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ITebhoyocg

Or onueiwoetg avtée yedptnxay Yo va Sondhcouy Toug TewToETES (ot
mtég tou tuuatog Awayelpong IlegiBdhiovtog xa Puoixwy [Iopwv Tou Ila-
vemotnuiou Iwavvivwy, vo xatavoricouy Baowxd onueio twv Madnuatixody, va
CUUTANE®OOOLY TN YVWoT Toug xot va Juundolv Baowéc évvotec. Emmiéov va
xenoworoimntoly wg €va Pacixd eoaywyixd PiAlo yia exelvoug, mou Vo yen-
cwonotioouy 1o Monuotid yioa Ty enthuon mpoBinudtoy A tn dnuioupyia
HOVTEAWY TNG EMGTAUNG TOUG XL VA TOUG UUNGOLY GE Evay Xouvolplo TEOTO
oxédng oe 6,1 agopd tor Monuotixd, mou etvan pev eviata, woT600 LUTAEYOLY
TOMES OTTIXEC Yol TIC €VVOLEC TIC OTO{EC DlAmPAYATEDOVTAL.

Y10 xelyevo yivetouw tpoondieta ot uadnuaTinés EVVOLES Xl oL aUmUaTLXol
TOTOL TOL YenoworoolvTaL Vo eivan YvwoTol and tor Madnuatixd tou Auxeiou.
‘Ornou ypeedlovton xdmoieg xawvolpleg €vvoleg 1 Tomol, Yo elodyovton ¥ Yo amo-
oevlovton 1 oTiyWr| tou Yo yenowonoolvia. 2otoco Eugaot Yo dovel oty
eQappoYT xa TN yenon Twv Modnuoatixay. oty eunédworn tng UANg uTdpyet
evag aptiudg APEVLY AoXNOEWY 1 TURAUOELYUATWY xat €vag aptiuds dAUTWY o-
OUNCEWY Xl TEOPBANUATOY 6T0 TENOS xde xepadatou. Ta tn Ador oplouévey
aoAAOEWY, TOL Elvan LTOAOYICTIXES, elvar amapaiTnTy 1 YEY oY) EMOTNHOVIXNAS o-
ewWpopnyovic (calculator, xoumoutepdxt), v onola o gortnthc Yo npéner vo
uder va yerptletar xahd. [a Tic ypagixée mapaotdoelc o gortnthc Yo mpénet va
udel va yetplCeton to medypauua gnuplot. T Yo xelpevo umdpyet €vag apriuode
TOQUOELYUATWY YPHOTS TOU TUQATAV® TEOYQPIUUATOS, ToU Vo TEETEL VoL S0XUUd-
Covton amd TOV aVAYVOOTY, WOTE VO ECOXELOVETOL UE T1) YPNOT XU VO EVEQYEL
xatd tepimTWoN).

1To gnuplot, Yo to Beeite otn diedduvorn www.gnuplot.info. Yto Hopdptnua Tou tapdvTog
eYyeLpldiov Yo Beelte éva pixpd odnyd yio Tn yeHom Tou.



Eicoywyn

1.1 To oUvoho. Optopol xou nedielg

H évvow tou cuvéhou Yo Yewpniel towtapyixy| xo o Yo opodel. 'Etol
axoUyovtag 1 SwBdlovtag «aUvoho» Yo eVVooUUE auTod ToU GhoL ag xaTahoBal-
VOUUE, OnA. wa cuhhoyr and avtixeiueva. To olvolo anoteleiton and crovyela,
To onofa Peloxovtar povo wla gopd péoa 6 autd xou Aéue 6Tt 10 oTolyelo a
avixel oto alvoro A ypdgovtac a € A 1 o olvolo A nepiéyel 10 otolyelo
a ypdgoviac A > a. Avtideta Mye 6Tt 10 otoiyelo d Sev avixel 1o GUVO-
Ao A ypdgovtag d € A ¥ to cbvoro A Oev mepiéyel 10 otoyelo d Ypdgovtag
A Z d. To civolo eivon duvatoy va optolel TAfipmg O avaypaprc TwY oToL-
yelwv tou Ty, A = {a,b,c} 1| TEPLYPAPOVTAS QUTA PE WaL WOIOTNTY TOUG T.Y.
A = {z/x wa tplo mp@To Ypdupata tou Aattvixol ahgdBntou }. To olvolo mou
oV TepLEYEL oToty el OvoUdlETL XEVO GUVOAO xo GUUBOMTETOL UE 0. To NIl

WY oToyElwy Tou cuvérou A ovoudletar Thnddporiuog Tou A, cuufokileton ue
N(A), onéte N(A) =3, N()) = 0.

"Hom ebvar yvwotd 1o olvolo twv aptiuwy ard T deutepodiuta exmai-
deuoT), 6TKE To 6UVOLO TwV Quoxmy aptduwy N = {0,1,2,3,...}, 1o onolo eivar
ANELOTO WC TEOC TNV TEOGUEGT], XAt TOV TOAATAAGLAOUS, ONA. oV TEOGUVEGOUNE
1 TOAATAAGIACOVUE BUO PUOLX0UE aPLIUOUE TO amOTEAEGUN Efvar TAAL PUOIXOS
aprduog.  Ouwe dev oupPaiver to (Blo ue v agalpeon. Enextelvaye Aoy
10 00OVOhO TV Puox®Y xaL ONUOLEYACUUE TO GUVOLO TwV axepalwy aptiuwy
Z ={..,-3,-2,—-1,0,1,2,3,...}, 10 onolo eivar T®pa XAEWGTO WS TEOC TIS
TEAEELS TNG TEGoUETNS, TNG APALPESTC XoL TOU TOAAATAAGLAOUOU, BEV EivaL OUOS
ANEWOTO WS TPO¢ TNV TEdET TNe dakpeong, Yy autd emexTeElVAUE TO GUVOLO TWY
oxepaiev xou dnuoupynooue o clvolo Ty entwy apuiuwy Q. Ilpoxewwévou
VoL €pYA0TOOUE 67 €val 6UYOAO, OTou uTdpyouv xar apriuol Tou dev ypdpovTal



2 Ewaywyr

Yyfuo 1.1: Ydvoho — Trooclvoro cuvolou.

UTO LOop@RV XAAOUATOC, ONULOURYNOUUE TO GUVOLO TWV TEUYUATIXGY dptduwmy R.
Téhog, Véhovtag va €yet Evvoa xou 1) tetpaywvixh pila tou —1 (v/—1) Snwoup-
YHooue T0 oOvVoro Twv uyadixwy aprduwy C.

To clvoho, yewpeTpixd, TaploTdveTHL UE Wiot amthY| xheoTh Yoouur. Ta
oTouyelo Tou Ue TEAElEC xan TO GVOUL TOUG 1 YE XATAAANAY Olarypduulor oe Te-
eintwon mou Ta ototyela efvar TOAAG 7| Oev evolagépouy. To daypdupata Tou
oynuatilovtal Ue auTO TOV TEOTO AéyovTon dlarypdupota Tou Venn.

Aépe 61t t0 6lvoho A elvar uTocVVoAo Tou Guvolou B xa cuuBoiilouye
A C B, av xa povov av to ototyeio tou ouvéhou A elvar o ototyeia Tou
ouvohou B. Autd exppdleton Ue 10 OTL, AV xITOW0 OTOLYElD AVHXEL 6TO GUVOMO
A, t6te avixel xau 010 olvoro B. Ytny D nepintwon Aéue 6Tt to clvoho B
elvar uEECG VOO Tou Guvohou A xar cupfolilovue B 2 A. To duypayya
gaivetar oto Lyhuo T T napdderypa N € I xor R 2 Q. To xevéd oivodro
eivon utoolvolo mavtoc ouvéhou (B & A). Eivar gavepd 61t av A & B 16t
N(A) < N(B).

Avo cOvoha A xar B e 61t etvan too xan cupPoiilovue A = B, av xo
uévov av A & B xar B & A. Av 1 duo olvohla dev eivan (oo, ypdgouue A # B.
Puoixd oty nepintwon g wéTntog wyler N(A) = N(B).

"Evwor 6Vo cuvohov A xar B Aéue 10 olvolo nou anoteleltar and dha
T oToLyela Tou Guvohou A xou Gha Ta oTotyeia Tou cuvdrou B, cuuBohileTon de
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AUB

Yyfuo 1.2: H évwon xon 1 Tour duo cuvOrwy.

ue AU B. Xe eninedo ototyeinv autd exppdleton e To 0T, éva oTotyeio eivor
otoyelo g évwong AU B av xat uévov av eivar 6Ttotyeio Tou cuvérou A 1| Tou
ouvérou B. Av yio nopdderypa éyovue A = {1,2,3,4,5} xa B = {3,4,5,6,7}
t6t1e AUB =1{1,2,3,4,5,6,7}.

Top® 600 cuvohwv A xau B Ape 10 olvolo mou anoteheltar and Ola
oL x0Wd oTolyElol TwV duo cuVokwY, cuuBoliletan de ye A N B. Ye exninedo
otoyelwy autd expedletar Ue To OTL, €va oTotyelo elvon oTolyElo TNG €vworg
AN B av xa gyovov av eivar otoyelo xor Tou cuvélou A xau Tou GUVOROU
B. Av yw nopdderypa éyouvpe A = {1,2,3,4,5} xu B = {3,4,5,6,7}, t61¢
ANB=1{3,4,5}.

H évworn xor n tour| €youv tTnv avTiueTodeTiny| oL TNV TEOCETAQIGTIXN
©1oTNTAL Xan EmTAEoy emuepileTon 1) plar WS TEOC TNV AT

AUB=BUA ANB=BNA
AU(BUC)=(AUB)UC AN(BNC)=(ANB)NC  (L.1)
AU(BNC)=(AUB)N(AUC) AN(BUC)=(ANB)U(ANC)

A¢ Yewprioouue thpa Suo olvoha A xon B. Eivar Suvatdéy o)A & B xou B)
A ¢ B. Sty mpddn mepintwon, 10 6Uvoho Tou meptéyel o oTotyels Tou B o
oev mepLéyovton 6T0 A Aéyetal CUUTARP WU



4 Ewaywyr

T0U GLYVOAOU A ¢ Tpog To alvoko B xon cuy- A
Bohiletan Ag 1 amAd A% bray o unEEGUVOLO B

B evvoeltan.  Ytn deltepn mepintworn Aéyeto

Srapopd ot cuuBorileton ye B — A. ‘Etot av

éyoupe A = {1,2,3,4,5}, X = {3,4,5} xxu '

B = {3,4,5,6,7}, t6t1e A — B = {1,2} xa

X¢ =1{1,2}, X§ = {6,7}.

