elègqoume thn tim  thc f(x0). Duo peript¸-
seic up�rqoun: a)f(x0) = 0, sthn perÐptwsh aut  to prìblhma èqei lujeÐ, afoÔ
br kame thn rÐza kai b)f(x0) ̸= 0, sthn perÐptwsh aut  jewroÔme ìti h tim  x0

eÐnai mia prosèggish thc rÐzac mac. E�n briskìmaste sth deÔterh perÐptwsh,
tìte to shmeÐo x0 me èna apì ta �kra tou prohgoÔmenou diast matoc orÐzoun
èna kainoÔrgio di�sthma, sto opoÐo brÐsketai h rÐza mac. Upojètontac ìti to
�kro autì eÐnai to a kai jètontac a1 = a kai b1 = x0, orÐzetai to di�sthma
[a1, b1] ⊂ [a0 = a, b0 = b], sto opoÐo brÐsketai h rÐza thc exÐsws c mac. Eklè-
goume t¸ra to shmeÐo x1 =

a1+b1
2

kai efarmìzoume thn prohgoÔmenh diadikasÐa,
opìte orÐzetai me autìn ton trìpo èna kainoÔrgio di�sthma [a2, b2] ⊂ [a1, b1],
sto opoÐo brÐsketai h rÐza ξ kai èna kainoÔrgio x2 =

a2+b2
2

k.o.k.
H parap�nw diadikasÐa orÐzei mia akoloujÐa xn, h opoÐa sugklÐnei sth rÐza ξ.
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Pr�gmati, epeid  isqÔei

|xn − ξ| ≤ 1

2
|an − bn|

=
1

22
|an−1 − bn−1|

=
1

23
|an−2 − bn−2| (3.42)

...

=
1

2n+1
|a− b|

kai lim 1
2n

= 0, sumperaÐnoume ìti limxn = ξ.

Par�deigma 3.19Na gÐnoun pènte epanal yeic thc mejìdou thc diqotìmhshc
gia thn eÔresh thc

√
5.

LÔsh H
√
5 eÐnai h jetik  rÐza thc exÐswshc f(x) = x2 − 5 = 0. EÐnai eÔkolo

na diapistwjeÐ ìti f(2.2) = 4.84 − 5 = −0.16 < 0, en¸ f(2.5) = 6.25 − 5 =
1.25 > 0. Epomènwc, h rÐza mac brÐsketai sto di�sthma [a, b] = [2.2, 2.5]. Gia
th mejìdeush thc diadikasÐac me qartÐ kai molÔbi proteÐnoume ton parak�tw
pÐnaka. Sthn pr¸th st lh gr�foume ta b mata, sth deÔterh kai trÐth tic
timèc twn ai kai bi, tèloc sthn tètarth kai pèmpth tic timèc twn xi kai f(xi)
antÐstoiqa.

b ma ai(−) bi(+) xi =
ai+bi

2
f(xi)

0 2.2 2.5 2.35 0.5225
1 2.2 2.35 2.275 0.175625
2 2.2 2.275 2.2375 0.00640625
3 2.2 2.2375 2.21875 −0.077148438
4 2.21875 2.2375 2.228125 −0.035458984
5 2.228125 2.2375 2.2328125 −0.01454834

Jewr¸ntac san proseggistik  tim  thc rÐzac mac thn teleutaÐa tim  (ξ∗ = x5),
ja èqoume |ξ∗− ξ| < 0.5 · |a5− b5| = · · · = 0.0046 < 0.5 ·10−2, to opoÐo shmaÐnei
ìti proseggÐzoume th rÐza mac se dÔo dekadik� yhfÐa.

H mèjodoc thc diqotìmhshc eÐnai h monadik  mèjodoc gia thn eÔresh rÐzac,
sthn opoÐa mporoÔme na upologÐsoume apì prin ton arijmì twn epanal yewn
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gia thn epijumht  prosèggish. Pr�gmati, an upojèsoume ìti epijumoÔme na
proseggÐsoume th rÐza k�poiac exÐswshc me akrÐbeia ε, apì th sqèsh (3.42) ja
èqoume:

|ξ∗ − ξ| = |xn − ξ| ≤ 1

2n+1
|a− b|, arkeÐ

1

2n+1
|a− b| ≤ ε

|a− b|
ε

≤ 2n+1 (3.43)

ln(
|a− b|

ε
) ≤ (n+ 1) ln 2

(n+ 1) ≥ (ln 2)−1 ln(
|a− b|

ε
)

n ≥ (ln 2)−1 ln(
|a− b|

ε
)− 1.

Par�deigma 3.20Na upologisjoÔn oi epanal yeic n, pou qrei�zetai h mèjo-
doc thc diqotìmhshc gia thn eÔresh thc 3

√
5 me akrÐbeia 5 dekadik� yhfÐa.

LÔsh H 3
√
5 eÐnai h pragmatik  rÐza thc exÐswshc f(x) = x3 − 5 = 0. EÐnai

eÔkolo na diapistwjeÐ ìti f(1) = 1 − 5 = −4 < 0, en¸ f(2) = 8 − 5 = 3 > 0.
Epomènwc, h rÐza mac brÐsketai sto di�sthma [a, b] = [1, 2]. Apì thn (3.43) me
a = 1, b = 2 kai ε = 0.5 · 10−5 èqoume ìti

n ≥ (ln 2)−1 ln
( |a− b|

ε

)
− 1 ≈ 16.6096

Epomènwc, o akrib c arijmìc epanal yewn eÐnai n = 17. EÐnai fanerì ìti gia
thn epÐlush thc exÐswshc me ton parap�nw trìpo qreiazìmaste plèon Hlektro-
nikì Upologist  kai opoiad pote gl¸ssa programmatismoÔ.

Ask seic

'Askhsh 3.1Sqedi�ste tic eujeÐec:

a) y = −2x+ 6, b) y = x− 2, c) y = 0.5x− 3, me A = [−2, 4).
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'Askhsh 3.2BreÐte thn eujeÐa pou pern� apì ta shmeÐa P0(x0, y0) kai P1(x1, y1).
Na breÐte thn eujeÐa pou pern� apì to shmeÐo P0(x0, y0) kai èqei lìgo λ.

'Askhsh 3.3DeÐxte ìti stic k�jetec eujeÐec oi klÐseic touc èqoun ginìmeno
−1. Dhl. gia tic eujeÐec

y = ax+ b kai y = a′x+ b′, èqoume aa′ = −1.

'Askhsh 3.4DeÐxte tic tautìthtec twn uperbolik¸n sunart sewn. Na gÐnoun
oi grafikèc parast�seic twn antÐstrofwn twn uperbolik¸n sunart sewn.

'Askhsh 3.5K�nte th grafik  par�stash thc kampÔlhc x = a cos3 θ, y =
a sin3 θ, qrhsimopoi¸ntac to Gnuplot. Sth sunèqeia na breÐte thn analutik 
exÐswsh aut c.

'Askhsh 3.6BreÐte mia perioq  0 < |x − 3| < δ, ¸ste h apìluth tim  thc
diafor�c twn tim¸n 2x−2

x+1
kai 1 na eÐnai mikrìterh tou 1

1000
.

'Askhsh 3.7BreÐte ta ìria:

1) lim
x→2

x− 4

x2 − 5x+ 4
, 2) lim

x→−3

x2 + 4x+ 3

x− 3
, 3) lim

x→−3

x2 + 4x+ 3

x+ 3
.

'Askhsh 3.8BreÐte ta ìria:

1) lim
x→∞

x− 5

x2 − 2x+ 4
, 2) lim

x→−∞

x3 + 3

x3 − 3
, 3) lim

x→2+

x2 + 3x− 10

x+ 3
,

4) lim
x→2−

x2 + 3x− 10

x− 2
, 5) lim

x→2+

x

x− 2
.

'Askhsh 3.9Qrhsimopoi¸ntac thn Prìtash 3.8.11 apodeÐxte ìti: 1) an h
f(x) > 0 se mia perioq  tou x0, tìte limx→x0 f(x) ≥ 0, 2) an h f(x) eÐnai
fragmènh se mia perioq  tou x0, tìte ϕ1 ≤ limx→x0 f(x) ≤ ϕ2, ìpou ϕ1 kai ϕ2

ta duo fr�gmata.

'Askhsh 3.10JewroÔme th sun�rthsh f(x) me x ∈ [a,∞). DeÐxte ìti an h
f eÐnai aÔxousa kai fragmènh, tìte limx→∞ f(x) ∈ R
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'Askhsh 3.11AfoÔ apodeÐxete thn anisìthta 1 < ex−1
x

< 1
1−x

, apodeÐxte ìti

lim
x→0

ex − 1

x
= 1, lim

x→1

lnx

x− 1
= 1.

'Askhsh 3.12ApodeÐxte ìti k�je polu¸numo perittoÔ bajmoÔ èqei toul�qiston
mia rÐza pragmatik .

'Askhsh 3.13ApodeÐxte ìti k�je polu¸numo �rtiou bajmoÔ me suntelest  tou
megistob�jmiou ìrou thn mon�da, èqei el�qisto.

'Askhsh 3.14ApodeÐxte ìti gia k�je suneq  sun�rthsh f isqÔei

lim
x→x0

f(ξ) = f(x0), ∀ξ ∈ (x, x0)   ξ ∈ (x0, x).

.



Par�gwgoc

4.1 Genik�

Gia tic sunart seic eÐpame ìti eÐnai nìmoi, kanìnec pou sundèoun ta stoi-
qeÐa duo sunìlwn. Ektìc apì ton trìpo pou sundèontai ta stoiqeÐa twn su-
nìlwn, pollèc forèc mac endiafèrei k�ti perissìtero, mac endiafèrei to p¸c
sumperifèrontai aut�, p¸c metab�llontai. 'Etsi, loipìn, mia metabol  thc ane-
x�rththc metablht c x apì x0 se x1 kat� ∆x = x1 − x0, epifèrei mia metabol 
sthn anex�rthth metablht  y apì y0 = f(x0) se y1 = f(x1) = f(x0 + ∆x)
kat� ∆y = y1 − y0. H posostiaÐa metabol  thc exarthmènhc metablht c y sto
shmeÐo x0, dhl. o lìgoc

∆y

∆x
=

y1 − y0
x1 − x0

=
f(x0 +∆x)− f(x0)

∆x

èqei poll� onìmata, an�loga me to poÔ qrhsimopoieÐtai. Sth Fusik , gia pa-
r�deigma, ìtan melet�me kÐnhsh, lègetai mèsh taqÔthta, sth BiologÐa, ìtan
melet�me plhjusmoÔc, lègetai rujmìc metabol c, sthn OikonomÐa, ìtan mele-
t�me to kìstoc paragwg c, mèsh metabol  kìstouc, sta Majhmatik�, ìtan
melet�me th sun�rthsh, ekfr�zei thn klÐsh thc tèmnousac thc kampÔlhc sta
shmeÐa A(x0, y0), B(x1, y1). 'Omwc, to mègejoc pou mìlic eÐdame eÐnai exaire-
tik� genikì kai m�llon den endeÐknutai wc mètro thc metabol c. EkeÐno pou ja
taÐriaze wc mètro, gia th leptomereiak  perigraf  tou ìpoiou fainomènou, ja
prèpei na eÐnai k�ti pou ja èqei na k�nei me to stigmiaÐo, p.q. stigmiaÐa taqÔth-
ta, stigmiaÐoc rujmìc metabol c tou plhjusmoÔ, oriakì kìstoc kai m�lista th
stigm  pou briskìmaste sto shmeÐo x0. Autì, akrib¸c, ja perigr�youme sthn
epìmenh par�grafo.

105
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4.2 Orismìc kai ermhneÐa thc parag¸gou

4.2.1 O Orismìc thc parag¸gou

Orismìc 4.2.1Gia th sun�rthsh f(x) pou eÐnai orismènh s� èna uposÔnolo
twn pragmatik¸n arijm¸n ∆, ìtan to

lim
x→x0

f(x)− f(x0)

x− x0

up�rqei kai eÐnai pragmatikìc arijmìc, tìte lème ìti h sun�rthsh paragwgÐzetai
sto x0 kai to ìrio autì lègetai par�gwgoc thc sun�rthshc sto shmeÐo autì,
sumbolÐzetai de me f ′(x0).

AfoÔ h par�gwgoc eÐnai ìrio miac sun�rthshc se k�poio shmeÐo, profan¸c ja
eÐnai monadik  sto shmeÐo autì. EpÐshc afoÔ eÐnai ìrio, ja isqÔoun ta sqetik�
perÐ pleurik¸n orÐwn, dhl. ja orÐzetai h arister  kai dexi� par�gwgoc miac
sun�rthshc sto shmeÐo x0, ètsi

f ′
−(x0) = lim

x→x−
0

f(x)− f(x0)

x− x0

, f ′
+(x0) = lim

x→x+
0

f(x)− f(x0)

x− x0

.

Apì ton orismì, gia mia sun�rthsh pou paragwgÐzetai sto shmeÐo x0,
k�poioc ja mporoÔse na sumper�nei ìti:

• H sun�rthsh orÐzetai sto shmeÐo x0.

• To shmeÐo x0 eÐnai shmeÐo susswreÔsewc.

• To ìti f ′(x0) ∈ R sunep�getai ìti h sun�rthsh eÐnai suneq c sto x0,
afoÔ h sqèsh limx→x0 (f(x)− f(x0)) ̸= 0 ja odhgoÔse se �topo (giatÐ?).
To antÐstrofo den isqÔei, ìpwc faÐnetai sto epìmeno par�deigma.

• Sto tuqaÐo shmeÐo x0 ja isqÔei

∆y

∆x
= f ′(x0) + s(x), ìpou lim

x→x0

s(x) = 0 (4.1)

  isodÔnama

∆y = (f ′(x0) + s(x))∆x, me lim
x→x0

s(x) = 0 (4.2)
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Par�deigma 4.1Na deiqteÐ ìti h sun�rthsh

f(x) =

{
x3, x < 1

(x− 2)2, x ≥ 1

eÐnai suneq c sto shmeÐo x0 = 1, ìqi ìmwc kai paragwgÐsimh.

LÔsh Pr�gmati, h sun�rthsh eÐnai suneq c, afoÔ

lim
x→1−

f(x) = lim
x→1−

x3 = 1 = lim
x→1+

(x− 2)2 = lim
x→1+

f(x) = f(1),

en¸ h sun�rthsh den eÐnai paragwgÐsimh, afoÔ

f ′
−(1) = lim

x→1−

x3 − 1

x− 1
= 3 ̸= −2 = lim

x→1−

(x− 2)2 − 1

x− 1
= f ′

+(1).

'Otan h sun�rthsh f(x) paragwgÐzetai se k�je shmeÐo tou pedÐou orismoÔ
thc, lème ìti eÐnai paragwgÐsimh s� autì kai m�lista h sun�rthsh pou dhmiour-
geÐtai, ìtan se k�je shmeÐo x0 antistoiqÐsoume thn tim  thc parag¸gou thc,
lègetai par�gwgoc thc f(x) kai sumbolÐzetai me

f ′(x)  
df(x)

dx
 

d

dx
f(x).

H par�gwgoc miac sun�rthshc eÐnai sun�rthsh kai wc ek toÔtou sumperifèretai
kai melet�tai wc sun�rthsh. 'Etsi, eÐnai dunatìn na paragwgÐzetai ek nèou,
opìte èqoume thn par�gwgo deÔterhc t�xhc, trÐthc t�xhc k.o.k. Oi sumbolismoÐ
thc deÔterhc, trÐthc t�xhc k.o.k. eÐnai:

f ′′(x)  
d2f(x)

dx2
 

d2

dx2
f(x),

f ′′′(x)  
d3f(x)

dx3
 

d3

dx3
f(x),

f (4)(x)  
d4f(x)

dx4
 

d4

dx4
f(x),

f (5)(x), f (6)(x), . . .
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(0,0)

M(x0,f(x0))

N(x1,f(x1))

y=f’(x0)*(x-x0)+f(x0)

Sq ma 4.21: H efaptomènh thc y = f(x).

4.2.2 H Gewmetrik  ermhneÐa thc parag¸gou

JewroÔme mia paragwgÐsimh, sto pedÐo orismoÔ thc, sun�rthsh f(x) kai
duo shmeÐa thc M(x0, f(x0)) kai N(x1, f(x1)). H eujeÐa pou pern� apì ta duo
aut� shmeÐa (tèmnousa) eÐnai gnwstì ìti èqei wc exÐswsh thn

y−f(x0) =
f(x1)− f(x0)

x1 − x0
(x−x0)   y−f(x0) =

f(x0 + h)− f(x0)

h
(x−x0), (4.3)

ìtan jèsoume to x1 = x0 + h. O lìgoc

f(x1)− f(x0)

x1 − x0

=
f(x0 + h)− f(x0)

h

eÐnai, profan¸c, h klÐsh aut c, ìpwc  dh èqei anaferjeÐ.
An jewr soume ìti to h → 0, tìte to x1 → x0 kai afoÔ jewr same ìti h
sun�rths  mac eÐnai paragwgÐsimh kai epomènwc ja eÐnai kai suneq c, tìte to
f(x1) → f(x0). 'Etsi, to shmeÐo N → M , Sq ma 6.39, opìte ta duo sh-
meÐa teÐnoun na sumpèsoun. H eujeÐa pou orÐzetai m� autìn ton trìpo lègetai
efaptomènh thc kampÔlhc kai h exÐsws  thc eÐnai

y − f(x0) = lim
h→0

f(x0 + h)− f(x0)

h
(x− x0),   y = f ′(x0)(x− x0) + f(x0).

(4.4)
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1(0,0)

(0,0)

Sq ma 4.22: H efaptomènh thc y = 3
√
x− 1 + 1 kai y =

√
|x| sto 1 kai 0

antÐstoiqa.

EÐnai fanerì ìti, h klÐsh thc eujeÐac aut c, dhl. thc efaptomènhc thc kampÔlhc
sto shmeÐo x0, eÐnai f ′(x0).

Sto Sq ma 4.22 dÐnetai to sq ma duo sugkekrimènwn suneq¸n sunart se-
wn kai h efaptomènh stic grafikèc parast�seic touc, me ton trìpo pou orÐsame
parap�nw. Wstìso, gia thn pr¸th perÐptwsh èqoume

lim
x→1

3
√
x− 1 + 1− 1

x− 1
= lim

x→1

1
3
√

(x− 1)2
= ∞.

Sthn perÐptwsh aut , ìpwc kai sthn perÐptwsh pou ja brÐskame −∞, lème ìti
h sun�rthsh f(x) paragwgÐzetai katekdoq n. Gia th deÔterh brÐskoume

lim
x→0−

√
|x|
x

= −∞, lim
x→0+

√
|x|
x

= ∞,

dhl. h sun�rthsh den paragwgÐzetai oÔte katekdoq n. Duo pr�gmata prèpei
na prosèqoume s� autèc tic akraÐec katast�seic:

• Apì thn katekdoq n par�gwgo de sun�getai h sunèqeia, ìpwc faÐnetai
sthn 'Askhsh 4.2.
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• 'Otan mil�me gia efaptomènh thc grafik c par�stashc miac sun�rthshc
se k�poio shmeÐo, h sun�rthsh ja prèpei na eÐnai suneq c s� autì to
shmeÐo.

4.3 Idiìthtec twn parag¸gwn

Merikèc idiìthtec twn parag¸gwn eÐnai idiaÐtera qr simec gia thn eÔresh
parag¸gwn twn sunart sewn qwrÐc th qr sh tou orismoÔ, pou den eÐnai p�nta
eÔkoloc sth qr sh. Pollèc apì autèc èqoun deiqteÐ stic t�xeic tou LukeÐou
kai apl� ja tic anafèroume.

Je¸rhma 4.3.1An duo sunart seic f(x) kai g(x) eÐnai paragwgÐsimec sto
koinì pedÐo orismoÔ touc, tìte isqÔei:

1) (f ± g)′ = f ′ ± g′, ∀x ∈ Af ∩ Ag,

2) (f · g)′ = f ′ · g + f · g′, ∀x ∈ Af ∩ Ag,

3)
(f
g

)′
=

f ′ · g − f · g
g2

′

, ∀x ∈ Af ∩ Ag, me g(x) ̸= 0.

Apìdeixh: Ja deÐxoume mìno thn 3) kai ja meÐnoun oi �llec wc �skhsh. Sto
tuqaÐo x0, sto opoÐo plhroÔntai oi sqetikèc proôpojèseic, èqoume

lim
x→x0

1

x− x0

(f(x)
g(x)

− f(x0)

g(x0)

)
= lim

x→x0

1

x− x0

f(x)g(x0)− f(x0)g(x)

g(x) · g(x0)
=

lim
x→x0

1

x− x0

f(x)g(x0)− f(x0)g(x0) + f(x0)g(x0)− f(x0)g(x)

g(x) · g(x0)
=

lim
x→x0

1

g(x) · g(x0)

(
g(x0)

f(x)− f(x0)

x− x0

+ f(x0)
g(x0)− g(x)

x− x0

)
=

f ′(x0)g(x0)− f(x0)g
′(x0)

(g(x0))2
. �

Je¸rhma 4.3.2An h sun�rthsh f(x) eÐnai paragwgÐsimh sto Af kai h su-
n�rthsh g(y) eÐnai paragwgÐsimh sto Ag ∩ f(Af ), tìte eÐnai paragwgÐsimh kai
h (g ◦ f)(x) sto Ag ∩ f(Af ) kai m�lista isqÔei

(g ◦ f)′(x) = g′y(y) · f ′
x(x) = g′y(f(x)) · f ′

x(x).
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Apìdeixh: AfoÔ h sun�rthsh y = f(x) eÐnai paragwgÐsimh sto tuqaÐo shmeÐo
x0, apì th sqèsh (4.2) ja isqÔei

∆y = (f ′(x0) + a(x))∆x, me lim
x→x0

a(x) = 0.

EpÐshc, afoÔ kai h sun�rthsh z = g(y) eÐnai paragwgÐsimh sto shmeÐo y0 =
f(x0) me ∆y ̸= 0, ja isqÔei

∆z = (g′(y0) + b(y))∆y, me lim
y→y0

b(y) = 0,

Antikajist¸ntac t¸ra apì thn pr¸th sth deÔterh, diair¸ntac me ∆x kai paÐr-
nontac ìria prokÔptei

z′(y(x0)) = g′(y0)f
′(x0) = g′y(f(x0))f

′(x0).

O prohgoÔmenoc tÔpoc isqÔei kai sthn perÐptwsh pou ∆y = 0, opìte kai
∆z = 0. Thn pl rh apìdeixh mporeÐ k�poioc na brei sto ([7]). 'Etsi afoÔ
isqÔei gia to tuqaÐo x0, ja isqÔei genik�. �

Je¸rhma 4.3.3An h sun�rthsh y = f(x) eÐnai paragwgÐsimh sto Af kai
up�rqei h antÐstrof  thc, tìte kai h antÐstrofh eÐnai paragwgÐsimh kai isqÔei

(f−1)′(y) =
1

f ′(x(y))
.

Apìdeixh: 'Estw x(y) = f−1(y) h antÐstrofh thc y = f(x), h opoÐa eÐnai
suneq c (Je¸rhma 3.9.4). To ìti ∆x → 0 sunep�getai ìti kai ∆y → 0 kai
antistrìfwc. 'Etsi, sto tuqaÐo shmeÐo y0 = f(x0) èqoume

x′(y) = lim
∆y→0

∆x

∆y
= lim

∆x→0

1
∆y
∆x

=
1

y′(x)
=

1

f ′(x(y))
.

Prèpei, Ðswc, na shmei¸soume ìti sto tèloc ja prèpei na enall�xoume tic me-
tablhtèc, an qreiasteÐ, jètontac ìpou x to y kai ìpou y to x. �
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4.4 Par�gwgoi stoiqeiwd¸n sunart sewn

EÐnai  dh gnwstì all� kai eÔkola mporeÐ na apodeiqteÐ ìti

(c)′ = 0, (x)′ = 1, (xn)′ = nxn−1, ìtan n ∈ Z. (4.5)

Qrhsimopoi¸ntac k�poioc th sqèsh (4.5) kai to Je¸rhma 4.3.1 mporeÐ na para-
gwgÐzei poluwnumikèc sunart seic all� kai rhtèc.

Par�deigma 4.2ParagwgÐste tic sunart seic

1)f(x) = 2x5 − 3x2 + x− 10, 2)g(x) =
2x3 − 3x

x2 + 1
.

LÔsh

1) f ′(x) = (2x5 − 3x2 + x− 10)′ = 10x4 − 6x+ 1

2) g′(x) =
(2x3 − 3x)′(x2 + 1)− (2x3 − 3x)(x2 + 1)′

(x2 + 1)2
=

(6x2 − 3)(x2 + 1)− (2x3 − 3x)(2x)

(x2 + 1)2
=

2x4 + 9x2 − 3

(x2 + 1)2
.

Gia th logarijmik  sun�rthsh y = ln x, k�poioc ja mporoÔse na skefteÐ
wc ex c: Gia to tuqaÐo shmeÐo x0, (x0 > 0) tou pedÐou orismoÔ èqoume

y′ = lim
h→0

ln (x0 + h)− lnx0

h
= lim

h→0

1

h
(ln (x0 + h)− lnx0) = lim

h→0

1

h
ln (1 +

h

x0

).

Pollaplasi�zoume kai diairoÔme me x0 kai tropopoioÔme kat�llhla to kl�sma
thc parènjeshc, opìte paÐrnoume

y′ =
1

x0

lim
h→0

x0

h
ln
(
1 +

h

x0

)
=

1

x0

lim
h→0

x0

h
ln
(
1 +

1
x0

h

)
.

Jètoume u = x0

h
kai parathroÔme ìti, ìtan h → 0, tìte to u → ∞, opìte

paÐrnoume

y′ =
1

x0

lim
u→∞

u ln
(
1 +

1

u

)
=

1

x0

lim
u→∞

ln
(
1 +

1

u

)u

=
1

x0

ln e =
1

x0

.
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'Etsi, genik�, èqoume (lnx)′ = 1
x
, akìmh genikìtera de apodeiknÔetai (na apo-

deiqteÐ) ìti isqÔei h sqèsh

(ln |x|)′ = 1

x
, ∀x ̸= 0. (4.6)

H ekjetik  sun�rthsh y = ex eÐnai h antÐstrofh thc logarijmik c, opìte
y = ex ⇔ x = ln y. Apì to Je¸rhma 4.3.3, gia to tuqaÐo shmeÐo x0 tou pedÐou
orismoÔ èqoume

y′(x) =
1

x′(y)
=

1
1
y

= y(x) = ex.

Sta Ðdia apotelèsmata ja mporoÔse na odhghjeÐ k�poioc k�nontac qr sh twn
idiot twn thc 'Askhshc 3.11.

Par�deigma 4.3Na apodeiqtoÔn oi genikoÐ tÔpoi:

1) (lna x)
′ =

1

x · ln a
, 2) (xa)′ = a · xa−1, 3) (ax)′ = ax · lna.

ProsdiorÐste gia k�je perÐptwsh tic perioqèc pou an koun ta x kai a.

LÔsh 1) Apì tic idiìthtec twn logarÐjmwn èqoume

(lna x)
′ =

( lnx
ln a

)′
=

1

ln a
(lnx)′ =

1

x · ln a

2) Apì tic idiìthtec twn logarÐjmwn epÐshc èqoume xa = ea lnx, opìte

(xa)′ = (ea lnx)′ = ea lnx · (a lnx)′ = xaa
1

x
= a · xa−1

3) 'Opwc kai prohgoÔmena ax = ex ln a, opìte

(ax)′ = (ex ln a)′ = ex ln a · (x ln a)′ = ln a · ax

Gia tic trigwnometrikèc sunart seic eÐnai gnwstì ìti

(sinx)′ = cos x, (cosx)′ = − sinx, (tanx)′ =
1

cos2 x
= 1 + tan2 x.
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H apìdeixh twn duo pr¸twn sthrÐzetai stouc metasqhmatismoÔc ajroism�twn
se ginìmeno kai to basikì ìrio limx→0

sinx
x

= 1. H trÐth eÐnai par�gwgoc
kl�smatoc. (Na gÐnoun oi apodeÐxeic apì ton anagn¸sth.)

Gia tic antÐstrofec twn trigwnometrik¸n sunart sewn, tic kuklometri-
kèc, ja qrhsimopoi soume to Je¸rhma 4.3.3. 'Etsi, gia th sun�rthsh tou tìxou
hmitìnou x, pou isqÔei y = arcsin x ⇔ x = sin y, èqoume

y′ = (arcsin x)′ =
1

(sin y)′
=

1

cos y
=

1√
1− sin2 y

=
1√

1− x2
.

Gi� aut n, tou tìxou sunhmitìnou x, pou isqÔei y = arccos x ⇔ x = cos y,
èqoume

y′ = (arccos x)′ =
1

(cos y)′
= − 1

sin y
= − 1√

1− cos2 y
= − 1√

1− x2
.

Gia ekeÐnh, tou tìxou efaptomènhc x, pou isqÔei y = arctan x ⇔ x =
tan y, èqoume

y′ = (arctan x)′ =
1

(tan y)′
=

1

1 + tan2 y
=

1

1 + x2
.

Tèloc, oi par�gwgoi twn uperbolik¸n sunart sewn brÐskontai apì tic
parag¸gouc twn ekjetik¸n kai to Je¸rhma 4.3.1. DÐnoume touc tÔpouc kai
mènei ston anagn¸sth na touc apodeÐxei wc �skhsh:

(sinh x)′ = cosh x, (coshx)′ = sinh x, (tanhx)′ = 1− tanh2 x =
1

cosh2 x
.

4.5 Par�gwgoi �llwn sunart sewn

4.5.1 Par�gwgoi peplegmènwn sunart sewn

P�ra pollèc forèc mia sun�rthsh ekfr�zetai me th bo jeia miac pepleg-
mènhc sqèshc me th metablht  thc morf c

F (x, f(x)) ≡ 0 ⇔ F (x, y) ≡ 0. (4.7)
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Gia tic peript¸seic, ìpou mporoÔme na lÔsoume thn exÐswsh F (x, y) = 0 kai
na katal xoume se mia èkfrash thc morf c y = f(x), efarmìzoume touc proh-
goÔmenouc kanìnec. 'Omwc, polÔ suqn� k�ti tètoio den eÐnai efiktì. S' autèc
tic peript¸seic oi sunart seic twn duo mel¸n thc (4.7) tautÐzontai kai wc ek
toÔtou ja èqoun tic Ðdiec parag¸gouc. Apì th sqèsh pou prokÔptei, mporoÔme
na melet soume thn par�gwgo thc sun�rthshc.

Par�deigma 4.4Na brejeÐ o rujmìc metabol c thc y = y(x) sto shmeÐo
M(1, 1), ìtan aut  plhroÐ th sqèsh

x3 − xy + y3 = 1.

LÔsh ParagwgÐzontac kai ta duo mèlh wc proc x kai èfarmìzontac to Je¸rhma
4.3.2, paÐrnoume

(x3 − xy + y3)′ = 1′ ⇒ 3x2 − y − xy′ + 3y2y′ = 0 ⇒

(−x+ 3y2)y′ = y − 3x2 ⇒ y′ =
y − 3x2

−x+ 3y2
.

To shmeÐo M(1, 1) plhroÐ thn peplegmènh sqèsh kai, sunep¸c, eÐnai shmeÐo thc
sun�rths c mac. O rujmìc metabol c s� autì to shmeÐo eÐnai y′ = 1−3·12

−1+3·12 = −1.

Par�deigma 4.5Na deÐxete ìti h parak�tw sun�rthsh plhroÐ thn diplan 
thc sqèsh

y = ln (1 + ex), y′′ + (y′)2 = y′.

LÔsh ParagwgÐzontac kai ta duo mèlh wc proc x kai efarmìzontac to Je¸rhma
4.3.2, paÐrnoume

y′ = (ln (1 + ex))′ =
ex

1 + ex
.

ParagwgÐzontac ek nèou èqoume

y′′ =
ex(1 + ex)− exex

(1 + ex)2
=

ex(1 + ex)

(1 + ex)2
− (ex)2

(1 + ex)2
= y′ − (y′)2,

ap� ìpou paÐrnoume th zhtoÔmenh. Fusik� ja mporoÔse k�poioc na ergasteÐ
klassik� kai na katal xei sto Ðdio apotèlesma, p.q.

y′′ = (
ex

1 + ex
)′ = · · · = ex

(1 + ex)2
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opìte antikajist¸ntac èqoume

y′′ + (y′)2 =
ex

(1 + ex)2
+ (

ex

1 + ex
)2 =

ex

(1 + ex)2
+

e2x

(1 + ex)2
=

ex

1 + ex
= y′

4.5.2 Sunart seic me parametrikèc exis¸seic

'Eqoume  dh dei ìti, pollèc forèc, oi metablhtèc twn sunart sewn dÐno-
ntai me parametrikèc exis¸seic. EpÐshc, eÐdame ìti apaleÐfontac thn par�metro
t mporoÔme na metaboÔme stouc kanonikoÔc tÔpouc twn sunart sewn   sthn
peplegmènh morf  touc. 'Omwc, den eÐnai lÐgec oi forèc pou h apaloif  eÐnai
dÔskolh upìjesh, all� kai ìtan gÐnetai, oi morfèc pou paÐrnoume eÐnai polÔplo-
kec. 'Etsi, eÐmaste anagkasmènoi na akolouj soume thn parak�tw diadikasÐa
gia na melet soume to rujmì metabol c thc.

'Estw {
x = x(t)
y = y(t)

, t ∈ ∆ = [a, b] j R, (4.8)

duo monos manta orismènec sunart seic, pou perigr�foun sto epÐpedo mia ka-
mpÔlh, dhl. kaj¸c to t metab�lletai apì to a mèqri to b, ta x kai y orÐzoun sto
epÐpedo ta shmeÐa M(x, y) ki aut� me th seir� touc thn kampÔlh. An epiplèon
upojèsoume ìti h sun�rthsh x = x(t) èqei antÐstrofh thn t = t(x), tìte orÐ-
zetai h sun�rthsh mac y = y(t(x)) = y(x). Gia thn par�gwgo thc teleutaÐac
qrhsimopoioÔme to Je¸rhma 4.3.2 kai paÐrnoume

y′ =
dy

dx
=

dy

dt
· dt
dx

=
dy

dt
· 1

dx
dt

=
dy
dt
dx
dt

. (4.9)

Par�deigma 4.6Na brejeÐ o rujmìc metabol c thc kampÔlhc me parametri-
kèc exis¸seic {

x = r(θ − sin θ)
y = r(1− cos θ)

, θ ∈ ∆ = [0, 2π).

LÔsh Qrhsimopoi¸ntac ton tÔpo (4.9) èqoume

dy

dt
= r sin θ,

dx

dt
= r(1− cos θ),
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opìte

y′ =
r sin θ

r(1− cos θ)
=

2 sin θ
2
cos θ

2

2 sin2 θ
2

=
1

tan θ
2

, ∀θ ∈ (0, 2π) \ {π}

Parat rhsh 4.5.1Oi parametrikèc exis¸seic sto prohgoÔmeno par�deigma,
eÐnai oi exis¸seic thc kukloeidoÔc, dhl. thc kampÔlhc pou gr�fei èna shmeÐo
M tou kÔklou (O, r), kaj¸c autìc kul� p�nw se mia eujeÐa. To θ eÐnai h gwnÐa
pou sqhmatÐzei h aktÐna OM me thn katakìrufo.

Fusik�, mporoÔme na paÐrnoume kai uyhlìterhc t�xhc parag¸gouc sunar-
t sewn, pou dÐnontai me parametrikèc exis¸seic, arkeÐ na krat�me touc kanìnec
parag¸gishc pou m�jame. 'Etsi ja èqoume

y′′ =
d

dx
y′ =

d

dx
(
y′t
x′
t

) =
d

dt
(
y′t
x′
t

) · dt
dx

=
y′′t x

′
t − y′tx

′′
t

(x′
t)

2
· 1

dx
dt

=
y′′t x

′
t − y′tx

′′
t

(x′
t)

3
.

4.6 To diaforikì kai h ermhneÐa tou

'Eqoume  dh dei ìti mia metabol  ∆x sthn anex�rthth metablht  x, sto
shmeÐo x0, prokaleÐ mia metabol  ∆y sthn exarthmènh metablht  y = f(x) kai
m�lista

∆y = (f ′(x0) + s(x))∆x = f ′(x0)∆x+ s(x)∆x, me lim
∆x→0

s(x) = 0. (4.10)

O ìroc s(x)∆x eÐnai exairetik� mikrìc se sqèsh me ton ìro f ′(x0)∆x kai an
paraleifjeÐ, den alloi¸nei shmantik� to apotèlesma. 'Etsi, èqoume ∆y ≈
f ′(x0)∆x, dhl. th diafor� ∆y perÐpou Ðsh me mia grammik  prosèggish.
Aut  th grammik  prosèggish tou ∆y kaloÔme diaforikì kai sumbolÐzoume
me dy, opìte dy = f ′(x0)∆x. Eidik� gia th sun�rthsh f(x) = x èqoume dx =
f ′(x0)∆x = 1 · ∆x = ∆x. AfoÔ, loipìn, aut� sumbaÐnoun sto tuqaÐo x0, ja
eÐnai kai dx = ∆x, opìte, genik�, mporoÔme na gr�foume

dy = f ′(x)dx.

EÐnai, loipìn, to diaforikì miac sun�rthshc, mia sun�rthsh h opoÐa m�lista
exart�tai apì duo metablhtèc, thn dx kai to shmeÐo x0. Sto Sq ma 4.23 to
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 0

 0

x0

f(x0)

x0+∆x

f(x0+∆x)

M

N

A

B

∆x

∆y
dy

Sq ma 4.23: H Gewmetrik  ermhneÐa tou diaforikoÔ.

diaforikì eÐnai h pleur� AB tou trig¸nou MAB kai AB = tan (ÂMB)MA.
To tm ma BN eÐnai to s(x)∆x pou jewr same amelhtèo kai to paraleÐyame.
Gewmetrik� dhl. sto shmeÐo x0 h kampÔlh proseggÐzetai apì thn efaptomènh
thc.

Par�deigma 4.7BreÐte to diaforikì thc f(x) = 3
√
x. Qrhsimopoi ste to gia

na breÐte mia proseggistik  tim  gia thn a) 3
√
27.054 b) 3

√
63.052

LÔsh AfoÔ

f ′(x) = (x
1
3 )′ =

1

3
x− 2

3 =
1

3( 3
√
x)2

,

ja isqÔei dy = 1
3( 3

√
x)2

dx. a) Sto shmeÐo x0 = 27 eÐnai gnwst  h tim  thc

sun�rthshc kai m�lista isqÔei f(27) = 3. epÐshc, sto shmeÐo autì epèrqetai
mia mikr  metabol  ∆x = dx = 0.054, opìte h metabol  pou epèrqetai sth
sun�rthsh eÐnai

∆y ≈ f ′(x)∆x = f ′(x)dx = dy = f ′(27) · dx =
1

3( 3
√
27)2

0.054 = 0.02.
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H tim  loipìn thc sun�rthshc eÐnai

f(27.054) = f(27) + ∆y ≈ f(27) + dy = 3 + 0.02 = 3.02.

Parìmoia upologÐzoume to b) sto shmeÐo x0 = 64 kai dx = −0.048.

4.7 TÔpoc tou Taylor

O tÔpoc (4.10) mporeÐ na grafeÐ lÐgo diaforetik�, wc ex c:

f(x) = f(x0) + f ′(x0)(x− x0) +R(x), (4.11)

ìpou h posìthta P1(x) = f(x0) + f ′(x0)(x − x0) eÐnai èna polu¸numo pr¸-
tou bajmoÔ pou proseggÐzei thn sun�rthsh f(x) kai m�lista èqei thn Ðdia tim 
kai thn Ðdia par�gwgo sto shmeÐo x0 kai to R(x) eÐnai to sf�lma aut c thc
prosèggishc. H idèa aut  mporeÐ na genikeujeÐ gia sunart seic pou eÐnai para-
gwgÐsimec s� èna di�sthma perissìterec forèc.
JewroÔme mia sun�rthsh f(x), h opoÐa eÐnai n + 1 forèc paragwgÐsimh s� èna
di�sthma ∆ kai èstw to n-bajmoÔ polu¸numo

Tn(x) = c0 + c1(x− x0) + c2(x− x0)
2 + c3(x− x0)

3 + · · ·+ cn(x− x0)
n, (4.12)

pou èqei thn Ðdia tim  kai tic Ðdiec timèc twn n parag¸gwn sto shmeÐo x0 ∈ ∆,
dhl. isqÔei

Tn(x0) = f(x0) kai T
(k)
n (x0) = f (k)(x0), k = 1, 2, . . . , n. (4.13)

An efarmìsoume diadoqik� tic sqèseic thc (4.13) s� ekeÐnh thc (4.12) paÐrnoume

c0 = f(x0), c1 = f ′(x0), c2 =
f ′′(x0)

2!
, c3 =

f ′′′(x0)

3!
, . . . , cn =

f (n)(x0)

n!
.

(4.14)
'Etsi prokÔptei o tÔpoc

f(x) = f(x0)+f ′(x0)(x−x0)+
f ′′(x0)

2!
(x−x0)

2+· · ·+f (n)(x0)

n!
(x−x0)

n+R(x) (4.15)
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pi/4

P_2(x)

P_3(x)

Sq ma 4.24: H prosèggish tou hmitìnou me Taylor sto x0 =
π
4
.

O tÔpoc (4.15) eÐnai gnwstìc wc tÔpoc tou Taylor. To R(x), pou eÐnai to
sf�lma pou gÐnetai kat� thn prosèggish aut , apodeiknÔetai ([5],[7],[2]) ìti
èqei thn tim 

R(x) =
(x− x0)

n+1

(n+ 1)!
f (n+1)(ξ), me ξ ∈ (x0, x)   ξ ∈ (x, x0) (4.16)

kai eÐnai gnwstì wc upìloipo kat� Lagrange   thn tim 

R(x) =
(x− x0)(x− ξ)n

n!
f (n+1)(ξ), me ξ ∈ (x0, x)   ξ ∈ (x, x0) (4.17)

kai eÐnai gnwstì wc upìloipo kat� Cauchy. DieukrinÐzoume ìti ta ξ stouc
duo tÔpouc (4.16)kai (4.17) eÐnai diaforetik� metaxÔ touc. Sto Sq ma 4.24
faÐnetai h prosèggish thc sun�rthshc tou hmitìnou sto shmeÐo x0 = π

4
, me

polu¸numa Taylor deutèrou kai trÐtou bajmoÔ.

Par�deigma 4.8Na proseggÐsete th sun�rthsh f(x) = ln (x) me polu¸numo
Taylor gÔrw apì to shmeÐo x0 = 1. Na brejoÔn kai na gÐnei h grafik  par�-
stash twn poluwnÔmwn deutèrou kai trÐtou bajmoÔ. Na brejeÐ h proseggistik 
tim  f(e−0.5) me ta duo polu¸numa.
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 0

 0

1

T_2(x)

T_3(x)

f(x)

Sq ma 4.25: H prosèggish thc f(x) = ln (x) me polu¸numa Taylor gÔrw apì
to shmeÐo x0 = 1.

LÔsh H n-t�xhc par�gwgoc prokÔptei apì diadoqikèc paragwgÐseic kai èqei
th morf  f (n)(x) = (−1)(n−1)(n − 1)!x−n. To polu¸numo Taylor tìte eÐnai to
akìloujo:

Tn(x) = f(1) +
n∑

k=1

f (k)(1)

k!
(x− 1)k = 0 +

n∑
k=1

(−1)(k−1)(k − 1)!

k!
(x− 1)k =

n∑
k=1

(−1)(k−1)

k
(x− 1)k = (x−1)− (x− 1)2

2
+
(x− 1)3

3
−· · ·+(−1)(n−1) (x− 1)n

n
.

Ta polu¸numa deutèrou kai trÐtou bajmoÔ eÐnai:

T2(x) = −x2

2
+ 2x− 3

2
, T3(x) =

x3

3
− 3x2

2
+ 3x− 11

6
.

H grafik  touc par�stash faÐnetai sto Sq ma 4.25. H akrib c tim  eÐ-
nai f(0.5) = ln e(−0.5) = −0.5. Apì ta duo polu¸numa paÐrnoume T2(x) =
−0.470878 kai T3(x) = −0.491184.

Up�rqoun sunart seic pou eÐnai �peirec forèc paragwgÐsimec (p.q. h
sun�rthsh y = ex). S� autèc tic peript¸seic mporoÔme na sqhmatÐsoume èna
polu¸numo Taylor �peirou bajmoÔ   ìpwc lème mia seir� Taylor gÔrw apì to
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shmeÐo x0. 'Otan to x0 = 0, h seir� lègetai seir� Maclaurin

T (x) = f(x0) +
∞∑
k=1

f (k)(x0)

k!
(x− x0)

k. (4.18)

Wc seir�, h seir� aut  eÐnai dunatìn na sugklÐnei   na apoklÐnei, ìpwc èqoume
dei se prohgoÔmena kef�laia. To er¸thma eÐnai an h seir� sugklÐnei se mia
sun�rthsh, h sun�rthsh aut  eÐnai h arqik ? H ap�nthsh eÐnai arnhtik , dhl.
den eÐnai p�nta h arqik , ìmwc kai ta apotelèsmata den eÐnai apogohteutik�,
dhl. oi sunhjismènec gnwstèc sunart seic èqoun seirèc Taylor pou sugklÐnoun
s� autèc, tètoiec sunart seic onom�zontai analutikèc sunart seic.
Wstìso ekeÐno pou ja prèpei na tonÐsoume eÐnai ìti mia seir� Taylor ja sugklÐnei
sth sun�rths  thc, se mia perioq  tou x0, an kai mìno an, to upìloipo gia k�je
x sthn perioq  aut , teÐnei sto mhdèn kaj¸c to n teÐnei sto �peiro dhl.

lim
n→∞

Rn(x) = 0 ⇔ lim
n→∞

(
f(x)−

n−1∑
k=0

f (k)(x0)

k!
(x− x0)

k
)
= 0,

∀x ∈ (x0 − r, x0 + r).

Par�deigma 4.9Na brejeÐ h seir� Maclaurin gia thn sun�rthsh f(x) =
cos x

LÔsh Ac gr�youme arqik� tic n parag¸gouc thc sun�rthshc f(x) = cosx.

f ′(x) = − sinx = cos (x+
π

2
), f ′′(x) = − sin (x+

π

2
) = cos (x+ 2

π

2
),

f ′′′(x) = − sin (x+ 2
π

2
) = cos (x+ 3

π

2
), . . . , f (n)(x) = cos (x+ n

π

2
).

'Etsi èqoume ìti f (2k+1)(x) = 0 kai f (2k)(x) = (−1)k gia k = 1, 2, . . .. Profan¸c
h seir� Maclaurin gia thn sun�rthsh f(x) = cosx eÐnai h

f(x) = 1 +
∞∑
n=1

(−1)n
x2n

(2n)!
= 1− x2

2!
+

x4

4!
− x6

6!
+ · · · (4.19)
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Jètontac x2 = z sth seir� (4.19) paÐrnoume th seir�

f(x) = 1 +
∞∑
n=1

(−1)n
zn

(2n)!
= 1− z

2!
+

z2

4!
− z3

6!
+ · · · (4.20)

JumÐzoume, gia thn aktÐna sÔgklishc r twn dunamoseir¸n eÐqame dei ìti

r =
1

ρ
, ìpou ρ = lim |an+1

an
|.

'Etsi èqoume

ρ = lim |an+1

an
| = lim

∣∣∣ 1
(2n+2)!

1
(2n)!

∣∣∣ = lim
1

(2n+ 1)(2n+ 2)
= 0.

Dhl. h seir� (4.20) sugklÐnei ∀z ≥ 0, opìte h seir� (4.19) sugklÐnei ∀x ∈ R.
Gia to upìloipo èqoume

|Rn(x)| =
∣∣∣ cos (ξ + n

π

2
)
x2n

(2n)!

∣∣∣ < ∣∣∣ x2n

(2n)!

∣∣∣ −−→n→∞ 0,

afoÔ | cos (ξ + nπ
2
)| < 1 kai limn→∞

x2n

(2n)!
= 0 apì to Par�deigma 2.32.

Apì to prohgoÔmeno par�deigma gÐnetai fanerì ìti:

Parat rhsh 4.7.1Mia seir� Taylor ja sugklÐnei sth sun�rths  thc, se mia
perioq  tou x0, an kai mìno an ìlec oi par�gwgoi eÐnai fragmènec sthn perioq 
aut , afoÔ to upìloipo gia k�je x sthn perioq  aut  ja teÐnei sto mhdèn, kaj¸c
to n ja teÐnei sto �peiro apì to Par�deigma 2.32.

Par�deigma 4.10Gr�yte upì morf n seir�c Maclaurin th sun�rthsh
y = arctan x kai na brejeÐ h aktÐna sÔgklis c thc.

LÔsh JewroÔme th sun�rthsh f(x) = arctanx, opìte paragwgÐzontac amèswc
paÐrnoume

f ′(x) =
1

1 + x2
⇒ (1 + x2)f ′(x) = 1, (4.21)

paragwgÐzontac ek nèou thn parap�nw sqèsh èqoume

2xf ′(x) + (1 + x2)f ′′(x) = 0 ⇒ f ′′(x) = − 2x

1 + x2
f ′(x). (4.22)
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H pr¸th sqèsh apì thn (4.22) paragwgizìmenh ek nèou mac dÐnei

2f ′(x) + 4f ′′(x) + (1 + x2)f ′′′(x) = 0 ⇒ (1 + x2)f ′′′(x) = −2f ′(x)− 4f ′′(x),
(4.23)

suneqÐzontac omoÐwc mporoÔme na dhmiourg soume kai na apodeÐxoume ∀n ≥ 3
(h dhmiourgÐa kai h apìdeixh af netai wc �skhsh) ton epìmeno genikì tÔpo:

(n− 2)(n− 1)f (n−2)(x) + 2(n− 1)f (n−1)(x) + (1 + x2)f (n)(x) = 0 ⇒
(1 + x2)f (n)(x) = −(n− 2)(n− 1)f (n−2)(x)− 2(n− 1)f (n−1)(x), ∀n ≥ 3 (4.24)

MporoÔme t¸ra na upologÐsoume thc timèc f (n)(0). 'Etsi, apì tic (4.21) kai
(4.22) paÐrnoume f ′(0) = 1 kai f ′′(0) = 0, en¸ apì th sqèsh (4.24), jètontac
ìpou x to 0, epagwgik� prokÔptei

f (2n)(0) = 0 kai f (2n+1)(0) = (−1)n(2n)!

Apì ton tÔpo (4.18) me x0 = 0 èqoume

arctanx = x− 2!

3!
x3 +

4!

5!
x5 − 6!

7!
x7 + · · · = x− x3

3
+

x5

5
− x7

7
+ · · · (4.25)

Ergazìmenoi ìpwc kai sto prohgoÔmeno par�deigma, gia thn eÔresh thc aktÐnac
sÔgklishc thc seir�c (4.25), dhmiourgoÔme th seir�

arctanx = x(1− x2

3
+

x4

5
− x6

7
+ · · · ) = x

∞∑
n=0

(−1)n
zn

2n+ 1
(4.26)

kai èqoume

ρ = lim |an+1

an
| = lim

∣∣∣ 1
(2n+1)

1
(2n−1)

∣∣∣ = lim
2n− 1

2n+ 1
= 1.

H seir� mac loipìn ja sugklÐnei ∀z ∈ [0, 1)   ∀x ∈ (−1, 1) kai mènei na doÔme
ti k�nei sta �kra tou diast matoc. Gia x = −1   x = 1, h seir� (4.25) eÐnai mia
enall�ssousa seir� kai efarmìzetai to Je¸rhma 2.3.9 (tou Leibnitz), opìte
sumperaÐnoume ìti kai sta �kra h seir� sugklÐnei. To ìti h seir� aut  eÐnai
analutik  ja deiqteÐ se epìmeno kef�laio.
Gia x = 1 prokÔptei ìti

π

4
= 1− 1

3
+

1

5
− 1

7
+ · · · =

∞∑
n=0

(−1)n
1

2n+ 1
.
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O prohgoÔmenoc tÔpoc eÐnai exairetik� komyìc kai ja mporoÔse na eÐnai ènac
tÔpoc upologismoÔ tou π, ìmwc eÐnai p�ra polÔ argìc.
H sun�rthsh tou logarÐjmou den anaptÔssetai se seir� Maclaurin, afoÔ den
orÐzetai sto mhdèn. AntÐ aut c sun jwc anaptÔssetai h f(x) = ln (x+ 1).

Par�deigma 4.11Na anaptuqjeÐ se seir� Maclaurin h sun�rthsh f(x) =
ln (x+ 1).

LÔsh ParagwgÐzontac diadoqik� paÐrnoume eÔkola to genikì tÔpo

f (n)(x) = (−1)n−1(n− 1)!
1

(1 + x)n
, n = 1, 2, . . .

Sto shmeÐo x0 = 0 genik� èqoume f (n)(x) = (−1)n−1(n−1)!, n = 1, 2, . . ., opìte
h seir� Maclaurin eÐnai

ln (x+ 1) =
∞∑
n=1

xn

n!
(−1)n−1(n− 1)! =

∞∑
n=1

(−1)n−1x
n

n
.

H aktÐna sÔgklishc eÐnai r = 1 (na apodeiqjeÐ apì ton anagn¸sth), opìte
h perioq  sÔgklishc eÐnai arqik� h perioq  (−1, 1). Gia x = 1 èqoume thn
enall�ssousa armonik  seir�

ln (1 + 1) = ln 2 =
∞∑
n=1

(−1)n−1 1

n
= 1− 1

2
+

1

3
− 1

4
+ · · · ,

pou apì to Je¸rhma 2.3.9 (tou Leibnitz) gnwrÐzoume ìti sugklÐnei kai to ìriì
thc eÐnai plèon ln 2. Gia x = −1 èqoume thn armonik  seir� h opoÐa eÐnai gnwstì
ìti de sugklÐnei, ìpwc Ðswc anamèname. 'Etsi, h perioq  sÔgklishc aut c eÐnai
telik� (−1, 1]. To ìti h seir� sugklÐnei sth sun�rths  mac apodeiknÔetai wc
ex c: Apì to upìloipo kat� Lagrange (4.16), gia ìla ta x ∈ (0, 1] me ξ ∈ (0, x)
èqoume

|Rn(x)| =
xn

n

1

(1 + ξ)n
=

( x

1 + ξ

)n 1

n
<

1

n
→ 0.

Apì to upìloipo kat� Cauchy (4.17), gia ìla ta x ∈ (−1, 0) me ξ ∈ (x, 0)
èqoume

|Rn(x)| =
|x(x− ξ)(n−1)|

(n− 1)!
(n− 1)!

1

|1 + ξ|n
=

|x|
(1 + ξ)

∣∣∣x− ξ

1 + ξ

∣∣∣(n−1)

=
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|x|n

(1 + ξ)

∣∣∣1− ξ
x

1 + ξ

∣∣∣(n−1)

=
|x|n

(1 + ξ)

∣∣∣ 1− θ

1 + θx

∣∣∣(n−1)

→ 0, ìpou
ξ

x
= θ ∈ (0, 1),

afoÔ
1− θ

1 + θx
< 1 ⇔ 1− θ < 1 + θx ⇔ −θ < θx ⇔ −1 < x.

Ston pÐnaka (4.7) faÐnontai oi perissìtero qrhsimopoioÔmenec seirècMaclaurin
mazÐ me tic perioqèc sÔgklis c touc.

Prin kleÐsoume thn par�grafo twn dunamoseir¸n Taylor, ja prèpei na
poÔme ìti oi dunamoseirèc pou sugklÐnoun paragwgÐzontai xan� kai xan� qw-
rÐc probl mata kai mac dÐnoun p�li sugklÐnousec dunamoseirèc. DÐnoume to
epìmeno Je¸rhma qwrÐc apìdeixh.

Je¸rhma 4.7.1An h f(x) =
∑∞

n=0 anx
n èqei aktÐna sÔgklishc r, tìte

• H
∑∞

n=0 nanx
n−1 èqei aktÐna sÔgklishc r

• H f(x) paragwgÐzetai sto (−r, r)

• H f ′(x) =
∑∞

n=0 nanx
n−1 sto (−r, r).

4.8 Shmantik� Jewr mata twn parag¸gwn

Oi par�gwgoi eÐnai èna exeraitikì ergaleÐo sta qèria tou epist mona gia
th melèth twn sunart sewn kai genikìtera gia thn exagwg  sumperasm�twn. O
foitht c eÐnai  dh exoikeiwmènoc me orismèna Jewr mata melèthc sunart sewn
apì to LÔkeio. Ed¸, k�poia gnwst� Jewr mata ja epanalhfjoÔn gia thn
plhrìthta tou keimènou all� kai ja sumplhrwjoÔn me apodeÐxeic, kaj¸c kai me
�lla pou den èqoun didaqteÐ.

4.8.1 Akrìtata sun�rthshc

Orismìc 4.8.1'Estw y = f(x) mia sun�rthsh me pedÐo orismoÔ to A kai
x0 ∈ A. Lème ìti h sun�rthsh parousi�zei sto x0 topikì mègisto (topikì
el�qisto), an up�rqei δ > 0, ètsi ¸ste na isqÔei

f(x) ≤ f(x0) (f(x) ≥ f(x0)) ∀x ∈ A ∩ (x0 − δ, x0 + δ).
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SEIRES Maclaurin SUGKLISH

1
1−x = 1 + x+ x2 + x3 + · · · =

∑∞
n=0 x

n x ∈ (−1, 1)

1
1+x = 1− x+ x2 − x3 + · · · =

∑∞
n=0 (−1)nxn x ∈ (−1, 1)

ln (x+ 1) = x− x2

2 + x3

3 − · · · =
∑∞

n=1 (−1)n−1xn

n x ∈ (−1, 1]

ex = 1 + x+ x2

2! +
x3

3! + · · · = 1 +
∑∞

n=1
xn

n! x ∈ R

sinx = x− x3

3! +
x5

5! + · · · =
∑∞

n=1 (−1)(n−1) x2n−1

(2n−1)! x ∈ R

cosx = 1− x2

2! +
x4

4! + · · · =
∑∞

n=1 (−1)(n−1) x2n

(2n)! x ∈ R

arctanx = x− x3

3 + x5

5 − · · · =
∑∞

n=1 (−1)(n−1) x2n−1

(2n−1) x ∈ [−1, 1]

tanh−1 x = x+ x3

3 + x5

5 + · · · =
∑∞

n=1
x2n−1

(2n−1) x ∈ (−1, 1)

PÐnakac 4.1: Suqn� qrhsimopoioÔmenec seirèc Maclaurin

To topikì mègisto (t.m.) kai to topikì el�qisto (t.e.) lègetai topikì akrìtato.
Den prèpei na sugqèontai ta topik� akrìtata me ta akrìtata thc sun�rthshc,
pou gia na xeqwrÐzoun apì aut� kaloÔntai kai olik� akrìtata. Profan¸c, to
megalÔtero apì ta topik� mègista apoteleÐ to olikì mègisto kai to mikrìtero
apì ta topik� el�qista apoteleÐ to olikì el�qisto. H Ôparxh topikoÔ akrìta-
tou se mia paragwgÐsimh sun�rthsh mac epitrèpei na bg�loume sumper�smata
gia thn par�gwgo thc sun�rthshc sto shmeÐo autì, ìpwc mac lèei to epìmeno
gnwstì Je¸rhma.

Je¸rhma 4.8.2(Je¸rhma tou Fermat). An mia sun�rthsh eÐnai paragwgÐ-
simh se mia perioq  tou x0 kai sto x0 parousi�zei akrìtato, tìte f ′(x0) = 0.
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Apìdeixh: 'Estw ìti h sun�rthsh parousi�zei topikì mègisto sto x0, tìte
up�rqei δ > 0, ètsi ¸ste

f(x)− f(x0) ≤ 0, ∀x ∈ (x0 − δ, x0 + δ),

apì ton Orismì 4.2.1 ìmwc èqoume

lim
x→x−

0

f(x)− f(x0)

x− x0

= f ′
− ≥ 0, lim

x→x+
0

f(x)− f(x0)

x− x0

= f ′
+ ≤ 0.

H Ôparxh ìmwc thc parag¸gou apodeiknÔei to Je¸rhma. �
Gewmetrik� to Je¸rhma tou Fermat ermhneÔetai wc ex c: Se mia paragwgÐsimh
sun�rthsh h efaptomènh se topikì akrìtato eÐnai par�llhlh proc ton orizìntio
�xona. To antÐstrofo tou Jewr matoc 4.8.2 dustuq¸c den isqÔei. O mhdeni-
smìc thc parag¸gou m�c dÐnei pijan� akrìtata. Gia par�deigma, h sun�rthsh
f(x) = x3, sto shmeÐo x0 = 0 èqei f ′(0) = 0, ìmwc den parousi�zei akrìtato,
afoÔ arister� apì to x0 = 0 eÐnai arnhtik  kai dexi� jetik .
'Ena krit rio gia thn Ôparxh akrìtatou sto shmeÐo x0 eÐnai h gn¸sh thc mo-

notonÐac dexi� kai arister� apì to epÐmaqo shmeÐo x0. An arister� tou x0 h
sun�rthsh eÐnai aÔxousa kai dexi� eÐnai fjÐnousa, tìte sto x0 èqoume topikì
mègisto. An arister� tou x0 h sun�rthsh eÐnai fjÐnousa kai dexi� eÐnai aÔxou-
sa, tìte sto x0 parousi�zei topikì el�qisto. 'Ena �llo krit rio eÐnai h gn¸sh
thc tim c twn parag¸gwn uyhlìterhc t�xhc sto shmeÐo x0.

Je¸rhma 4.8.3An gia mia sun�rthsh f(x), h f (2n)(x) up�rqei kai eÐnai su-
neq c se mia perioq  tou x0 kai epiplèon isqÔei

f ′(x0) = f ′′(x0) = f ′′′(x0) = · · · = f (2n−1)(x0) = 0, kai f (2n)(x0) ̸= 0, n = 1, 2, . . . ,

tìte

• f (2n)(x0) > 0 ⇒ topikì el�qisto sto x0

• f (2n)(x0) < 0 ⇒ topikì mègisto sto x0.

Apìdeixh: AfoÔ h f ′(x0) = 0, sto x0 èqoume pijanì topikì akrìtato. 'Estw
ìti f (2n)(x0) > 0, dhl h par�gwgoc �rtiac t�xhc sto shmeÐo x0 eÐnai jetik 
kai ìlec oi par�gwgoi mikrìterhc t�xhc sto x0 eÐnai mhdèn. AfoÔ h f (2n) eÐnai
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suneq c, ja eÐnai suneq c kai se mia perioq  tou x0. Gia k�je x sth perioq 
aut  ja isqÔei to Je¸rhma Taylor (4.15), opìte ja isqÔei

f(x)− f(x0) =
2n−1∑
k=1

f (k)(x0)

k!
(x− x0)

k +
f (2n)(ξ)

(2n)!
(x− x0)

2n > 0,

afoÔ oi ìroi tou ajroÐsmatoc eÐnai ìloi mhdèn kai o ìroc tou upoloÐpou a-
poteleÐtai apì jetikèc posìthtec (to ξ an kei sthn perioq  tou x0, pou i-
sqÔei f (2n)(x0) > 0). Parìmoia apodeiknÔetai h deÔterh perÐptwsh, ìpou
f (2n)(x0) < 0. �

Par�deigma 4.12'Estw h sun�rthsh f(x) = sin (2x)+2 cos x me x ∈ [0, 2π].
Na brejoÔn ta akrìtata thc sun�rthshc.

LÔsh EÔkola brÐskoume f ′(x) = 2 cos (2x) − 2 sin x, f ′′(x) = −4 sin (2x) −
2 cos x, f ′′′(x) = −8 cos (2x) + 2 sinx kai ìlec eÐnai suneqeÐc sunart seic. Pi-
jan� akrìtata èqoume sta shmeÐa gia to opoÐa isqÔei

f ′(x) = 0 ⇔ 2 cos (2x)− 2 sin x = 0 ⇔ x =
π

6
, x =

5π

6
, x =

3π

2
.

Sto shmeÐo x0 = π
6
èqoume f ′(π

6
) = 0, f ′′(π

6
) = −3

√
3, eÐnai fanerì ìti loipìn

èqoume topikì mègisto sto sugkekrimèno shmeÐo. Sto shmeÐo x0 = 5π
6

èqoume

f ′(5π
6
) = 0, f ′′(5π

6
) = 3

√
3, opìte èqoume topikì el�qisto. Gia to shmeÐo

x0 = 3π
2

èqoume f ′(3π
2
) = 0, f ′′(3π

2
) = 0 kai f ′′′(3π

2
) = 6, pou shmaÐnei ìti den

eÐnai di�forh apì to mhdèn, �rtiac t�xhc par�gwgoc, s� autì to shmeÐo, opìte
to Je¸rhma (4.8.3) den efarmìzetai. H grafik  par�stash aut c faÐnetai sto
Sq ma 4.26. BohjoÔmenoi apì to sq ma na apofanjeÐte gia th monotonÐa thc
sun�rthshc sto shmeÐo x0 =

3π
2
.

4.8.2 'Alla Jewr mata

'Ena apì ta plèon gnwst� Jewr mata thc an�lushc eÐnai to Je¸rhma tou
Rolle.
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(0,0) pi/6 5*pi/6 3*pi/2

Sq ma 4.26: H sun�rthsh f(x) = sin (2x) + 2 cos x.

Je¸rhma 4.8.4(Je¸rhma tou Rolle). 'Estw f(x) mia sun�rthsh orismènh
kai suneq c sto kleistì di�sthma [a, b] kai paragwgÐsimh sto anoiktì di�sthma
(a, b). An isqÔei f(a) = f(b), tìte up�rqei k�poio shmeÐo x0 ∈ (a, b) gia to
opoÐo isqÔei f ′(x0) = 0.