And ta draypdupota Tou Venn xdmolog Unopel va Togatrneroet 0Tt

A=(ANB)U(A-B)xa B=(ANB)U (B — A). (1.2)

Avo cOvoha Tou 1 ToUT| Toug elvol To xeVH GUVOAOD AéyovTan EEva UeTaED
Toug. [ duo clvoha A xou B, &va yetall Toug, elvan Qavepd OTL 1) Evewo
Touc A U B mepiéyel dha to otovyeio Tou A xar 6k tar ototyelo Tou B. ‘Etou
1oy VEL

N(AUB)=N(A)+ N(B) (1.3)

IIgoétaon 1.1.11%a dvo ovvoa A ka1 B 1oy Vel

N(AUB) = N(A) + N(B) — N(An B) (1.4)

Anédegn: Hévworn twv duo cuvdrwv A xou B nepiéyet o oTotyeio Tou GuVGoU
A mou Bev avixouv oto B, 1o ototyela Tou B nou dev avrixouv oto A xon ta
oTouyElo Tou avAXoUV xot GTo BUO GUYOAQ, OMA. Ta oTouyElo TG TOUAC TOUG
AN B. Téte dawyter AUB = (A—B)U(ANB)U (B — A) xou enedr|
oOvola autd ebvon Eévar petal toug, and v ([3), Yo €youue

N(AUB) = N(A— B)+ N(ANB) + N(B — A) (1.5)

buwe ané Ty ([2) woyter N(A) = N(ANB)+N(A-B) xa N(B) = N(ANB)+
N(B — A), ondte avtixadioTdVTog XaTtdANAa 0TV TEONYOVUEVT TolpVOUUE TN
oyéonuog. H IMpdtaon IID nailet éva omoudaio poho ot Ocwpio [Itdavotrtwy.

IMapddewypa 1.1%€ pa atffovoa Bpiokovtar 120 droua, ek twv omolwy 72 dto-
pa yvwpilovy Ayyhikd, 67 yvwpilovy I'aAhikd ka1 39 yvwpilovy Ayylixd kai
TI'aAhikd. Na BpeOei méoa dropa de yvwpilovy ovte Ayylixd ovte I'aAdikd, néoa
dropa yvowpilovr udvov I'aAlikd.
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Avon Ay Yewphooupe Q = {z/z dropo tnc aidouoac}, A = {z/x dropo g
afdouoog mou yvwpiler Ayyhxd } xa B = {x/x dtouo tne aidovcos mou yvwpi-
Zer Tadhxd }, t61e 1 dropa mou yvwpilouvy eite Ayyhxd eite Noadhixd Yo eivou
AUB. Ané v Ilpbraon TITT Yo éyoupe N(AUB) = N(A)+ N(B) - N(AN
B) =72+ 67 — 39 = 100. Ta droua mou de yvwpilouy xoud yawoou eivan 20,
apol N () = 120.

To dropa mou yvwpilouy Fadhixd xou 8 yvwpilouy Ayyhxd eivan (B — A) xan -
xetva Tou Yvwpeilouv xon Ayyhxd xar Iodhixd etvar (ANB), and tny ([22) éyouye
B=(B—A)U(ANB). Onéte N(B—A) = N(B)—N(ANB) =67—39 = 28.

1.2 Awatetaypévo Lebyog Kagteoiavd yivoue-
VO

Y1at 6UVOAoL OEV EVOLUPEREL 1) OELRA TwV oToyelwy. 2oT000, Bev eivon Ayeg
oL QopEC ToL 1) OERd TwV oTotyelwy Tailel omoudaio pdho, T.y. o’ €vay aywva
100m, mewv Tov ay®va €YOUUE TO GUVOLO TwV AIANTWY TOU THEVoLY UEROG, UETS
TOV oYWV OUWS EYOUUE TOUG VIXNTEC TOU OYWVIGHATOS T.Y. TEWTOS, 0eUTEROS
x AT Av mpoxeltan yio Suo oTtotyela a xou b UE cupr TEOGOLOPIGUO TOU TEWTOU
xou ToU BeVTEQOU OTOlyElOL, WAGUE Yol BlaTteTaYUEVo LedYog Xal GNUELOVOUUE
(a,b). T ta Swtetarypévn Lebyn woyvet

(a,b) = (c,d) & a=cxub=d (1.6)

Me oV (810 Tp6T0 UTOPOVUUE Vor LAGUE Yior SLaTETaYUEVES TEWEOES (aq, ag, as), Oto-
TETAYUEVES TETPADES (a1, a9, a3, ay), xou YEVIXOTEQPU Yol DLUTETAYUEVEG V—BDES
(a1,a9,...,a,). Ta oTolyElol TV DIITETAYUEVRDY V—EdwY 0VOUdLoVTaL GUVTE-
TOYHEVECS.

Ocwpolue twpea duo chvola A xar B dtagopetixd tou xevol. To clvoho
Tou amoTteheiTon amd Oho Tor drateTaryUéva Ledyn UE Tp@To GTolyElo amd To Ghvoho
A xon Sebtepo otoyeio and To clvoho B Aéyetal XUpTECLAVO YIVOUEVO AUTOVY
xou ouPoriletan ye A x B, my. ov A = {1,2}, B = {3,4,5} t61¢ A x B =
{(1,3),(1,4),(1,5),(2,3),(2,3),(2,4)}. Eivon pavepd 6t pe xdie ototyeio ond
T0 TEWTO GUVOLO oynuatilovTol TOoA OTOLYEI GTO XAQTECIAVO YWVOUEVO, OCU
elvon Toe ototyelor 6To delTEPO Glvoro. Etol €youue

N(A x B) = N(A) x N(B) (1.7)
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Me avtioTolyo TpéT0 SNUOVEYOVVTAL XAPTECLAVE YIVOUEVI TELWY CUVOAWY X.0.X.
v GUVOAWY xal TavTo Yot Loy UEL

N(A; % Ay x - x A) = N(A}) x N(A3) x -+ x N(4,)  (1.8)

Ou oyéoec ([A) xon ([T) avogépoviar we xavéves Tou Todamhootacuol. Al-
AEC, OUMS, PORES AVAPEQOVTAL XUl WG XAVOVEC TWV ETLAOYWY, APoU 0UCLUCTIXY
woc Oetyvel TOoeC BUVATEC ETAOYES €YOUUE, OTAY ETAEYOUNE OTOLyEld 1) ovTLXEL-
UEVA TEMTA antd Eva GUVOAO, Emelta and xdmoto dhio x.0.x. ‘Etot, yio mapddery-
wo, av €youde vo Bpolue To TARUOC TwY XOCTOUPWWY TOU BNUtoVEYolvTaL ARo
eva TAD0C TELOY CAXUXLWY X0l TEGGHPWY TAVIEAOVI®Y, ATd TOV XAVOVAL TV
ETAOY WV TPOPav®S Yo BoolUe BOOEXA XOGTOUULA.

Iopatienon 1.2.1A4%w0 npoooyng elvar to yeyovds ot eved A X B # B x A,
ndvta wyve N(A x B) = N(B x A).

IMapddewypo 1.2Na detytel 6T, ya tpia un kevd odvola, 10y vovy
i)Ax(BNC)=(AxB)N(AxC) it) Ax (BUC)=(AxB)U(Ax ()

AVom BOewpolye éva tuyaio otoryeio (x,y) tou cuvolou A X (BN C). Tote
1oy VeL

reA ved (,y) € (Ax B)
{yE(BﬂC) R i’{(gﬁ,g)e@axxo)
ondte (x,y) € (Ax B)N(AxC). Anh.
Ax (BNC)S (Ax B)N(AxC). (1.9)

Avtuotpbdgnc av (z,y) éva Tuyaio ototyeio Tou ouvéhou (A x B) N (A x C), Yo
1oy VEL

(z,y) € (Ax B) ved reA
{(:z:,g)e(AxC) sl j{ye(BmC)
onéte (z,y) € Ax (BNC). Anh.
(AxB)N(AxC)S Ax (BNC(C). (1.10)

Ou oyéoe () xau (D) anodelyvouv to {ntoduevo.
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1.3 MezTaOéoelc

Tonodetdvrac to oTotyeia evoc ouvdhou oe wa oelpd (dnh. apadLdlovtdc
o) SNUoupYoUUE o uetdldeon, m.y. Wiot HETAUEOT] TWY OTOLEWY TOU GUVE-
hov A = {ay,as,a3,a4, a5} €ivou 1 (ag,as, as, ar, as), po SN ebvon 1 (aq, as,
as,as,ar). T va ueTeriooupe To TAYOC TV Topandve Uetadéocwy Yo yer-
OLLOTIOLOOUUE TOV XaVOVa Twv emhoywy. 'Etol yia vo emAélouue 10 mpwTo
oTolyelo 6TO TUPAdELYUd Hog EYOUUE 5 BUVATOTNTES, Yia VoL ETLAECOUUE TO BEUTE-
eo otoyeio éyouue 4 duvatotnies (apol HOn éyouue mdper To éva aToyED), YioL
va emhéEoude to Tpito oTotyeio éyouue 3 duvatétntee (ol 1N €youue mdpet
Tal OVO OTOLXSioc), Yl vor eTAEEOUUE TO TETAUPTO GTOLYED €YOUUE 2 DUVATHTNTES
(oot KON €youue mdpel o tpior oToryeia), TEAOC Ylo Vo EMAEEOLUE TO TEUTTO
ototyeio éyouue 1 duvatdtnta (apol Hd1 €youue mdpet o T€ooEPA OTOLYE(R), OU-
volxd Aoy éyouue Ms = 5-4-3-2-1 yetodéoeic. Nevixd, yio vo UETpricouUE
10 TAY0C TWV YeTAECEWY EVOG GUVOAOU UE ¥ GTOLYEld, O TOEATAVL TEOTOG Uog
Olvel
M,=v-v—=1)-(r—2)...2-1=! (1.11)

To v! Swfdleton «v nopayovTxdy xon oTUAlVEL TO YIVOUEVO OA®Y TWY QUCLXDY
and 1o 1 uéyper 1o v, opilovtag 0! = 1 xou 1! = 1. Eniong to v! uropel va opioet
2Ol AVADPOUIXE WC

O=1xuvl=v-(v—1) (1.12)

To v mapayovtind audvel mohl yeryopa, m.y 10!1=3628800 xu mpogoavms ot
TEAEELS (Tco)\)\om)\ocomopoi) elvon mdipar ToARES xon dUoxoleg. O enduevog TUTOG
Tou Stirling yio yeydha v pog diVEL TEOGEYYLOTIXE TO ¥ TUROYOVTIXO
v~ 2 (3> (1.13)
e
Me tov tino (I3) Bpioxoupe 10! ~ 3598696, apxetd x0vTd TNV TRy UoTLXT
T,

IMapddevypo 1.3II600ug TevTapnigiovs umopolue va OnIoUpYNRooUIE e Ta Pn-
pta {1,2,3,4,5}, maiprovtds ta pdvov a gopd to kadéva;
Abom Tt dnuovpyio teviadrigiwy aprdumy Jo tpénel ouctaoTtixd va Bpolue

z 7. ’
Tic yetadéoeic autwy. ‘Etol

Ms;=5'=5-4-3-2-1=120
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Ty yetddeon op = (1,2,...,7) TV v TpOTOV QUOIXOY TNV ovoudlouue
puotxy| uetdideon. Xtn guotxy| yetdleon xdlde ototyelo etvan peyakltepo an’ OAa
T TpoNYoluEVd Tou. Ae cupfaivel 6umg To {Blo xar oTig dAAeg yetadéoeg. ‘Otay
xdmowo cToryeto elvon UixpdTepo amd xdmowo TRONYOVUEVS TOu, AEUE OTL EYOUUE
ot avaoteogn, Ty, otn petddeon (1,2,4,3,5) 1wV TéVie TpodTWY QUOLXGY, TO
3 ebvar wxpdtepo amd 10 4 mou elvon TEONYOUUEVO TOU, EMOUEVWS €YOUUE ULd
avaoteopn. Mo yetdldeon Aéue 6Tt elvon dpTiar 1 TEPLTTY, AV ot UOYOV av TO
Ao Twv avaoTtpogwy elvar avtioTorya doio 1 mepitto. ‘Etot, 1 petdieon
(1,5,4,3,2) eivan dptia, apol €yer ouvohxd €€ avaotpopéc, eved 1 uetddeon
(1,5,2,3,4) eivon meprtty), ool cuvohixd Eyet ubvov Tpetc avaotogéc. H guowy
uetdeon etvan dptia, apol to TARYoC TwV AvaAoTEOPWY Efvar UNOEY.