Apìdeixh: AfoÔ h sun�rthsh eÐnai suneq c, apì to Je¸rhma 3.9.6 ja up�r-
qoun x1 kai x2, ¸ste f(x1) = maxx∈Af

f(x) = M kai f(x2) = minx∈Af
f(x) =

m.
An M = m, tìte h sun�rthsh eÐnai stajer  kai m�lista f(x) = f(a), opìte
kai f ′(x) = 0, ∀x ∈ Af .
An M ̸= m, tìte èna toul�qiston apì ta duo ja eÐnai diaforetikì apì to f(a),
èstw ìti f(x0) = M ̸= f(a) me x0 ∈ (a, b), opìte apì to Je¸rhma 4.8.2 kai
f ′(x0) = 0. �
Gewmetrik�, to parap�nw Je¸rhma ermhneÔetai wc ex c: An mia suneq c su-
n�rthsh f(x) sumbaÐnei na paÐrnei tic Ðdiec timèc sta �kra enìc kleistoÔ diast -
matoc [a, b], tìte up�rqei èna toul�qiston shmeÐo sto anoiktì di�sthma (a, b)
pou h efaptomènh aut c eÐnai par�llhlh ston orizìntio �xona, upì thn proô-
pìjesh ìti h sun�rthsh eÐnai paragwgÐsimh s� autì. Ta parap�nw faÐnontai
sto Sq ma 4.27.

Pìrisma 4.8.5MetaxÔ duo riz¸n miac paragwgÐsimhc sun�rthshc f(x) up�r-
qei toul�qiston mia rÐza thc parag ģou thc.
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Sq ma 4.27: Ta Jewr mata Rolle kai Lagrange.

Apìdeixh: AfoÔ h sun�rthsh f(x) eÐnai paragwgÐsimh, ja eÐnai kai suneq c.
'Estw ρ1 kai ρ2 oi duo rÐzec aut c. Tìte f(ρ1) = f(ρ2) = 0, opìte isqÔei to
Je¸rhma tou Rolle kai sunep¸c up�rqei ξ ∈ (ρ1, ρ2), ètsi ¸ste f ′(x0) = 0. �

GenÐkeush tou parap�nw apoteleÐ to epìmeno Je¸rhma, pou eÐnai gnwstì
wc Je¸rhma thc mèshc tim c   Je¸rhma tou Lagrange.

Je¸rhma 4.8.6(Je¸rhma tou Lagrange). 'Estw f(x) mia sun�rthsh ori-
smènh kai suneq c sto kleistì di�sthma [a, b] kai paragwgÐsimh sto anoiktì
di�sthma (a, b). Tìte up�rqei k�poio shmeÐo x0 ∈ (a, b), gia to opoÐo isqÔei

f ′(x0) =
f(a)− f(b)

a− b
(4.27)

.

Apìdeixh: JewroÔme th sun�rthsh

F (x) = f(x)− f(b)− f(a)− f(b)

a− b
(x− b).

H sun�rthsh aut  eÐnai suneq c sto [a, b], ìpwc kai h f(x). EpÐshc, eÐ-
nai paragwgÐsimh sto anoiktì di�sthma (a, b), ìpwc kai h f(x). Epiplèon,
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F (a) = F (b) = 0, opìte isqÔei to Je¸rhma tou Rolle. 'Etsi, up�rqei k�poio
shmeÐo x0 ∈ (a, b) gia to opoÐo isqÔei F ′(x0) = 0, apì to opoÐo prokÔptei h
sqèsh (4.27). �

Gewmetrik�, to parap�nw Je¸rhma ermhneÔetai wc ex c: An mia suneq c
sun�rthsh f(x) sumbaÐnei na eÐnai suneq c se èna kleistì di�sthma [a, b] kai
paragwgÐsimh sto anoiktì di�sthma (a, b), tìte up�rqei èna toul�qiston shmeÐo
pou h efaptomènh thc eÐnai par�llhlh sth qord  pou en¸nei ta �kra. Ta pa-
rap�nw faÐnontai sto Sq ma 4.27. 'Allh ermhneÐa ja mporoÔse na eÐnai h ex c:
se mia sun�rthsh pou plhroÐ tic proôpojèseic tou Jewr matoc tou Lagrange,
up�rqei k�poio shmeÐo sto anoiktì di�sthma (a, b) pou h mèsh tim  thc sun�r-
thshc gÐnetai Ðsh me to rujmì metabol c aut c. TrÐa shmantik� Jewr mata
prokÔptoun wc �mesec sunèpeiec tou Jewr matoc tou Lagrange. To èna apì
aut� anafèretai sth monotonÐa thc sun�rthshc.

Je¸rhma 4.8.7'Estw f mia sun�rthsh, orismènh kai paragwgÐsimh sto ∆.
Tìte

f ′(x) = 0, ∀x ∈ ∆ ⇐⇒ f(x) = c, ∀x ∈ ∆,

ìpou c ènac stajerìc pragmatikìc arijmìc.

Apìdeixh: 'Estw ìti sto shmeÐo x0 ∈ ∆ èqoume f(x0) = c. Tìte, gia k�je
shmeÐo x1 ∈ ∆ ja isqÔei to Je¸rhma tou Lagrange, opìte

f(x1)− f(x0)

x1 − x0

= f ′(ξ) = 0 ⇔ f(x1)− f(x0) = 0 ⇔ f(x1) = f(x0) = c

kai epomènwc f(x) = c, ∀x ∈ ∆. �

Je¸rhma 4.8.8'Estw f kai g duo sunart seic orismènec kai paragwgÐsimec
sto ∆. Tìte

f ′(x) = g′(x), ∀x ∈ ∆ ⇐⇒ f(x) = g(x) + c, ∀x ∈ ∆,

ìpou c ènac stajerìc pragmatikìc arijmìc.
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Apìdeixh: JewroÔme thn F (x) = f(x)− g(x), gi� aut  isqÔei F ′(x) = 0. Apì
to prohgoÔmeno Je¸rhma èqoume F (x) = c ⇔ f(x) = g(x) + c. �

Ta duo teleutaÐa Jewr mata eÐnai idiaÐtera shmantik� gia ton Oloklhrw-
tikì Logismì pou ja melet soume sto epìmeno Kef�laio. To Je¸rhma 4.8.8,
epiplèon, mac lèei ìti h isìthta twn parag¸gwn duo sunart sewn den odhgeÐ
kai se isìthta twn sunart sewn.

Par�deigma 4.13Na deiqteÐ ìti h sun�rthsh

f(x) = 2 arctan x− arcsin
2x

1 + x2
, |x| < 1

eÐnai stajer  kai na brejeÐ h tim  thc.

LÔsh Gia na eÐnai stajer  h sun�rthsh, ja prèpei h par�gwgìc thc na eÐnai
Ðsh me mhdèn. EÐnai  dh gnwstì ìti

(arctanx)′ =
1

1 + x2
, (arcsin x)′ =

1√
1− x2

,

opìte

(2 arctan x− arcsin
2x

1 + x2
)′ =

2

1 + x2
− 1

2
√
1− ( 2x

1+x2 )2

( 2x

1 + x2

)′

=
2

1 + x2
− 1 + x2

1− x2
· 2(1 + x2)− 4x2

(1 + x2)2
= 0.

AfoÔ h par�gwgoc thc sun�rthshc eÐnai mhdèn, h sun�rthsh eÐnai stajer  kai
arkeÐ na broÔme thn tim  thc gia x = 0. 'Etsi èqoume f(0) = 2 arctan 0 −
arcsin 0 = 0.

Je¸rhma 4.8.9Mia sun�rthsh f(x) paragwgÐsimh se èna di�sthma ∆ eÐnai

a) aÔxousa s� autì, an kai mìnon an f ′(x) ≥ 0, x ∈ ∆

b) fjÐnousa s� autì, an kai mìnon an f ′(x) ≤ 0, x ∈ ∆
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Apìdeixh: a) 'Estw h sun�rthsh f(x) kai duo shmeÐa thc x1 kai x2 sto
∆. 'Estw epiplèon ìti x1 < x2, tìte h f(x) eÐnai suneq c sto [x1, x2] kai
paragwgÐsimh sto anoiktì (x1, x2), opìte apì to Je¸rhma tou Lagrange ja
up�rqei ξ ∈ (x1, x2) me

f ′(ξ) =
f(x2)− f(x1)

(x2 − x1)
⇔ f(x2)− f(x1) = f ′(ξ)(x2 − x1)

kai afoÔ f ′(ξ) > 0 prokÔptei f(x1) < f(x2). To b) apodeiknÔetai parìmoia. �

To Je¸rhma tou Lagrange se sunduasmì me th monotonÐa thc sun�rthshc
gÐnetai èna isqurì ergaleÐo gia thn apìdeixh anisot twn.

Par�deigma 4.14Na deiqteÐ h epìmenh anisìthta

(y − x)ax <
ay − ax

ln a
< (y − x)ay, a > 1 kai y > x.

LÔsh Anadiat�ssontac thn anisìthta prokÔptei h epìmenh

ax ln a <
ay − ax

y − x
< ay ln a, a > 1 kai y > x,

thc opoÐac h mesaÐa par�stash moi�zei polÔ me ekeÐnh thc sqèshc tou Jewr ma-
toc tou Lagrange me f(t) = at, h opoÐa eÐnai suneq c sto [x, y] kai paragwgÐsimh
sto (x, y) m�lista f ′(t) = at ln a. Opìte, isqÔei to Je¸rhma tou Lagrange ètsi
ay−ax

y−x
= aξ ln a me ξ ∈ (x, y). AfoÔ a > 1, èpetai ìti h f eÐnai aÔxousa, ètsi

x < ξ < y ⇒ ax ln a < aξ ln a < ay ln a, dhl.

ax ln a <
ay − ax

y − x
= aξ ln a < ay ln a.

H gn¸sh tou pros mou thc parag¸gou thc sun�rthshc se sunduasmì me
to Je¸rhma 4.8.2 mac lÔnoun to prìblhma twn akrìtatwn thc sun�rthshc.

Par�deigma 4.15Na melethjeÐ wc proc th monotonÐa kai ta akrìtata h su-
n�rthsh f(x) = x−x me x ∈ (0,∞).
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LÔsh H sun�rths  mac eÐnai paragwgÐsimh sto pedÐo orismoÔ thc kai m�lista
isqÔei

f ′(x) = (x−x)′ =
(
e−x lnx

)′
=

(
e−x lnx

)
(− lnx− x

1

x
) = −x−x(lnx+ 1).

Opìte f ′(x) = 0 ⇔ x = 1/e, sunep¸c sto shmeÐo x0 = 1/e h sun�rthsh
parousi�zei akrìtato. AfoÔ x < 1/e ⇔ lnx + 1 < 0 kai x−x > 0, amèswc
paÐrnoume ìti h f eÐnai aÔxousa sto di�sthma (0, 1/e). EpÐshc, afoÔ x >
1/e ⇔ lnx + 1 > 0, amèswc paÐrnoume ìti h f eÐnai fjÐnousa sto di�sthma
(1/e,∞). 'Etsi, sto shmeÐo x0 = 1/e h sun�rthsh parousi�zei topikì mègisto.
H prohgoÔmenh melèth sunoyÐzetai ston epìmeno pÐnaka

x 0 1/e ∞
f ′ + 0 �
f t.m.

))TTT
TTTT

TTTT
TTTT

TTT55jjjjjjjjjjjjjjjjjj

To Je¸rhma thc mèshc tim c tou Lagrange, gia sunart seic dosmènec me
parametrikèc exis¸seic (x = g(t) kai y = f(t)), paÐrnei thn parak�tw pio genik 
morf  kai eÐnai gnwstì wc Je¸rhma thc mèshc tim c tou Cauchy.

Je¸rhma 4.8.10(Je¸rhma tou Cauchy) 'Estw duo sunart seic f kai g su-
neqeÐc sto kleistì di�sthma [a, b] kai paragwgÐsimec sto anoiktì di�sthma (a, b)
me g(b) ̸= g(a). An g′(x) ̸= 0 ∀x ∈ (a, b), tìte up�rqei ξ ∈ (a, b) me

f(b)− f(a)

g(b)− g(a)
=

f ′(ξ)

g′(ξ)
.

Apìdeixh: JewroÔme th sun�rthsh F (x) = f(x)(g(b) − g(a)) − g(x)(f(b) −
f(a)). H sun�rthsh aut  plhroÐ tic sunj kec tou Jewr matoc tou Rolle kai
sunep¸c up�rqei ξ ∈ (a, b) me F ′(ξ) = 0. AfoÔ g′(x) ̸= 0 ∀x ∈ (a, b), tìte kai
g(b) ̸= g(a), opìte

F ′(ξ) = 0 ⇔ f ′(ξ)(g(b)− g(a)) = g′(ξ)(f(b)− f(a)) ⇔ f(b)− f(a)

g(b)− g(a)
=

f ′(ξ)

g′(ξ)
.

�
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Par�deigma 4.16JewroÔme th sun�rthsh f pou dÐnetai me tic parametrikèc
exis¸seic

x = 2t+ 1, y = t2 − 2, t ∈ R.

Na brejeÐ shmeÐo M(x0, y0), sto opoÐo h efaptomènh eÐnai par�llhlh proc th
qord  AB, ìpou A(−3, 2) kai B(3,−1).

LÔsh Apì tic suntetagmènec twn shmeÐwn A kai B, mporoÔme na diapist¸soume
ìti t ∈ [−2, 1]. Sto di�sthma autì, oi sunart seic x kai y plhroÔn to Je¸rhma
tou Cauchy. 'Etsi

y(b)− y(a)

x(b)− x(a)
=

y′(ξ)

x′(ξ)
⇔ −1− 2

3− (−3)
=

2ξ

2
⇔ ξ = −1

2
.

Sunep¸c, h par�llhlh efaptomènh proc th qord AB eÐnai sto shmeÐoM(0,−7/4).

Par�deigma 4.17'Estw h f paragwgÐsimh sto [a, b] me f ′(a) = f ′(b). Na
deiqteÐ ìti

∃ ξ ∈ (a, b) me f ′(ξ) =
f(ξ)− f(a)

ξ − a
.

LÔsh JewroÔme thn

g : [a, b] → R, g(x) =

{
f(x)−f(a)

x−a
, x ̸= a

f ′(a), x = a
.

H g eÐnai suneq c sto [a, b] (apodeiknÔetai eÔkola!) kai epomènwc èqei
mègisto stoiqeÐo (M) kai el�qisto (m).

1o) An m = M , profan¸c h g eÐnai stajer  kai h f eÐnai eujeÐa. Tìte oi
isqurismoÐ mac isqÔoun.

2o) An m ̸= M , tìte ∃ ξ1 kai ξ2 ∈ [a, b] me g(ξ1) = m kai g(ξ2) = M .

An ξ1   ξ2 ∈ (a, b) tìte pr�gmati (Je¸rhma tou Fermat)

∃ ξ ∈ (a, b) me g′(ξ) = 0 ⇒ f ′(ξ) =
f(ξ)− f(a)

ξ − a
.
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Sth sunèqeia ja deÐxoume ìti den eÐnai dunatìn na èqoume ta ξ1 kai ξ2 sta
�kra. 'Estw qwrÐc bl�bh thc genikìthtac ξ1 = a kai ξ2 = b. 'Etsi èqoume

m = g(ξ1) = g(a) = f ′(a) = f ′(b). (4.28)

EpÐshc

g′(b) =
f ′(b)

b− a
− f(b)− f(a)

(b− a)2
=

f ′(b)

b− a
− g(b)

(b− a)
=

1

b− a
(m−M) < 0. (4.29)

'Omwc tìte h g sto b eÐnai gnhsÐwc fjÐnousa, opìte ∃ x se mia perioq  tou b,
ètsi ¸ste g(x) > g(b). 'Atopo.

4.9 Kanìnac tou De l’ Hôspital

Sto Je¸rhma 3.8.8 melet same thn eÔresh kai thn antimet¸pish orÐwn
sunart sewn, ìpou oi pr�xeic metaxÔ twn orÐwn epitrèpontai.
Wstìso, amèswc met�, sto Par�deigma 3.15, eÐdame ìti up�rqoun ìria, ta opoÐa
den eÐnai dunatìn na antimetwpistoÔn me to Je¸rhma 3.8.8, epeid  oi pr�xeic
den epitrèpontai. Pr�xeic pou den epitrèpontai kai sun jwc anafèrontai wc
aprosdiìristec morfèc eÐnai oi ex c:

0

0
, 0 · ∞,

∞
∞

,∞−∞, 00, 1∞,∞0, 0∞.

'Iswc, ekeÐno pou prèpei na xekajarÐsoume eÐnai ìti se ì,ti akoloujeÐ de ja orÐ-
soume kainoÔrgiec pr�xeic, ¸ste autèc pou den epitrèpontai na epitrèpontai sto
mèllon, oÔte ja prosdiorÐsoume autèc tic morfèc. EkeÐno pou ja k�noume eÐnai
ìti ja proteÐnoume mejìdouc gia thn eÔresh orÐwn twn opoÐwn o prosdiorismìc
katal gei se pr�xeic pou den epitrèpontai.

Je¸rhma 4.9.1'Estw duo sunart seic f kai g, orismènec kai suneqeÐc s� èna
di�sthma [a, b] me f(a) = g(a) = 0 kai paragwgÐsimec sto (a, b) me g′(x) ̸= 0 s�
autì. tìte

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
.
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Apìdeixh: ParathroÔme ìti oi sunj kec tou Jewr matoc eÐnai oi sunj kec
tou Jewr matoc 4.8.10. JewroÔme, loipìn, tuqaÐo shmeÐo x ∈ [a, b], opìte apì
to Je¸rhma tou Cauchy, afoÔ f(a) = g(a) = 0, èqoume

f(x)

g(x)
=

f(x)− f(a)

g(x)− g(a)
=

f ′(ξ)

g′(ξ)
me ξ ∈ (a, x). (4.30)

Epeid  x → a+ sunep�getai ξ → a+, tìte apì thn (4.30) ja èqoume ìti

lim
x→a+

f(ξ)

g(ξ)
= lim

x→a+

f ′(ξ)

g′(ξ)
= lim

ξ→a+

f ′(ξ)

g′(ξ)
= lim

x→a+

f ′(x)

g′(x)

�

Parat rhsh 4.9.1Ja mporoÔse k�poioc na parathr sei ta ex c:

• Ta parap�nw isqÔoun akrib¸c ta Ðdia gia ìria apì arister�.

• Upì thn proôpìjesh ìti oi sunart seic eÐnai perissìterec forèc paragw-
gÐsimec, to Je¸rhma efarmìzetai ki �llec forèc an qreiasteÐ.

• To Je¸rhma isqÔei kai gia sunart seic orismènec kai suneqeÐc s� èna
di�sthma (a, b] me limx→a+ f(x) = limx→a+ g(x) = 0, afoÔ tìte mporoÔme
na orÐsoume tic sunart seic

F (x) =

{
f(x), an x ̸= a
0, an x = a

kai G(x) =

{
g(x), an x ̸= a
0, an x = a

kai na efarmìsoume to Je¸rhma.

• To Je¸rhma isqÔei kai sthn perÐptwsh pou to di�sthma orismoÔ eÐnai
thc morf c (−∞, b], afoÔ all�zontac th metablht  kai jètontac x = 1

t
,

dhmiourgoÔme sunj kec kat�llhlec gia thn efarmog  tou Jewr matoc
tou De l’ Hôspital.

Par�deigma 4.18Na brejeÐ to ìrio

lim
x→0

x− sinx

x− tanx
.
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LÔsh ParathroÔme ìti plhroÔntai oi proôpojèseic tou Jewr matoc 4.9.1, o-
pìte paÐrnoume

lim
x→0

x− sinx

x− tanx
= lim

x→0

1− cosx

− tan2 x
= lim

x→0

sin x

−2 tan x(1 + tan2 x)
=

− lim
x→0

cos x

2(1 + tan2 x)
= −1

2
.

Gia thn perÐptwsh pou h aprosdiìristh morf  eÐnai ∞
∞ isqÔei to deÔtero

Je¸rhma tou De l’ Hôspital, to opoÐo dÐnetai sth sunèqeia qwrÐc apìdeixh (o
anagn¸sthc pou endiafèretai ja mporoÔse na dei thn apìdeixh sta ([2], [5],
[7])).

Je¸rhma 4.9.2'Estw duo sunart seic f kai g, orismènec, suneqeÐc kai pa-
ragwgÐsimec s� èna di�sthma (a, b) me limx→a+ f(x) = limx→a+ g(x) = ∞ kai
g′(x) ̸= 0 s� autì. an up�rqei to

lim
x→a+

f ′(x)

g′(x)
= l, l ∈ R,

tìte

lim
x→a+

f(x)

g(x)
= lim

x→a+

f ′(x)

g′(x)
.

Parat rhsh 4.9.2Ja mporoÔse k�poioc na parathr sei ta ex c:

• H parat rhsh (4.9.1) isqÔei tropopoihmènh kai gia toÔto to Je¸rhma.

• To l mporeÐ na eÐnai kai to ∞, afoÔ an limx→a+
f ′(x)
g′(x)

= ∞, tìte

limx→a+
g′(x)
f ′(x)

= 0.

• H Ôparxh tou orÐou limx→a+
f ′(x)
g′(x)

= l, l ∈ R eÐnai shmantik , afoÔ
diaforetik� prokÔptoun {�topa}, ìpwc ja doÔme amèswc.

Par�deigma 4.19Exet�ste an isqÔei to deÔtero Je¸rhma tou De l’ Hôspital
gia to ìrio.

lim
x→∞

x

x+ sinx

Na to upologÐsete!
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LÔsh An jèsoume f(x) = x kai g(x) = x + sin(x), profan¸c kai oi duo
eÐnai suneqeÐc kai paragwgÐsimec pantoÔ sto R kai ta ìrio eÐnai limx→∞ f(x) =
limx→∞ g(x) = ∞. 'Omwc, to ìrio

lim
x→∞

f ′(x)

g′(x)
= lim

x→∞

1

1 + cosx

den up�rqei, afoÔ autì talanteÔetai apì 1
2
mèqri +∞. 'Etsi, to deÔtero Je¸rh-

ma tou De l’ Hôspital gia to ìrio den efarmìzetai. EÔkola ìmwc upologÐzoume
ìti

lim
x→∞

x

x+ sin x
= lim

x→∞

1

1 + sinx
x

= 1.

Oi �llec aprosdiìristec morfèc antimetwpÐzontai mèsa apì tic duo pro-
hgoÔmenec. 'Etsi, gia par�deigma, an èqoume duo sunart seic gia tic opoÐec
sumbaÐnei limx→a f(x) = 0 kai limx→∞ g(x) = ∞ ki emeÐc jèloume na upo-
logÐsoume to ìrio limx→a (f(x)g(x)), tìte ekmetalleuìmaste to gegonìc ìti
limx→a

1
g(x)

= 0 kai limx→a
1

f(x)
= ±∞, opìte èqoume na upologÐsoume to ìrio

lim
x→a

f(x)
1

g(x)

= 0,   lim
x→a

g(x)
1

f(x)

,

pou to pr¸to eÐnai thc morf c 0
0
kai to deÔtero ∞

∞ .
An èqoume duo sunart seic gia tic opoÐec sumbaÐnei limx→a f(x) = ∞ kai
limx→∞ g(x) = ∞ ki emeÐc jèloume na upologÐsoume to ìrio limx→a (f(x)− g(x)),
tìte, an gÐnontai pr�xeic, autèc sun jwc mac odhgoÔn se mia apì tic prohgoÔ-
menec morfèc. epÐshc ekmetalleuìmaste to gegonìc ìti limx→a

1
g(x)

= 0 kai

limx→a
1

f(x)
= 0, opìte èqoume na upologÐsoume to ìrio

lim
x→a

( 1
1

f(x)

− 1
1

g(x)

)
= lim

x→a

1
g(x)

− 1
f(x)

1
f(x)

1
g(x)

,

pou eÐnai thc morf c 0
0
.

Oi �llec morfèc eÐnai ekjetikèc kai antimetwpÐzontai me th gnwst  idiìthta twn
logarÐjmwn, afoÔ exasfalÐsoume ìti plhroÔntai oi periorismoÔc twn log�rij-
mwn,

f(x)g(x) = eln (f(x)g(x)) = eg(x) ln (f(x)),

opìte èqoume p�ntote na antimetwpÐsoume th morf  0 · ∞.
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Prin kleÐsoume aut n thn par�grafo, ja prèpei na tonÐsoume ìti o Ka-
nìnac tou De l’ Hôspital eÐnai èna isqurìtato ergaleÐo gia thn eÔresh orÐwn,
wstìso up�rqoun peript¸seic, p.q. se peript¸seic me rizik�, pou prèpei na
katafÔgoume stic klassikèc mejìdouc, afoÔ autìc de dÐnei lÔsh.

Par�deigma 4.20Na upologÐsete to ìrio

lim
x→1

√
x2 + 1−

√
2x

√
2x+ 1−

√
x2 + 2

.

LÔsh Prospaj¸ntac, t¸ra, na efarmìsoume ton kanìna tou De l’ Hôspital
katal goume se adièxodo, afoÔ jètontac f(x) =

√
x2 + 1 −

√
2x kai g(x) =√

2x+ 1−
√
x2 + 2 èqoume

f ′(x)

g′(x)
=

√
2x+ 1

√
x2 + 2(

√
x2 + 1−

√
2x)√

2x
√
x2 + 1(

√
2x+ 1−

√
x2 + 2)

.

Pollaplasi�zontac ìmwc, me kat�llhlec parast�seic arijmht  kai paranoma-
st  paÐrnoume

f(x)

g(x)
=

(x2 + 1− 2x)(
√
x2 + 1 +

√
2x+ 1)

(2x+ 1− x2 − 2)(
√
x2 + 2 +

√
2x)

=
(
√
x2 + 1 +

√
2x+ 1)

(
√
x2 + 2 +

√
2x) x→1

// 1 .

4.10 AsÔmptwtec

H sumperifor� enìc shmeÐou M(x, y) miac sun�rthshc y = f(x) gÔrw
apì èna shmeÐo M(x0, y0) tou pragmatikoÔ epipèdou, dhl. enìc shmeÐou me
suntetagmènec pragmatikèc, eÔkola   dÔskola mporeÐ, en gènei, na prosdioristeÐ
  na katasteÐ gnwst . H sumperifor� tou ìmwc sto �peiro eÐnai k�ti pou den
eÐnai eÔkolo na apeikonisteÐ. EkeÐno pou, Ðswc, ja mac èdine mia eikìna sqetik�
me th sumperifor� tou eÐnai to kat� pìso to shmeÐo mac plhsi�zei sta shmeÐa
miac eujeÐac, afoÔ h sumperifor� thc eujeÐac sto �peiro eÐnai gnwst .
Treic katast�seic eÐnai dunatìn na emfanistoÔn gia tic suntetagmènec tou

shmeÐou M(x, y):

1. To x → x0 ∈ R kai y → ∞
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2. To x → ∞ kai y → y0 ∈ R

3. To x → ∞ kai y → ∞.

Sthn pr¸th perÐptwsh, kaj¸c to x → x0 kai y → ∞, h sun�rths  mac teÐnei
sthn eujeÐa x = x0, gi� autì orÐzoume

Orismìc 4.10.1H eujeÐa x = x0 eÐnai katakìrufh asÔmptwth thc sun�rth-
shc f , an limx→x0 f(x) = +∞   −∞.

Sthn perÐptwsh aut  kajorÐzetai kai h pleur� apì thn opoÐa plhsi�zoun ta
shmeÐa thc sun�rths c mac ta shmeÐa thc eujeÐac, afoÔ eÐnai gnwstì to p¸c
teÐnei to x sto x0. Pijan� shmeÐa gia èlegqo eÐnai ta shmeÐa pou mhdenÐzoun
ton paranomast  kai genik� ta shmeÐa sta opoÐa den orÐzetai h sun�rthsh.
Gia tic �llec duo peript¸seic jewroÔme th sun�rthsh thc eujeÐac y = ax + b
kai ja prospaj soume na prosdiorÐsoume touc suntelestèc a kai b, ìtan to
ìrio thc diafor�c f(x)− ax− b teÐnei sto mhdèn.

lim
x→∞

(f(x)− ax− b) = 0 ⇒ lim
x→∞

x
(f(x)

x
− a− b

x

)
= 0 ⇒ lim

x→∞

f(x)

x
= a,

lim
x→∞

(f(x)− ax− b) = 0 ⇒ lim
x→∞

(f(x)− ax) = b.

'Etsi dÐnoume ton epìmeno orismì

Orismìc 4.10.2H eujeÐa y = ax + b eÐnai pl�gia asÔmptwth thc sun�rth-

shc f , an limx→∞
f(x)
x

= a kai limx→∞ (f(x)− ax) = b. 'Otan a = 0, tìte
limx→∞ f(x) = b kai h eujeÐa lègetai orizìntia asÔmptwth.

Par�deigma 4.21Na brejoÔn oi asÔmptwtec twn sunart sewn

f(x) =

{
sinx
x
, x ̸= 0

1, x = 0
, g(x) =

x2 + 2

x+ 1
.

LÔsh Gia thn pr¸th sun�rthsh to shmeÐo x = 0 eÐnai shmeÐo pou prèpei na
prosèxoume gia katakìrufh asÔmptwth. AfoÔ ìmwc èqoume limx→0 f(x) = 1,
den èqoume katakìrufo asÔmptwth. EÔkola k�poioc brÐskei

lim
x→∞

f(x)

x
= lim

x→∞

sinx

x2
= 0 kai lim

x→∞
f(x) = lim

x→∞

sin x

x
= 0.
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f(x)

g(x)

Sq ma 4.28: Oi sunart seic f(x) kai g(x)

'Etsi h eujeÐa y = 0 eÐnai orizìntia asÔmptwth.
Gia th deÔterh sun�rthsh to shmeÐo x = −1 eÐnai shmeÐo ìpou den orÐzetai h
sun�rthsh kai gi� autì prèpei na exet�soume gia katakìrufh asÔmptwth. AfoÔ
èqoume limx→0 g(x) = ∞, èqoume katakìrufh asÔmptwth thn eujeÐa x = −1.
EpÐshc, eÔkola k�poioc brÐskei

lim
x→∞

f(x)

x
= lim

x→∞

x2 + 2

x2 + x
= 1 kai lim

x→∞
f(x)− x = lim

x→∞

−x+ 2

x− 1
= −1.

'Etsi h eujeÐa y = x− 1 eÐnai pl�gia asÔmptwth. Oi grafikèc parast�seic twn
duo sunart sewn me tic asÔmptwtèc touc faÐnontai sto Sq ma 4.28.

4.11 Kurtèc kai koÐlec sunart seic

H kampulìthta sth grafik  par�stash miac sun�rthshc eÐnai èna �llo
qarakthristikì pou endiafèrei. EÐnai sten� sundedemènh me thn ènnoia thc kur-
t c kai koÐlhc sun�rthshc, ènnoiec pou eÐnai sten� sundedemènec me th jewrÐa
thc beltistopoÐhshc. O prwtoet c foitht c eÐnai exoikeiwmènoc me thn ènnoia
thc kurtìthtac apì to Gumn�sio, afoÔ apì polÔ nwrÐc èqei akoÔsei gia kur-
tèc gwnÐec, kurt� sq mata k.lp. Ta kurt� sÔnola èqoun thn idiìthta ìti, an
en¸soume duo opoiad pote shmeÐa touc me èna eujÔgrammo tm ma, olìklhro to
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f(k*a+(1-k)*b)

a bk*a+(1-k)*b

k*f(a)+(1-k)*f(b)

Sq ma 4.29: H par�stash thc kurt c sun�rthshc f : [a, b] → R.

tm ma brÐsketai mèsa sto sq ma. An ϑ ∈ (0, 1), tìte o grammikìc sunduasmìc
ϑx0 + (1 − ϑ)x1 ekfr�zei k�je eswterikì shmeÐo tou eujugr�mmou tm matoc
x0x1. (Bl. 'Askhsh 4.13).

Orismìc 4.11.1H sun�rthsh f : [a, b] → R, lème ìti eÐnai kurt  sto [a, b]
an gia k�je x0 kai x1 sto [a, b] kai k�je ϑ ∈ (0, 1) isqÔei

ϑf(x0) + (1− ϑ)f(x1) ≥ f(ϑx0 + (1− ϑ)x1). (4.31)

H f kaleÐtai koÐlh, ìtan h −f eÐnai kurt .

EÔkola diapist¸nei kaneÐc ìti gia thn koÐlh sun�rthsh h anisìthta isqÔei
me antÐjeth for�. O kurtìc sunduasmìc twn x0 kai x1 eÐnai profan¸c èna
eswterikì shmeÐo x twn x0x1 kai mac dÐnei

x = ϑx0 + (1− ϑ)x1 ⇔ ϑ =
x− x0

x1 − x0

. (4.32)

GÐnetai, plèon, fanerì ìti h sqèsh (4.31), sunduasmènh me thn (4.32), mac dÐnei

f(x) ≤ f(x1) + ϑ(f(x1)− f(x0)) = f(x1) +
f(x1)− f(x0)

x1 − x0

(x− x0).

H teleutaÐa, gewmetrik�, lèei ìti k�je shmeÐo thc kampÔlhc brÐsketai k�tw apì
th qord  AB, ìpou A(x0, f(x0)) kai B(x1, f(x1)). (Bl. Sq ma 4.29).
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Par�deigma 4.22Na deiqteÐ ìti h sun�rthsh f(x) = |x| eÐnai kurt .

LÔsh Pr�gmati gia k�je x0 kai x1 isqÔei

f(ϑx0 + (1− ϑ)x1) = |ϑx0 + (1− ϑ)x1| ≤ |ϑx0|+ |(1− ϑ)x1| =

ϑ|x0|+ (1− ϑ)|x1| = ϑf(x0) + (1− ϑ)f(x1),

afoÔ oi posìthtec ϑ kai 1− ϑ eÐnai jetikèc.

Par�deigma 4.23Na deiqteÐ ìti h sun�rthsh f(x) = x2 eÐnai kurt .

LÔsh Pr�gmati gia k�je x0 kai x1 isqÔei

ϑf(x0) + (1− ϑ)f(x1) ≥ f(ϑx0 + (1− ϑ)x1) ⇔

ϑx2
0 + (1− ϑ)x2

1 ≥ (ϑx0 + (1− ϑ)x1)
2 ⇔

ϑx2
0 + (1− ϑ)x2

1 ≥ ϑ2x2
0 + (1− ϑ)2x2

1 + 2ϑ(1− ϑ)x0x1 ⇔

ϑ(1− ϑ)(x0 − x1)
2 ≥ 0,

pou isqÔei, afoÔ ϑ(1− ϑ)(x0 − x1)
2 > 0.

Oi kurtèc sunart seic èqoun duo spoudaÐec idiìthtec, tic opoÐec ja ana-
fèroume qwrÐc apìdeixh. O foitht c pou endiafèretai ja mporoÔse na koit�xei
se biblÐa Majhmatik c An�lushc p.q. ([2],[7]).

• K�je kurt  sun�rthsh f orismènh s� èna di�sthma [a, b] eÐnai suneq c.

• Gia k�je kurt  sun�rthsh f orismènh s� èna di�sthma [a, b], se k�je
shmeÐo tou diast matìc thc, up�rqoun oi pleurikèc par�gwgoi.

Je¸rhma 4.11.2'Estw h sun�rthsh f pou eÐnai orismènh kai paragwgÐsimh
sto di�sthma [a, b]. h f eÐnai kurt  sto parap�nw di�sthma, an kai mìnon an
gia k�je x kai y me x ̸= y sto [a, b] isqÔei

f(y) ≥ f(x) + (y − x)f ′(x). (4.33)
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Apìdeixh: Ja deÐxoume, arqik�, ìti an isqÔei h sqèsh (4.33), h sun�rthsh
eÐnai kurt . 'Estw y kai z duo tuqaÐa shmeÐa sto [a, b] kai x ∈ (y, z), opìte
x = ϑy + (1− ϑ)z me ϑ ∈ (0, 1). AfoÔ isqÔei h sqèsh (4.33), èqoume

f(y) ≥ f(x) + (y − x)f ′(x) ⇔ ϑf(y) ≥ ϑf(x) + ϑ(y − x)f ′(x)

f(z) ≥ f(x) + (z − x)f ′(x) ⇔ (1− ϑ)f(z) ≥ (1− ϑ)f(x) + (1− ϑ)(z − x)f ′(x)

Prosjètontac kat� mèlh tic duo prohgoÔmenec èqoume

ϑf(y) + (1− ϑ)f(z) ≥ ϑf(x) + (1− ϑ)f(x)

+ [ϑy + (1− ϑ)z − ϑx− (1− ϑ)x]f ′(x)

= f(x) + (x− x)f ′(x) = f(x) = f(ϑy + (1− ϑ)z).

Antistrìfwc, jewroÔme t¸ra ìti h f eÐnai kurt  kai x, y duo shmeÐa sto [a, b]
me x ̸= y, tìte gia k�je ϑ ∈ (0, 1) ja isqÔei

f((1− ϑ)x+ ϑy)− f(x)

ϑ
≤ (1− ϑ)f(x) + ϑf(y)− f(x)

ϑ
= f(y)− f(x).

To pr¸to mèloc thc prohgoÔmenhc sqèshc anadiatassìmeno mac dÐnei

f((1− ϑ)x+ ϑy)− f(x)

ϑ
= (y − x)

f(x+ ϑ(y − x))− f(x)

ϑ(y − x)
,

opìte prokÔptei h epìmenh anisìthta

(y − x)
f(x+ ϑ(y − x))− f(x)

ϑ(y − x)
≤ f(y)− f(x).

H teleutaÐa me ϑ → 0 dÐnei

(y − x)f ′(x) ≤ f(y)− f(x) ⇔ f(y) ≥ f(x) + (y − x)f ′(x),

pou eÐnai h zhtoÔmenh. �

Duo shmantikèc, diaforetikèc gewmetrikèc proseggÐseic mporoÔn na gÐ-
noun sto prohgoÔmeno Je¸rhma.

• H pr¸th eÐnai h ex c: K�je shmeÐo thc kampÔlhc brÐsketai p�nw apì
opoiad pote efaptomènh thc.
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x y z x y

Sq ma 4.30: H ermhneÐa tou Jewr matoc 4.11.2.

• Gia th deÔterh qrei�zetai mia mikr  tropopoÐhsh thc sqèshc (4.33). An
y > x mac dÐnei

f(y) ≥ f(x) + (y − x)f ′(x) ⇔ f(y)− f(x)

y − x
≥ f ′(x), (4.34)

en¸ an y < x, paÐrnoume

f(y) ≥ f(x) + (y − x)f ′(x) ⇔ f(y)− f(x)

y − x
≤ f ′(x). (4.35)

EkeÐno pou gÐnetai, t¸ra, fanerì eÐnai ìti h klÐsh opoiasd pote qord c
thc kampÔlhc eÐnai megalÔterh apì thn klÐsh thc efaptomènhc thc, sto
aristerì thc �kro, kai mikrìterh apì thn klÐsh thc efaptomènhc thc, sto
dexiì thc �kro.

Ta parap�nw faÐnontai parastatik� sto Sq ma 4.30.

'Hdh èqei faneÐ ìti h kurtìthta thc grafik c par�stashc thc sun�rthshc
èqei sten  sqèsh me thn par�gwgo aut c. To epìmeno Je¸rhma epibebai¸nei
tou lìgou to alhjèc.

Je¸rhma 4.11.3'Estw h sun�rthsh f pou eÐnai orismènh kai paragwgÐsimh
sto di�sthma [a, b]. h f eÐnai kurt  sto parap�nw di�sthma, an kai mìnon an
h f ′ eÐnai aÔxousa s� autì.
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z y z x y

Sq ma 4.31: H ermhneÐa thc apìdeixhc tou Jewr matoc 4.11.3.

Apìdeixh: JewroÔme arqik� ìti h f eÐnai kurt . 'Estw t¸ra x kai y duo
shmeÐa tou [a, b] me x < y. Apì to prohgoÔmeno Je¸rhma 4.11.2 kai idiaÐtera
apì tic sqèseic (4.34) kai (4.35) paÐrnoume

f ′(x) <
f(y)− f(x)

y − x
=

f(x)− f(y)

x− y
< f ′(y).

Antistrìfwc, an h f ′ eÐnai aÔxousa kai x, y duo shmeÐa tou [a, b] me x < y, tìte,
apì to Je¸rhma 4.8.6 (Je¸rhma tou Lagrange) kai to gegonìc ìti h f ′ eÐnai
aÔxousa, ja up�rqei k�poio shmeÐo ξ me x < ξ < y, ètsi ¸ste

f ′(x) < f ′(ξ) =
f(y)− f(x)

y − x
< f ′(y)

To eujÔ kai to antÐstrofo apeikonÐzontai sto Sq ma 4.31. �

Apì to Je¸rhma 4.8.9 prokÔptei ìti h f ′ aÔxousa isodunameÐ me th f ′′

jetik , upì thn proôpìjesh ìti h f ′ paragwgÐzetai. 'Etsi, abÐasta, prokÔptei
to epìmeno Pìrisma.

Pìrisma 4.11.4'Estw h sun�rthsh f pou eÐnai orismènh kai duo forèc pa-
ragwgÐsimh sto di�sthma [a, b]. h f eÐnai kurt  sto parap�nw di�sthma, an
kai mìnon an h f ′′ eÐnai jetik  s� autì.
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'Osa proanafèrame gia tic kurtèc sunart seic isqÔoun kat�llhla pro-
sarmosmèna kai gia tic koÐlec. 'Etsi, sto prohgoÔmeno pìrisma me tic Ðdiec
proôpojèseic h f ′′ < 0 isodunameÐ me koÐlh sun�rthsh k.lp. AxÐzei na tonÐ-
soume ìti to shmeÐo sto opoÐo mia sun�rthsh f all�zei kampulìthta, dhl. apì
kurt  gÐnetai koÐlh   apì koÐlh kurt , lègetai {shmeÐo kamp c} (sv.k.). Wc
pijan� shmeÐa kamp c elègqoume ta shmeÐa sta opoÐa mhdenÐzetai h f ′′, efìson
up�rqei   den orÐzetai h f ′ (p.q. f ′

− ̸= f ′
+).

Par�deigma 4.24Na brejoÔn ta shmeÐa kamp c kai na melethjeÐ wc proc thn
kampulìthta, dhl. pìte eÐnai kurt  kai pìte koÐlh, h sun�rthsh

f(x) =

{
sin x, x ∈ (−2π

3
, 2π

3
]

sin (x− π
3
), x ∈ (2π

3
, 2π)

LÔsh H deÔterh par�gwgoc thc sun�rthshc eÐnai

f ′′(x) =

{
− sin x, x ∈ (−2π

3
, 2π

3
)

− sin (x− π
3
), x ∈ (2π

3
, 2π)

.

Sto shmeÐo x0 = 2π
3

aut  den orÐzetai, afoÔ den orÐzetai h pr¸th par�gwgoc
sto shmeÐo autì. Pr�gmati k�poioc eÔkola mporeÐ na upologÐsei (na brejeÐ!)
ìti

f ′
−(

2π

3
) = −1

2
̸= 1

2
= f ′

+(
2π

3
).

EpÐshc, f ′′(x) = 0 mac dÐnei ta shmeÐa x1 = 0 kai x2 =
4π
3
, ta opoÐa eÐnai krÐsima

shmeÐa gia shmeÐa kamp c. H melèth tou pros mou thc deÔterhc parag¸gou kai
thc kampulìthtac thc sun�rthshc faÐnetai ston parak�tw pÐnaka:

x −2π
3

0 2π
3

4π
3

2π
f ′′ − 0 + ∥ + 0 −
f 55 %% %% 55

en¸ h grafik  par�stash aut c dÐnetai sto Sq ma 4.32.

Prin kleÐsoume thn par�grafo aut , ja d¸soume èna Je¸rhma antÐstoiqo
tou Jewr matoc 4.8.3, ìpou h Ôparxh shmeÐou kamp c exasfalÐzetai apì th
gn¸sh thc tim c thc parag¸gou uyhlìterhc t�xhc.
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Sq ma 4.32: H grafik  par�stash thc f tou paradeÐgmatoc (4.24).

Je¸rhma 4.11.5An gia mia sun�rthsh f orismènh sto di�sthma [a, b], oi
2n+ 1 par�gwgoi thc f up�rqoun kai eÐnai suneqeÐc kai epiplèon

f ′′(x0) = f ′′′(x0) = · · · = f (2n)(x0) = 0 kai f (2n+1)(x0) ̸= 0 me n ≥ 1,

tìte sto x0 èqoume shmeÐo kamp c.

Apìdeixh: AnaptÔssontac thn f se seir� Taylor gÔrw apì to shmeÐo x0

èqoume

f(x) = f(x0)+(x−x0)f
′(x0)+

2n−1∑
k=2

(x− x0)
k

k!
f (k)(x0)︸ ︷︷ ︸

0

+
(x− x0)

2k+1

(2k + 1)!
f (2k+1)(ξ).

'Etsi, an f (2k+1)(x0) > 0, h posìthta (x−x0)2k+1

(2k+1)!
dexi� tou x0 eÐnai jetik , opìte

f(x) = f(x0)+(x−x0)f
′(x0) > 0 kai h f eÐnai kurt  (apì to Je¸rhma 4.11.2),

en¸ arister� tou x0 h posìthta
(x−x0)2k+1

(2k+1)!
eÐnai arnhtik  kai h f eÐnai koÐlh. Su-

nep¸c, sto x0 all�zei h monotonÐa. Parìmoia sumbaÐnoun, an f (2k+1)(x0) < 0. �
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4.12 H Melèth thc sun�rthshc

Sugkentr¸nontac ìla ìsa anafèrame mèqri t¸ra ja mporoÔsame, genik�,
na poÔme ìti gia na melet soume mia sun�rthsh mporoÔme   prèpei na k�noume
tic epìmenec enèrgeiec:

• BrÐskoume to pedÐo orismoÔ thc f kai exet�zoume thn periodikìthta kai
tic summetrÐec (�rtia�peritt ) aut c, efìson eÐnai efiktì.

• EntopÐzoume ìsa qarakthristik� shmeÐa thc sun�rthshc (shmeÐa tom c me
touc �xonec) mporoÔme.

• Exet�zoume th sunèqeia aut c sta diast mata pou orÐzetai, dÐnontac pro-
soq  sta �kra aut¸n.

• BrÐskoume tic asÔmptwtec aut c, an up�rqoun.

• BrÐskoume thn par�gwgo aut c kai me th bo jei� thc meletoÔme th mono-
tonÐa kai entopÐzoume ta akrìtata exet�zontac th sun�rthsh sta krÐsima
shmeÐa thc.

• BrÐskoume th deÔterh par�gwgo f ′′, an up�rqei, kai me th bo jei� thc
meletoÔme thn kampulìtht� thc kai entopÐzoume ta shmeÐa kamp c exet�-
zontac thn sun�rthsh sta krÐsima shmeÐa thc f ′.

Par�deigma 4.25Na melethjeÐ h sun�rthsh

f(x) =

{
|x|x, x ̸= 0
1, x = 0

.

LÔsh Wc pedÐo orismoÔ thc sun�rthshc jewroÔme to R, afoÔ aut  orÐzetai
pantoÔ mèsa s� autì. SummetrÐec kai periodikìthtec den up�rqoun kai wc ek
toÔtou ja melet soume thn f(x) wc proc th sunèqeia. H sun�rthsh mporeÐ na
grafeÐ wc |x|x = ex ln |x|, me x ∈ (−∞, 0) ∪ (0,∞). 'Etsi, mporoÔme na doÔme
ìti aut  eÐnai suneq c kai sto (−∞, 0) kai sto (0,∞). H f eÐnai suneq c sto
shmeÐo x0 = 1, ìpou pr�gmati èqoume

lim
x→0

|x|x = lim
x→0

ex ln |x| = elimx→0 x ln |x| = e0 = 1 = f(0),
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afoÔ paÐrnontac upìyh mac th sqèsh (4.6) mporoÔme na broÔme

lim
x→0

x ln |x| = lim
x→0

ln |x|
1
x

= lim
x→0

(ln |x|)′

( 1
x
)′

= lim
x→0

1
x

− 1
x2

= lim
x→0

x = 0.

O orizìntioc �xonac eÐnai asÔmptwth thc kampÔlhc mac, afoÔ eÔkola prokÔptei
ìti limx→−∞ |x|x = 0, en¸ pl�giec den up�rqoun.

H par�gwgoc sta diast mata thc sunèqei�c thc eÐnai f ′(x) = (|x|x)′ =
|x|x(ln |x|+ 1), en¸ sto shmeÐo x0 = 0 èqoume

f ′(1) = lim
x→0

|x|x − 1

x
= lim

x→0

|x|x(ln |x|+ 1)

1
= −∞.

Me f ′(x) = 0 ⇔ ln |x| = −1 ⇔ |x| = e−1. Ta krÐsima shmeÐa, loipìn, eÐnai
x0 = 0, x1 = −1/e, x2 = 1/e. To prìshmo thc parag¸gou exart�tai apì to
prìshmo thc posìthtac ln |x|+ 1, afoÔ |x|x > 0. 'Etsi, prokÔptei o parak�tw
pÐnakac, ìpou faÐnontai ta topik� mègista, el�qista kai h monotonÐa.

x ∞ −1/e 0 1/e ∞
f ′(x) + 0 − ∥ − +
f(x) ??�������

t.m.

��?
??

??
??

��?
??

??
??

t.e.

??�������

Gia th deÔterh par�gwgo èqoume ìti sto shmeÐo x0 = 0 aut  den orÐzetai kai
wc ek toÔtou to shmeÐo autì eÐnai krÐsimo shmeÐo. Sta diast mata orismoÔ thc
èqoume ìti f ′′(x) = |x|x[(ln |x| + 1)2 + 1

x
]. EÐnai fanerì ìti f ′′(x) > 0,∀x > 0,

en¸ gia x < 0, afoÔ |x|x > 0, jewroÔme th sun�rthsh g(x) = (ln (−x) +
1)2 + 1

x
kai eÔkola mporoÔme na apodeÐxoume (h apìdeixh mènei gia �skhsh) ìti

èqei monadik  rÐza thn tim  x3 = −1. 'Etsi, mporoÔme na dhmiourg soume ton
parak�tw pÐnaka, ston opoÐo faÐnetai h kampulìthta aut c.

x ∞ −1 0 ∞
f ′′(x) + 0 − ∥ +
f(x) 99 sv.k. %% sv.k. 99

H grafik  thc par�stash faÐnetai sto Sq ma 4.33.
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 1

1/e 0-1/e

Sq ma 4.33: H grafik  par�stash thc f(x) = |x|x.

Ask seic

'Askhsh 4.1DeÐxte ìti, an mia sun�rthsh den eÐnai suneq c sto shmeÐo x0,
tìte den paragwgÐzetai s� autì.

'Askhsh 4.2Exet�ste wc proc th sunèqeia kai thn parag ģish sto shmeÐo 0
th sun�rthsh

f(x) =


3
√
x+ 1, x > 0
0, x = 0

3
√
x− 1, x < 0

.

'Askhsh 4.3DeÐxte ìti, an duo sunart seic paragwgÐzontai n forèc, tìte i-
sqÔei

1) (f ·g)′′ = f ·g′′+2f ′g′+f ′′ ·g, 2) (f ·g)(3) = f ·g(3)+3f ′g′′+3f ′′g′+f (3) ·g.

(M pwc manteÔete to genikì tÔpo?)

'Askhsh 4.4Na brejoÔn oi par�gwgoi twn peplegmènwn sunart sewn

1) 3x − 3y = 3x−y, 2) x+ y = ln (x+ y), me x+ y > 0,

3)
√

x2 + y2 = earctan
x
y , me y ̸= 0.
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'Askhsh 4.5BreÐte to diaforikì twn f(x) = cosx kai f(x) = sinx. Na qrh-
simopoihjoÔn, gia na brejeÐ mia proseggistik  tim  gia ta a)cos π

50
b)sin 0.0012.

'Askhsh 4.6Na brejoÔn me dunamoseirèc ta eix kai cos x + i sinx, ìpou i =√
−1. Na sugkrijoÔn.

'Askhsh 4.7DeÐxte ìti oi parak�tw sunart seic diafèroun kat� stajer�, a-
foÔ pr¸ta entopÐsete to koinì pedÐo orismoÔ touc (a ̸= 0).

1)

{
f1(x) =

1
a
arg tanh x

a

f2(x) =
1
2a
ln a+x

a−x

2)

{
g1(x) = arg sinh x

a

g2(x) = ln |x+
√
x2 − a2|

'Askhsh 4.8'Ena komm�ti sÔrma kìbetai se duo komm�tia kai kataskeu�zoume
èna tetr�gwno ki ènan kÔklo. BreÐte se poio shmeÐo tou prèpei na kopeÐ to sÔrma,
¸ste to �jroisma twn embad¸n twn duo sqhm�twn na eÐnai mègisto.

'Askhsh 4.9Sto diplanì sq ma o parathrht c (P)
prèpei na p�ei to suntomìtero dunatì sto
parathrht rio, entìc thc lÐmnhc (S). Sto
èdafoc o parathrht c trèqei me taqÔthta
6Km/h, en¸ sth lÐmnh me th mis . Na
brejeÐ, qrhsimopoi¸ntac th mèjodo thc di-
qotìmhshc   ìpoio �llo trìpo jèlete, to
shmeÐo (M), an eÐnai gnwstì ìti PA=100m,
SB=60m kai AB=200m.

Π

Σ

Β

ΑΜ

'Askhsh 4.10S� èna kulindrikì doqeÐo aktÐnac R = 10cm, se ugrì ikanoÔ
Ôyouc h ful�ssontai 106 mìria sfairikoÔ organismoÔ aktÐnac r = 0.01cm. Na
brejeÐ o rujmìc metabol c thc aktÐnac twn organism¸n, an to Ôyoc thc st�jmhc
tou ugroÔ anebaÐnei me taqÔthta 0.2cm/sec.

'Askhsh 4.11Jewr¸ntac ìti to wriaÐo kìstoc enìc sk�fouc, pou kineÐtai me
stajer  taqÔthta, dÐnetai apì ton tÔpo a+ bvn, n > 1, ìpou a kai b stajerèc,
na brejeÐ h taqÔthta pou prèpei na kineÐtai, autì ¸ste na èqoume to el�qisto
kìstoc.
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'Askhsh 4.12Na brejeÐ to orjog¸nio (me pleurèc par�llhlec proc touc �xo-
nec), me to mègisto embadìn, pou eggr�fetai sthn èlleiyh

x2

a2
+

y2

b2
= 1.

'Askhsh 4.13An ϑ ∈ (0, 1), na deiqjeÐ ìti o grammikìc sunduasmìc ϑx0 +
(1 − ϑ)x1 ekfr�zei k�je eswterikì shmeÐo tou eujugr�mmou tm matoc x0x1

a)x0, x1 ∈ R b)x0, x1 ∈ R2.
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Aìristo Olokl rwma

5.1 Genik�

To antÐstrofo prìblhma thc parag¸gishc eÐnai h olokl rwsh. Olokl -
rwsh dhl. eÐnai h diadikasÐa, me thn opoÐa, ìtan mac dÐnetai mia sun�rthsh, e-
meÐc brÐskoume apì poia sun�rthsh pro lje aut  me parag¸gish. Diaforetik�,
ìtan gnwrÐzoume to rujmì metabol c miac sun�rthshc brÐskoume th sun�rthsh
sthn opoÐa antistoiqeÐ. To pl joc twn pragmatik¸n problhm�twn stic di�fo-
rec epist mec eÐnai akrib¸c autoÔ tou eÐdouc. GnwrÐzoume to rujmì metabol c
miac sun�rthshc kai ìqi thn Ðdia th sun�rthsh   gnwrÐzoume mia sqèsh pou
sundèei th sun�rthsh me to rujmì metabol c aut c kai y�qnoume na broÔme th
sun�rthsh. Se antÐjesh me to prìblhma thc parag¸gishc to prìblhma thc olo-
kl rwshc eÐnai meg�lo kai polÔploko. Wstìso, sqetik� me to prìblhma autì,
èqoun gÐnei p�ra poll� mèqri s mera kai se èna meg�lo arijmì problhm�twn
èqei dojeÐ lÔsh.

5.2 OrismoÐ kai stoiqei¸dh oloklhr¸mata

Orismìc 5.2.1'Estw h sun�rthsh f me Af ⊆ R. an up�rqei mia �llh su-
n�rthsh F , ¸ste gia k�je x sto Af na isqÔei

F ′(x) = f(x)   dF (x) = f(x)dx, (5.1)

tìte h sun�rthsh F onom�zetai arqik  thc f .

Sto Je¸rhma 4.8.8 eÐdame ìti, an duo sunart seic diafèroun kat� sta-
jer�, èqoun tic Ðdiec parag¸gouc. Autì shmaÐnei ìti mia sun�rthsh mporeÐ na

157
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èqei pollèc arqikèc sunart seic   kalÔtera, an F eÐnai mia arqik  thc f tìte
to sÔnolo twn arqik¸n aut c dÐnetai apì ton tÔpo F (x) + C.

Orismìc 5.2.2'Estw h sun�rthsh f me Af ⊆ R. an h sun�rthsh F eÐnai mia
arqik  thc f , tìte h genik  morf  F (x) + C onom�zetai aìristo olokl rwma
thc f kai sumbolÐzetai ∫

f(x)dx = F (x) + C. (5.2)

Wc �mesec sunèpeiec tou orismoÔ kai tou gegonìtoc ìti F ′(x) = f(x) èqoume
tic ex c stoiqei¸deic idiìthtec:

•
∫
f(x)dx =

∫
F ′(x)dx =

∫
dF (x) = F (x) + C.

• d
dx

∫
f(x)dx = F ′(x) = f(x).

• d
∫
f(x)dx = F ′(x)dx = f(x)dx.

Ja mporoÔse, Ðswc, k�poioc na parathr sei ìti oi duo pr�xeic, thc parag¸gishc
kai thc olokl rwshc, eÐnai kat� k�poio trìpo antÐstrofec, me exaÐresh Ðswc
to stajerì prosjetèo C. Apì tic stoiqei¸deic idiìthtec thc olokl rwshc kai
th gn¸sh mac sqetik� me tic parag¸gouc, mporoÔme na èqoume ton parak�tw
pÐnaka olokl rwshc, me th sumfwnÐa ìti oi sunart seic orÐzontai.

Gnwst� oloklhr¸mata Gnwst� oloklhr¸mata∫
0dx = C

∫
1

cos2 xdx = tan x+ C∫
xadx = 1

a+1x
a+1 + C, a ̸= −1

∫
exdx = ex + C∫

1
xdx = ln |x|+ C

∫
axdx = ax

lnx + C∫
cosxdx = sin x+ C

∫
sinhxdx = cosh x+ C∫

sinxdx = − cosx+ C
∫
coshxdx = sinh x+ C∫

(1 + tan2 x)dx = tan x+ C
∫

1
cosh2 x

dx = tanh x+ C

Gewmetrik�, to aìristo olokl rwma ekfr�zei mia monoparametrik  oiko-
gèneia kampÔlwn, dhl. to aìristo olokl rwma den eÐnai mia kampÔlh all� èna
pl joc kampÔlwn, par�llhlwn metaxÔ touc, ìpwc faÐnetai sto Sq ma 5.34.
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(0,0)

Sq ma 5.34: Aìristo olokl rwma: Mia monoparametrik  oikogèneia kampÔlwn

An apait soume h kampÔlh na pern� apì sugkekrimèno shmeÐo M(x0, y0),
tìte h stajer� C prosdiorÐzetai kai h kampÔlh orÐzetai pl rwc.

Par�deigma 5.1ProsdiorÐste thn kampÔlh, h opoÐa dièrqetai apì to shmeÐo
M(1, 2) kai èqei rujmì metabol c 3x2 − 2x+ 1.

LÔsh∫
(3x2 − 2x+ 1)dx =

∫
(x3 − x2 + x)′dx =

∫
d(x3−x2+x) = x3−x2+x+C.

AfoÔ h kampÔlh dièrqetai apì to shmeÐo M(1, 2), èqoume

2 = 13 − 12 + 1 + C ⇔ C = 1.

5.3 Idiìthtec tou Oloklhr¸matoc

Apì tic stoiqei¸deic idiìthtec tou oloklhr¸matoc prokÔptoun eÔkola
tèsseric basikèc idiìthtec tou oloklhr¸matoc, tic opoÐec sunoyÐzoume upì mor-
f n Jewr matoc.
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Je¸rhma 5.3.1An duo sunart seic f kai g eÐnai oloklhr¸simec s� èna di�-
sthma ∆ kai F h arqik  thc f , tìte isqÔei∫

λf(x)dx = λ

∫
f(x)dx, λ ̸= 0 (5.3)∫ (

f(x) + g(x)
)
dx =

∫
f(x)dx+

∫
g(x)dx (5.4)∫

f ′(x)g(x)dx = f(x)g(x)−
∫

f(x)g′(x)dx (5.5)∫
g(x)df(x) = f(x)g(x)−

∫
f(x)dg(x)∫

f(g(x))g′(x)dx =

∫
f(g(x))dg(x) = F (g(x)) + C. (5.6)

EkeÐno, Ðswc, pou ja èprepe na parathr soume eÐnai ìti to λ ̸= 0 sthn
(5.3) tou prohgoÔmenou Jewr matoc eÐnai ousi¸dec, afoÔ gia λ = 0 den isqÔei,
en¸ thn (5.5) thn sunant�me sth bibliografÐa wc olokl rwsh kat� par�gontec.

Par�deigma 5.2Na upologistoÔn ta oloklhr¸mata:

1)

∫
(2x5 + 3x2 − x)dx, 2)

∫
(
√
x+ 3

√
x)dx, 3)

∫
(cosx− 1√

x
)dx.

LÔsh

1)

∫
(2x5 + 3x2 − x)dx = 2

∫
x5dx+ 3

∫
x2dx−

∫
xdx =

x6

3
+ x3 +

x2

2
+ C,

2)

∫
(
√
x+ 3

√
x)dx =

∫
x

1
2dx+

∫
x

1
3dx =

x
3
2

3
2

+
x

4
3

4
3

+ C =
2

3
x

3
2 +

3

4
x

4
3 + C,

3)

∫
(cosx− 1√

x
)dx =

∫
cosxdx−

∫
x− 1

2dx = sin x−x
1
2

1
2

+C = sin x−2x
1
2+C.

Par�deigma 5.3EpÐshc ta oloklhr¸mata:

1)

∫
x cos xdx, 2)

∫
ex cos xdx, 3)

∫
lnxdx.
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LÔsh

1)

∫
x cosxdx =

∫
x(sinx)′dx = x sinx−

∫
sin x(x)′dx =

x sinx−
∫

sin xdx = x sinx− cosx+ C,

2)

∫
ex cos xdx =

∫
(ex)′ cos xdx = ex cos x−

∫
(cosx)′exdx =

ex cosx+

∫
sin x(ex)′dx = ex cos x+ ex sin x−

∫
(sinx)′exdx =

ex cosx+ ex sinx−
∫

cos xexdx ⇔ 2

∫
ex cosxdx = ex cosx+ ex sinx,

opìte

∫
ex cos xdx =

1

2
(ex cos x+ ex sinx) + C

3)

∫
lnxdx = x lnx−

∫
xd lnx = x lnx−

∫
x
1

x
dx = x lnx− x+ C.

Par�deigma 5.4EpÐshc ta oloklhr¸mata:

1)

∫
1

(ax+ b)3
dx, 2)

∫
lnx

x
dx, 3)

∫
x

1− 2x2
dx.

LÔsh JumÐzoume tic idiìthtec tou diaforikoÔ d(ax) = adx kai d(x+ b) = dx.

1)

∫
1

(ax+ b)3
dx =

1

a

∫
1

(ax+ b)3
d(ax+ b) = − 1

2a(ax+ b)2
+ C.

2)

∫
lnx

x
dx =

∫
lnxd lnx =

(lnx)2

2
+ C.

3)

∫
x

1− 2x2
dx = −1

2

∫
1

1− 2x2
d(1− 2x2) = −1

2
ln |1− 2x2|+ C.
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5.4 Teqnikèc olokl rwshc

'Hdh, èqei anaferjeÐ ìti h olokl rwsh eÐnai èna dÔskolo prìblhma sta
Majhmatik� kai m�lista merik� oloklhr¸mata, akìmh kai apl¸n ekfr�sewn,
den orÐzoun stoiqei¸deic sunart seic kai eÐnai adÔnato na antimetwpistoÔn me a-
plì trìpo, ìpwc gia par�deigma ta

∫
e−x2

dx,
∫

ex

x
dx,

∫
1

lnx
dx

∫
sinx
x
dx,

∫
cosx
x

dx
k.a. ([8]). Sth sunèqeia, ja dojoÔn orismènec teqnikèc gia thn antimet¸pish
tou probl matoc, ìmwc de filodoxoÔme na exantl soume ìlec tic peript¸seic.
Gia plèon eidikèc peript¸seic o anagn¸sthc ja prèpei na anazht sei bo jeia
se perissìtero eidik� suggr�mmata sth bibliografÐa p.q. ([2],[8],[5]).

5.4.1 Allag  metablht c

JewroÔme th sun�rthsh f : Af → R kai èstw mia sun�rthsh ϕ : I → Af

me suneq  pr¸th par�gwgo kai tètoia ¸ste ϕ′(t) ̸= 0 gia k�je t ∈ I.
An jèsoume x = ϕ(t), tìte antÐ tou oloklhr¸matoc

∫
f(x)dx prokÔptei to

olokl rwma ∫
f(ϕ(t))ϕ′(t)dt,

to opoÐo pollèc forèc eÐnai pio eÔkolo ston upologismì tou ap� ì,ti to arqikì.
AfoÔ h sun�rthsh ϕ epilèqthke ètsi ¸ste na up�rqei h antÐstrof  thc, tìte,
an Φ(t) mia par�gousa thc prohgoÔmenhc, ja isqÔei∫

f(x)dx =

∫
f(ϕ(t))ϕ′(t)dt = Φ(ϕ−1(x)) + C. (5.7)

Wstìso sthn pr�xh merikèc forèc jewroÔme th sun�rthsh ϕ−1 kai sth sunèqeia
brÐskoume th ϕ.