Av Kk ané ta v otoryeio emavolouBdvovTal, 1 UETAVEST) AUTMY Elval Uia E-
tdeor pwe enavdAndn. Xe xdde tétoia yetdeot), 1 UeTAVEST] OTOWVDHTOTE
amo o (Bl Kk oTotyela Bev mpoxakel xoutd UETUPOAT o1 YeTdVEDT) e ERAVAAY-
. Av mpog oTiyuRy Ta VEWEHOOUUE BLapopeTind Ta K auTd oToLyela, TOTE xdE
uetddeon ue emavdindn Yo pag dwoel k! anhéc petadéoei xan dheg pali Yo pog
0WooUY OAeC Tig amhég yetaéoeic. An.

|
V!

kl-MP =M, & MSZE’ (1.14)
6mou M, etvon o apiude twv yetadécewy e enavdindn. O tinog () yevi-
AEVETAUL OTNY TEPITTWOT TOU UTAEYOUY [L OUADES UE K1, Ko, ... Ky (Ol oTolyela,
UE K1 + Ko + - -+ + K, = n. B nepintwon auty oy Vet

|

V!

e T (1.15)
Kilko! - Kyl

IMopddevypo 1.41160€g oytddes pmopoljie va oxnHatioovle e Téooepa aydpia
ka1 téooepa kopitola, torodeTdvtas ta o€ pa Ypauun;

AvVor Tlpdxertan yio yetadéoelg ye emavdhndr, agold ta aydplor xou ta xopitola
elvon ta otoyelo tou enavahauBdvovtor. Etol

4’4 o 8! -
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Tonovetwvrag To oToLyEld EVOS GUVOLOU
oe éva x0xh0, OTWS QaiveTal 0TO BITAAVO Oy -
oL, OMuLoupyolUE o XUXALXY wetddeo. Ei-
v Qavepd 6TL, av xoouue Tov xUxho petalld
OLO OTOLWVONTOTE GTOLYEIWY, ONULOVEYOUNE id
amhfy yetdeorn. Mdhota, and xdde xuxhxt
UETAVEST, UTOPOUUE VoL ONULOURYHOOUUE I UTAES

uetadéoetc. Av pe K, napaothiooupe T0 TARU0C TwV xUXAXOY PETHVECEWY, Va
€youvue M, = v - K, ondte

K, = V; = (v— 1) (1.16)

1.4 Awzdislc

Eméyovtac k and ta v otoyeio ye £ < ¥ EVOC GUVOAOL %ot TOTOVETWVTIC
TOL OE ULl GELPd, OTULOURYOLUE Ui SLdtadm® m.y. o ddtaln Twv 3 and ta S
otovyela Tou ouvohou A = {a1, as, as, as, as} eivon 1 (as, as, as), yo GAAN eivo
/7 /4 7, 7’ /7
N (as, az,a1). Ané tov xavéva twv emthoyody (C3) Beloxouue 6t

NAV:V'<V—1)"'(V—K}—{—1):

O (1.17)

IMopddevypa 1.5II600uvg Tpuprigious pmopolje va dnuiovpyrjoouvpe e ta Ppneia
{1,2,3,4,5}, maiprovtds ta pudvo pa popd to katéva;

AvVor ot Snuovpyia tpuhguwy aprdumy Yo mpéret va emiéyouue xdide gopd
Tpla and ta wévte Ynoia. ‘Eto
5! 5!

=2 —5.4-3=060
(5-3)! 2

3A5 =

Eméyovtag £ amd 1o v oTtotyela EVOC GUVOLOU xaL ToTOUETOVTUC To OF
Wit o€tpd, UE TN SUVATOTNTO OPLOPEVA ATd AUTA 1) xat OAAL VoL ETOVOoUBAvoVTaL,
ONULOUPYOUUE Wi BLATAE N E ERAVAAN YT, T.y. wa Otdtaln ue exaveindmn twy
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3 and to 5 otoyeio tou ouvohou A = {ay, as, as, a4, as} etvon 1 (ag, as, as), wo
G ebvon 1) (az, az, a1). Ané tov xavéva twv emthoyody (C3) Beloxouue 6t

WE,=v-v--u=0"~ (1.18)
N——

K

elvol QaVERS TOPA VL BUVATOV VoL EYOUUE XL K > V.

IMapddevypa 1.6II600ug Tpuprigiovs pumopolue va dnuiovpyrjoouvue pe ta Ppneia
{1,2,3,4,5};

AVor Tt Snuovpyia tpubhgLwy apriumy Yo tpénet va emthéyoupe xdde @popd
Tplo amd o mévte Ynpla pe T duvatdTTa Tor Ynplo var emavahauBdvovton, T.Y.
Yo dnpovpyicoue tov apriud 324 odhd xon Tov 232. Etol

3Es = 5% =125

IMapddevypo 1.7II60es otides IIPOIIO umopolue va dnuiovpyrjoovue jue ta
otoryeia {1,2,x};

AvVor [Na ) dnuovpyia wag othing [IPOIIO dexatpiwy onueiwy Yo mpénet va
emAéyoupe xdie popd dexatpla and ta Tela oToLyEla, Y TN BUYVATOTATA T OTOL-
yela voenavahapfdvovtar, T.y. Yo driovpyfoovue ) othin 11z|221|zel|2z22.
‘Etol

13E5 = 3" = 1594323

1.5 >vuvdovacuol

H emhoy) k and o v ototyela evOg GUVOLOL, YwElg Vo Uag EVOLAGEREL T
TOTOVETNOY| TOUC OE OTOLDNTOTE YROUUT, AEYETUL CUVBLACWUOS TWY V Avd
k. Ou ouvduaopol Twv v avd K ouuBoiilovTon e (:) ) C. Elvou qovepd 6Tt
Ol SLOTAEEC TV ¥ AVl K TROXUTTOLY antd TIC UETAUECES TWV K GTOLYEIWY TOU
emAEaUe amd Toug GLVBUACUOUS, BNA. A, = /s!(:), oTOTE

<”) LA (1.19)

K K! Kl (v — kK)!
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IMopddevypo 1.8[I60€g tevtddes KapTwy umopoljie va ONUIovpyjooupe and ta
52 UM piag tpdmovAag;

Abom Tlpdxerton Tpogoavme YLor GUVBUAGUOUS, Aol OE UoC EVOLUPEREL 1) OELRd,
ue tnv omofa Yo torodetniolv o xdptec. ‘Etou
(52) 52! 52-51-50-49-48

= = = 2598960
5 5l47! 1-2-3-4-5

O apriuoc Twv TeOTWY Tou Yo TACOUUE TA K An6 To ¥ TEdyuoTo eival
owe3we o B10¢ PE TV apiud TwV ¥ — K and Ta ¥ Tou Yo apRoouUE oTNV dxer,

9)-(,")

Kdti tétoto mpoxintel xou and Tic mpdlelc.
Afqppa 1.5.11%a tovg ovvdovaopols 1wy Vel ndvta
v v v+1 v v—Fk (v
) = }) = . 1.20
0 () (o) =0 o) =) e

Anodetdn: TN tny mpdtn (n 0E0TERT AP VETAL YL dcxncn) AAVOVTOG TIC TRALELS

TEOXUTTEL
v n v B vl n vl
K k+1)  Klv—r)! (k+D)(v—k—1)

vi(k+1) (v — k)V!
(k+Dlv—r)!  (k+ (v —r)!
ik+14v—k)

(k+ Dl(v —r)!

B v+1
N Kk+1

IMagathenon 1.5.1a va éovr évvowa ta maparndvew mpérar 1 < k < v. (-
otéoo yia Aeitovpyikols Adyouvs opiloviie ('6) =1.



12 Ewaywyr
1.6 Adlpolopota - to >

Meydho tAfdoc mpociécewy, ueydha adpolopota, efvon yevixd d0GxOA Vo
T yewerotolue. OploUéves Qopec dume, oTay Ta apoloyota auTd uTaxoloLY ot
*ATOLOUE XAVOVES, UTOROVUE VOL TOL AVTLIETOTIGOVUE YENCLLOTOLWVTAS XATAAANAA
cOuPola, m.y. To d¥poloud TWV N TEGMTWY PUOIXGY JPIIUOY UTOPOVUE VA TO
Yedhouue we ¢

1+2+---+n:ii
=1

xou SroBdleTon To dpotoua GAWY TwV GUoXXGY 1 amd To 1 uéyet o n. O TpdTOC
™ Yeapric authg 0V elvor povoofuavtog. To B dipotopa Yo unopolcoue va

10 Ypdhouue xon wg
n—3

L4+2+4-4n= Y (i+3).
i=—2
Kdtw and 10 Y gaiveton 1 UETABANTH, OTNY TPOXEWEVY TERINTWON TO 4 X TO
%4t 6pto (dnh. amd mou Eexvd o ), xon Tévw omd To Y QuivETaL TO dvw OpLo
(Onh. mou @tdveL To ), 1 peTaBoly (Onh. to Prua) elvon Tdvta éva. AxpBng To
(ot toybouy, dtav ot guowol apriuol etvan detxteg, m.y.

n
a1+a2+---+an:Zai
i=1
[ Aertoupyixoie Aoyoug optlouye Zf:k a; = a.

Amol xavoveg tou adpolopatog gatvovial 0TV ETOUEVY TEOTAGT.

IMeétaocy 1.6.11"a to oduforo tov ) 1wylovr:

i) Zl =n
i1) Z(c-ai) = C-Zai

n n

iii) Y (a;i+b) = Zai—i—Zbi

=1 =1
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n k n
iv)Zai = Zai—i—Zai, 1<k<n
; i=1

i=1 i=k+1

Anoéden: Xpnowonowvtag dueca toug TOmoug Yo T (i7) tafpvouue

Z(oai):c~a1+c-a2—|—~~—|—c~an:c(a1+a2+---+an):c'Zai
i=1 i=1

O
H anédeiln wwv (i), (i49) xou (iv) agpriveton we doxnon.

Me napdéuoto tpémo opiCovtar adpoiopata peyoldtepng Tding, m.y. OmAd
TEMAL %. AT, {OWS Pe TNV TapaThENoN OTL auTd EVOANAGGOVTOL oL, GTAY XATOLAg
LeTUBANTYS 0 DOelxTrng Oev mabpvel pépog oe xdmota dpolon, 1 ueTUSANTY cuuTe-
owpépeTan w¢ otadepd.