Par�deigma 5.5Na brejeÐ to olokl rwma
∫
x
√
2x+ 3dx.

LÔsh Jètontac t =
√
2x+ 3, t > 0 paÐrnoume x = 1

2
(t2 − 3), opìte dx = tdt

kai èqoume:∫
x
√
2x+ 3dx =

∫
1

2
(t2 − 3)ttdt =

1

2

∫
(t4 − 3t2)dt =

1

2

(t5
5
− 3t3

3

)
+ C
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=
1

10

(√
2x+ 3

)5 − 1

2

(√
2x+ 3

)3
+ C.

To poio metasqhmatismì ja qrhsimopoi soume eÐnai basik� jèma empeirÐac kai
exoikeÐwshc me thn olokl rwsh. Wstìso, orismènoi metasqhmatismoÐ eÐnai kla-
sikoÐ kai sthn prosp�jei� mac den touc agnooÔme, gi� autì touc dÐnoume ston
epìmeno pÐnaka:

par�stash metasqhmatismìc diaforikì

1 + x2 x = tan θ dx = (1 + tan2 θ)dθ
a2 + x2 x = a tan θ dx = a(1 + tan2 θ)dθ√
1 + x2 x = tan θ dx = (1 + tan2 θ)dθ√
a2 + x2 x = a tan θ dx = a(1 + tan2 θ)dθ√
1− x2 x = sin θ dx = cos θdθ√
a2 − x2 x = a sin θ dx = a cos θdθ√
x2 − 1 x = 1

sin θ
dx = − cos θ

sin2 θ
dθ√

x2 − a2 x = a
sin θ

dx = −a cos θ
sin2 θ

dθ

(5.8)

Par�deigma 5.6Na upologistoÔn ta oloklhr¸mata:

1)

∫
1

a2 + x2
dx, 2)

∫
1√

a2 − x2
dx, 3)

∫
1

x
√
x2 − a2

dx.

LÔsh 1) Apì ton pÐnaka (5.8) jètoume x = a tan θ kai dx = a(1 + tan2 θ)dθ,
opìte èqoume∫

1

a2 + x2
dx =

∫
1

a2(1 + tan2 θ)
a(1+tan2 θ)dθ =

1

a

∫
dθ =

1

a
θ =

1

a
arctan

x

a
+C

P�li apì ton pÐnaka (5.8) jètoume x = a sin θ kai dx = a cos θdθ, opìte èqoume

2)

∫
1√

a2 − x2
dx =

∫
1

a
√

1− sin2 θ
a cos θdθ =

∫
1

cos θ
cos θdθ =

∫
dθ = arcsin

x

a
+C

EpÐshc, apì ton pÐnaka (5.8) jètoume x = a
sin θ

kai dx = −a cos θ
sin2 θ

dθ, opìte èqoume

3)

∫
1

x
√
x2 − a2

dx =

∫
1

a a
sin θ

√
cos2 θ
sin2 θ

−a cos θ

sin2 θ
dθ = −1

a

∫
dθ = −1

a
arcsin

a

x
+C.
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Me a = 1 oi duo pr¸tec eÐnai anamenìmenec, afoÔ k�poioc pou jum�tai tic
parag¸gouc twn kuklometrik¸n sunart sewn apì to prohgoÔmeno kef�laio
ja mporoÔse na tic p�rei �mesa.

Parat rhsh 5.4.1K�poiec forèc, ston pÐnaka (5.8), exuphreteÐ antÐ twn sin θ
kai cos θ na jètoume sinh θ kai cosh θ tropopoi¸ntac kat�llhla ta diaforik�.

5.4.2 Oloklhr¸mata trigwnometrik¸n sunart sewn

Mia meg�lh kathgorÐa oloklhrwm�twn eÐnai aut  thc o olokl rwshc twn
trigwnometrik¸n sunart sewn. S� aut  ja prèpei k�poioc na èqei upìyh tou tic
trigwnometrikèc tautìthtec thc paragr�fou (3.6.4). Ja d¸soume tic di�forec
mejìdouc upì morf n paradeigm�twn kai o foitht c ac prosèxei th mejodologÐa.

Par�deigma 5.7Na upologisjoÔn ta oloklhr¸mata:

1)

∫
sinn x cos xdx, 2)

∫
cosn x sinxdx.

LÔsh 'Eqontac upìyh ìti d sin x = cos xdx, paÐrnoume

1)

∫
sinn x cosxdx =

∫
sinn xd sin x =

{
sinn+1 x
n+1

, n ̸= −1

ln | sin x|, n = −1
.

AntÐstoiqa energoÔme gia to 2). (Na gÐnei wc �skhsh.)

Par�deigma 5.8Na upologisjoÔn ta oloklhr¸mata:

1)

∫
tanxdx, 2)

∫
tan2 xdx, 3)

∫
tann xdx 2 < n ∈ N.

LÔsh 1) Apì thn gnwst  tautìthta tanx = sinx
cosx

èqoume∫
tanxdx =

∫
sinx

cosx
dx = −

∫
1

cosx
d cosx = − ln | cos x|+ C.
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2) Prosjafair¸ntac to 1, paÐrnoume∫
tan2 xdx =

∫
(1 + tan2 x− 1)dx = tan x− x+ C.

3) Pollèc forèc, sthn prosp�jei� mac na broÔme k�poia oloklhr¸mata dh-
miourgoÔme anagwgikoÔc tÔpouc, ìpwc sthn perÐptwsh pou t¸ra diapragma-
teuìmaste.∫

tann xdx =

∫
tann−2 x tan2 xdx =

∫
tann−2 x(1 + tan2 x− 1)dx =

∫
tann−2 x (1 + tan2 x)dx︸ ︷︷ ︸

d tanx

−
∫

tann−2 xdx =
tann−1 x

n− 1
−

∫
tann−2 xdx.

EÐnai fanerì ìti, me ton anagwgikì tÔpo pou dhmiourg same, ja phgaÐnoume
proc ta pÐsw, mei¸nontac ton ekjèth kat� dÔo k�je for�, kai ja katal xoume
  sto 1), an to n eÐnai perittì   sto 2), an autì eÐnai �rtio.

Par�deigma 5.9Na upologisjoÔn ta oloklhr¸mata:

1)

∫
sin2n+1 xdx, 2)

∫
cos2n+1 xdx, 3)

∫
1

cos2n x
dx, 4)

∫
1

sin2n x
dx

LÔsh Perittèc dun�meic tou hmitìnou kai sunhmitìnou oloklhr¸nontai sqetik�
eÔkola

1)

∫
sin2n+1 xdx =

∫
sin2n x sinxdx = −

∫
sin2n xd cosx = −

∫
(1− cos2 x)nd cosx.

To teleutaÐo, ìmwc, eÐnai olokl rwma poluwnÔmou, afoÔ autì mporeÐ na a-
naptuqjeÐ wc di¸numo tou Newton se ìrouc tou cos2 x. Parìmoia to 2). (Na
gÐnei wc �skhsh.)

LÐgo pio dÔskola eÐnai ta pr�gmata sta �lla duo oloklhr¸mata. sto

pr¸to ap� aut� paÐrnoume upìyh mac ìti 1
cos2 x

= cos2 x+sin2 x
cos2 x

= 1+ tan2 x. 'Etsi
èqoume

3)

∫
1

cos2n x
dx =

∫
1

cos2(n−1) x

1

cos2 x
dx =

∫
(1 + tan2)n−1d tanx.
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'Opwc kai prohgoÔmena, to teleutaÐo eÐnai olokl rwma poluwnÔmou, afoÔ autì
mporeÐ na anaptuqjeÐ wc di¸numo tou Newton se ìrouc thc tan2 x. Sto �llo
paÐrnoume upìyh mac ìti 1

sin2 x
= 1+tan2 x

tan2 x
. 'Etsi èqoume

4)

∫
1

sin2n x
dx =

∫ (1 + tan2 x

tan2 x

)n

dx =

∫ (1 + tan2 x

tan2 x

)n−1 (1 + tan2 x)

tan2 x
dx =

∫ (1 + tan2 x

tan2 x

)n−1 1

tan2 x
d tanx =

∫ (
1 +

1

tan2 x

)n−1 1

tan2 x
d tanx.

To teleutaÐo mporeÐ na anaptuqjeÐ wc di¸numo tou Newton se ìrouc tou 1
tan2 x

kai eÔkola, plèon, na to upologÐsoume.

Par�deigma 5.10Na upologistoÔn ta oloklhr¸mata:

1)

∫
cos2 xdx, 2)

∫
sin2 xdx, 3)

∫
cos2 x sin2 xdx.

LÔsh Gia tic �rtiec dun�meic twn hmitìnwn kai sunhmitìnwn qrhsimopoioÔme
touc tÔpouc sin2 x = 1

2
(1− cos 2x) kai cos2 x = 1

2
(1 + cos 2x).

1)

∫
cos2 xdx =

∫
1

2
(1 + cos 2x)dx =

1

2

1

2

∫
(1 + cos 2x)d2x =

1

4

(
2x+sin 2x

)
+C

2)

∫
sin2 xdx =

∫
1

2
(1− cos 2x)dx =

1

2

1

2

∫
(1− cos 2x)d2x =

1

4

(
2x−sin 2x

)
+C

3)

∫
cos2 x sin2 xdx =

∫
cos2 x(1− cos2 x)dx =

∫
cos2 xdx−

∫
cos4 xdx =

1

4

(
2x+ sin 2x

)
−
∫ (1

2
(1 + cos 2x)

)2

dx = · · · =

1

4

(
2x+ sin 2x

)
−
(3
8
x+

1

4
sin 2x+

1

32
sin 4x

)
+ C =

x

8
− 1

32
sin 4x+ C.

Par�deigma 5.11Na upologisjoÔn ta o Oloklhr¸mata:

1)

∫
sin 4x sin 5xdx, 2)

∫
cos 4x cos 5xdx, 3)

∫
sin 4x cos 5xdx.
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LÔsh Gia th lÔsh ja qrhsimopoi soume sqetikoÔc tÔpouc apì thn par�grafo
(3.6.4). Ja broÔme to pr¸to olokl rwma kai ta upìloipa ja parameÐnoun wc
ask seic.

1)

∫
sin 4x sin 5xdx =

∫
1

2
(cos (4x− 5x)− cos (4x+ 5x))dx =

1

2

∫
(cos (−x)− cos 9x)dx =

1

2
(sinx− 1

9
sin 9x) + C.

5.4.3 Olokl rwsh rht¸n sunart sewn

H mèjodoc pou proteÐnetai eÐnai genik  kai lÔnei to prìblhma thc olokl -
rwshc twn rht¸n sunart sewn, wstìso, lìgw tou ìti sthrÐzetai sthn eÔresh
ìlwn twn riz¸n tou polu¸numou tou paronomast , den mporeÐ na efarmosteÐ
ìtan k�ti tètoio den epitugq�netai. 'Estw loipìn to olokl rwma∫

Qm(x)

Pn(x)
dx, m < n. (5.9)

Sthn èkfrash (5.9) katal goume p�nta, ìtan èqoume na oloklhr¸soume rht 
sun�rthsh, afoÔ gia tic peript¸seic ìpou m ≥ n mporoÔme na k�noume EukleÐ-
dia diaÐresh kai na èqoume na oloklhr¸soume èna polu¸numo bajmoÔ m−n kai
mia èkfrash thc morf c (5.9).

Par�deigma 5.12Na gr�yete to kl�sma x3

x2−2x−1
wc �jroisma enìc poluwnÔ-

mou kai enìc kl�smatoc thc morf c (5.9).

LÔsh K�nontac EukleÐdia diaÐresh tou arijmht  me ton paronomast , paÐrnou-
me

x3

x2 − 2x− 1
= x+ 2 +

3x− 2

x2 − 2x+ 1
.

ArqÐzoume thn an�ptuxh thc mejìdou me tic plèon aplèc peript¸seic.

Par�deigma 5.13Na upologistoÔn ta oloklhr¸mata:

1)

∫
1

(x− r)k
dx, 2)

∫
1

(x2 + 1)k
dx, 3)

∫
x+ b

(x2 + 1)k
dx.
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LÔsh

1)

∫
1

(x− r)k
dx =

∫
1

(x− r)k
d(x− r) =

{
ln |x− r|+ C, k = 1
− 1

(k−1)(x−r)k−1 , k ̸= 1
.

2) H perÐptwsh k = 1 èqei melethjeÐ sto Par�deigma 5.6. ja melet soume thn
perÐptwsh k > 1.

Ik =

∫
1

(x2 + 1)k
dx =

∫
x2 + 1− x2

(x2 + 1)k
dx =

∫
x2 + 1

(x2 + 1)k
dx−

∫
x2

(x2 + 1)k
dx =

∫
1

(x2 + 1)k−1
dx︸ ︷︷ ︸

Ik−1

−
∫

x2

(x2 + 1)k
dx =

∫
1

(x2 + 1)k−1
dx︸ ︷︷ ︸

Ik−1

−
∫

x
x

(x2 + 1)k
dx︸ ︷︷ ︸

dA(x)

'Omwc dA(x) = −d 1
2(k−1)(x2+1)k−1 , opìte to deÔtero olokl rwma thc prohgoÔ-

menhc sqèshc gÐnetai∫
xdA(x) = −

∫
xd

1

2(k − 1)(x2 + 1)k−1
= − x

2(k − 1)(x2 + 1)k−1

+
1

2(k − 1)

∫
1

(x2 + 1)k−1
dx︸ ︷︷ ︸

Ik−1

.

'Etsi loipìn èqoume thn anadromik  sqèsh

Ik = Ik−1−
1

2(k − 1)
Ik−1+

x

2(k − 1)(x2 + 1)k−1
=

2k − 3

2(k − 1)
Ik−1+

x

2(k − 1)(x2 + 1)k−1
.

3) Gia thn teleutaÐa perÐptwsh mporoÔme na p�roume∫
x+ b

(x2 + 1)k
dx =

∫
x

(x2 + 1)k
dx+

∫
b

(x2 + 1)k
dx

=
1

2

∫
1

(x2 + 1)k
d(x2 + 1)︸ ︷︷ ︸

1) perÐptwsh

+b

∫
1

(x2 + 1)k
dx︸ ︷︷ ︸

2) perÐptwsh

.

• 'Estw ìti to polu¸numo tou paronomast , Pn(x), èqei n aplèc pragmati-
kèc rÐzec, tic r1, r2, . . ., rn.
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Sthn perÐptwsh aut , apodeiknÔetai ìti to kl�sma Qm(x)
Pn(x)

gr�fetai wc �jroi-

sma stoiqeiwd¸n klasm�twn, ìpou o arijmht c eÐnai mia stajer� (polu¸numo
mhdenikoÔ bajmoÔ) kai o paronomast c mon¸numo, dhl. sth morf 

Qm(x)

Pn(x)
=

a1
(x− r1)

+
a2

(x− r2)
+

a3
(x− r3)

+ · · ·+ an
(x− rn)

.

Oi arijmhtèc tou deutèrou mèlouc upologÐzontai k�nontac tic apaloifèc kai
exis¸nontac touc arijmhtèc, opìte dhmiourgoÔme sÔsthma n exis¸sewn me n
agn¸stouc, eÐte apait¸ntac na èqoun touc Ðdiouc suntelestèc ta duo polu¸numa
eÐte dÐnontac n diaforetikèc timèc sth metablht , sun jwc tic Ðdiec tic rÐzec.

Par�deigma 5.14Na upologÐsete ta oloklhr¸mata

1)

∫
2x+ 1

(x− 2)(x+ 3)
dx 2)

∫
x− 1

(2x− 1)(x+ 2)
dx

LÔsh Ja qrhsimopoi soume kai touc duo trìpouc prosdiorismoÔ twn suntele-
st¸n pou proanafèrame:

1)
2x+ 1

(x− 2)(x+ 3)
=

a1
x− 2

+
a2

x+ 3
=

a1(x+ 3) + a2(x− 2)

(x− 2)(x+ 3)
=

(a1 + a2)x+ 3a1 − 2a2
(x− 2)(x+ 3)

'Etsi èqoume a1+ a2 = 2 kai 3a1− 2a2 = 1, opìte lÔnontac to sÔsthma telik�
paÐrnoume a1 = 1 kai a2 = 1. Gia to olokl rwma èqoume∫

2x+ 1

(x− 2)(x+ 3)
dx =

∫
(

1

x− 2
+

1

x+ 3
)dx = ln |x− 2|+ ln |x+ 3|+ C.

2)
x− 1

(2x− 1)(x+ 2)
=

a1
2x− 1

+
a2

x+ 2
=

a1(x+ 2) + a2(2x− 1)

(2x− 1)(x+ 2)
.

'Etsi èqoume a1(x + 2) + a2(2x − 1) = x − 1, opìte gia x = −2 kai x = 1
2

paÐrnoume a1 = −1
5
kai a2 =

3
5
. Gia to olokl rwma èqoume∫

x− 1

(2x− 1)(x+ 2)
dx =

1

5

∫
(

−1

2x− 1
+

3

x+ 2
)dx =

1

5
(−1

2
ln |2x−1|+3 ln |x+ 2|)+C.

• 'Estw ìti to polu¸numo Pn(x) èqei mia rÐza pragmatik  pollaplìthtac
n1 thn r1, kai n− n1 rÐzec aplèc pragmatikèc tic r2, r3, . . ., rn−n1+1.
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Sthn perÐptwsh aut  apodeiknÔetai ìti to kl�sma Qm(x)
Pn(x)

gr�fetai sth morf :

Qm(x)

Pn(x)
=

a1
(x− r1)

+
a2

(x− r1)2
+· · ·+ an1

(x− r1)n1
+

b1
(x− r2)

+· · ·+ bn−n1

(x− rn−n1+1)
,

dhl., t¸ra, sta stoiqei¸dh kl�smata èqoun prostejeÐ ìla ta kl�smata pou
prokÔptoun, an jètoume ston arijmht  stajerèc kai ston paronomast  diado-
qik� ìlec tic dun�meic tou monwnÔmou, pou antistoiqeÐ sthn pollapl  rÐza, apì
thn pr¸th mèqri thn n1−ost . Oi arijmhtèc tou deutèrou mèlouc upologÐzontai
k�nontac tic apaloifèc kai exis¸nontac touc arijmhtèc, opìte dhmiourgoÔme,
me touc gnwstoÔc trìpouc, sÔsthma n exis¸sewn me n agn¸stouc.

Par�deigma 5.15Na upologÐsete ta oloklhr¸mata:

1)

∫
2x+ 1

(x− 2)2
dx, 2)

∫
x2 + 1

(x− 1)2(x+ 2)
dx.

LÔsh

1)
2x+ 1

(x− 2)2
=

a1
x− 2

+
a2

(x− 2)2
=

a1(x− 2) + a2
(x− 2)2

=
a1x− 2a1 + a2

(x− 2)2

'Etsi èqoume a1 = 2 kai −2a1+ a2 = 1, opìte paÐrnoume a1 = 2 kai a2 = 5. Gia
to olokl rwma èqoume:∫

2x+ 1

(x− 2)2
dx =

∫
(

2

(x− 2)
+

5

(x− 2)2
)dx = 2 ln |x− 2| − 5

x− 2
+ C.

Gia to deÔtero olokl rwma paÐrnoume:

2)
x2 + 1

(x− 1)2(x+ 2)
=

a1
x− 1

+
a2

(x− 1)2
+

b1
x+ 2

=
a1(x− 1)(x+ 2)

(x− 1)2(x+ 2)
+

a2(x+ 2)

(x− 1)2(x+ 2)
+

b1(x− 1)2

(x− 1)2(x+ 2)
=

a1(x− 1)(x+ 2) + a2(x+ 2) + b1(x− 1)2

(x− 1)2(x+ 2)
=

(a1 + b1)x
2 + (a1 + a2 − 2b1)x− 2a1 + 2a2 + b1

(x− 1)2(x+ 2)
.
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'Etsi èqoume a1 + b1 = 1, a1 + a2 − 2b1 = 0 kai −2a1 + 2a2 + b1 = 1, opìte
paÐrnoume a1 =

4
9
, a2 =

2
3
kai b1 =

5
9
. Gia to olokl rwma èqoume:∫

x2 − 1

(x− 1)2(x+ 2)
dx =

1

9

∫ ( 4

x− 1
+

6

(x− 1)2
+

5

x− 2

)
dx =

1

9
(4 ln |x− 1| − 6

x− 1
+ 5 ln |x− 2|) + C.

Parat rhsh 5.4.2Me an�logo trìpo antimetwpÐzontai kai ìlec oi peript¸-
seic pou èqoun pollaplèc rÐzec perissìterec apì mÐa.

• 'Estw ìti to polu¸numo Pn(x) èqei rÐzec aplèc migadikèc tic r1, r2, . . .,
rm1 kai n− 2m1 rÐzec pragmatikèc.

Sthn perÐptwsh aut , to polu¸numo Pn(x) ja èqei rÐzec kai tic suzugeÐc twn
r1, r2, . . ., rm1 , tic r1 r2, . . ., rm1 . 'Etsi, ìtan to Pn(x) analÔetai se ginìmeno
paragìntwn, ja up�rqoun sto ginìmeno kai tetragwnikoÐ ìroi thc morf c x2−
six+pi, i = 1(1)m1, ìpou si = ri+ri kai pi = ri ·ri. Sta stoiqei¸dh kl�smata,
t¸ra, emfanÐzontai ìla ekeÐna ta kl�smata, pou èqoun ston arijmht  touc
mon¸numa kai ston paronomast  touc tic tetragwnikèc morfèc, dhl.

Qm(x)

Pn(x)
=

a1x+ b1

x2 − s1x+ p1
+ · · ·+ am1x+ bm1

x2 − sm1x+ pm1

+

∑
(stoiqei¸dh kl�smata pragmatik¸n riz¸n ).

Par�deigma 5.16Na upologistoÔn ta oloklhr¸mata:

1)

∫
2x2 + x+ 1

x3 + x2 + x+ 1
dx, 2)

∫
x2 + 2x+ 2

(x2 + x+ 1)(x2 + 2)
dx.

LÔsh 1) O paronomast c tou pr¸tou kl�smatoc gr�fetai x3 + x2 + x + 1 =
(x+ 1)(x2 + 1). 'Etsi, h an�lush eÐnai:

2x2 + x+ 1

x3 + x2 + x+ 1
=

a

x+ 1
+

bx+ c

x2 + 1
=

(a+ b)x2 + (b+ c)x+ a+ c

(x+ 1)(x2 + 1)
,
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opìte prokÔptoun oi exis¸seic a + b = 2, b + c = 1 kai a + c = 1 kai telik�
a = 1, b = 1 kai c = 0. Gia to olokl rwma, met� apì tic antikatast�seic,
èqoume

I =

∫
2x2 + x+ 1

x3 + x2 + x+ 1
dx =

∫
1

x+ 1
dx+

∫
x

x2 + 1
dx,

ta opoÐa upologÐzontai me thn teqnik  pou anaptÔqjhke sto Par�deigma 5.13.

ètsi

I = ln |x+ 1|+
∫

1

x2 + 1
d(x2 + 1) = ln |x+ 1|+ ln(x2 + 1) + C.

2) O paronomast c tou deutèrou kl�smatoc den analÔetai se prwtob�jmiouc
par�gontec afoÔ oi tetragwnikèc morfèc èqoun migadikèc rÐzec. 'Etsi, gia ta
stoiqei¸dh kl�smata èqoume:

x2 + 2x+ 2

(x2 + x+ 1)(x2 + 2)
=

ax+ b

x2 + x+ 1
+

cx+ d

x2 + 2
=

(a+ c)x3 + (b+ c+ d)x2 + (a+ c+ d)x+ 2b+ d

(x+ 1)(x2 + 1)
,

opìte prokÔptoun oi exis¸seic a + c = 0, b + c + d = 1, a + c + d = 2 kai
2b + d = 2 kai telik� a = 2

3
, b = 1

3
, c = −2

3
kai d = 4

3
. Gia to olokl rwma,

met� apì tic antikatast�seic, èqoume:

I =

∫
x2 + 2x+ 2

(x2 + x+ 1)(x2 + 2)
dx =

∫ 2
3
x+ 1

3

x2 + x+ 1
dx︸ ︷︷ ︸

I1

+

∫ −2
3
x+ 4

3

x2 + 2
dx︸ ︷︷ ︸

I2

'Omwc

I1 =
1

3

∫
2x+ 1

x2 + x+ 1
dx =

1

3

∫
1

x2 + x+ 1
d(x2 + x+ 1) =

1

3
ln (x2 + x+ 1)

kai

I2 = −1

3

∫
2x− 4

x2 + 2
dx = −1

3

∫
2x

x2 + 2
dx+

1

3

∫
4

x2 + 2
dx =

−1

3

∫
1

x2 + 2
d(x2 + 2) +

4

3

∫
1

x2 + 2
dx︸ ︷︷ ︸

I3

.
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'Omwc to I3 olokl rwma èqei melethjeÐ sto Par�deigma 5.6. 'Etsi èqoume

I =
1

3
ln (x2 + x+ 1)− 1

3
ln (x2 + 2) +

2
√
2

3
arctan

x
√
2

2
+ C.

• 'Estw ìti to polu¸numo Pn(x) èqei rÐzec migadikèc aplèc kai pollaplèc
kai rÐzec pragmatikèc aplèc kai pollaplèc.

Sthn perÐptwsh aut , isqÔoun ìla ta prohgoÔmena kai epiplèon sta stoiqei¸-
dh kl�smata prostÐjentai ìla ta kl�smata pou prokÔptoun, an jètoume ston
arijmht  mon¸numa kai ston paronomast  diadoqik� ìlec tic dun�meic twn te-
tragwnik¸n morf¸n, pou antistoiqoÔn stic pollaplèc migadikèc rÐzec, apì thn
pr¸th mèqri ekeÐnhc tou bajmoÔ pollaplìtht�c thc.

Par�deigma 5.17Na analujeÐ se stoiqei¸dh kl�smata h rht  par�stash

2x3 − x2 + 3x− 2

(x− 1)3(x2 + x+ 2)2

LÔsh

2x3 − x2 + 3x− 2

(x− 1)3(x2 + x+ 2)2
=

a1
x− 1

+
a2

(x− 1)2
+

a3
(x− 1)3

+
b1x+ c1

x2 + x+ 2
+

b2x+ c2
(x2 + x+ 2)2

.

opìte met� apì tic sqetikèc pr�xeic brÐskoume

a1 = − 25

128
, a2 =

1

4
, a3 =

1

8
, b1 = − 3

32
, c1 =

14

32
, b2 =

25

128
, c2 =

18

128
.

Pollèc forèc gia thn olokl rwsh trigwnometrik¸n parast�sewn, k�no-
ntac qr sh twn tÔpwn

sinϑ =
2 tan ϑ

2

1 + tan2 ϑ
2

, cosϑ =
1− tan2 ϑ

2

1 + tan2 ϑ
2

, tanϑ =
2 tan ϑ

2

1− tan2 ϑ
2

thc paragr�fou (3.6.4) kai metasqhmatism¸n, katal goume se olokl rwsh rh-
t¸n parast�sewn.
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Par�deigma 5.18Na upologÐsete ta oloklhr¸mata:

1)

∫
1

sin x
dx, 2)

∫
1

cosx
dx.

LÔsh Ja ta upologÐsoume me diaforetikì trìpo kai ja af soume wc �skhsh
thn enallag  twn trìpwn ston upologismì.

1) I1 =

∫
1

sin x
dx =

∫
1

2 tan x
2

1+tan2 x
2

dx =

∫
1 + tan2 x

2

2 tan x
2

dx

Jètontac u = tan x
2
, èqoume du = (1 + tan2 x

2
)1
2
dx, opìte

I1 =

∫
1

u
du = ln |u|+ C = ln tan |x

2
|+ C.

2) I2 =

∫
1

cosx
dx =

∫
cos x

cos2 x
dx =

∫
cos x

1− sin2 x
dx

Jètontac u = sinx, èqoume du = cos xdx, opìte èqoume

I2 =

∫
1

1− u2
du =

∫
1

(1− u)(1 + u)
du = · · · = 1

2
ln

1 + sin x

1− sin x
+ C.

5.4.4 Olokl rwsh �rrhtwn parast�sewn

Ekfr�seic thc morf c k

√
ax+b
cx+d

sthn upì olokl rwsh par�stash antika-

jÐstantai apì mia metablht  u kai pollèc forèc mac bg�zoun apì to adièxodo.

Par�deigma 5.19Na deÐxete ìti ta oloklhr¸mata

1) I1 =

∫
3

√
8x− 1

x+ 1
dx, 2) I2 =

∫
3
√
(x+ 1)(x− 1)2dx

ekfr�zontai me aplèc algebrikèc parast�seic.
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LÔsh 1) Qrhsimopoi¸ntac ton parap�nw metasqhmatismì èqoume

3

√
8x− 1

x+ 1
= u ⇔ u3 =

8x− 1

x+ 1
⇔ x = −u3 + 1

u3 − 8
.

PaÐrnontac diaforik� sthn teleutaÐa prokÔptei

dx = −3u2(u3 − 8)− (u3 + 1)3u3

(u3 − 8)2
du =

27u2

(u− 2)2(u2 + 2u+ 4)2
du.

'Etsi k�nontac tic antikatast�seic èqoume

I1 =

∫
27u3

(u− 2)2(u2 + 2u+ 4)2
du = 27

∫
u3

(u− 2)2(u2 + 2u+ 4)2︸ ︷︷ ︸
R(u)

du.

'Omwc, h rht  èkfrash R(u) mporeÐ na analujeÐ se stoiqei¸dh kl�smata kai
m�lista met� apì tic sqetikèc pr�xeic èqoume

R(u) =
1

36(u− 2)
+

1

18(u− 2)2
− u+ 6

36(u2 + 2u+ 4)
+

u+ 2

3(u2 + 2u+ 4)2
.

EÐnai fanerì, loipìn, ìti ta stoiqei¸dh kl�smata oloklhr¸nontai kai paÐrnoume
thn telik  èkfrash, afoÔ antikatast soume th metablht  u. KatalabaÐnei
k�poioc ìti mia tètoia èkfrash, pou sthn pr�xh eÐnai idiaÐtera polÔplokh, mìno
jewrhtik  axÐa mporeÐ na èqei. Gia th qr sh thc sta orismèno oloklhr¸mata,
qreiazìmaste th bo jeia hlektronikoÔ upologist  kai fusik� upologistikèc
mejìdouc.

2) Pollaplasi�zontac me x − 1 arijmht  kai paronomast  sthn upìrizo
posìthta paÐrnoume

3

√
(x+ 1)(x− 1)3

x− 1
= (x− 1) 3

√
x+ 1

x− 1
.

Me to metasqhmatismì pou proanafèrame kai akolouj¸ntac mia an�logh poreÐa
me thn prohgoÔmenh perÐptwsh èqoume

3

√
x+ 1

x− 1
= u ⇔ · · · ⇔ dx = − 6u2

(u− 1)2(u2 + u+ 1)2
du.
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K�nontac tic sqetikèc antikatast�seic telik� paÐrnoume

I2 =

∫
(x− 1) 3

√
x+ 1

x− 1
dx = · · · = −12

∫
u3

(u− 1)3(u2 + u+ 1)3
du.

EÐnai fanerì ìti kai to deÔtero olokl rwma ekfr�zetai, polÔploka men, me
aplèc algebrikèc parast�seic de.

Gia rizik� me tri¸numo (
√
ax2 + bx+ c), ektìc twn trigwnometrik¸n me-

tasqhmatism¸n, proteÐnontai kai oi metasqhmatismoÐ Euler, ètsi

• ìtan a > 0, jètoume
√
ax2 + bx+ c =

√
ax+ t, opìte

ax2 + bx+ c = ax2 + 2xt
√
a+ t2 ⇔ x =

t2 − c

b− 2t
√
a

• ìtan c > 0, jètoume
√
ax2 + bx+ c = xt+

√
c, opìte

ax2 + bx+ c = x2t2 +2xt
√
c+ c ⇔ ax+ b = xt2 +2t

√
c ⇔ x =

2t
√
c− b

a− t2

• ìtan to tri¸numo èqei duo pragmatikèc rÐzec diaforetikèc metaxÔ touc tic
r1 kai r2, jètoume

√
ax2 + bx+ c = t|x− r1|, opìte

ax2+bx+c = t2(x−r1)
2 ⇔ a(x−r1)(x−r2) = t2(x−r1)

2 ⇔ x =
ar2 − r1t

2

a− t2
.

Kai stic treic peript¸seic telik� katal goume se rhtèc ekfr�seic tou t.