ITpbtaom 1.6.210a ta 6imAd atpoiouata 10y Ve

n m m n
DD e = D) 6
i=1 j=1 j=1 i=1
n m n m

ZZ) ZZaibj = ZCLZ‘Z[)J'
i=1 j=1 =1 j=1
Anoéden: Ou deifouye v @) xau 1 4) Vo Topaueivel wg doxnon

n m n m n

D NESNOMHED DUETIEIRTS

i=1 j=1 j=1 i=1

= (a1 +ara+ -+ aym) + (a2 +ago +- - -+ agm) + -+ (@1 + Gp2 4 -+ )
= (a1 + a2+ +an1) + (a2 +an+- - +an)+ -+ (Qum + Gam + -+ apm)

m n

:Zai1+zai2+"'+zaim:Z(Zazj> :Zzazj
i=1 i=1 i=1

j=1 =1 j=1 i=1
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IMTopdderywo 1.9Na derytel ot

1
i)1+2+---+n:@, i) 1+3 4+ @2n—1)=n?,
ORI IR 1
ZZZ — — o .. —_— —_—
1-2 23 n-(n+1) n+1

AvVom i) ‘Ayeca €youue

n n

QZi:Zi+Z(n+1—z’):Z(z‘+n+1—z’):Z(n+1):n-(n+1)

i=1 i=1
7 ’ ’ .. ,
OTOTE TCO(LpVOUpE TO CT]TOU“EVO. o TY]V M) E-:XOU“E

n

i?z—l 222 Zl—ZZz—n—n(n+1)—n—n2
i=1

i=1
[ty i77) €youpe

n n

1 1 1 1
iR Dl Gl e D DE ) D e
n 1 n—1 1 1

:1+(Z;Z>_<;z’+1>_n+1

1=

‘Opwe, oL TocoHTNTES, p€oa 0TI TageVIETELS, 1o TeAeuTaio alyePpind dipoioua,
elvon axpBwg ot {dieg, omdTe TpoxUTTEL TO {NTOVUEVO.

IMopdderypo 1.10Na derytel o

) 22,2:n(n+1)6(2n+1)7 - B ( n+1)> |

i=1 i=1

AvVor Kau otig duo mepintwoeig Yo yprotwonomooupe enaywyr. [ n = 1 1
i) woyVet. Trolétouye o1t woylel 6mwe elvon xar Vo delloupe 6Tl loylel xou yia
n + 1. Hpdypatt, tpoodétovrac xou ota duo péhn o (n + 1)% éyoupe

- D(2n+1
Zi2+(n+1)2:n(n+ >6( L )+(n+1)2, oTOTE
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n+1 2
1)(2 1 6 1 1
E i2:n<n+ )6(n+ )-1— (n—6k ) :n—6|— (2n* +n +6n + 6)

i=1
1 1 2)(2 3
B P PP R (R LB
Ouotwe yian = 11 i7) oy Vet. Trolétouue 6TL 1oy Vel Omwe ebtvon xoun Yo Sei&ouye
6t oy et xau v n+ 1. Tlpooétovtac ndh xon ota duo uéhn to (n+1)3 éyouue

d it (n+1)° = ("(nTH) + (n+1)%, onde
=1

s n*n+1)? 4n+1)2  (n+1)*(n*+4n+4) (n+1)(n+2)\2
2= 1 1 :( >

B 2
1.7 To dsuwwvupo tou Newton

To dwwvugo tou Newton efvon yvwotéd and 1o lNuuvdolo. Towg byt ot
Yevixy) Tou wop@r, aAAd etvor yvwotd. [ mopdderypa, 6hot Yupolvton Ty
tautétnTa (@ + b)? = a® + 2ab + b*. Tevixd éyouue 6t

Ocwenua 1.7.11Na kdle a ka1 b € R ka1 i ka1 n € N, 10y ve
n n .
b)" = S 1.21
@i =3 (7)e (121

Anodeln: Handdeln Yo yivel enaywywd. [an = 1 nwodtnta elvor tpogavic.
Aeyobuevor we opd Ty wootyra () xor tolharnhactdlovtac xon ta Suo uéhn
e ve (a + b) mpoxintel:

=0
n

_ Z (7;) antipi ZZ:; (7;) Qi

=0

n n—1
_ntl W\ iy V) n—ipi+l 4 o+l
a "+ ; (i)a + ZZ_; (i)a +
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R Z n Qi i n Qg g gt
: ) — 1—1

_(n+1\ - n n ntl—izi n+1\ .
= () [() (e G

_l’_

0
I A1 o ~ (n+1 ntl—ipi n+1\
—(O)a +¥(Z,>a b—l—n+1b

O
Emniéov 10 i) and 1o Afupo T yag anodewxvier ) oTeve oyéor mou €youv
Ol GUVTEAEOTEC TOU EVOC DlwVOUOU UE TOUG OTEAEOTEG Tou emdpevou. Mdhiota,
TOTOVETOUUEVOL XATIAATAAL, BNUtoueYoly Eva TolYwvo YVmoto we Telywvo Tou
Pascal, to onolo gaiveton otov enduevo mivona Yéypet Tou n = 5.

1
1— 1
+
1l 2 1
+ +
1l 3 3. 1
+ + +
1l A6 A1
- - - -
1 5 10 10 5 1

Eniong To i1) anb 10 Afppo T pog Oelyver T oTevY| oyéom mou €Y0uUV 0 GUV-
TEAEGTYG Tou e Gpou Tou atpolopatog Tou Siwviuou Tou Newton ue exeivov
Tou Tponyouuevou. Ilpdyuatt, av TOAATAACIUCOUUE TO CUVTEAECTY| EVOS HROU
ue tov ex¥€Tn NG SUVOUNG TOU UELVETOL XAl TO YIVOUEVO TO OLULOEGOUUE UE
Tov aptdud tne Véong mou xatéyel o 6po¢ auTéc oTo dlpoloua, Beloxouue Tov
en6UEVO ouvtereoT. [ tapdderypa, o Tétaptog bpog Tou (a+b)° etvar 10a2b?,
0 GUVTEAECTHC TOL TEUTTOU HROU (Tou endpevou) Beloxetan wg e€hc: 10-2: 4 = 5.
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IMTopdderypo 1.11Na derytel 6

0 2]
n n n

. g _

i) Zi_o (z) ) L (22) L (2@'+ 1)

n

dmou to [5] onuatver to axépao pépos Tou

Abom Ty oy and T topandve oyéoelg Yétouue a = 1 xou b = 1 o
oyéon (), ondte naipvouue 10 {nTovuevo

2n=<1+1>”=(g>+(2)+"‘+(n71)+(z>

[t Betepn Vétoupe a = 1 xon b = —1 otn oyéon (), ondte naipvouye

0=(01-1)"= (g) 1"+ (TD " (=1) 4o (Z) L O B <Z) (—1)"

xo ovadlaTdcoovTag auTy, Taipvoude T (nToluevn).

Aoxnroelg

‘Aoxnor 1.1O0cwpolue o otvodo A = {a,b,c,d,e, f,g,h}. Na Bpelel éva

ovvoko X C A ya to omoio 10y Vel

/I/) Xﬂ{d767f’g’h} = {a’f7h} ZZ) Xﬂ{d7€7f7g7h} = {f?g}
"Aoxnorn 1.2Na deytel n ii) tov napadeiyuaros (I3).

‘Aoxnon 1.3’ Eye Ppedel neipauatird 61, and évav nAntvoud 150 atéuwy evig
€idovs, 75 dropa avuidpolv Uetikd otny ovola A, 98 avuidpolv Uetikd otny
ovota B ka1 42 avtidpoty Uetikd ka1 otig ovo ovoies. Na Bpelel méoa dropa dev
avniopotv kalddov otig mapardvw ovoies, méoa droua avtidpoly Jetikd jovov
otnr ovoia A ka1 méoa pdvov otny ovola B.
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‘Aoxnomn 1.4Na yivour o1 mpdéei§ kai o1 amdononjoels twy tapakdtw tapaotd-
o€wy

121241 A B (2 (n—1)!

TR 7o TR e prgrg

RETIIRT iv) n!(n+3)—n?(n—1)!

‘Aoxnomn 1.5Na deryel 6m

% (1) -G

1=

‘Aoxnomn 1.6 Me néoovs tpdmovg umopolue va Pdrovue 20 Pifia otn oepd,
WOoTE OV0 KOKKIvA va eival mdvta dimAa-0imAa;

‘Aoxnomn 1.7Na deryel 6m

i )-0) oS-

"Aoxnor 1.8Ocwprjote tig tavtétnres (14+x)" kai (14+x)™. Ia j < min{m,n}
urodoyiote to ourtedeoth tou dpov &/ and to ywduevo (1 + z)"(1 + z)™. Tro-
Aoylote to ourtedeoth tou dpov &’ and tnr tavtétnra (1 + )™, Arnodeiéte

o wavedea (5) = i (1) (20

"Aoxnor 1.9 Xpnoyoroidvas tn oxéon ((CZD), va deytel dul

VO>0, (1+60)">1+nb, VneN

/7

Xpnoponoiwvras palinuatikn enaywyn), va oerytel 6t n napandvew oyéon woyde
vVo>-—-1



Axolouvlieg - Yelpeg

2.1 O oygoelg

YNy xonUEQVOTNTA LA To GTOLYEL TV CUVOAWY GUVOEOVTAL AoYiXd UE-
100 Toug, Ty ot gortnTég Tou Tupatog AIL®.IT tou [avemotnuiou Iwoavvivey
OLOACHOVTOL TOL Lo HAUATA TOU TEOYRAUUATOS OTOUdWY Toug. O xavdvag, o vouog
TOU CGUVOEEL BUO GUVOAX UETAED TOUC AéyETal Oy EDT).

Moadnuatixomoidvrog  to mopandve Vo
uropolcoUE Vo €youpe To clvoho A =
{z/z gortntic Tou tuhAuatoc AILD.IT} o
B = {x/x pdinuo tou mpoypdupotog oTou-
0wV TOU TURUATOS ATLD.IT} xou wg oyéom
o v €xgpact <O gortnTAc T OLOAoXETAL TO
udinua y». To chvoho A Aéyetar clvolo

agetnelag xou 1o chvoho B Aéyeton alvoro aprEng. Ta otoryeia Tou cuvolou
A Méyoviar apy€TuTa, eV To oTotyeld Tou cuvolou B Aéyovtar ewxoves. To
obvoho G C A x B mou anoteheltar and to oTotyela Tou GUVEEOVTAL UETAEY TOUC
ue v oyéon o héyeta yedpnua e oyéone. H tpidda (A, B, G) tpoadiopilet
mMpws wa oyéon (1 ) oyéon). O oyéoewc nailouv onoudaio pdho ot Vew-
plo Twv Madnuatixay. Avdhoyo ue Tig BIOTATES TOU €Y0UYV, Hag BIVOLY EWEC
oyéoeic. H anewovion ebvan o tétota x| oyéon.

Opiwowog 2.1.1H anewdvion f evds ouvdlov A oe éva olvodo B efvar jua
oxéon émov o€ kdle otoryeio x Tov ovrddov A avtiotoryiler éva povadiké otoryeio
y tov ovrdrov B kai oupforiletar f : A — B, y = f(x).

19
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Yyhua 2.3: H anewévion f: A — B, y = f(z).