Par�deigma 5.20Na upologÐsete ta oloklhr¸mata

1) I1 =

∫
1√

x2 + x− 1
dx, 2) I2 =

∫
1√

−x2 + 3x− 2
dx.

LÔsh 1) AfoÔ a = 1 > 0, jètoume
√
x2 + x− 1 = x+ t, opìte

√
x2 + x− 1 = x+ t ⇒ x2 + x− 1 = x2 + t2 + 2xt ⇔ x =

t2 + 1

1− 2t
,
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ètsi
√
x2 + x− 1 =

t2 + 1

1− 2t
+ t =

−t2 + t+ 1

2t− 1
kai dx =

2(−t2 + t+ 1)

(2t− 1)2
dt.

K�nontac tic antikatast�seic èqoume

I1 =

∫
2t− 1

−t2 + t+ 1

2(−t2 + t+ 1)

(2t− 1)2
dt =

∫
2

(2t− 1)
dt = ln |2t− 1|+ C.

Jètontac t = −x+
√
x2 + x− 1 èqoume I1 = ln | − 1− 2x+ 2

√
x2 + x− 1|+C.

2) H upìrizoc posìthta eÐnai jetik  posìthta gia x ∈ (1, 2), afoÔ r1 = 1
kai r2 = 2 eÐnai oi rÐzec tou triwnÔmou kai metaxÔ twn riz¸n, to prìshmo tou
triwnÔmou eÐnai eterìshmo tou a = −3 < 0. Me ton trÐto metasqhmatismì tou
Euler èqoume

√
−x2 + 3x− 2 = t(x− 1) ⇔ · · · ⇔ x =

t2 + 2

t2 + 1
,

ètsi
√
−x2 + 3x− 1 = t(

t2 + 2

t2 + 1
− 1) =

t

t2 + 1
kai dx =

−2t

(t2 + 1)2
dt.

Antikajist¸ntac paÐrnoume I2 = −2

∫
1

t2 + 1
dt = −2 arctan t+ C.

Jètontac t =

√
2− x

x− 1
èqoume I2 = −2 arctan

√
2− x

x− 1
+ C.

Ask seic

'Askhsh 5.1Na upologistoÔn ta oloklhr¸mata:

1)

∫
32x+1dx, 2)

∫
3xe2xdx, 3)

∫
e

2
x
1

x2
dx, 4)

∫
x(1 + tan2(1− x2))dx.

'Askhsh 5.2EpÐshc na upologistoÔn ta oloklhr¸mata:

1)

∫
3sinxcosxdx, 2)

∫
tanx ln (cosx)dx, 3)

∫
3x sinxdx, 4)

∫
lnx√
x
dx,

5)

∫
sin (3x) sin (7x)dx, 6)

∫
cos (3x) sin (7x)dx, 7)

∫
sin3 x sin7 xdx.
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'Askhsh 5.3Na upologistoÔn ta oloklhr¸mata, qrhsimopoi¸ntac touc antÐ-
stoiqouc metasqhmatismoÔc.

1)

∫
1√

ex + 1
dx, ex = t   x = ln t, 2)

∫
2 +

√
x+ 3√

x+ 3
dx,

√
x+ 3 = t.

'Askhsh 5.4Na upologistoÔn ta oloklhr¸mata:

1)

∫
x

2x2 + x− 1
dx, 2)

∫
x3

(x− 1)2(x2 + 2)
dx, 3)

∫
e3x

(ex − 1)(ex + 2)2
dx

'Askhsh 5.5Na upologistoÔn ta oloklhr¸mata, qrhsimopoi¸ntac touc antÐ-
stoiqouc metasqhmatismoÔc.

1)

∫
1

x
√
x2 + 4

dx, a)Euler kai b)trigwnometrikì ,

2)

∫
cosx

sin2 x− sin x− 2
dx, sin x = t

3)

∫
sin x

1− sinx
dx, 4)

∫
cosx

1 + cos x
dx, tan

x

2
= t.
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6.1 Genik�

Apì to Gumn�sio akìmh eÐnai gnwstì ìti to embadìn tou kÔklou eÐnai πr2

ìpou π = 3, 14159 . . .. Sto LÔkeio ègine gnwstì ìti h parap�nw mètrhsh proè-
kuye paÐrnontac to ìrio sto embadìn enìc kanonikoÔ polug¸nou eggegrammènou
(  perigegrammènou) ston kÔklo, diplasi�zontac suneq¸c tic pleurèc tou kai
ìti ofeÐletai stouc arqaÐouc 'Ellhnec kai m�lista ston Arqim dh. Bèbaia, oi
arqaÐoi 'Ellhnec upolìgisan to embadìn kai �llwn kampulìgrammwn sqhm�twn
qrhsimopoi¸ntac th mèjodo pou qrhsimopoÐhse o Arqim dhc, h opoÐa s mera
kaleÐtai {mèjodoc thc ex�ntlhshc}. Sth mèjodo aut  sthrÐqjhkan, polloÔc
ai¸nec argìtera, oi EurwpaÐoi majhmatikoÐ kai dhmioÔrghsan ton Oloklhrw-
tikì Logismì, me ton opoÐo ja asqolhjoÔme sta epìmena.

JewroÔme th suneq  sun�rthsh f sto kleistì di�sthma [a, b], gia thn
opoÐa isqÔei f(x) ≥ 0, ∀x ∈ [a, b], h opoÐa mazÐ me tic eujeÐec x = a, x = b
kai ton orizìntio �xona y = 0 perikleÐoun mia epif�neia (sto Sq ma ?? èna
kampulìgrammo trapèzio). Gia ton upologismì tou embadoÔ aut c thc epif�-
neiac qwrÐzoume to eujÔgrammo tm ma [a, b] se n tm mata me ta endi�mesa shmeÐa
x1, x2, . . . , xn−1 kai orÐzoume tic eujeÐec x = xi, i = 1(1)n−1. Sunolik�, oi n+1
k�jetec eujeÐec ston orizìntio �xona, oi n− 1 pou orÐsthkan apì ta endi�mesa
shmeÐa xi, i = 1(1)n− 1 kai oi dÔo ekeÐnec pou orÐzontai apì ta shmeÐa x0 = a
kai xn = b, orÐzoun n lwrÐdec par�llhlec metaxÔ touc. Metaferìmaste sth
lwrÐda pou orÐzetai apì tic diadoqikèc eujeÐec x = xi kai xi+1, èstw thn λi kai
ì,ti isqÔei gi� aut  ja isqÔei gia ìlec. Sto di�sthma [xi, xi+1] h sun�rths  mac
paÐrnei megÐsth tim , èstw thn Mi kai elaqÐsth èstw thn mi. An Ei eÐnai to
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a bxi xi1

Dx
a bxi xi1

Dx
a bxi xi1

Dx
a bxi xi1

Dx
a bxixi1

Dx

a bxixi1

Dx

a bxixi1

Dx

a bxixi1

Dx

PSfrag replacementc

a
b
xi

xi+1

∆x

Sq ma 6.35: H efaptomènh thc y = f(x).

embadìn tou stoiqei¸douc kampulìgrammou trapezÐou, gi� autì ja isqÔei:

mi(xi+1 − xi) ≤ Ei ≤ Mi(xi+1 − xi). i = 0(1)n− 1 (6.1)

AjroÐzontac ìla ta stoiqei¸dh embad� thc sqèshc (6.1), paÐrnoume

Ln =
n∑

i=1

mi(xi − xi−1) ≤ E =
n∑

i=1

Ei ≤
n∑

i=1

Mi(xi − xi−1) = Un. (6.2)

To embadìn Ln antistoiqeÐ sta orjog¸nia pou eÐnai sto eswterikì tou sq -
matìc mac kai Un antistoiqeÐ sta orjog¸nia pou eÐnai sto exwterikì tou. Ja
exuphretoÔse to skopì mac h meÐwsh thc diafor�c tou Un − Ln, kai an eÐnai
dunatì, na gÐnei aut  mhdèn. Gia to skopì autì steneÔoume tic lwrÐdec me ton
ex c trìpo: Aux�noume ton arijmì twn eswterik¸n shmeÐwn kai paÐrnoume ta
x′
j, j = 1(1)n′ − 1, ètsi ¸ste

max
j

|x′
j+1 − x′

j| = max
j

∆x′
j < max

i
∆xi = max

i
|xi+1 − xi|.

FaÐnetai, t¸ra, (bl. Sq ma ??) ìti h tejlasmènh pou sqhmatÐzei h �nw pleur�
twn orjog¸niwn, plhsi�zei perissìtero sthn kampÔlh kai h diafor� Un − Ln

mei¸netai.
ApodeiknÔetai ìti, h apìdeixh sthrÐzetai sthn ènnoia thc {omoiìmorfhc sunè-
qeiac} kai wc ek toÔtou xefeÔgei tou skopoÔ tou parìntoc egqeiridÐou, gia tic
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suneqeÐc sunart seic f , kaj¸c to maxj ∆x′
j → 0 to n → ∞ kai h diafor�

(Un − Ln) → 0. Epomènwc, limn→∞ Ln = limn→∞ Un = E.
AfoÔ jewr same th sun�rthsh f suneq , sto di�sthma [xi−1, xi] ja isqÔei
p�nta

mi ≤ f(ci) ≤ Mi,∀ci ∈ [xi−1, xi] (6.3)

kai epomènwc
n∑
i

mi∆xi ≤
n∑
i

f(ci)∆xi ≤
n∑
i

Mi∆xi. (6.4)

To gegonìc (Un − Ln) → 0, mac lèei ìti to ìrio

lim
maxj ∆xj→0

n∑
i=1

f(ci)∆xi = S (6.5)

up�rqei kai eÐnai anex�rthto thc epilog c twn ci.

Orismìc 6.1.1An h sun�rthsh f eÐnai orismènh kai suneq c sto [a, b], tìte
to ìrio thc sqèshc (6.5) onom�zetai olokl rwma Riemann thc f sto [a, b]  
orismèno olokl rwma thc f apì to a sto b kai sumbolÐzetai

lim
n→∞

n∑
i=1

f(ci)∆xi =

∫ b

a

f(x)dx. (6.6)

Orismìc 6.1.2An h sun�rthsh f eÐnai orismènh kai suneq c sto [a, b], tìte∫ a

b

f(x)dx = −
∫ b

a

f(x)dx kai

∫ a

a

f(x)dx = 0. (6.7)

GÐnetai fanerì ìti to orismèno olokl rwma eÐnai dunatìn na paÐrnei kai arnh-
tikèc timèc, pou shmaÐnei ìti t¸ra de ja ekfr�zei èna embadìn, me thn ènnoia
pou to gnwrÐzoume apì to LÔkeio. Ja ekfr�zei embadìn me th gnwst  ènnoia
mìnon, ìtan f(x) ≥ 0 kai a < b, diaforetik� ja ekfr�zei èna proshmasmèno
embadìn.

Parat rhsh 6.1.1H metablht  x sto orismèno olokl rwma den paÐzei ka-
nèna rìlo. MporeÐ na eÐnai opoiad pote �llh. Dhl. ta sÔmbola∫ b

a

f(x)dx,

∫ b

a

f(t)dt,

∫ b

a

f(u)du

parist�noun to Ðdio orismèno olokl rwma.
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Parat rhsh 6.1.2ApodeiknÔetai ìti h sqèsh (6.6) tou orismoÔ (6.1.1) isqÔei
kai sthn perÐptwsh pou h sun�rthsh f eÐnai fragmènh kai èqei èna peperasmèno
pl joc shmeÐwn asunèqeiac.

Parat rhsh 6.1.3Gia mia leptomer  melèth thc kat� Riemann olokl rw-
shc o anagn¸sthc pou endiafèretai mporeÐ na katafÔgei se biblÐa Majhmatik c
An�lushc p.q. ([7], [5], [3], [4]).

Par�deigma 6.1Na upologÐsete ta orismèna oloklhr¸mata

1)

∫ 2

1

xdx, 2)

∫ 2

0

x2dx, 3)

∫ 1

0

√
xdx, 4)

∫ 1

0

exdx,

qrhsimopoi¸ntac exwterik�   eswterik� orjog¸nia, afoÔ pr¸ta diairejoÔn ta
sqetik� diast mata se n isom kh tm mata.

LÔsh 1) To di�sthma [1, 2] to qwrÐzoume se n isom kh tm mata m kouc ∆x = 1
n

me ta shmeÐa 1 = x0, x1 = 1+ 1
n
, x2 = 1+ 2 1

n
, . . . , xi = 1+ i 1

n
, . . . , xn = 2. Apì

ton Orismì 6.1.1 kai qrhsimopoi¸ntac eswterik� orjog¸nia ja isqÔei:

n−1∑
i=0

f(xi)∆x =
n−1∑
i=0

(1 + i
1

n
)
1

n
=

1

n

( n−1∑
i=0

1 +
1

n

n−1∑
i=0

i
)
=

1

n

(
n+

1

n

n(n− 1)

2

)

opìte

∫ 2

1

xdx = lim (1 +
n(n− 1)

2n2
) =

3

2
.

2) To di�sthma [1, 2] to qwrÐzoume se n isom kh tm mata m kouc ∆x = 2
n
me ta

shmeÐa 0 = x0, x1 =
2
n
, x2 = 2 2

n
, . . . , xi = i 2

n
, . . . , xn = 2. Apì ton Orismì 6.1.1

kai qrhsimopoi¸ntac exwterik� orjog¸nia ja isqÔei:

n∑
i=1

f(xi)∆x =
n∑

i=1

(i
2

n
)2
2

n
=

8

n3

n∑
i=1

i2 =
8

n3

n(n+ 1)(2n+ 1)

6

opìte

∫ 2

0

x2dx = lim
8n(n+ 1)(2n+ 1)

6n3
=

8

3
.
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3) To di�sthma [0, 1] to qwrÐzoume se n isom kh tm mata m kouc ∆x = 1
n
me ta

shmeÐa 0 = x0, x1 =
1
n
, x2 = 2 1

n
, . . . , xi = i 1

n
, . . . , xn = 1. Apì ton Orismì 6.1.1

kai qrhsimopoi¸ntac exwterik� orjog¸nia ja isqÔei:

n∑
i=1

f(xi)∆x =
n∑

i=1

√
i
1

n

1

n
=

n∑
i=1

√
i

n
√
n

opìte

∫ 1

0

√
xdx = lim

√
1 +

√
2 + · · ·+

√
n

n
√
n

.

'Omwc apì to krit rio tou Stolz (2.2.20) ja èqoume

∫ 1

0

√
xdx = lim

√
n+ 1

(n+ 1)
√
n+ 1− n

√
n
= lim

√
n+ 1

[
(n+ 1)

√
n+ 1 + n

√
n
]

(n+ 1)3 − n3
= · · · = 2

3
.

4) To di�sthma [0, 1] to qwrÐzoume se n isom kh tm mata m kouc ∆x = 1
n
me

ta shmeÐa 0 = x0, x1 = 1
n
, x2 = 2 1

n
, . . . , xi = i 1

n
, . . . , xn = 1. Apì ton Orismì

(6.1.1 kai qrhsimopoi¸ntac eswterik� orjog¸nia ja isqÔei:

n−1∑
i=0

f(xi)∆x =
n−1∑
i=0

ei
1
n
1

n
= h

n−1∑
i=0

eih, jètontac
1

n
= h

èqoume

∫ 1

0

exdx = lim
h→0

h

n−1∑
i=0

eih = lim
h→0

h(1 + eh + e2h + · · ·+ e(n−1)h).

H prohgoÔmenh sqèsh, to gegonìc ìti nh = 1 kai o kanìnac tou De l’ Hôspital,
telik�, dÐnoun∫ 1

0

exdx = lim
h→0

h
enh − 1

eh − 1
= lim

h→0
(e− 1)

h

eh − 1
= e− 1.

6.2 Idiìthtec tou orismènou oloklhr¸matoc

Mia seir� apì basikèc idiìthtec tou orismènou oloklhr¸matoc aporrèoun
apì ton orismì, tic opoÐec ja d¸soume sto epìmeno Je¸rhma.
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Je¸rhma 6.2.1(Idiìthtec) 'Estw oi f kai g duo suneqeÐc sunart seic sto
di�sthma [a, b]. Tìte isqÔoun:∫ b

a

(f(x)± g(x))dx =

∫ b

a

f(x)dx±
∫ b

a

g(x)dx, (6.8)

∫ b

a

kf(x)dx = k

∫ b

a

f(x)dx, (6.9)

f(x) ≥ g(x), sto [a, b] ⇒
∫ b

a

f(x)dx ≥
∫ b

a

g(x)dx, (6.10)

min
x∈[a,b]

f(x)(b− a) ≤
∫ b

a

f(x)dx ≤ max
x∈[a,b]

f(x)(b− a), (6.11)

an h f eÐnai suneq c sto [min{a, b, c},max{a, b, c}]∫ c

a

f(x)dx+

∫ b

c

f(x)dx =

∫ b

a

f(x)dx. (6.12)

Apì tic basikèc idiìthtec mporoÔme na antl soume �llec shmantikèc idiì-
thtec tou oloklhrwtikoÔ logismoÔ. Gia par�deigma, apì thn idiìthta (6.10) kai

to gegonìc ìti−f(x) ≤ |f(x)| kai f(x) ≤ |f(x)| sumperaÐnoume ìti−
∫ b

a
f(x)dx ≤∫ b

a
|f(x)|dx kai

∫ b

a
f(x)dx ≤

∫ b

a
|f(x)|dx, opìte èqoume∣∣∣ ∫ b

a

f(x)dx
∣∣∣ ≤ ∫ b

a

|f(x)|dx.

An jewr soume tic suneqeÐc sunart seic f kai g sto di�sthma [a, b] kai
ènan arijmì k ∈ R, tìte afoÔ (kf(x) + g(x))2 ≥ 0, ja isqÔei kai∫ b

a
(kf(x) + g(x))2dx = k2

∫ b

a
(f(x))2dx+ 2k

∫ b

a
f(x)g(x)dx+

∫ b

a
(g(x))2dx ≥ 0.

'Omwc to teleutaÐo eÐnai èna tri¸numo wc proc k, mìnima mh arnhtik  posìthta

ìpwc akrib¸c eÐnai to a tou, dhl to
∫ b

a
(f(x))2dx. Sthn perÐptwsh aut  prèpei

na èqei mh jetik  diakrÐnousa. 'Etsi apodeÐxame to epìmeno.

Je¸rhma 6.2.2(Cauchy–Schwartz gia sunart seic) An oi f kai g eÐnai duo
suneqeÐc sunart seic sto di�sthma [a, b], tìte isqÔei(∫ b

a

f(x)g(x)dx
)2

≤
∫ b

a

(f(x))2dx

∫ b

a

(g(x))2dx.
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Me dedomèno ìti b > a, h idiìthta (6.11) gr�fetai ¸c ex c:

min
x∈[a,b]

f(x) ≤ 1

b− a

∫ b

a

f(x)dx ≤ max
x∈[a,b]

f(x). (6.13)

AfoÔ h sun�rthsh eÐnai suneq c sto [a, b], apì to Je¸rhma 3.9.8 (twn endi�-
meswn tim¸n) prokÔptei to epìmeno.

Je¸rhma 6.2.3(Mèshc tim c suneqoÔc sun�rthshc.) An h f eÐnai mia su-
neq c sun�rthsh sto di�sthma [a, b], tìte up�rqei èna shmeÐo ξ ∈ [a, b], ¸ste

f(ξ) =
1

b− a

∫ b

a

f(x)dx. (6.14)

To dexiì mèloc thc (6.14) ekfr�zei th mèsh tim  thc sun�rthshc f . Gewmetrik�
to Je¸rhma autì ermhneÔetai wc ex c: MetaxÔ tou a kai tou b up�rqei k�poio
shmeÐo ξ, gia to opoÐo to orjog¸nio pou èqei gia Ôyoc thn tim  thc sun�rthshc
sto shmeÐo autì kai b�sh to tm ma [a, b] èqei to Ðdio embadìn me to orismèno
olokl rwma thc f sto [a, b].

Apì thn idiìthta (6.12) kai thn parat rhsh (6.1.2) mporeÐ k�poioc na
sumper�nei ìti o orismìc tou orismènou oloklhr¸matoc isqÔei akìmh kai gia èna
peperasmèno pl joc shmeÐwn asunèqeiac. Oi sunart seic me èna peperasmèno
pl joc shmeÐwn asunèqeiac, epeid  akrib¸c gi� autèc tic sunart seic up�rqei
to orismèno olokl rwma, an koun se mia eurÔterh kathgorÐa sunart sewn, pou
kaloÔntai {oloklhr¸simec} sunart seic.

6.3 To jemeli¸dec Je¸rhma tou oloklhrwti-

koÔ logismoÔ

H eÔresh tou orismènou oloklhr¸matoc dia mèsou tou orismoÔ eÐnai genik�
dÔskolh kai oÔte oi idiìthtec, pou eÐdame, bohjoÔn idiaÐtera. H sÔndesh ìmwc
tou orismènou oloklhr¸matoc me to aìristo lÔnei kuriolektik� ta qèria tou
epist mona kai k�nei ton oloklhrwtikì logismì èna dunatì ergaleÐo gia thn
epist mh tou.
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f(x)
F(x)

ba x

Sq ma 6.36: H par�gousa F (x).

'Estw f mia orismènh kai suneq c sun�rthsh se èna di�sthma [a, b] kai x
èna tuqaÐo shmeÐo autoÔ. OrÐzetai tìte h sun�rthsh

F (x) =

∫ x

a

f(t)dt. (6.15)

H metablht  t tèjhke gia na mhn up�rqei sÔgqush me th metablht  x. Gewme-
trik� h sun�rthsh F ekfr�zei to embadìn k�tw apì th sun�rthsh f sto di�sth-
ma [a, x], ìpwc faÐnetai sto Sq ma 6.36. M�lista eÐnai fanerì ìti F (b) isoÔtai

me to orismèno olokl rwma thc f sto di�sthma [a, b], dhl. F (b) =
∫ b

a
f(t)dt

kai F (a) =
∫ a

a
f(t)dt = 0.

Je¸rhma 6.3.1'Estw f mia orismènh kai suneq c sun�rthsh se èna di�-
sthma [a, b]. Tìte h sun�rthsh thc (6.15) eÐnai mia par�gousa thc f , dhl.
F ′(x) = f(x).

Apìdeixh: AfoÔ h sun�rthsh f eÐnai suneq c, tìte gia k�je ξ me ξ ∈ [x, x0)
  ξ ∈ (x0, x] ja isqÔei limx→x0 f(ξ) = f(x0) (bl. 'Askhsh 3.14).
'Estw t¸ra èna tuqaÐo shmeÐo x0 ∈ (a, b). H par�gwgoc thc F (x) sto shmeÐo
x0 eÐnai

F ′(x0) = lim
x→x0

F (x)− F (x0)

x− x0

= lim
x→x0

∫ x

a
f(t)dt−

∫ x0

a
f(t)dt

x− x0

=
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lim
x→x0

∫ x

x0
f(t)dt

x− x0

= lim
x→x0

f(ξ)(x− x0)

x− x0

= lim
x→x0

f(ξ) = f(x0),

afoÔ apì to Je¸rhma 6.2.3 isqÔei
∫ x0+h

x0
f(t)dt = f(ξ)(x − x0) me ξ ∈ [x, x0].

Epeid  to x0 to p rame tuqaÐa, to Ðdio ja isqÔei gia k�je shmeÐo tou diast ma-
toc (a, b). �
Me to prohgoÔmeno Je¸rhma ousiastik� br kame ìlec tic par�gousec thc f ,
afoÔ gnwrÐzoume ìti autèc diafèroun kat� stajer� dhl. an G eÐnai mia par�-
gousa thc f , aut  ja eÐnai G(x) = F (x) + C, epeid  G(a) = F (a) + C kai
F (a) = 0 èqoume G(a) = C. Epiplèon∫ b

a

f(x)dx = F (b) = G(b)− C = G(b)−G(a).

'Etsi apodeÐxame to epìmeno Je¸rhma.

Je¸rhma 6.3.2(Jemeli¸dec Je¸rhma tou oloklhrwtikoÔ logismoÔ). An h f
eÐnai orismènh kai suneq c se èna di�sthma [a, b] kai G mia par�gousa aut c,
tìte ∫ b

a

f(x)dx = G(x)
∣∣∣b
a
= G(b)−G(a).

Par�deigma 6.2Na brejoÔn ta oloklhr¸mata:

1)

∫ 2

0

x2dx 2)

∫ 1

0

√
xdx, 3)

∫ 1

0

exdx 4)

∫ e

1

1

x
dx.

LÔsh

1)

∫ 2

0

x2dx =
x3

3

∣∣∣2
0
=

23

3
− 03

3
=

8

3
.

2)

∫ 1

0

√
xdx =

x3/2

3/2

∣∣∣1
0
=

2

3
.

3)

∫ 1

0

exdx = ex
∣∣∣1
0
= e− 1.

4)

∫ e

1

1

x
dx = ln x

∣∣∣e
1
= 1− 0 = 1.

Fusik�, h kainoÔrgia diadikasÐa pou efarmìsthke ed¸ den èqei kami� sqèsh me
ekeÐnh tou paradeÐgmatoc (6.1), ektìc apì to apotèlesma pou eÐnai, profan¸c,
to Ðdio. EÐnai pio komy , pio eÔkolh kai polÔ pio gr gorh.
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6.3.1 Mèjodoi olokl rwshc

Je¸rhma 6.3.3'Estw f kai g duo sunart seic orismènec kai suneqeÐc sto
[a, b], me suneqeÐc parag ģouc s� autì. Tìte isqÔei∫ b

a

f ′(x)g(x)dx = f(x)g(x)
∣∣∣b
a
−

∫ b

a

f(x)g′(x)dx.

Apìdeixh: Na gÐnei apì ton anagn¸sth. �

Par�deigma 6.3Na upologÐsete ta oloklhr¸mata:

1)

∫ π
2

0

x cos xdx, 2)

∫ π
2

0

sin5 xdx, 3)

∫ π
2

0

sin6 xdx.

LÔsh

1)

∫ π
2

0

x cos xdx = x sinx
∣∣∣π2
0
−

∫ π
2

0

sin xdx = x sinx
∣∣∣π2
0
+ cos x

∣∣∣π2
0
=

π

2
− 1.

2) In =

∫ π
2

0

sinn xdx =

∫ π
2

0

sinn−1 x sinxdx = − sinn−1 cos x
∣∣∣π2
0
+

(n− 1)

∫ π
2

0

sinn−2 x cos2 xdx = (n− 1)

∫ π
2

0

sinn−2 x(1− sin2 x)dx

opìte In = (n− 1)In−2 − (n− 1)In ⇔ In =
n− 1

n
In−2.

Efarmìzontac ton teleutaÐo tÔpo anadromik� paÐrnoume ta apotelèsmat� mac.

Je¸rhma 6.3.4'Estw h sun�rthsh f(x) orismènh kai suneq c sto di�sthma
[a, b] kai x = g(t), ìpou g mia sun�rthsh orismènh kai me suneq  par�gwgo sto
di�sthma [σ, τ ]. An g(σ) = a kai g(τ) = b, tìte∫ τ

σ

f(g(t))g′(t)dt =

∫ b

a

f(x)dx.
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Apìdeixh: An F (x) mia par�gousa thc f , tìte F ′(x) = f(x) kai
∫ b

a
f(x)dx =

F (b)− f(a). Epiplèon, apì thn par�gwgo sÔnjethc sun�rthshc isqÔei(
F (g(t))

)′
= F ′(g(t))g′(t) = f(g(t))g′(t)

ètsi èqoume∫ τ

σ

f(g(t))g′(t)dt =

∫ τ

σ

(
F (g(t))

)′
dt = F (g(τ))− F (f(σ) =

F (b)− F (a) =

∫ b=g(τ)

a=g(σ)

f(x)dx.

�

Ed¸ ja prèpei na parathr soume ìti o tÔpoc tou Jewr matoc 6.3.4 efar-
mìzetai kai antÐstrofa. Ac jumhjoÔme thn allag  metablht c apì to aìristo
olokl rwma. Sthn perÐptwsh aut , jètontac x = g(t) kai upì thn proôpìjesh
ìti h g eÐnai antistrèyimh, exuphreteÐ h morf ∫ b

a

f(x)dx =

∫ g−1(b)

g−1(a)

f(g(t))g′(t)dt.

Par�deigma 6.4Na upologistoÔn ta orismèna oloklhr¸mata:

1)

∫ π
2

0

sin3 x cos xdx, 2)

∫ a

−a

√
a2 − x2dx, a > 0

LÔsh

1)

∫ π
2

0

sin3 x cos xdx =

∫ π
2

0

sin3 x(sinx)′dx =

∫ 1=sin π
2

0=sin 0

u3du =
u4

4

∣∣∣1
0
=

1

4

2) Jètontac x = a cos t, èqoume dx = −a sin tdt, opìte t = cos−1 x
a
, ètsi∫ a

−a

√
a2 − x2dx =

∫ 0=arccos a
a

π=arccos −a
a

a
√
1− cos2 t(−a sin t)dt = −a2

∫ 0

π

sin2 tdt =
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· · · = πa2

2
,

èna apotèlesma pou m�llon ja èprepe na perimènoume, afoÔ to parap�nw olo-
kl rwma eÐnai ousiastik� to embadìn enìc hmikuklÐou aktÐnac a.

Fusik�, k�poia probl mata mporeÐ na èqoun mia megalÔterh duskolÐa,
ìmwc autì den prèpei na katab�lei ton foitht . Ex�llou o shmerinìc foitht c
kai aurianìc epist monac p�ntote ja prospajeÐ na epilÔsei k�poio prìblhma.

Par�deigma 6.5'Estw h f suneq c kai aÔxousa sto [a, b]. Na deiqteÐ ìti∫ b

a

xf(x)dx ≥ a+ b

2

∫ b

a

f(x)dx.

LÔsh EÔkola mporeÐ na dei k�poioc (me allag  metablht c) ìti∫ b

a

f(x)dx =

∫ b

a

f(a+ b− x)dx

'Etsi ∫ b

a

xf(x)dx =

∫ b

a

(a+ b− x)f(a+ b− x)dx =

∫ b

a

(a+ b)f(a+ b− x)dx−
∫ b

a

xf(a+ b− x)dx

= (a+ b)

∫ b

a

f(a+ b− x)dx−
∫ b

a

xf(a+ b− x)dx =

(a+ b)

∫ b

a

f(x)dx−
∫ b

a

xf(a+ b− x)dx (6.16)

ArkeÐ na deÐxoume ìti ∫ b

a

xf(x)dx ≥
∫ b

a

xf(a+ b− x)dx (6.17)
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(a+b)/2

f(x)f(a+b-x)

ba

Sq ma 6.37: H apeikìnish twn f(x) kai f(a+ b− x).

'Omwc isqÔei (to stajerì prìshmo twn duo sunart sewn, eÔkola prokÔptei apì
to ìti h f(x) eÐnai aÔxousa, ex�llou faÐnetai kai sto Sq ma 6.37,)

∫ b

a

x[f(x)− f(a+ b− x)]dx =

∫ a+b
2

a

x[f(x)− f(a+ b− x)︸ ︷︷ ︸
≤0

]dx

+

∫ b

a+b
2

x[f(x)− f(a+ b− x)︸ ︷︷ ︸
≥0

]dx.

Apì to Je¸rhma thc mèshc tim c tou OloklhrwtikoÔ LogismoÔ èqoume

∫ b

a

x[f(x)− f(a+ b− x)]dx = ξ1

∫ a+b
2

a

[f(x)− f(a+ b− x)]dx

+ ξ2

∫ b

a+b
2

[f(x)− f(a+ b− x)]dx.

Me allag  metablht c p�li sto pr¸to olokl rwma tou deutèrou mèlouc paÐr-
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noume∫ b

a

x[f(x)− f(a+ b− x)]dx = ξ1

∫ b

a+b
2

[f(a+ b− x)− f(x)]dx

+ ξ2

∫ b

a+b
2

[f(x)− f(a+ b− x)]dx

= (ξ2 − ξ1)

∫ b

a+b
2

[f(x)− f(a+ b− x)]dx

≥ 0.

6.3.2 Arijmhtik  olokl rwsh

JewroÔme th suneq  sun�rthsh f sto di�sthma [a, b]. Gia eukolÐa jètou-
me a = x0, b = x1, y0 = f(x0), y1 = f(x1) kai h = x1 − x0. ProseggÐzontac th
sun�rthsh f me thn eujeÐa

y =
y1 − y0
x1 − x0

(x− x0) + y0

ja èqoume∫ b

a

f(x)dx =

∫ x1

x0

f(x)dx ≈
∫ x1

x0

( y1 − y0
x1 − x0

(x− x0) + y0

)
dx = · · · = h

2
(y0+y1).

Diair¸ntac to di�sthma [a, b] se n isom kh diast mata me ta shmeÐa a = x0, x1,
x2, . . . , xn−1, xn = b, prokÔptei o epìmenoc tÔpoc, pou eÐnai gnwstìc wc geni-
keumènoc kanìnac tou trapezÐou∫ x1

x0

f(x)dx ≈ h

2
(y0 + 2y1 + 2y1 + · · ·+ 2yn−1 + yn), (6.18)

ìpou h = b−a
n
.