2.2 Axolouvdiec

Mo amewxovion yia Ty onola €youpe A = N xow B C R, Aéyeton axohov-
Vo mporypotixady opriuody. H axoloudia, avti tou cuuPolouol a(n), cuvhidwe
ouuPBohileton ue 10 ay. Ot ag, ai, az, as, .. ., dy, ... AEyYovtow 6pol Tng axohouvdiog
xou Oev ebvan timote dAho, tapd ot a(0), a(1), a(2),a(3),...,a(n),.... Ovbpol tne
axohovdiog ebvar, Tpogavne, dretpot. O oxxohovdieg optlovtou and xdmoto ToTo,
T.Y. OTC axohovdiec a, = % ue n # 0, b, = 2n + 1 ot 6pol Touc TpoxVTTOUY,
av o1n Yéon tou n Yécouue ctoryela and 1o cvvoro N. Kdmowol dpol yio tig
axohoudiec autéc ebvan: a3 = 1, ay = %, alg = %, by = 3, bs = 11. "Alhote
TdA oL axxohoulieg opllovtar avadpouxd and pa oYEoT Xt XATOLOV 1 XATOLOUg
TEWTOUS 6POUG, £TOL EYOUUE T.Y. TNV axoloudia Tou oplleTal amd TOUS TEWMTOUS
bpoug a1 = 1, as = 1 xou TNy avadpoutxy| oYEON Gpia = Apt1 + Ay, PEEXOL OPOL
autrg ebvan: ag = 2, ag = 3, a5 = 5, ag = 8. To 611 oL bpot Tng axohouvdiog etvou
drelpot O onuodvel OTL xan oL TWEG Tou makpvel uio axohouvdia elvan cuYYEOVELS
drewpec. o mapdderyua 1 oaxohovdio a, = (—1)" naipver uévo Suo Twée, To 1
xou to —1.

Or twéc g axohoudiog yia GUYXEXPWEVES THWES TOU N Ebval TARRWSG TEOG-
Oloploteg xat, wg ex TOUTOU, BEV £y0ouy evoLapépov. To evolapépoy Twy axolou-
YOV EYAELTAL OTO TL XAVOLY KTEMXEY» X0 OTAV AEUE TEMXY, EVVOOUUE Tt cuUSaivel
Yo x8Ve n ueyohitepo and xdmoto ng (V¥ n > ng). Lyeuxéc EVVoleg Ue auto eivau
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1 EVVOoLoL TNG HOVOTOVIOG, 1) €VVOLd TOU QEAdYUATOS XAl 1) €VVold NS oUYXMOoTG.

2.2.1 H povoTovia

Optowde 2.2.1Ma akodovdia Aéyetar atvéovoa (yvnoiws avéovoa), av kai jd-
vov av
an < (<)aps1, Vn €N,

Ma axodoviia Aéyetar pOivovoa (yvnoiws ¢divovoa), av kai pévorv av

an > (>)ant1, Vn eN.

IMopathpnon 2.2.101 évvowa s avéovoas (yrnoiws atvéovoag) akokovdiag
oev aAddler ovolaotird, av n oxéon mpoodiopiojol Tns avtikataotadel aré Ty
dng € N : a, < (<)apy1, YV n > ng. Avtiotoya ka1 yia tny évvoia tns piivovoag
(yvnoiws gdivovoas) axodoviliag.

IMapdderypa 2.10cwpolue tig axokoviieg
]_ n 1 n+1
a=(1+2)" b= (14) (2.1)
n n
Na o€iéere 61 n ay, efvar pna avéovoa akodovdia, evdd n by, pua pdivovoa.
AVor Apywd mapatnpolue 6Tt xon ot duo axohovdieg €youv VeTixolc bpoug

’ 7, I3 An41 , I3 7. ’
Vn € N. BOewpolue topa 10 AoYO o xou Yo 0etoupe Ot ebvan peyahlTeQOg
TOU €Vval.

1 n+1 1 n+1
Un1 (1+n_+1> B <1+n_+1) ( 1>_(n2—|—2n>n+1<n—|—1>

= 7 = 1+ — ——
an (1+1) (1+ %)nﬂ " n

(1
-y ) ) =) ()

‘Ouwce, and v avioétnta tou Bernoulli, Aoxnon (), npoxinte

an+12<1_ 1 )<n+1>_1
an, n+1 n
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b
Ocwpolye enlong o AoYo ’g“ xon Yo Oetlouue OTL elvan txpdTEROS TOL EVal.
mn

n+1 n+2
bn (1 n %) (1 n 5)

1 n+2 rm 4+ 1 1 n+1
:<M) (n>:< 1>”+2<n>

1 n—+2 1 n+2
b1 <1+n_+1> _(1+n_+1> <1+1)_(n2+2n)n+2<n+1)

n (n+1)2 n

2
ni+2n 1+ n2+2n

And v avio6tnta tou Bernoulli, Aoxnon (IH), xou e dedouévo 6T, GTay UEYO-
AOVEL 0 TUPOVOUAOTAS EVOS xAdouatog UE YeTnolg 6poug, TEOXUTTEL WXPOTEQOD
xhdoya, €youvue

bpi1 < 1 (n + 1> _1
O
IMapdderypa 2.20ewpolue tnr axodoviia
1 2
ay =2, Api1 = §<an + —) (2.2)

n

Na o€ilete 6u1 n ay, efvar pa pdivovoa akodovdia.

AvVor Tlagatnpotye 6t 1 axoloudio éyel Yetixolc dpoug V n € N. Eriong
ay = 2 < 2 = a;. OcwpolUe TWEA TN OLAPOPE Gpy1 — Ay xat Vo OEEOUYE OTL
elvon uxpdTERY TOU UNBEVOS.

1( +2) 2 —a?
Qpy1 — Ap = S\ Qp — ) —an =
1 2 a, 2a,,

Agol a, > 0, arouéver va 8olue To TedoTuo Tou apriunth. ‘Etol

2 a,gl)z , dedad e, @-a? o

2 2 =
dar dar

2—ai=2—<

2an—1
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2.2.2 Ta pedyuata

Oplwouwog 2.2.2A¢ue 6nr pna akodovdia efvar ppaypérn, av kar pdvov av
dJopkanPeR: ¢p<a, <P, VneN (2.3)

Iopgathpnon 2.2.2Ma axodovilia Aéyetar atodUtws gpayuévn, av woyvet |a, | <
8. Ilpogavs, yia e arodUtws gpaypérvn axokovdia Ya wyte kar —0 < a, < 0,
OnA. pia amoAVtws gpaypérvn axokovdia eivar ka1 gpayuévn. Ouwg kar avu-
oTPoPwS, e ppaypérvn axokovdia eivar kar atoAUtws gpayuévn, apov apkel va
ndpouvpe 0 = max{|¢|, |P|}

IMapdderypo 2.30cwpolue tig axokovlieg
1 ; n?+ 10

a = — e
"o "om24n

Na o€iete 6t1 01 axodovdies avtés elvar gpayuéves.

Abom H axohovdio a, elvon gpayuévn, d1ott ebxoha xdrotog napatneel ot 0 <
a, < 1. T v axohovdia b, mapatnpolue apyixd 6T b, > 0. Exiong, pepixol
bpot tng axoroudiog etvon ot e€ig: by = %, by = ¥ p = 19

o0 b3 = 37 x.Am. Pabveran,
7 7 z 7/ Ve /7 r
Aowmay, ot €va mdavo gedyua ivon to 4. 'Etot

n? 4+ 10

<4 n’+10<8n%+4n < T’ +4n — 10 > 0.
2n? +n

b, <4 &

H teleutaia dpwe aindeder V on > 1.

IMopddevypa 2.4Na deibete 6t o akodovdies twy mapaderypdrov (D) ka
(2) elvar ppaypéveg.
Avom T tig axohoudiec tou napadetypatoc (ET) TOQUTNEOVUE OTL

1 n 1 n+1
2:a1§an:(1—|——> §(1+—) b, <b =4
n n

Eniong, yio tv axohoudia tou nopadelyuyatoc (Z32) woylet

2:a12an20
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nt4+13n24+17

Yyfuo 2.4: ‘Oplo tne axorovdiog a, = A 10n1 19"

2.2.3 H oOyxionm

H olyxhion twv axohouvhav eivon o TAéov onuavtixd pépog auvtwy. H
évvola efvon 0N YVwoth and 1o AUxelo, w6T660 Yol SWCOUYE TOV ETOUEVO OPLOUO.

Oplowodg 2.2.3A¢ue 61 pa axokoviia a, ovykAiver oe éva aprdud | kar ovu-
Porilovue lima,, =1 a, — 1, av ka1 pudvov av yia kdde € > 0 vrdpyer ng € N,
étor dote |a, — | < e ya kde n > ny (Vn > ng).

To | héyetow dpo tne axoroudiog xou amodelyvetal, 6T av Wi axoloudia Eyel

xdmolo 6plo, TOTE T0 6plo AaUTH elvon povadxo. Mo axohoudia Tou cuyxAivel

Aéyetan cuyxhivouca axoloudia. Edw npénel va napatneicoupe 6Tt 1) uEToBANTY

n €YeL TN BLYATOTNTA VoL TEVEL HOVOV GTO 00 Xl ETOUEVWS OE Y petdleTan Vo Qo

VETAL aUTO xdTw amd To lim. Ewdwd, étav [ = 0, n axohoudio Aéyetar undevixy).
Edxoha unopel vo SlameT®oEL xdnolog and TovV 0plopd OTL

lima, =0 <= lim|a,| =0 (2.4)
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O mopamdve 0plouds oucLAoTIXG P AEEL OTL «TEAXE » oL bpol Trg axoloudiug
Beloxovtal 010 E0WTERIXS TNE Towviag Tou Tpoadlop{leton and Tic eudelec & = [—¢
xouw v = [+ . Auto unopel xdmowog va to det oto Lyfua E4, dmou yua Ty
{ _ nt413n2417 4 _ 1 _ / / /
axoroudia a, = F4-5"g, Exoupe | = 5 xaw e = 0.3. And tov opopd TpoxinTeL
OTL YL €VOL CUYXEXPWEVO €, o) VeL [ — g9 < a, < 1+ g9 V n > ng. 'Etol, av
Véooupe ¢ = min{ay, as, ..., any, 1 — €0} xu @ = max{ay, as, ..., 0,1 + €0},
gyoupe 0L ¢ < a, < D, Vn € N, 10 onolo onuaivel 6T W cuyxhivouca
axohoudia etvar mdvtote ppoayuévn. To avtictpogo dev 1oy ler!

IMTopdderywa 2.5Na derytel dti
o1
lim— =0 (2.5)
Abom llgénet va del€ouye OTL
1
Ve>0,dng:VneN yen>ng=—<e
n
Opwe woylet = < e & L < n. Enopéveg apxel va tépouue wg ng 10 [ﬂ

IMTopdderypa 2.6Na derytel ot

lim §Z j; - % (2.6)
Abom Tgénet va del€oupe OTL
Ve >0, dng:VneN psn>n0:>‘2n+; § €
Opoc oyter [345 — 3| < e & [B20H| < e & |ggimg| <c & n > |5

el

Enouévwe, apxel vo ndpouye we ng To [

H pelétn twv oplwy ye tov opioud eivon eCanpetind toAbmAoX Y dadacia,
OUWS, Yot TN HEAETY AUTOY, €youv avartuyVel VewprjuaTa xou xpttrhpta GUYXAL-
o™g, TOU BIEUXONIVOLY OTUUYTIXE. 2T1 CUVEYELR, Yo TopalécOoVUE OPLOUEVA oo
QUTA, ATOPEDYOVTISC ATODEIEEC TOU BEV EUTITTOUY GTOUS OXOTOUS TOU EYYELQL-

olov avutoU.
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Ochpnua 2.2.4(ANyeBpa twv Oplwy) Eoww du lima, = k ka1 limb, = (.
Téte 10y Vel

lim(c-a,)=c-k 15 lim(c-a,) =c-lima,
lim(a, £b,) =k+!l 71 lim(a, £b,)=Ilima, £1limb,
lim(a, -b,) =k-1 1 lim(a,-b,) =lima, -limbd,
limZ—::% ; 1imz—::?$z:,pebn¢oxazl¢o
lim|a,| = [k| 71 lim|a,|=|lima,|
lim\/@:\/z 1 lim\/a:\/m, pe a, >0, Vn

Ti¢ meploodtepes gopéc 10 Oewpnuo EZA dev eqoupuoletar dUeca, ETEWDY| OEV
oy ouy dueca ot tpobmovéoelc Tou. 'Etol 10 egopuolouue, agol xdvouue TiC
OYETES TPOTOTOLNOELS X0 ATAOTOLY|OELG.