Par�deigma 6.6Na upologÐsete to Olokl rwma∫ 2.5

1.5

x

x3 − 2
dx

qrhsimopoi¸ntac to genikeumèno kanìna tou trapezÐou (6.18), qwrÐzontac to
di�sthma olokl rwshc se 10 upodiast mata
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LÔsh AfoÔ ja qrhsimopoi soume ton kanìna tou trapezÐou gia 10 diast mata,
ja èqoume n = 10 kai h = 0.1, opìte x0 = 1.5 kai xi = 1.5 + i · h, i = 1(1)10.
Gia tic timèc twn xi brÐskoume tic antÐstoiqec yi dhlad  y0 = 0.763359, y1 =
0.583591, y2 = 0.469729, y3 = 0.391027, y4 = 0.333333, y5 = 0.289216, y6 =
0.254394, y7 = 0.226222, y8 = 0.202977, y9 = 0.183486, y10 = 0.166923. Apì
ton tÔpo (6.18) brÐskoume∫ 2.5

1.5

x

x3 − 3
dx =

0.1

2
(0.763359 + 2 · 0.583591 + 2 · 0.469729 + 2 · 0.391027

+ 2 · 0.333333 + 2 · 0.289216 + 2 · 0.254394 + 2 · 0.226222
+ 2 · 0.202977 + 2 · 0.183486 + 0.166923)

= 0.415105.

6.4 Efarmogèc tou orismènou oloklhr¸matoc

6.4.1 To embadìn

'Hdh èqoume dei ìti me to orismèno olokl rwma miac mh arnhtik c suneqoÔc
sun�rthshc f sto di�sthma [a, b] upologÐzoume to embadìn tou qwrÐou, pou
perièqetai metaxÔ thc kampÔlhc tou orizìntiou �xona kai twn eujei¸n x = a
kai x = b.
'Otan h sun�rthsh eÐnai mh jetik , tìte to qwrÐo pou orÐzetai apì th sun�rthsh
f eÐnai summetrikì, wc proc ton orizìntio �xona, me to qwrÐo pou orÐzetai
apì th sun�rthsh −f kai wc ek toÔtou ja èqei to Ðdio embadìn. 'Etsi, sthn

perÐptwsh aut  to embadìn ja upologÐzetai apì to
∫ b

a
−f(x)dx. Genik�, loipìn,

to embadìn thc perioq c pou perikleÐetai apì mia sun�rthsh f , ton orizìntio
�xona kai tic eujeÐec x = a kai x = b ja upologÐzetai apì ton tÔpo

E =

∫ b

a

|f(x)|dx.

Fusik�, lamb�nontac upìyh mac th gewmetrÐa tou sq matoc mporoÔme na upo-
logÐzoume embad� perioq¸n metaxÔ duo kampÔlwn kai twn eujei¸n x = a kai
x = b.

Par�deigma 6.7Na upologÐsete to embadìn metaxÔ twn sunart sewn f(x) =
x2, g(x) =

√
x kai twn eujei¸n x = 0 kai x = 2.
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1

1

(0,0) 2

4

a

b

-a

-b

(0,0)

Sq ma 6.38: H perioq  metaxÔ duo sunart sewn. 'Elleiyh

LÔsh 'Opwc mporeÐ kaneÐc na dei sto Sq ma 6.38, arister�, oi duo kampÔlec
tèmnontai sta shmeÐa (0, 0) kai (1, 1) kai sto di�sthma [0, 1] èqoume g(x) ≥ f(x),
en¸ sto di�sthma [1, 2] èqoume f(x) ≥ g(x). 'Etsi, to zhtoÔmeno embadìn eÐnai

E =

∫ 1

0

(
√
x− x2)dx+

∫ 2

1

(x2 −
√
x)dx = · · · = 10− 4

√
2

3
.

Stic peript¸seic pou oi kampÔlec dÐnontai me tic parametrikèc exis¸seic
touc, ousiastik� prìkeitai gia allag  metablht c, dhl. en¸ eÐqame thn y =
f(x), jèsame x = x(t) kai proèkuye y = f(x(t)) = y(t). 'Etsi isqÔei h jewrÐa
thc allag c metablht c, opìte èqoume:

E =

∫ b

a

f(x)dx =

∫ t2

t1

y(t)x′(t)dt. (6.19)

Par�deigma 6.8Na upologÐsete to embadìn thc èlleiyhc (3.31) tou Sq ma-
toc 6.38 x = a sinϑ, y = b cosϑ kai ϑ ∈ [0, 2π].

LÔsh Qrhsimopoi¸ntac ton tÔpo (6.19) kai tic parametrikèc exis¸seic thc
èlleiyhc sto pr¸to tetarthmìrio brÐskoume

1

4
E =

∫ π
2

0

y(t)x′(t)dϑ =

∫ π
2

0

b cosϑa cosϑdϑ = ab

∫ π
2

0

cos2 ϑdϑ =
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Dx

DyL

A

B

x

y

ba

PSfrag replacementc

a
A
B
L
b
x

xi+1

∆x
∆y

Sq ma 6.39: H efaptomènh thc y = f(x).

ab

∫ π
2

0

1

4
(cos 2ϑ+ 1)d2ϑ =

ab

4

[
sin (2ϑ) + 2ϑ

]π
2

0
=

abπ

4
.

'Etsi èqoume ìti to embadìn thc èlleiyhc eÐnai E = πab.

6.4.2 To m koc kampÔlhc

Gia na skiagraf soume ton upologismì tou m kouc miac kampÔlhc ske-
ftìmaste wc ex c: JewroÔme ìti h kampÔlh mac qwrÐzetai se n tm mata kai
k�je èna apì aut� ta proseggÐzoume me th qord  touc. 'Etsi gia to tm ma PQ
ja èqoume

LPQ ≈ L =
√
(∆x)2 + (∆y)2,

opìte gia olìklhrh thn kampÔlh kai upì thn proôpìjesh ìti to ìrio up�rqei,
kaj¸c to n → ∞ ètsi ¸ste kai to ∆x → 0, ja isqÔei

LAB = lim
n→∞

n∑
i=1

Li = lim
n→∞

n∑
i=1

√
(∆xi)2 + (∆yi)2 (6.20)

Upojètoume t¸ra ìti h sun�rthsh y = f(x) eÐnai paragwgÐsimh me suneq 
par�gwgo. Apì to Je¸rhma thc mèshc tim c tou diaforikoÔ logismoÔ (4.8.6)
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ja èqoume ìti ∆yi = f(xi+1) − f(xi) = (xi+1 − xi)f
′(ξi) = ∆xif

′(ξi), opìte h
(6.20) gr�fetai

LAB = lim
n→∞

n∑
i=1

√
(∆xi)2 + (∆xif ′(ξi))2 = lim

n→∞

n∑
i=1

√
1 + (f ′(ξi))2∆xi

  telik�

LAB =

∫ b

a

√
1 + (f ′(x))2dx (6.21)

Upojètoume t¸ra ìti h kampÔlh dÐnetai me tic parametrikèc exis¸seic x =
x(t) kai y = y(t) me t ∈ [t1, t2] kai k�je shmeÐo P (x, y) thc kampÔlhc paÐrnetai
mìno mia for�, kaj¸c to t dianÔei to [t1, t2], kai epÐ plèon oi sunart seic x =
x(t) kai y = y(t) eÐnai paragwgÐsimec me suneqeÐc parag¸gouc. tìte p�li apì
to Je¸rhma thc mèshc tim c tou diaforikoÔ logismoÔ (4.8.6) ja èqoume

LAB = lim
n→∞

n∑
i=1

√
(x′(ξ′i))

2∆ti + (y′(ξ′′i ))
2∆ti =

∫ b

a

√
(x′(t))2 + (y′(t))2dt. (6.22)

Par�deigma 6.9Na upologÐsete to m koc tou kÔklou (O, r) qrhsimopoi¸ntac
a) ton tÔpo (6.21) kai b) ton tÔpo (6.22).

LÔsh 1) 'Estw x2 + y2 = r2 o kÔkloc (O, r), opìte to m koc tou hmikuklÐou
f(x) =

√
r2 − x2 apì ton tÔpo (6.21) ja eÐnai

L =

∫ r

−r

√
1 + (f ′(x))2dx = · · · = r

∫ r

−r

1√
r2 − x2

dx = · · · = πr.

2) 'Estw, t¸ra, x = r cosϑ, y = r sinϑ me ϑ ∈ [0, 2π] o kÔkloc (O, r), opìte
to m koc tou hmikuklÐou (ϑ ∈ [0, π]), apì ton tÔpo (6.22) ja eÐnai

L =

∫ π

0

√
(x′(ϑ))2 + (y′(ϑ))2dϑ = r

∫ π

0

1dϑ = πr,

opìte L = 2πr.
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P

x

f(x)

L
Q

A

B

ba

Sq ma 6.40: Stoiqei¸dhc kÔlindroc ek peristrof c.

6.4.3 Epif�neia kai ìgkoc stere¸n ek peristrof c

'Otan mia suneq c kampÔlh y = f(x) peristrafeÐ gÔrw apì ton �xona x′x,
dhmiourgeÐtai èna stereì, pou onom�zetai stereì ek peristrof c. {TemaqÐzo-
ntac} to stereì me epÐpeda k�jeta ston �xona x′x eÐnai dunatìn, me mejìdouc
pou perigr�yame prohgoumènwc, na broÔme kai na apodeÐxoume tÔpouc gia ton
upologismì twn ìgkwn kai twn epifanei¸n twn stere¸n aut¸n. Sth sunèqeia
ja skiagraf soume thn eÔresh twn sqetik¸n tÔpwn kai ìqi thn apìdeix  touc.
O foitht c pou endiafèretai ja prèpei na katafÔgei se biblÐa An�lushc p.q.
([4]).

Ac jewr soume thn kampÔlh AB tou Sq matoc 6.40 kai duo epÐpeda pou
dièrqontai apì ta shmeÐa P kai Q kai eÐnai k�jeta ston orizìntio �xona x′x.
To stoiqei¸dec autì stereì to jewroÔme stoiqei¸dh kÔlindro. me dedomèno
ìti o ìgkoc enìc kulÐndrou dÐnetai apì ton tÔpo V = πr2h, ja èqoume ìti o
stoiqei¸dhc ìgkoc tou ja eÐnai

dV = π[f(x)]2dx.

Apì th sqèsh aut  paÐrnoume ton tÔpo tou ìgkou tou stereoÔ ek peristrof c,
dhl.

V = π

∫ b

a

[f(x)]2dx. (6.23)
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An p�li to stoiqei¸dec autì stereì to jewr soume kìlouro k¸no, me dedomènh
th sqèsh (6.20) kai to ìti o ìgkoc tou kìlourou k¸nou eÐnai V = π(r1 + r2)l,
ìpou r1 kai r2 eÐnai oi aktÐnec twn b�sewn kai l h genn tria (gia to orismì
tou k¸nou p�li qrhsimopoieÐtai h peristrof ), ja èqoume ìti h stoiqei¸dhc
epif�neia ja eÐnai

∆S = π
(
f(xi−1) + f(xi)

)
∆l = π[f(xi−1) + f(xi)]

√
1 + [f ′(ξi)]2∆x.

Apì th sqèsh aut  kai qrhsimopoi¸ntac thn ènnoia thc omoiìmorfhc sunèqeiac
apodeiknÔetai ìti to embadìn thc epif�neiac tou stereoÔ ek peristrof c eÐnai

E = 2π

∫ b

a

f(x)
√

1 + [f ′(x)]2dx. (6.24)

Par�deigma 6.10Na upologÐsete ton ìgko kai thn epif�neia miac sfaÐrac me
aktÐna r.

LÔsh H sfaÐra dhmiourgeÐtai apì thn peristrof  tou hmikuklÐou y =
√
r2 − x2

gÔrw apì ton orizìntio �xona. 'Etsi apì touc tÔpouc (6.23) kai (6.24) èqoume

V = π

∫ r

−r

(
√
r2 − x2)2dx = π

∫ r

−r

(r2 − x2)dx =
4

3
πr3

E = 2π

∫ r

−r

f(x)
√
1 + [f ′(x)]2dx = 2π

∫ r

−r

√
r2 − x2

√
1 + [

x√
r2 − x2

]2dx =

2π

∫ r

−r

rdx = 4πr2.

6.4.4 'Allec efarmogèc

Endiafèron apokt� o tÔpoc tou Taylor dia mèsou tou orismènou oloklh-
r¸matoc. 'Otan loipìn h sun�rthsh f eÐnai paragwgÐsimh, èqoume∫ x

x0

f ′(t)dt = f(x)− f(x0) ⇔ f(x) = f(x0) +

∫ x

x0

f ′(t)dt︸ ︷︷ ︸
R(x)

.
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An h sun�rthsh eÐnai duo forèc paragwgÐsimh, ìpwc kai prohgoÔmena, paÐrnou-
me∫ x

x0

f ′(t)dt = −
∫ x

x0

(x− t)′f ′(t)dt = −(x− t)f ′(t)
∣∣∣x
x0

+

∫ x

x0

(x− t)f ′′(t)dt,

opìte me apl  antikat�stash sthn prohgoÔmenh sqèsh prokÔptei

f(x) = f(x0) + (x− x0)f
′(x0) +

∫ x

x0

(x− t)f ′′(t)dt︸ ︷︷ ︸
R(x)

.

OmoÐwc an eÐnai treic forèc paragwgÐsimh∫ x

x0

(x− t)f ′′(t)dt = −
∫ x

x0

((x− t)2

2

)′
f ′′(t)dt = −(x− t)2

2

∣∣∣x
x0

+
1

2

∫ x

x0

(x− t)2f ′′′(t)dt

kai p�li me antikat�stash èqoume

f(x) = f(x0) + (x− x0)f
′(x0) +

(x− x0)
2

2
f ′′(x0) +

1

2!

∫ x

x0

(x− t)2f ′′′(t)dt︸ ︷︷ ︸
R(x)

.

Epagwgik� mporoÔme plèon na p�roume, upì thn proôpìjesh ìti h sun�rthsh
eÐnai n forèc paragwgÐsimh, ton tÔpo tou Taylor

f(x) = f(x0)+(x−x0)f
′(x0)+

(x− x0)
2

2!
f ′′(x0)+· · ·+(x− x0)

n−1

(n− 1)!
f (n−1)(x0)+R(x),

ìpou to upìloipo tou tÔpou tou Taylor eÐnai

R(x) =
1

(n− 1)!

∫ x

x0

(x− t)n−1f (n)(t)dt. (6.25)

Akìmh, to orismèno olokl rwma mporeÐ na qrhsimopoihjeÐ gia na deÐxoume
ìti k�poiec sunart seic eÐnai analutikèc, ìpwc sto epìmeno par�deigma.

Par�deigma 6.11Na deiqteÐ ìti h sun�rthsh arctanx eÐnai analutik .
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LÔsh Se prohgoÔmeno par�deigma, sth sqèsh (4.25) eÐdame ìti h sun�rthsh
arctanx èqei th morf 

arctanx = x− x3

3
+

x5

5
− x7

7
+ · · ·

EpÐshc eÐdame ìti h seir� tou deutèrou mèlouc sugklÐnei gia k�je x me |x| ≤ 1.
Ja doÔme sth sunèqeia ìti aut  sugklÐnei sth sun�rthsh arctanx.
JewroÔme th sqèsh

1

1 + t2
= 1− t2 + t4 − t6 + · · ·+ (−1)nt2n + (−1)n+1 t

2n+1

1 + t2︸ ︷︷ ︸
ìroi pou apomènoun

Oloklhr¸nontac aut  sto di�sthma [0, x], prokÔptei

arctanx = x− x3

3
+

x5

5
− x7

7
+ · · ·+ (−1)n

x2n+1

2n+ 1
+R,

ìpou

R =

∫ x

0

(−1)n+1 t
2n+1

1 + t2
dt

'Omwc afoÔ 1 + t2 ≥ 1, gia thn apìluth tim  autoÔ ja isqÔei

|R| =
∫ x

0

t2n+1

1 + t2
dt ≤

∫ x

0

t2n+1dt =
x2n+2

2n+ 2 n→∞
// 0 ,

to opoÐo apodeiknÔei to zhtoÔmeno.

Pollèc eÐnai oi efarmogèc pou brÐskei to orismèno olokl rwma stic Fusi-
kèc epist mec p.q. rop , kèntro m�zac, èrgo dÔnamhc, udrostatik  pÐesh all�
kai stic �llec epist mec, p.q. pleìnasma tou katanalwt    pleìnasma tou pa-
ragwgoÔ sthn OikonomÐa k.lp. H lÔsh dÐnetai, afoÔ l�boume upìyh th JewrÐa
kai tic teqnikèc pou anaptÔqjhkan all� kai th fÔsh tou probl matoc.

Par�deigma 6.12Na brejeÐ to kèntro m�zac enìc omogenoÔc plakidÐou pou
orÐzetai apì thn parabol  y2 = 4− x kai ton orizìntio �xona

LÔsh Sto Sq ma 6.41 faÐnetai to plakÐdio. AfoÔ to plakÐdio eÐnai omogenèc
kai o orizìntioc �xonac eÐnai �xonac summetrÐac, to kèntro m�zac ja brÐsketai
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.
x(y)

dS

dy

.

dS

dx

f(x)

Sq ma 6.41: Kèntro m�zac: Orizìntiec kai katakìrufec lwrÐdec.

s� autìn, dhl. ȳ = 0. Gia ton prosdiorismì tou x̄ qwrÐzoume to plakÐdio   se
orizìntiec lwrÐdec   se katakìrufec lwrÐdec. Sth sunèqeia, ja lÔsoume to
prìblhma qrhsimopoi¸ntac tic orizìntiec lwrÐdec kai wc �skhsh o anagn¸sthc
ac qrhsimopoi sei gia thn epÐlush tic katakìrufec.
H stoiqei¸dhc m�za miac stoiqei¸douc lwrÐdac me stajer  puknìthta δ kai
stoiqei¸dh epif�neia eÐnai

dm = δds = δx(y)dy (6.26)

opìte h sunolik  m�za tou plakidÐou ja eÐnai

M =

∫
s

δds = δ

∫ 2

−2

x(y)dy = δ

∫ 2

−2

(4− y2)dy = δ(4y− y3

3
)
∣∣∣2
−2

=
32δ

3
. (6.27)

To kèntro m�zac thc stoiqei¸douc lwrÐdac, afoÔ aut  eÐnai omogen c, brÐsketai

sto kèntro thc, dhl. èqei suntetagmènec (x(y)
2
, y). 'Etsi, h rop  thc lwrÐdac wc

proc ton katakìrufo �xona ja eÐnai

dMy =
x(y)

2
dm

kai h rop  ìlwn twn lwrÐdwn mazÐ eÐnai

My =

∫ 2

−2

x(y)

2
dm =

∫ 2

−2

x(y)

2
δx(y)dy =

δ

2

∫ 2

−2

(4− y2)2dy =
256δ

15
. (6.28)
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AfoÔ wc kèntro m�zac jewroÔme to shmeÐo pou, an briskìtan ìlh h m�za sug-
kentrwmènh ja mac èdine th sunolik  rop , ja èqoume ìti

x̄M = My ⇔ x̄ =
My

M
=

8

5
.

Ask seic

'Askhsh 6.1Na upologÐsete ta orismèna oloklhr¸mata

1)

∫ 2

0

xdx, 2)

∫ 1

0

x3dx, 3)

∫ 1

0

x2dx

qrhsimopoi¸ntac eswterik� kai exwterik� orjog¸nia, afoÔ pr¸ta diairejoÔn
ta sqetik� diast mata se n isom kh tm mata.

'Askhsh 6.2AfoÔ pr¸ta diairejeÐ to di�sthma [a, b] se n tm mata, ta sh-
meÐa tou opoÐou eÐnai ìroi gewmetrik c proìdou, p.q. x0 = a, x1 = aω, x2 =

aω2, . . . , xn = aωn = b (profan¸c ω = n

√
b
a
me limn→∞ ω = 1), qrhsimopoi¸-

ntac eswterik� orjog¸nia, na deÐxete ìti∫ b

a

xmdx =

{
bm+1−am+1

m+1
, m ̸= −1

ln b− ln a, m = −1
.

'Askhsh 6.3ErmhneÔste to Je¸rhma 6.2.3 jewr¸ntac thn f taqÔthta kai to
x qrìno.

'Askhsh 6.4An h f eÐnai orismènh kai suneq c sto [a, b], h g paragwgÐsimh
kai orÐzetai h sÔnjesh f ◦ g, na deiqteÐ ìti

d

dx

∫ g(x)

a

f(t)dt = f(g(x))g′(x).

'Askhsh 6.5Na brejeÐ to x pou megistopoieÐ to olokl rwma

d

dx

∫ x+3

x

t(2− t)dt.
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'Askhsh 6.6Na brejeÐ to ìrio me ton kanìna tou De L’ Hôpital

lim
x→0

1

x

∫ x

0

sin x

x
dt.

'Askhsh 6.7An In =
∫ π

2

0
sinn xdx, parathr ste ìti a) I2n+1 ≤ I2n ≤ I2n−1,

b) lim I2n
I2n+1

= 1 kai apodeÐxte ton tÔpo tou Wallis

π

2
= lim

[(2n(2n− 2)(2n− 4) · · · 2
(2n− 1)(2n− 3) · · · 3

)2 1

2n+ 1

]
.

'Askhsh 6.8Na brejeÐ to embadìn thc hmièlleiyhc

y =
b

a

√
x2 − a2, a, b > 0.

'Askhsh 6.9(Je¸rhma mèshc tim c tou oloklhrwtikoÔ logismoÔ) Akolouj¸-
ntac th logik  thc apìdeixhc tou Jewr matoc 6.2.3 deÐxte ìti, an oi f kai g duo
suneqeÐc sunart seic sto [a, b] me g(x) ≥ 0 ∀x ∈ [a, b], tìte ∃ξ ∈ [a, b] me∫ b

a

f(x)g(x)dx = f(ξ)

∫ b

a

g(x)dx.

'Askhsh 6.10Pollèc forèc eÐnai pio eÔkolo h olokl rwsh na gÐnetai wc proc
th metablht  y. Na brejeÐ ètsi to embadìn pou perikleÐetai apì tic parabolèc
y2 = 4− x kai y2 = 2x− 4, afoÔ pr¸ta tic sqedi�sete.

'Askhsh 6.11Na brejeÐ to embadìn kai o ìgkoc thc epif�neiac pou sqhmatÐ-
zetai, ìtan peristrèfoume thn èlleiyh 4x2 + y2 = 4, a)gÔrw apì ton orizìntio
kai b)gÔrw apì ton katakìrufo �xona.

'Askhsh 6.12Na brejeÐ to kèntro m�zac tou trig¸nou me korufèc ta shmeÐa
O(0, 0), A(1, 0) kai B(1, 2) me thn proôpìjesh ìti to trÐgwno eÐnai omogenèc,
puknìthtac δ.
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Genikeumèno Olokl rwma

7.1 Genik�

Mèqri t¸ra jewroÔsame th sun�rthsh suneq  s� èna kleistì di�sthma
[a, b] me a, b ∈ R, pou s maine ìti h sun�rthsh eÐnai epiplèon kai fragmènh. Me
thn parat rhsh (6.1.2) mporoÔme na apant soume kai sthn perÐptwsh, ìpou h
sun�rthsh paramènei fragmènh s� èna hmianoiktì di�sthma (a, b].

Stic peript¸seic, ìpou èna toul�qiston apì ta �kra tou diast matoc eÐnai
to �peiro   h sun�rths  mac apeirÐzetai s� èna apì ta �kra tou diast matoc
[a, b], to olokl rwma lègetai genikeumèno   kataqrhstikì.
Sthn pr¸th perÐptwsh to genikeumèno olokl rwma lègetai A' eÐdouc, en¸ sthn
�llh perÐptwsh lègetai B' eÐdouc. 'Otan apì to èna �kro thc olokl rwshc
emfanÐzetai to A' eÐdoc kai apì to �llo to B' tìte èqoume to miktì genikeumèno
olokl rwma.

7.1.1 Genikeumèno olokl rwma A' eÐdouc

To Genikeumèno olokl rwma A' eÐdouc èqei mia apì tic epìmenec morfèc:∫ b

−∞
f(x)dx,

∫ ∞

a

f(x)dx,

∫ ∞

−∞
f(x)dx. (7.1)

AntimetwpÐzetai kai stic treic peript¸seic me thn ènnoia tou orÐou. 'Etsi, an F
eÐnai mia par�gousa thc f , èqoume∫ b

−∞
f(x)dx = lim

a→−∞

∫ b

a

f(x)dx = F (b)− lim
a→−∞

F (a),

205
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 0

 1

 0

1/(x^2+1)

 0

 1

 0

1/(x+1)

Sq ma 7.42: Oi sunart seic f(x) = 1
x2+1

kai g(x) = 1
x+1

.

∫ ∞

a

f(x)dx = lim
b→∞

∫ b

a

f(x)dx = lim
b→∞

F (b)− F (a),∫ ∞

−∞
f(x)dx = lim

a→−∞

∫ c

a

f(x)dx+ lim
b→∞

∫ b

c

f(x)dx = lim
b→∞

F (b)− lim
a→−∞

F (a).

Par�deigma 7.1UpologÐste ta oloklhr¸mata:

i)

∫ ∞

0

1

x+ 1
dx, ii)

∫ ∞

0

sin xdx, iii)

∫ ∞

−∞

1

x2 + 1
dx.

LÔsh Me efarmog  twn tÔpwn paÐrnoume

i)

∫ ∞

0

1

x+ 1
dx = lim

b→∞

∫ b

0

1

x+ 1
dx = lim

b→∞

[
ln (1 + x)

]b
0
= ∞

ii)

∫ ∞

0

sin xdx = lim
b→∞

∫ b

0

sin xdx = lim
b→∞

[
− cosx

]b
0
= − lim

b→∞
(cos b) + 1

'Omwc to teleutaÐo ìrio den up�rqei. S� aut  thn perÐptwsh lème ìti to olo-
kl rwma

∫∞
0

sinxdx apoklÐnei.

iii)

∫ ∞

−∞

1

x2 + 1
dx = lim

b→∞
arctan b− lim

a→−∞
arctan a =

π

2
− (−π

2
) = π
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Sto sq ma (7.42) faÐnetai h perioq  thc opoÐac to embadìn ekfr�zei to kajèna
apì ta oloklhr¸mata i) kai iii).

Parat rhsh 7.1.1H Ôparxh twn duo orÐwn, anex�rthta tou enìc apì to �llo,
eÐnai ousi¸dhc, afoÔ h je¸rhsh∫ ∞

−∞
f(x)dx = lim

t→∞

∫ t

−t

f(x)dx

odhgeÐ se k�ti diaforetikì, gnwstì wc {prwteÔousa tim  kat�Cauchy} (C.P.V.)

7.1.2 Genikeumèno olokl rwma B' eÐdouc

To Genikeumèno olokl rwma B' eÐdouc èqei mia apì tic epìmenec morfèc:∫ b

a

f(x)dx, me lim
x→a+

= ±∞,

∫ b

a

f(x)dx, me lim
x→b−

= ±∞. (7.2)

AntimetwpÐzetai, ìpwc kai prohgoÔmena, me thn ènnoia tou orÐou. 'Etsi, an F
eÐnai mia par�gousa thc f , èqoume∫ b

a

f(x)dx = lim
ε→0

∫ b

a+ε

f(x)dx = F (b)− lim
ε→0

F (a+ ε)∫ b

a

f(x)dx = lim
h→0

∫ b−h

a

f(x)dx = lim
h→0

F (b− h)− F (a)

∫ b

a
f(x)dx = lim

ε→0

∫ c

a+ε
f(x)dx+ lim

h→0

∫ b−h

c
f(x)dx = lim

h→0
F (b− h)− lim

ε→0
F (a+ ε).

Par�deigma 7.2UpologÐste ta oloklhr¸mata:

i)

∫ 1

−1

1

1− x2
dx, ii)

∫ 1

−1

1√
1− x2

dx.
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 0

 1

 1 0-1

1/(1-x**2)

 0

 1

 1 0-1

1/sqrt(1-x**2)

Sq ma 7.43: Oi sunart seic f(x) = 1
1−x2 kai g(x) = 1√

1−x2 .

LÔsh

i)

∫ 1

−1

1

1− x2
dx =

1

2

∫ 1

−1

( 1

1− x
+

1

1 + x

)
dx =

1

2

∫ 1

−1

1

1− x
dx+

1

2

∫ 1

−1

1

1 + x
dx =

1

2

(
− lim

h→0
ln |1− x|

∣∣∣1−h

−1
+ lim

ε→0
ln |1 + x|

∣∣∣1
−1+ε

)
=

1

2

(
2 ln 2 +∞

)
= ∞

Jètontac x = sinϑ, pou shmaÐnei dx = cosϑdϑ, paÐrnoume

ii)

∫ 1

−1

1√
1− x2

dx = lim
ε→0

∫ c

arcsin (−1+ε)

dϑ+ lim
h→0

∫ arcsin (1−h)

c

dϑ = π.

Sto sq ma (7.43) faÐnetai h perioq  thc opoÐac to embadìn ekfr�zei to kajèna
apì ta oloklhr¸mata i) kai ii).

7.2 Krit ria sÔgklishc

Pollèc forèc eÐmaste anagkasmènoi na apofanjoÔme sqetik� me thn Ôpar-
xh   mh enìc genikeumènou oloklhr¸matoc kai  dh èqoume dei ìti den eÐnai p�-
ntote eÔkolh   dunat  h eÔresh miac par�gousac autoÔ. Se tètoiec peript¸seic
prospajoÔme na d¸soume ap�nthsh me diaforetikèc proseggÐseic tou jèmatoc,
merikèc ek twn opoÐwn ja doÔme sth sunèqeia.
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7.2.1 Gia to A' eÐdouc

Ja jewr soume ìti h sun�rthsh f eÐnai suneq c kai mh arnhtik  kai ja

exet�soume thn perÐptwsh
∫∞
a

f(x)dx, afoÔ h perÐptwsh
∫ b

−∞ f(x)dx antimetw-
pÐzetai parìmoia, arkeÐ na k�noume allag  metablht c jètontac −t antÐ x.
'Eqoume  dh dei ìti to genikeumèno olokl rwma ekfr�zei to ìrio enìc embadoÔ,
dhl. ∫ ∞

a

f(x)dx = lim
x→∞

∫ x

a

f(t)dt︸ ︷︷ ︸
E(x)

= lim
x→∞

E(x). (7.3)

EpÐ plèon, apì to gegonìc E ′(x) = f(x) ≥ 0, sumperaÐnoume ìti h sun�rthsh
E(x) eÐnai mia aÔxousa sun�rthsh kai epomènwc   ja èqei ìrio ènan pragmatikì
arijmì (ìtan ja fr�ssetai, dec kai �skhsh (3.10))   ja apeirÐzetai. 'Etsi, to
epìmeno Je¸rhma faÐnetai wc fusik  sunèpeia autoÔ.

Je¸rhma 7.2.1'Estw duo suneqeÐc sunart seic f kai g me g(x) ≥ f(x) ≥ 0,
tìte ∫ ∞

a

g(x)dx ∈ R ⇒
∫ ∞

a

f(x)dx ∈ R, (7.4)∫ ∞

a

f(x)dx = ∞ ⇒
∫ ∞

a

g(x)dx = ∞. (7.5)

Apìdeixh: Na gÐnei wc �skhsh. �

Par�deigma 7.3Na exet�sete wc proc th sÔgklish to olokl rwma.
∫∞
1

e−x2
dx

LÔsh To parap�nw olokl rwma den mporeÐ na antimetwpisteÐ me ta ìria, afoÔ
èqoume pei ìti den ekfr�zetai me aplèc sunart seic. 'Etsi èqoume

x > 1 ⇒ x2 > x ⇒ −x2 < −x ⇒ e−x2

< e−x

ìmwc

∫ ∞

1

e−xdx = lim
b→∞

[
− e−x

]b
1
=

1

e
,∈ R

opìte kai to olokl rwma
∫∞
1

e−x2
dx ∈ R.

To Je¸rhma 7.2.1 mporoÔme na to ekmetalleutoÔme kat�llhla kai na
p�roume to epìmeno polÔ shmantikì Je¸rhma pou, exet�zontac k�poio ìrio,
dÐnei èna krit rio sÔgklishc.
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Je¸rhma 7.2.2An duo, mh arnhtikèc, sunart seic f kai g eÐnai suneqeÐc kai
epiplèon

lim
x→∞

f(x)

g(x)
= λ, 0 < λ < ∞, (7.6)

tìte ta oloklhr¸mata ∫ ∞

a

f(x)dx,

∫ ∞

a

g(x)dx

sumperifèrontai to Ðdio, dhl. ìtan sugklÐnei to èna sugklÐnei kai to �llo, ìqi
ìmwc, genik�, sto Ðdio ìrio. EpÐ plèon

an lim
x→∞

f(x)

g(x)
= 0, tìte

∫ ∞

a

g(x)dx ∈ R ⇒
∫ ∞

a

f(x)dx ∈ R

en¸

an lim
x→∞

f(x)

g(x)
= ∞, tìte

∫ ∞

a

g(x)dx = ∞ ⇒
∫ ∞

a

f(x)dx = ∞.