IMopddevypo 2.7Na ppedel To dpro twr akodovdicr

) on?+3n . ! Voan2—1+n i) Van?2 — 1 — 2n
1) Gy = ——F—F+ U)0,=—"—""—7—7—"—"— 1) C, =
3n? 44 2n 4+ v/n2 + 2 n—v/n?+2

3

AvVom i) a, =

2 n2(2+3 , ’ ’
2 ( g) omote and 1o Owenuo EZA xou
n

3744 n2(3rd) — 3rdo
oyéon (E3) Peioxouye
lim(2+2) (2+lm2) (2+3lm;) 2+43.0 2

lim a,, = _ _ _ _2
MO T M B d) T B+lmd)  (3t4liml) 3+4-0 3

i) by = YLy /g n(ve-I+) _ ain
R Y R e R
enuo. 24 xon ) oyéon (E3) Beioxouue

/7 /7 7
onote and 10 Ocw-

2—141 lim(/2-1+1)

limb,, = lim =
24,/1+2  lim(2+4,/1+2)

B ,/2—lim%+1_ /2_0+1_1+\/§
2+ ,/1+1lim2 2+ V1I+0 3
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iti) H TEY VXY TNE TEOTYOUUEVYTS TERiTTWOTS BeV EQapuoleTton dusoa Twea. ‘Etot,
C. = _ V4An?2-1-2n _ V4n?—-1-2n  V4n?—142n & _nt+vn42 _ -1 _nt+vn242
n n—/n2+2 n—v/n2+2 n+vn2+2 VAnZ—1+42n -2 V4An2—142n

_ nlnfivd) | ik

1
2 (\/‘;H 2 fa-Se

(E3) Beloxoupe

, 0mOTE and T0 Owenuo EZZA xau 1N oyéon

2
. IR VA 1 1+VI+0 1
hmcn:§~hm—:...— _ =

[i_149 2 Vi-0+2 4

To emduevo Oewprnua, Tou tapatileTon ywpelc anddelln, etvon WiakteEpa GTUAVTIXG
xou Ue autod Yo amodeilouye mpoTdoelg xou Bacxd dpta, WLIETERA YPHOLUo 01T
UERETY TV aXOAOUDIDY.

Oedpnpa 2.2.5(Ocdpnua tov sandwich) Ocwpolue ts axodovlies ay, by, kar
Cn, Y10 TS oTole§ 10y Vel
lima, =1 =1imb, xar a,<c,<b, VneN

téte Ua wyve kai
lime, =1

IMpétaocy 2.2.6Av n axodoviia a, eivar undevikn (lima, = 0) xar n b, elvai
ppayuérn, tote n akokovdia ay, - by, eivar undeviky (lim (ay, - b,) = 0).

Anoédedn: Agol n b, eivon pporyuévn, tote IM € R : |b,| < M, ¥n € N xa
agoV lima, = 0 < lim |a,| = 0. Etot

0 <lan-bu| =lan| - |bn] < M -|a,| = 0 < lim(a, - b,) =0.

IMpétaoy 2.2.7(Baoikd dpia.)
VaeR pelal <1 = lima" =0
Va>0 = limya=1
lim /n =1
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Andodegn: Ty (E3), agol |a| < 1, tote %‘ > 1, omodte ﬁ =146, 6mou
6 xdmolog VeTinde mpaypatindg aptiudc. ‘Etol, €yoviac 0Tto WUoAd Yog xou Thy
avicdTnTa Tou Bernoulli

— 0

(L)":(1+9)n21+n02n9;s0gyay@%:%%

|al
[ ) (E8), da dtoxplvoupe duo mepintwoee, ™y i) a > 1 xa i) a < 1,
1 mepintwon a = 1 elvon tetpupévy. Av a > 1, téte xa fa > 1, ondte
Ya = 1+ 0,, étov 0, xdnow Vetxr mpaypatix|) oxohoudia. 'Etor, pe
Bondeia tng avicdTnTag Tou Bernoulli

Va=1+6,=a=(1+6,)" > 1+nb, > n, = 6, < = =0
Onéte lim /a = lim(1+6’ )=1+1m6, =1+0=1. Ava < 1, 161 xu
a < 1, ondte {fa = 1+9 , 6Tou 0, xdmota ﬂsw{n Tcpocypauxn ocxokom‘}tcx X
ouvéyew, oxohovdolUe TNy Topela T Tpoyoluevne TEpinTwong (var yiver we
doxnom).
Do v (B3), apyixd tapatnpolye ot 3/n > 1, ondte X/n =1+ 46,, émou 6,
xdmota Yetxr mporypatixy axohovdia. ‘Etor (avioétnta tou Bernoulli)

1
Vn=1+0,<vVn=01+60,)">1+nb,>nb,=0,<——0
N

Onére éyovpe (X/n)? = (1460, < Yn=1+20,+62 —-1+2-0+0*=10

IMTopddevypo 2.8Na ppetolv ta dpia twr akodovdcy

_2n 457
- 3n+1 + 5n

i) a, = Vn?+3n i) b, = V2" + 3» i) ¢y

AvVon Ty i) woyler a, = Vn?+3n = {/n? = Vn2i/(1+3).
Ouwe, éyouye lim ¥/n?2 = lim (/n)? =12 = 1 xu 1 < {‘/( +3) < Vi1,

onote

n N 3
lima, =lim Vn? - lim{/(1+—-)=1-1=1
n
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Tty i) éyovpe b, = /2" +3" = {/3*(1+ (3)") = 3¢/1+ (3)". Opwc,
éyoupe 1 < {/1+ (3)" < /2 — 1. Etot
limb, =3lim {/1+(5) =3-1=3

Tty @44) Todpvouue

C2n st 5345 (3)" 45 L, 0+5
C3Es BR324+l 3041

d.

Cn

Yy apyh TG mapayedpou auThg avagéoaue OTL uta axoioutia Tou cuy-
ahbver ebvan gporyuévn. Xtn cuvéyeta, Vo avapEpoule Eva OEmETUa TOU GUVOEEL
0 povotovia, ta gedyuata xot To oplo. To mapadétouue ywelc anddelln, apol
oty EeelyeL and To x0T Y.

Oewpnua 2.2.8Kdle povétorn kar gpayuévn axodovdia ovykiiver

IMapathenon 2.2.3Mia dwgopetikn dwatinwon Ja frav n €ng: «Kdde povi-
torn akodovlia ovykAivel, av kar pdvo av efvar ppayuévny.

IMapathenon 2.2.41lpoooyn, n olykAion ouvendyetal uévo to ppayuévo tne
axolovdliag ka1 6yt kai Tn povotovia Tng, m.Y. 1 akoAovlia a, = (771", €va) Tetvel
oto 0, Oev efvar povotorn.

IMTopddevypo 2.9Na Octéete dT1 01 axodovdieg

1\ 1\ nt+1
an:<1+—>, bn:<1+—>
n

/. / Ve
ovykAivouvy oto 610 dpo.

Abom Yto Topdderypo BT Setloue 6TL ot axohouvdiec autéc elvon povoToveg
(a0Zouoa 1 mpwTn xa pdivouoa 1y Seltepn). Eniong oto Hoapdderyya ZA 6T etvor
ppayuévec. Amo to Oewpenuo EZH énctar 6Tt ot axoloudieg aUTEC GUYXAIVOLV.
Trodétouye 6t lima, = [. Tote Yo €youye

lim (b, — @) = lim | (1 + %)W - (1+ %)"] =tim (1+ %)n-lim 1-(1+ %)}
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:l-liml:l-Ozo
n

Enopévac lim b, = lim [(b, — a,) + a,] = 0+1 = 1. To xowd auté bpto opiletaun
Vo efvat 0 YVwoTOS Uag dpprtog aprludc e= 2.71828...

Mopdderypa 2.10Na derytel 6t n axolovdia a, = (/2 — 1) etvar ppaypévn.

Avor Ipogavag ot bpol g elvan VeTixol™ Talpvovtag Yepixols TpeTouC 6poug,
TOEUTNEOVUE OTL auTol elvon uxpdTepot Tou €va. 'Etot

1 1\»
O<an<1<:>n(\’7§—1)<1<:>\’7§<1+—4:>2<<1+—> (2.10)
n n
‘Opwe auto oyvel and to Hapdderyua .
IMapddewywa 2.11Na detéete 61  axokoviia

1 2
a; =2, apy1 = §<an+—>, Vn>1

Qn

ovykAiver kar va Ppedel to dpo.

AVor Ano To Hoapdderyua B2 yvwpeilouue 6Tt 1 axohovdia pog eivor gdivouca
ue Yetixolg poug. Emniéov, and o Hapdderyua B BAétouvye Tt auth elvon xan
peayuévn. Enouévwe, and to Ocoprnuo EZE érncton 6Tt 1) axohoudion cuyxAivel
xou UdoTa To OpLd TG elvon VeTixdg apriudc.

‘Eotw lima, = = lima,+, = [, onéte £youye

1 2 1, 2
liman+1:lin1§<an+—> ;»z:§<z+7) SW=P212=1=+2
Qp,

2.2.4 Yrnoaxohouviec

A¢ Yewprioouye, tdpa, uo axoloudia a, xou ag etvar A, 10 cOvoro Ty
bpwv authe, Sk A, = {a1,as,a3,...,a,,...}. M yynoing abousa axolou-
Vi guotx@y apuwy, €otw N Ky, utopel va oploel wa dhAn axohouvdia Tn-
v b, = ag,. Eba gavepd 6ti 1 xouvolpyia axolovdia arotehettar and o-
eoug NG apywhc. Av ye A, TopaoTAGOUUE To GUVOLO TV GpwV TNg, TOTE
Ay, = {an,, iy, iy, - -, A, ..} xonw toyler Ay, C A, H xawvolpyior axohou-
Vi, Tou SnuoveyNOnxE e auTdHY TOV TPOTO, AEYyETon UToXohouDio TNG aEYLXNHS.
To yapoxtneiotind tng apytxnc ta xhnpovouet xou 1 uraxorovdio ne. Etou
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ITpotaom 2.2.9Av ua akodovdia elvar gpaypérn, tdte to 110 ppayuévn elvar
ka1 kdJe vrakodovdia Tng.

ITpbtaom 2.2.10Av pua axodovdia efvar provérorn, tdve to b0 povdtorn eivai
ka1 kdle vrakodovdia Tng.