Apìdeixh: Apì thn isìthta (7.6) mporoÔme na p�roume èna ε jetikì kai na

broÔme x0 > 0, ètsi ¸ste 0 < λ − ε < f(x)
g(x)

< λ + ε gia k�je x > x0. AfoÔ

g(x) > 0, isqÔei

(λ− ε)g(x) < f(x) < (λ+ ε)g(x) ⇔ f(x)

λ+ ε
< g(x) <

f(x)

λ− ε
, ∀x > x0. (7.7)

H olokl rwsh thc apìdeixhc na gÐnei wc �skhsh. �

To prohgoÔmeno Je¸rhma isqÔei gia mia genik  sun�rthsh g kai ja  tan
m�llon dÔsqrhsto, an den sunodeuìtan kai apì mia kat�llhlh sun�rthsh gia
qr sh. Eutuq¸c mia tètoia sun�rthsh pou dÐnei lÔsh se èna meg�lo arijmì
problhm�twn up�rqei kai to genikeumèno olokl rwm� thc dÐnetai sto epìmeno
par�deigma.

Par�deigma 7.4Na apodeiqteÐ ìti, an a > 0, tìte∫ ∞

a

1

xp
dx =

{
a1−p

p−1
∈ R, p > 1

∞, p ≤ 1
.
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LÔsh a) 'Estw p = 1.∫ ∞

a

1

x
dx = lim

b→∞

[
lnx

]b
a
= lim

b→∞
ln b− ln a = ∞.

b) 'Estw p ̸= 1.

∫ ∞

a

1

xp
dx = lim

b→∞

[x(1−p)

1− p

]b
a
=

{
limb→∞

b(1−p)

1−p
− a(1−p)

1−p
= ap−1

p−1
, an p > 1

limb→∞
b(1−p)

1−p
− a(1−p)

1−p
= ∞, an p < 1

.

'Etsi apodeÐqthke ìti∫ ∞

a

1

xp
dx =

{
sugklÐnei, an p > 1
∞, an p ≤ 1

.

Par�deigma 7.5Na exet�sete an ta parak�tw genikeumèna oloklhr¸mata
sugklÐnoun:

a)

∫ ∞

1

x√
x3 + 1

dx, b)

∫ ∞

1

√
x√

x4 + 1
dx.

LÔsh a) Jewr¸ntac wc bohjhtik  sun�rthsh thn g(x) = 1√
x
, upologÐzoume to

ìrio

lim
x→∞

f(x)

g(x)
= lim

x→∞

x
√
x√

x3 + 1
= 1

kai sumperaÐnoume ìti to pr¸to olokl rwma apeirÐzetai., afoÔ ètsi sumperifè-
retai to genikeumèno olokl rwma thc g.
b) Jewr¸ntac wc bohjhtik  sun�rthsh thn g(x) = 1√

x3
, upologÐzoume to ìrio

lim
x→∞

f(x)

g(x)
= lim

x→∞

√
x3
√
x√

x4 + 1
= 1

kai sumperaÐnoume ìti to deÔtero olokl rwma sugklÐnei, afoÔ ètsi sumperifè-
retai to genikeumèno olokl rwma thc g.
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7.2.2 Gia to B' eÐdouc

Gia ta genikeumèna oloklhr¸mata B' eÐdouc, ekeÐna dhl. pou h sun�r-
thsh apeirÐzetai sto èna �kro tou diast matoc [a, b], mporeÐ k�poioc na pa-
rathr sei ìti aut� eÔkola metatrèpontai se genikeumèna oloklhr¸mata A' eÐ-
douc. Pr�gmati, an jewr soume th suneq  sun�rthsh f , me pedÐo orismoÔ
[a, b) kai limx→b− f(x) = ∞, tìte me to metasqhmatismì b − x = 1

t
, èqoume

ìti x → b− ⇔ t → ∞ kai −dx = − 1
t2
dt, opìte sqetik� me to genikeumèno

olokl rwma paÐrnoume ∫ b

a

f(x)dx =

∫ ∞

1
b−a

1

t2
f(b− 1

t
)dt.

En¸ an jewr soume th suneq  sun�rthsh f , me pedÐo orismoÔ (a, b] kai
limx→a+ f(x) = ∞, tìte me to metasqhmatismì x − a = 1

t
, èqoume ìti isqÔei

to x → a+ ⇔ t → ∞ kai dx = − 1
t2
dt, opìte sqetik� me to genikeumèno

olokl rwma paÐrnoume∫ b

a

f(x)dx =

∫ 1
b−a

∞
− 1

t2
f(a+

1

t
)dt =

∫ ∞

1
b−a

1

t2
f(a+

1

t
)dt.

Olìklhrh h jewrÐa pou anaptÔqjhke sthn prohgoÔmenh par�grafo isqÔei ki
ed¸. 'Etsi, parajètoume ta sqetik� Jewr mata kai paradeÐgmata efarmog c.

Je¸rhma 7.2.3'Estw duo suneqeÐc sunart seic f kai g, me pedÐo orismoÔ
[a, b) (  (a, b]) kai limx→b− f(x) = ∞, limx→b− g(x) = ∞ (  limx→a+ f(x) = ∞,
limx→a+ g(x) = ∞) kai g(x) ≥ f(x) ≥ 0, tìte∫ b

a

g(x)dx ∈ R ⇒
∫ b

a

f(x)dx ∈ R, (7.8)∫ b

a

f(x)dx = ∞ ⇒
∫ b

a

g(x)dx = ∞. (7.9)

Par�deigma 7.6Na exet�sete wc proc th sÔgklish to genikeumèno olokl -
rwma ∫ 1

0

sinx√
x
dx.
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LÔsh AfoÔ sto (0, 1], isqÔei 0 < sinx√
x
< 1√

x
kai

∫ 1

0

1√
x
dx = lim

a→0

[
2
√
x
]1
a
= 2− 0 = 2,

sumperaÐnoume ìti to en lìgw olokl rwma sugklÐnei en R.

Je¸rhma 7.2.4An duo, mh arnhtikèc, sunart seic f kai g, me pedÐo orismoÔ
[a, b) (  (a, b]) kai limx→b− f(x) = ∞, limx→b− g(x) = ∞ (  limx→a+ f(x) = ∞,
limx→a+ g(x) = ∞) eÐnai suneqeÐc kai epiplèon

lim
x→b

f(x)

g(x)
= λ, 0 < λ < ∞, (7.10)

tìte ta oloklhr¸mata ∫ b

a

f(x)dx,

∫ b

a

g(x)dx

sumperifèrontai to Ðdio, dhl. ìtan sugklÐnei to èna sugklÐnei kai to �llo, ìqi
ìmwc, genik�, sto Ðdio ìrio. EpÐ plèon

an lim
x→b

f(x)

g(x)
= 0, tìte

∫ b

a

g(x)dx ∈ R ⇒
∫ b

a

f(x)dx ∈ R,

en¸

an lim
x→b

f(x)

g(x)
= ∞, tìte

∫ b

a

g(x)dx = ∞ ⇒
∫ b

a

f(x)dx = ∞.

H sun�rthsh pou dÐnei lÔsh t¸ra, se èna meg�lo arijmì problhm�twn eÐnai h
|x− r|−p, ìpou r eÐnai to �kro sto opoÐo up�rqei to prìblhma kai p kat�llhlh
dÔnamh kai èna genikeumèno olokl rwm� thc dÐnetai sto epìmeno par�deigma.

Par�deigma 7.7Na apodeiqteÐ ìti, an a > 0, tìte

∫ b

a

1

(b− x)p
dx =

{
(b−a)1−p

1−p
∈ R, 0 < p < 1

∞, p ≥ 1
.
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LÔsh a) 'Estw p = 1.∫ b

a

1

(b− x)p
dx = lim

t→b

[
− ln (b− x)

]t
a
= − lim

b→∞
ln (b− t) + ln (b− a) = ∞.

b) 'Estw p ̸= 1.∫ b

a

1

(b− x)p
dx = lim

t→b

[
− (b− x)(1−p)

1− p

]t
a
=

{
(b−a)1−p

1−p
, an 0 < p < 1

∞, an p > 1
.

'Etsi apodeÐqthke ìti∫ b

a

1

(b− x)p
dx =

{
sugklÐnei, an 0 < p < 1
∞, an p ≥ 1

.

Par�deigma 7.8Na exet�sete, wc proc th sÔgklish, ta parak�tw oloklh-
r¸mata

a)

∫ 3

2

x2 + 1

x2 − 4
dx, b)

∫ 5

1

√
x√

5− x
dx.

LÔsh a) Sto �kro a = 2 dhmiourgeÐtai prìblhma. JewroÔme loipìn wc bohjh-
tik  sun�rthsh thn g(x) = 1

x−2
kai paÐrnoume

lim
x→2

f(x)

g(x)
= lim

x→2

(x2 + 1)(x− 2)

x2 − 4
= lim

x→2

(x2 + 1)

x+ 2
=

5

4
,

opìte to olokl rwma sumperifèretai ìpwc to
∫ 3

2
g(x)dx, ìmwc apì thn �skhsh

(7.3) sumperaÐnoume ìti telik� apeirÐzetai.
b) Sto �kro b = 5 dhmiourgeÐtai prìblhma. JewroÔme arqik� wc bohjhtik 
sun�rthsh thn g(x) = 1

5−x
kai paÐrnoume

lim
x→5

f(x)

g(x)
= lim

x→5

(5− x)
√
x√

5− x
= lim

x→5

√
5− x

√
x = 0.

'Omwc to Je¸rhma 7.2.3 den mporeÐ na efarmosteÐ, afoÔ
∫ 3

2
g(x)dx = ∞. Je-

wroÔme t¸ra wc bohjhtik  sun�rthsh thn g(x) = 1√
5−x

, opìte

lim
x→5

f(x)

g(x)
= · · · =

√
5,

opìte, afoÔ to
∫ 3

2
g(x)dx sugklÐnei, to Ðdio ja sumbaÐnei kai gia to deÔtero

olokl rwma thc �skhshc.
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7.3 Genikeumèno olokl rwma kai seirèc

Mia sten  sqèsh up�rqei metaxÔ tou genikeumènou oloklhr¸matoc kai
thc seir�c, ìpwc ja doÔme sth sunèqeia. JewroÔme th sun�rthsh f orismènh,
suneq  kai fjÐnousa sto di�sthma [1,∞). Gia thn en lìgw sun�rthsh isqÔei:

f(i+ 1) ≤ f(x) ≤ f(i), ∀x ∈ [i, i+ 1].

Oloklhr¸nontac apì i mèqri i+ 1 èqoume

f(i+ 1) ≤
∫ i+1

i

f(x)dx ≤ f(i), ∀i ≥ 1. (7.11)

AjroÐzontac t¸ra apì 1 mèqri n, prokÔptei

n∑
i=1

f(i+ 1) ≤
∫ n+1

1

f(x)dx ≤
n∑

i=1

f(i). (7.12)

Af nontac to n na teÐnei sto �peiro, h sqèsh (7.12) mac dÐnei

∞∑
i=1

f(i+ 1) ≤
∫ ∞

1

f(x)dx ≤
∞∑
i=1

f(i)

isodÔnama

−f(1) +
∞∑
i=1

f(i) ≤
∫ ∞

1

f(x)dx ≤
∞∑
i=1

f(i). (7.13)

'Etsi, apì th deÔterh anisìthta thc sqèshc (7.13), ìtan sugklÐnei h seir� en
R sumperaÐnoume ìti kai to olokl rwma sugklÐnei, en¸ ìtan apeirÐzetai to o-
lokl rwma, sumperaÐnoume ìti kai h seir� apeirÐzetai. EpÐshc apì thn pr¸th
anisìthta thc sqèshc (7.13), ìtan apeirÐzetai h seir� en R, sumperaÐnoume ìti
kai to olokl rwma apeirÐzetai, en¸ ìtan sugklÐnei to olokl rwma sumperaÐ-
noume ìti kai h seir� sugklÐnei. ApodeÐxame loipìn to epìmeno Je¸rhma.

Je¸rhma 7.3.1An an mia akoloujÐa jetik¸n ìrwn kai an = f(n), ìpou f mia
suneq c, fjÐnousa, mh arnhtik  sun�rthsh, tìte ∀x ≥ N h seir�

∑∞
i=N f(i)

kai to olokl rwma
∫∞
N

f(x)dx ja sumperifèrontai to Ðdio.
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Par�deigma 7.9Na exet�ste wc proc th sÔgklish tic seirèc:

1)
∞∑
i=1

2

i2 + 1
, 2)

∞∑
i=1

1

1 +
√
i
.

LÔsh 1) JewroÔme th sun�rthsh f(x) = 2
x2+1

. Aut  eÐnai suneq c, fjÐnousa
kai mh arnhtik  gia x ≥ 1 (giatÐ?) AfoÔ∫ ∞

1

f(x)dx = · · · = 2
π

4
∈ R,

h seir� sugklÐnei sto R.

2) JewroÔme th sun�rthsh f(x) = 2√
x+1

. Aut  eÐnai suneq c, fjÐnousa

kai mh arnhtik  gia x ≥ 1 (giatÐ?) Epeid  me bohjhtik  sun�rthsh g(x) = 1√
x
,

lim
x→∞

f(x)

g(x)
= lim

x→∞

√
x√

x+ 1
= 1 kai

∫ ∞

1

1√
x
dx = ∞,

sumperaÐnoume ìti to olokl rwma
∫∞
1

1
1+

√
x
dx apeirÐzetai, opìte kai h seir�

apeirÐzetai.

To aristerì mèloc thc sqèshc (7.12) ja mporoÔse na p�rei th morf 

0 ≤
n∑

i=1

f(i)−
∫ n

1

f(x)dx ≤ f(1). (7.14)

Autì shmaÐnei ìti h diafor� tou orÐou tou genikeumènou oloklhr¸matoc apì
to ìrio thc seir�c brÐsketai metaxÔ tou mhdenìc kai tou f(1). Eidik� gia thn
f(x) = 1

x
èqei upologisteÐ ìti

n∑
i=1

1

i
−

∫ n

1

1

x
dx =

n∑
i=1

1

i
− lnn = γ = 0.5772156649 . . .

To upìloipo γ lègetai stajer� tou Euler, mèqri s mera èqoun upologisteÐ 263
dekadik� yhfÐa ([5]) kai den èqei apodeiqjeÐ akìmh an eÐnai   ìqi �rrhtoc.
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Ask seic

'Askhsh 7.1UpologÐste ta genikeumèna oloklhr¸mata

1)

∫ ∞

−∞

ex

1 + ex
dx, 2)

∫ ∞

0

1

(1 + x2)2
dx.

'Askhsh 7.2An h f suneq c kai fragmènh kai p > 1, deÐxte ìti∫ ∞

a

f(x)

xp
dx ∈ R.

'Askhsh 7.3Na apodeiqteÐ ìti, an a, b > 0, tìte∫ b

a

1

(x− a)p
dx =

{
(b−a)1−p

1−p
∈ R, 0 < p < 1

∞, p ≥ 1
.

'Askhsh 7.4Exet�ste wc proc th sÔgklish ta oloklhr¸mata

1)

∫ π
2

0

cos x

x
dx, 2)

∫ e

1

x

lnx
dx, 3)

∫ 3

1

1√
x3 − 1

dx.

'Askhsh 7.5Exet�ste wc proc th sÔgklish tic seirèc

∞∑
i=1

2

i+ 1
,

∞∑
i=1

√
i

i+
√
i
.
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PARARTHMA

8.1 Genik�

To prìgramma Gnuplot 4.0 eÐnai èna apì ta kalÔtera progr�mmata sto
sqediasmì grafik¸n parast�sewn sunart sewn all� kai dedomènwn. DiatÐje-
tai dwre�n sto diadÔktio kai mporeÐ k�poioc na to brei sth dieÔjunsh:

www.gnuplot.info

Met� thn aposumpÐesh trèqei me diplì {klik}, ìpwc ìla ta progr�mmata kai
perimènei thn entol  mac.

Par�deigma 8.1Sqedi�zontac me to prìgramma.

>plot sin(x)

>plot [-pi:pi] sin(x)

>plot [-pi:pi] [-1:1] sin(x)

>plot [:] [-1:1] sin(x)

Sto par�deigma ìlec oi entolèc k�noun thn Ðdia doulei�, dhl. sqedi�zoun th
grafik  par�stash (g.p.) thc f(x) = sin x, h pr¸th ex aut¸n me ta ex orismoÔ
ìria tou progr�mmatoc kai oi upìloipec me ìria pou eÐte orÐzontai kai ta duo
eÐte orÐzetai to èna ex aut¸n.
To gnuplot 4.0 apì mìno tou upologÐzei 100 endi�mesa shmeÐa kai ta en¸nei

me eujÔgramma tm mata. Gia megalÔterh akrÐbeia qrhsimopoioÔme thn entol 
>set samples N, ìpou N to pl joc twn endi�meswn shmeÐwn.

Par�deigma 8.2OrÐzontac ta ìria exwterik�.

219
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>set samples 1000

>set xrange [-pi:pi]

>set yrange [-1.1:1.1]

>plot sin(x), cos(x)

Oi parap�nw entolèc orÐzoun ta ìria exwterik� kai k�noun th g.p. twn duo
sunart sewn sto Ðdio sÔsthma axìnwn me megalÔterh akrÐbeia.

Oi g.p. mporoÔn na gÐnoun me di�forouc trìpouc, p.q. me thn entol 
>plot sin(x) w l lt 3 lw 2

h g.p. gÐnetai me gramm  tÔpou 3 kai b�jouc 2 (w(with) l(lines) lt(linetype) 3
lw(linewidth) 2). Me thn entol 
>plot sin(x) w d lt 3 lw 2

h g.p. gÐnetai me stigmèc tÔpou 3 kai b�jouc 2 (w(with) d(dots) lt(linetype) 3
lw(linewidth) 2). Me thn entol 
>plot sin(x) w p pt 3 ps 2

h g.p. gÐnetai me shmeÐa tÔpou 3 kai megèjouc 2 (w(with) p(point) pt(pointstype)
3 ps(pointsize) 2). Me thn entol 
>plot sin(x) w lp pt 3 ps 2 lw 3 lt 4

h g.p. gÐnetai me shmeÐa tÔpou 3 kai megèjouc 2 kai grammèc b�jouc 3 kai
tÔpou 4 (w(with) lp(linespoint) pt(pointstype) 3 ps(pointsize) 2).
Me thn entol 
>plot sin(x) with something

mporoÔme na dhmiourg soume akìmh pio pollèc g.p., antikajist¸ntac th lèxh
something me mia apì tic akìloujec: impulses, steps, fsteps, histeps,

boxes, errorbars, errorlines.

8.2 Etikètec, �xonec kai plègmata

Par�deigma 8.3B�zontac tÐtlouc sto gr�fhma.

>set title "My first graph"

>set xlabel "Time in years \n 1980 - 2001"

>set ylabel "Cost"

>unset key

>set key t l

>set key box
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DÐnetai tÐtloc sth g.p. kai etikètec stouc �xonec, en¸ me to key anafèretai  
den anafèretai h k�je sun�rthsh sth jèsh t(top) l(left).

Par�deigma 8.4Gr�fontac etikètec.

>set label 1 "f(x)" at x1, y1 font "Arial, 16" tc lt 1

>set label 2 "g(x)" at x2, y2 rotate font "Arial, 18" tc lt 5

>unset label n

MporoÔme na gr�youme o,tid pote kai pollèc forèc mèsa sto gr�fhma stic
jèseic (xi, yi) me qr¸ma tc(textcolor), ìpwc sth lt(linetype) n   na anairè-
soume ta parap�nw. To >set label qwrÐc arijmì ex orismoÔ eÐnai 1 en¸ to
>unset label qwrÐc arijmì ex orismoÔ eÐnai ìla.

Par�deigma 8.5Jètontac timèc stouc �xonec.

>set xtics axis (""-pi,"" -2, 0, 2, "pi" 3.14, "3*pi/2" 3*pi/2)

>set ytics border -1,0.25,1

>unset xtics

>unset ytics

Ex orismoÔ to prìgramma jètei k�poiec timèc stouc �xonec kai m�lista sto
plaÐsio (border), an�loga me th g.p. thc sun�rthsh thn opoÐa dhmiourgeÐ. Me
to >set xtics kai to >unset xtics mporoÔme na elègxoume thn kat�stash
kai na jèsoume tic timèc stouc �xonec   na tic afairèsoume, na tic jèsoume me
mia kainoÔrgia arq  kai èna kainoÔrgio b ma. Bèbaia h oriojèthsh twn axìnwn
paÐzei èna spoudaÐo rìlo sto grid pou k�noume.

Par�deigma 8.6Dhmiourg¸ntac �xonec.

>set zeroaxis lt 5

>set grid lt 7

>unset zeroaxis

>unset grig

Gia na jèsoume �xonec   gia na touc afairèsoume qrhsimopoioÔme to
>(un)set zeroaxis, en¸ gia na dhmiourg soume èna plègma me orjog¸niec kai
katakìrufec eujeÐec to >(un)set grig. To plègma dhmiourgeÐtai sta shmeÐa
pou epilèxame me ta xtics, ytics.
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Telestèc pr�xewn
sÔmbolo par�deigma epex ghsh

+ a+ b prìsjesh
- a− b afaÐresh
* a ∗ b pollaplasiasmìc
/ a/b diaÐreshaþ

% a%b upìloipo
** a ∗ ∗b dÔnamh
! a! paragontikì

&& a&&b Logikì kai
== a == b Logikì =
|| a||b Logikì  
!= a! = b Logikì ̸=
! !a Logikì ìqi

pr�xeic
sÔmbolo epex ghsh
exp(x) ex

cos (x) sunhmÐtono
sin (x) hmÐtono
tan (x) efaptomènh
log(x) lnx
log10(x) ln10 x

cosh(x) k.lp. uperbolikèc
acos(x) k.lp. antÐstrofec

trigwnometrikèc
sgn(x) prìshmo
floor(x) akèraio mèroc
int(x) apokop  dekadikoÔ

aþ ΄Οταν οι αριθμοί a, b είναι ακέραιοι το αποτέλεσμα είναι κι αυτό ακέραιο, ενώ όταν ένας από τους
δυο είναι πραγματικός το αποτέλεσμα είναι πραγματικό. ΄Ετσι έχουμε 1

2 = 0 ενώ 1.
2 = 0.5

PÐnakac 8.2: Suqn� qrhsimopoioÔmenoi telestèc kai sunart seic

8.3 Pr�xeic kai sunart seic

Oi sunart seic mporoÔn na dhmiourghjoÔn eÔkola qrhsimopoi¸ntac tic
legìmenec {aplèc sunart seic} kai touc gnwstoÔc telestèc pr�xewn p.q.

Par�deigma 8.7Dhmiourg¸ntac sunart seic.

>f(x)=(x+1)/sqrt(x**2+1)+exp(x/3)

>g(x)= (x > 2) ? 2 : (x < -2) ? -2 : x

>h(x)= (x < -1) ? -2*x : (x > 1) ? x**2 : 1/0

Sto par�deigma dhmiourgoÔntai sunart seic aploÔ, all� kai pollaploÔ tÔpou.
Sto par�deigma eÐnai oi sunart seic:

f(x) =
x+ 1√
x2 + 1

+e
x
3 , g(x) =


2, an x > 2
x, alloÔ ,

−2, an x < −2
h(x) =

{
−2x, an x < 1
x2, an x > −1

.

H sun�rthsh h(x) den orÐzetai sto di�sthma [−1, 1]. Autì sto par�deigma
dhl¸netai me to 1/0.
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Ston pÐnaka (8.2) faÐnontai oi pio gnwstoÐ telestèc (logikoÐ kai pr�xewn)
kai oi pio gnwstèc aplèc sunart seic.

8.4 Parametrikèc, polikèc kai dedomèna

Par�deigma 8.8Parametrikèc exis¸seic.

>set parametric

>plot [-pi:pi] [-3:3] [-2:2] 2*sin(t), cos(t)

>unset parametric

'Otan oi kampÔlec dÐnontai me parametrikèc exis¸seic, mporoÔme p�li na k�noume
th g.p. me to Gnuplot. T¸ra h metablht  eÐnai h t kai oi sunart seic oi x(t)
kai y(t). Upoqrewtik� gÐnetai d lwsh me to >(un)set parametric. Shmantikì
eÐnai ìti t¸ra mporoÔme na sqedi�soume kai kampÔlec pou den antistoiqoÔn se
sunart seic. parap�nw sqedi�zetai mia èlleiyh. 'Osa èqoume pei gia g.p.,
sqetik� me to pl joc twn shmeÐwn, me to stul, ta qr¸mata k.lp., isqÔoun kai
t¸ra.

Par�deigma 8.9Polikèc suntetagmènec.
>set grid polar

>set polar

>set angles radians

>plot [0:pi] 2*sin(t), sin(t)

>unset polar

'Otan oi kampÔlec dÐnontai me polikèc exis¸seic, mporoÔme p�li na k�noume th
g.p. me to Gnuplot. P�li h metablht  eÐnai h t. Upoqrewtik� gÐnetai d lwsh
me to >set polar kai epanafor� me to >unset polar. Epiplèon, mporoÔme na
jèsoume kai polikì plègma, ìpwc parathreÐ k�poioc. Sto par�deigma eÐnai duo
kÔkloi. Ex orismoÔ h gwnÐa eÐnai se radians, mporeÐ ìmwc na all�xei me thn
(>set angles degrees).

Par�deigma 8.10Grafikèc parast�seic me dedomèna.
>plot "c:/gnu_plot/mydata/data.dat" with points

>set data style linespoints

>replot "c:/gnu_plot/mydata/data.dat" using 1:3
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IdiaÐtera eÔkola gÐnontai g.p. dedomènwn, ìpwc faÐnetai sto par�deigma. 'Otan
ta dedomèna eÐnai ston trèqonta kat�logo, profan¸c de qrei�zetai olìklhrh
h diadrom . H ex orismoÔ sqedÐash eÐnai thc pr¸thc (x) kai deÔterhc (y) st -
lhc. Wstìso, autì mporeÐ na anatrapeÐ me to using. AxÐzei na shmei¸soume
ìti o èlegqoc twn shmeÐwn gÐnetai me to gnwstì trìpo twn gramm¸n  toi me
pt 4 ps 1 lw 2 lt 3. Grammèc pou xekin�ne me to # agnooÔntai wc sqìlia.
H entol  replot eÐnai idiaÐtera shmantik  afoÔ mac epitrèpei na b�zoume sto
Ðdio sqèdio pollèc g.p. tou Ðdiou tÔpou.

Par�deigma 8.11PÐnakac me dedomèna.
# Typiko paradeigma pinaka

# x x**2 5*x

1 1 5

2 4 10

3 9 15

4 16 20

5 25 25

6 36 30

7 49 35

8 64 40

8.5 Pollapl� graf mata

H an�meixh diaforetik¸n tÔpwn g.p. en gènei den epitrèpetai. MporoÔme,
wstìso na anameÐxoume diaforetikoÔc tÔpouc me thn entol  >(un)set multiplot.
Sto parak�tw par�deigma, sto Ðdio sÔsthma axìnwn gÐnetai h g.p. tri¸n dia-
foretik¸n kampÔlwn kai me touc treic diaforetikoÔc tÔpouc sqedÐashc.

Par�deigma 8.12Pollaplèc grafikèc parast�seic I.
>set multiplot

>set yrange [-2:2]

>set xrange [-pi:pi]

>plot sin(x) lt 1

>set key bottom right

>set parametric
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Sq ma 8.44: O sqediasmìc twn tri¸n diaforetik¸n kampÔlwn I.

>plot sin(t), cos(t) lt 2

>unset parametric

>set key top left

>set polar

>plot 2*cos(2*t) lt 3

>unset polar

>unset multiplot

O sqediasmìc twn parast�sewn faÐnetai sto Sq ma 8.44. O sqediasmìc autìc
eÐnai apotèlesma tou gegonìtoc ìti trÐa diaforetik� sqèdia tou Ðdiou megèjouc
ta jèsame akrib¸c to èna p�nw sto �llo. To mègejoc elègqetai me thn entol 
>set size a,b, en¸ h jèsh me thn >set origin x,y. Arq  gia k�je eikìna
jewreÐtai h k�tw arister  gwnÐa kai arq  gia to sqèdio epÐshc h k�tw arister 
gwnÐa me timèc (0,0)

Par�deigma 8.13Pollaplèc grafikèc parast�seic II.
>set multiplot

>set yrange [-2:2]

>set xrange [-pi:pi]

# H prwti sxediasi

>set size 0.5,0.5

>set origin 0,0
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Sq ma 8.45: O sqediasmìc twn tri¸n diaforetik¸n kampÔlwn II.

>plot sin(x) lt 1

# H deyteri sxediasi

>set size 0.5,0.5

>set origin 0.5,0

>set parametric

>plot sin(t), cos(t) lt 2

>unset parametric

# H triti sxediasi

>set size 1,0.5

>set origin 0,0.5

>set polar

>plot 2*cos(2*t) lt 3

>unset polar

>unset multiplot

Sto Sq ma 8.45 faÐnetai h kainoÔrgia sqedÐash. AxÐzei na parathr soume
ìti tìso ta a, b sthn >set size a,b, ìso kai ta x, y sthn >set origin x,y

paÐrnoun timèc sto [0, 1]; timèc ektìc twn orÐwn èqei wc apotèlesma sqedÐash
ektìc sqedÐou.
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8.6 'Exodoc tou graf matoc

To sqèdio mporeÐ eÔkola na metaferjeÐ gia epexergasÐa sto prìgramma
paint twn windows kai na to s¸soume wc .bmp arqeÐo. EpÐshc, mporoÔme na to
metafèroume, wc eikìna, se èggrafo tou Word. H metafor� gÐnetai wc ex c:
1) K�noume {klik} sthn p�nw arister  gwnÐa tou sqedÐou
2) K�noume {klik} sto Options
3) K�noume {klik} sto Copy to clipboard
H sunèqeia eÐnai na k�noume ”paste” sto prìgramma pou epilèxame.

PolloÐ qrhsimopoioÔn gia ta keÐmen� touc to LATEXkai jèloun wc èxodo
arqeÐa tÔpou .ps   .pdf, ètsi jèloun ta sqèdi� touc se .eps morf . Autì
mporoÔn na to petÔqoun prosjètontac sto prìgramm� touc tic duo epìmenec
grammèc:
>set terminal postscript color eps

>set output "c:/mydir/filename.eps"

Ex orismoÔ o prosdiorismìc tou termatikoÔ eÐnai monìqrwmoc. H epanafor�
gÐnetai me thn >set terminal windows.

'Egine mia prosp�jeia gia mia eisagwg  sto sqediasmì g.p. stic duo dia-
st�seic me to Gnuplot. Wstìso to Gnuplot dhmiourgeÐ ex Ðsou polÔ kal� sqè-
dia kai stic treic diast�seic. Me thn empeirÐa pou apèkthse o anagn¸sthc eÐnai
plèon ikanìc na exereun sei to jaum�sio autì ergaleÐo kai na to prosarmìsei
ston eautì tou, qrhsimopoi¸ntac thn bo jeia tou progr�mmatoc.

Tèloc kai prin kleÐsoume aut  thn eisagwg  stoGnuplot, ja d¸soume duo
trìpouc gia th qr sh tou progr�mmatoc, ektìc autoÔ thc {gramm c diatag c}
pou m�llon eÐnai o trìpoc pou apwjeÐ to qr sth. P�nta mil�me gia perib�llon
”Windows”.
O pr¸toc eÐnai o ex c: PlhktrologoÔme to prìgramma se èna text editor.
ProteÐnoume to Crimson Editor, o opoÐoc diatÐjetai dwre�n sto diadÔktio sth
dieÔjunsh http://www.crimsoneditor.com/, kai afoÔ to s¸soume me k�poio
ìnoma, to epilègoume olìklhro kai to antigr�foume (Copy). Sth sunèqeia
phgaÐnoume sto Gnuplot kai k�noume epikìllhsh (Paste) apì to dexÐ pl ktro
tou pontikioÔ. Autì eÐnai ìlo!
O deÔteroc sthrÐzetai sth dunatìthta pou dÐnei o Crimson Editor gia na trèqei
to prìgramma mèsa apì autìn. Parajètoume tic odhgÐec apì th bo jeia tou
progr�mmatoc.
1. Open Preferences dialog box and select User Tools page
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2. Select an empty slot and fill with the following arguments.
- Menu Text: Gnuplot
- Command: C:\gnuplot_x\bin\wgnuplot.exe
- Argument: $(FileName)
- Initial dir: $(FileDir)
- Hot key: None
- Close on exit: Yes
- Save before execute: Yes
Apply
Prosoq ! Gia na mènei h eikìna sthn ojình ja prèpei to prìgramma na telei¸nei
p�nta me thn entol  >pause -1.
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