ITpbtaom 2.2.11Av pua axodovlia efvar ovykAivovoa, téte kdle vraxodoviia
avtnig ouykAiver ato 610 dpo.

H dovnon tov tapandvew tpotdoenmy eivar eoupetind yprown yio va delfouue 6Tt
1 axoloudio Yag OEV €yl XATOLO AT T TALATAVG YoEAXTNRIGTIXE. Anh. yio va
oetCouue 6Tt war axohoudio de cuyxAivel, apxel va det€oude 6Tt war uocohoudio
NG 0 CUYXAMVEL 1) OTL B0 UTXOAOLVIEC AUTAHC CUYXAIVOUY GE BLAPORETIXS GpLaL.

IMTopdderypa 2.12Na detytel 611 de ovykAivour o1 akodovdieg

: . ™ g ™
i) a, = sin o i1) by, = cos o

Abom Oewpolye Tic UTAXONOVHES Qapp1 XU Qapys. L AUTEC EYOUUE Aupt1 =
sin w =sin (2mn + §) =sin § = 1, eV aynq3 = sin w = sin (27n + )
= sin 37” = —1. AoVl lim ayp41 7 lim aynq3, 1 axohovdio 8 cuyxiiver. Avdho-
YOU %O YLoL TNV 74).

E&anpetixd ypriown amodely VETal TOAESC QORES 1 UEAETT TwV UTOXOAOL TGV
TWY GPTIWY XAl TV TEPLTTWY OpwV AUTAS, LOLUTERA, OTAY OL POl TNE O DlaTnEovY
TEOOTUO 1 GTaY 0L BLaPoRES BLO BLadoY WY (EUYARIWY OEMY OE dLTNEOVY TPO-
onuo, otws oto Iapdderyya EIT. To endpevo Ocwpnua, mou €ixola xdmolog
umopel vo amodetlel e Tov optopd g olyrhong xou e86 O Vo amodery tel, tvor

eCUEETINS Y EHOUO.

Ocwpnua 2.2.12Ma akodovdia a, ovykiivel, av kai pdvo av ovykAivovy oo
1010 dpio o1 vaxodovdies twy dptiwy (az,) kal Twy TEPITTAY (Agnt1) dpwv avTr,
OnA.

lima, =1 <= limay, =1 = limasg, 1 (2.11)
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IMopddevypo 2.13Na Ppedel To dpio g axoloviiag
—1)7\n —1 nt+1\ nt1
e (1 Y (1 )

n n

Abon Apyxd, Va detouye 6T lim (1 - 1)” = % ITodryuortt

n

1\~ 1 1
n (%) (%)
1 11

(1) () 0

OewpolUE, TOEA, TI UTAXONOVVIES Aoy, XU A2pt1, OTOTE TAUOVOUUE

Qon = (1—}—@)2"<1+ﬁ>2n+1 _ <1+i>2n<1 B i>2n+1

= lim

2n 2n 2n 2n
_ (1 + i)2”(1 . i>2n<1 - i) Selago =1
2n 2n 2n e
(_1)2n+1 2n+1 (_1)2n+2 2n+2 1 2n+1 1
a2"+1:(1+ om+ 1 ) (H on + 1 > :<1_2n+1> (1 2n+1

1 1 2n+1 1 1 2n+1 1 1 1 1 O 1
—_— _ —>— =
( 2n+1> ( +2n+1> ( +2n+1> ce(1+0)

Agot lim ag, = lim ag,41 = 1, éyoupe xou lima,, = 1.

(261600, OeV TEETEL VoL UEVOUNE UE TNV EVIUTWOY OTL Ut uTaxoloudia
TEETEL VoL €YEL GUYXEXELWEVO TOTO 1| Wop@Y| umopel vor dnutovpynlel xar ye uio
otadwaoio mou euelc Yo oploouvue. Eva mapdderyuya Yo uropodoe va elvon 10
e€hc: Oewpolue wa axolovdia a, @eayuévr amd duo apripols, Toug di xou
g1 (di < g1), onote di < a, < g1, ¥n € N And toug dnelpouc 6pouc tng
an, EMAEY® XAmOWYV, €0Tw TOV a,. Atyotoud 10 Sdotnua [di, g1] xo and 1o
duo SracThuaTa Tou Snuovpyolvion, To [di, B xan [AEL g1], emhéyw exeivo
TOU TEPIEYEL ATELPOUS OEOUC, (o€ TEPIMTWOT TOL Xa To BUO TEPLEYOUV ATELPOUS
6poug, eMAEYW ywpic BAABN e YevixdtnTag, TO 5eZ16) opilw de we dxpa Tou
SwrothAuatog to dy xon go. Eivan govepd 6t (9o — do) = %(gl —dy). Ané Touc
dmELPOUC BPOUC TNG Gy OTO OLACTNUY [da2, go] EMAEYW® TOV UE TNV TopaTheno
ot ko > k1. EnavahauBdve tn Swadixactio ondte opiletar To ddotnua [d3, g3],
Y to onolo wylel (g5 —ds) = %(92 —dy) = 2%(91 —dy), xou 0 6p0g ay,. Metd

> 2n+2
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and n — 1 enavodfidec, Yo €youue o didotnua [dn, gn), Y T0 omoio oy lel
(gn — dn) = 5= (g1 — d1), xon 0V 6p0 ay, .

‘Eto €yw oploel duo axoroudieg g d,, xan g, xou TV unaxoloudia ag,. I'a
TIc dvo axohovdieg and Tn dradwasta dnuovpyiag Toug, Eyouue OTL auTEC ebvon
peayMEVES xau 1) UeV dy, ebvar adouca 1) Be g, @divouca, omdte Yo cuyxhivouy ce
xowé 6pto &, ool lim (g, — d,,) = lim =5 (g1 — di) = 0. Twot Ty vraKohovdia
A, , EYOUPE OTL gp < ay, < dy, omOTE amd o Oewenuo EZZ3 xou lim ay, = &.
'Etou anodeiloye 10 Ocwprnua twv Bolzano-Weierstrass.

Oedpnua 2.2.13(Ocdpnua twrv Bolzano—Weierstrass) Kdle ppayuévn aro-
Aovdia éyer pna vraxolovdia tng, n orola ouykAiver

To 6pto pag uraxohovdiog ay, , Tne axorovdiag a,, Ayeton onuelo GUCCWEEVCTNC
authc (tng axohoudiag).

2.2.5 Avadpouixég axohouvieg

‘Eyoupe 701 avagépet 6TL oL avadpouxés axohovdiec tpocdopilovta and
xdmotov 1 xdmotoug apy ol bpoug xot and wa avadpouxh oyéon. O apyodg 1
ot apyxol 6pot tng axxohoudiog eivar e¢loou onuavTixol Ye TNy avadpouxt oyéon
xou TNy emneedlouv andhuta. T'to mapdderyua, oty axohoudio Ue ovadEOUXY)
OYEON Upy1 = %, 6Twe Yo amodelfouye oTo ETOPEVa, €youpe 6Tt lima, = 0,
av 0 < a; <1xolima, =1, av a; > 1. T'evixd, otig avadpouxés axoroudieg
amOOELY VOUUE TO HOVOTOVO %ot TO GoayUEVO xat Bploxoude To 6pLo and Tn oo
e avadpours, 0mwg oo Iapdderyuo IO, €96G0oV auTO UG DOOEL ATAVINOT).
[ To povoTtovo, Aom Eyel gavel amd ta TapadelyuaTa, GLUYXEIVOUUE T0 AOYO aZ—:l
Ue To 1, ¥ T BLapopd Gy —ay UE TO 0, QUOLXE BEV TEETEL Va EEYVAUE, w¢ PEV0DO,
N podnuoTiny| ETay WY, xo®S ok TO OTL, AY TO TEOCTUO dUO BDLABOYIXWY OLoPO-
ewv etvar otadepd, T6Te auTd Vo efvon (Blo Pe To TEOOTUO TNE BLaPOEdS TWY BUO
TEWOTOY OPWY, OTOTE EYOLUE axOUT EVaL xELTHELO Yia TN wovoTtovia. o to @edyua
YETOUWOTOW0UE TNV TORATNENTIXOTNTA UaS, OUWS, XATOIEG QOEES elvon YEHOLO
va Tpoodtopilouue To 6plo, umovétovtag 6Tt 1 axoloudia GuUYXAIVEL, X O™
OUVEYELXL VO ETAVEQRYOUACTE YA TO PEAY L.

IMoapddevypa 2.14A€ilte 611 ya v akokovdia e avadpopikn) oxéon a1 =
2a2 , . . ,
1f;%, wyvea lima, = 0, av a; = i xarlima, =1, av ay = 2. Tu yivetar av

2
ap =1;
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Avomn i) a; = % Apyixd mapatneolue 6Tl a, > 0. X1 CUVEYEIL Apyq — Gy =
2a2 . _2a2—an—ad _ —ap(a2—2an+1) _ —an(an—1)>2
1+a2 n = 1+a2 - 1+a2 1+a2
elvow pdivovoa. 'Etor 0 < a, < a; = %, ONnh. 1 an Qeaypévn. ‘Apa Vo cuYXAVEL
onote av lima, = [, Yo €youvue

< 0. Yvverog 1 axohoudio

lima, — lim 2% 2 ePtl=22c. .. al=0fl=1
11rnan—1ml_|_a2 =1ip = =0Ah1=1,

n

ouvenwe lima, = 0. T it)( a1 = 2) 1oy 0oLV oxEBWS Tal {BLat Yol TO LOVOTOVO.

2a2

14a2 > 1<

202 > 1+ a2 < a2 > 1, tou wylet. 'Etol, agol xou a3 = 2 > 0, Ja éyouye
’ 7 7 . z 2

1 <a, < ap = 2. Apa Yo ouyxhiver, ondte av lima,, = [, Ya éyovye [ = Lp &

1+
---l=0%1=1, ondte lima, = 1.

‘Ouwe, topa, av utovécouue a, > 1, €youue xat apy > 1 &

IMapddewypa 2.15Na Bpelel av vndpyer to dpo tng axokoviiag

Vn e N

ap =1, an+1=1+a
n

Abom Ebvar gavepd 611 0 < a,, < 1, dnh. 1 axohoudio ebvan gpaypévr. Eniong
TOEUTNEOVUE OTL

1 1 Cl4an—1—a,  —(a,—a,1)
l+a, 1+ar: (A+a)l4a,y) (1+a)(1+a, 1)

Apy1 — Qp =

Onh. O dratneeiton 10 TEOONUO UETAC) BUO BLABOYIXWY BLAPOPWY GpwY. AV OUOS
TPOUPE TNV UToxohoUDio TwY TEPLTTAOV Gpwv auThS (Tepttty| unaxoloudia), Va
€)OUUE DLadOY xS

1 1 1 1
Ao, — Qop—1 = — = —
o S| +ag, 1+ amgm L+ 1+a1n,1 1+ 1+ain73
_l4ama  l+ags (2p—1 — O2p—3
2 + a9n_1 2 + aop—3 (2 + Clzn,l)(Q —+ a2n73)

70 0To{0 ONUALVEL OTL O BLAPOPES TWV TERITTAOV GpwYV BLATNEOUY TO TEOOTUO, dod
1 umoxohoudion auTH etvar povotovy. Ouolwe xaL oL SLapoeés TV dpTIWwY GpwV
(dpTior umaxohoudia) Bratneoly to mEdono. Aol autéc eivan gpayuéves, Va
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ouvyxiivouy. 'Eotw lim ag, 41 = 1 xou lim ag, = la, 161 Vot €yovye [ = ﬁ &

_ _ 1 _ I3 ’, /7 7
L+4Ll, =1 xu iy = T © lo + lily = 1, onoTe, aPUEOVTIC XATA UET),
nafpvouye [ = ly. 'Etot 1 oaxoloudia ouyxiver, agol, and ty oyéon (1), 7
doTior xan 1) TEPLTTY| uTaxoioudia Tng €youv xowo bpto.

‘Eva ebhoyo epdtnua oTic avadpoutxéc axohouties etvar o e€nig: « T rdpyet
TOTOC TOU va Yog Ofvel Toug (Boug bpoug Ue Wi avadpouxt| axoloudia;y H
andvTnon Oev elvar EOXOAT. € DLUPOPETIXES LOPPEC AVAYOYIXWY TUTWY EYOLY
avantuy el apopetinée tTeyvixég xon pédodol, ye apxetr) wodnuatie Yewplo
xou yvoon! Euelc Yo avantdoude oTn ouvéyeld TIC TEYVXEC OE BUO ATAEC
TEPITTWOELS, YwplC AmOdeElT), Aol xdTl TETOW CEPEUYEL ATO TO OXOTO HOG.

o) app1 = ka, + f(n). Lty nepintwon auth avantdoooupe xatdAhnho
6loug Toug bpoug PE N = 1,1 = 2, X. AT xot TEOGVETOVUE XUTA UENT.

IMapdderypa 2.16Na Bpedel o yevikds dpog tng axokoviiag

1 1
R n = S Un =
a1 € R, apt+1 3a + on
Adon
1 1 1 1
n=1, a2:§a1+§ (:)% :—a1+—
2 Lo+~ o 37/ 7/ +
n= as = —a — —
) 3 3 2 22 2
1 1 9 32
1 . 1 ‘ 3n—2
n=n-—1, a,= gan_l + 1 & 32, = 3"_36%_1 + T

[Tpoo¥€tovtag xatd uéhrn ta 0e€id UEAT TwVY LIGOBUYIULWY, TO{EVOUUE Uiol OYEaT),
€vay TUTO YoL TV axoloutio Yog, YTol

-2 1 +1[1+(3>+(3>2+ +<3>(n2)] 1 1+<3)(n1)
37179 2 2 2 31 2
xol
3
n = gn—1 (al o 3) + on—1
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B) any2 = kani1 + la,. Ty nepintwon auth Jewpolpe v eliowon x? =
kx +1, n omola Aéyeton «yopoxtnelotxry. Eotw 6Tl pr xon pa ebvan SlopopeTinég
uetall toug pileg autrc, ToTE 1) axoloudia a, = c1py + cap2 €lvan 1 {nTolueVY,
0ol TEOGOLOPIGOUPE TAL €1 XAk Cp ATO TIC UPYIXES TUIEC.

IMopddevypo 2.17Na fpedel 0 n-ootog dpos tns axodovdiag

ar =1, aa =1, apio=0ap1+a, VneN

AVoT Oewpolye T YoEaXTNEIGTIXT, 2=24+1. O oilec autig elvar p; = ”2‘/5
XU pg = 1_2\/5, onoTE
1 5\ 1 —+/b\n
a4y = cl( +2\/_> + 02< 2\/_> (2.12)

2
[oan = 1, tafpvouue ¢y 1+f+c 1= \[ = 1, ev i n = 2, tafpvoupe ¢y (1+2\/5) +
02(1%[) = 1. Advovtag 10 6UOTNHUA TWV BUO EELOWOEMY WS TEOS T €1 XL Co
Talpvoude TeEMXd T0 Nn—00T6 Opo NG axoloudiag, fTot

VBt VByr VB 1= VB
n = ?( 2 > ?( 2 )
H axoloudia auth Aéyetan axohoudio Fibonacci. O dpol tng €youv oyéorn pe
™ Botavur) erniong eugaviCoviar oto tpiywvo tou Pascal eve otov t0mo tng
eppavileTton 1 yeUCT| TOUH.

‘Eotw tohpa 611 1 p ebvon 1 Sumhy) pilo g yopaxtnetoTixhc, Tote 1 {nTtoluevn
acohovdio ebvon 1 a,, = c1p" +ncgp" = (c14+mneg)p™, Aol TpoodloplcouuE Ta ¢
XU Cp OO TIG APYIXES TUIEC.

(2.13)

IMopdderywa 2.18Na fpelel 0 n-ootog dpos tns axodovdiag

1
ar =1, ay = 2, an+2:an+1—1an,Vn€N

A¥on Oewpolye T yopoxtploTixh, o2 = — 1 H S ptla mg glvar p = 1,
onote ap = (c1 + ncy)5e L Twn=1, TEO(LPVOUHE %(01 + ) =1 evd vy n = 2,

TolPVOUUE }1(01 + 2¢9) = 2. Auvoqu T0 GUGTNUA TWV BVO EEICWOEWY WS TEOS

oL ¢1 XAt Co, TolpVouuE TEAMXE T0 N—00Td 0 TN axolouvdiog, Htot
bl )

= (6n — 4)i

o (2.14)
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2.2.6 H axoirovVia teivelr oto 00

H oxolovdia twv guoxdv apriudy (a, = n), divet dpoug, mou auidvouy
CLVEYWS ot UTopoly va Yivouv 0codfrote Yeydiol. Auty Tn ouveyr adinon
TV Opwv Wwag axoloudiag xor To unopolv va yivouv 0codfrote peydhor, To
6TL Onh. ooV apiud Yetind mpayuatind vo VEWENOOUUE, OL GOl TNG AXOAOL-
Viag tov Lemepvoly, To Aéue «n axohouvdio pag tefver oto dretpo Vetixdy. H
HordnuoTiXoTolnoy auToL TEPLEYETAL OTOV ETOUEVO OPLOUO.

Oplwowog 2.2.14A¢€ue éu n axolovdia a, teiver oto dneipo Uetikd 1 anepiletar
Oetikd ka1 ovpforilovue lim a,, = +00, av kar pudévov av, ya kdle Jetiké mpay-
patiké apiud M, vrdpyer €vag ng guoikds, €tor dote, ya kdle n > ng 1w0yvel
an > M, YvuBodikd,

lima, = +oco< VM >0,Ing e N:Vn>ny=a, >M (2.15)

Opoiwg Aéue 6t akodovdia ay,, tetver oto dreipo apvnuikd 1 arepiletar apvntird
ka1 ovpporilovue lima, = —oo, av ka1 puoévov av, ya kdle Jetikd mpaypatikd
apdud M, vrdpyer évag ng Quoikes, €tol wote, ya kdle n > ng wyve a, <

—M, Yuupohixd,

lima, = -0 VM >0,IngeN:Vn>ng=a, < —-M (2.16)

2

IMopddevypo 2.19Na detytel 6T1 ) akodovdia a,, = n* teiver 0To 0O

Abom pénet va del€ouye OTL
VM >0, dng:VneN psn>n0:>n2>M

2> M e n> VM. Enouévwe, apxel va mdpouue wg ny to

‘Ouwe oyder n
[VM].

Edxoha xdmotog uropet va deL 6T, av par axohoudia ay, etvon undevixr ue 9etixoig
bpoug, 1 axohoudia b, = i amelpileton VeTnd, v Ue apynTxols 6poug, 1
axorouvdio b, = i ametpiletan apvntixd. o va dieuxoluviolue otny aprduntixy

TV 0piwV 0iVOVTOL Ol ETOUEVES TREIC TEOTAGELS, Ywpic ATOOELT.
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IMpétaon 2.2.15FEoww éu wyvea lima, =1 € R\ {0} ka1 limb,, = 00, tdte
éyouue
i) lim (a, +b,) = o0 i1) lim (a, — b,) = Foo

. _f Foo avl>0 ..., | oo arl>0
i) lim (an - bn) _{ Foo arl <0 ) lim (;) _{ Foo avl <0
v) lim (32) =0

(2.17)

ITgbtaon 2.2.16'Eotw 6t wyve lima,, = oo ka1 limb,, = 00, tdte éyovue

lim (a,) = +o00 lim (a,, + b,) = £o0
lim (b,,) = +o00 } = { lim (@, - b,) = +00

(2.18)
lim (a,) = +00 lim (a,, — b,) = +o0
lim (b,) = Foo } { lim (ay, - b,) = —oc0

Trotifetar 6t1 o1 ovvovaouol Twy TPéoNUWY €lval TPWTO Ue TPWTO Kal O€UTEPO
1€ OeUTepo.

IIgbtaon 2.2.17Eoww 6t wyve lima, = £oo ka1 limb, = 0 pe b, # 0
Vn € N, tére éyoupe

lim (a,, + b,) = £o0
L an — J TO0 @ teAixd o1 dpor tng axodovdiag eivar Jetirol (2.19)
bn | —o00, av tekikd o1 dpor TG akodoviiag elvar apvntikol

Me v évvoia Twv Tedlewy TV 0piny, OTKE TROXUTTOUY ATd TIG TAPATAVE
TEOTAGELS, YapaxTNEilovTal W¢ EMTEENTES TEALELS Xal Ot TPAEelS 6TO GUVOLO R=
R U {—o00,4+00}, m.y. 5-(—00) = —o0. [Ipd&eic mou dev unopolv va optoTody
ws mpdéelc oplwy, yapaxtneilovion we un emitpentés, w.y. 0 - (00) =7, yial, av
VewpioOLUE OC axOMOUDES TIC ) = % ue lim a,, = 0 xou b, = n? ue lim b,, = oo,
éyoupe lim (a, - by,) = 00, eved, av Vewpoouye og axohoudiec Ti¢ a, = # Tah
e lima, = 0 xat b, = n nédh ye lim b, = oo, éyoupe lim (a, - b,) = 0.

Q¢ un emtpentéc mdlels yopaxTnEilovTon oL ETOUEVES
0

0
— = X0 — 0 = OO0 = — = = = =7 X = =
5 ?, 2.0 ?, ?, 10 ?, 1% =7, 0% =7, 0 ?, 00 =?
0
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2.2.7 Kputneta ocOyYxAlong

O opiouodg g oUyxhong V€Ael xatd xdmoto TedTo Vo UavTEQYOouPE To 6pLo
yioo vae Aettovpyfioet. O Caushy ovéuaoe Baoixy] tnv axohoudio yio Ty omolo
Yo xde € Yetnd umdpyet delxtng np, Wote Y xde QuoIXOLE N xoL M UE
n, m > ng oyVel |a, — a,| < & xa anédeile ot

ITpbtaom 2.2.18Mia akxodovlia efvar Paoikn, av kar pdvov av ovykiiver o€
mpaypatiké apijo 1.

’ 7 ’ 4 / 7
Etol n obyxhion xadictatar TAéov, aveldetntn Tou optou.

O AoYog Buo DABOYHWY GpwY XAl 1 CUYXELOY) TOU UE TO Eval HTay PEYet
Twpa epyaheto yio Ty ebpeon tng wovotoviag. H edpeor tou oplou twv Adywy
0L BLaBOYIXWY bpwV wag axolovdiag yivetar epyoleio Yo TnVv edpeaT Tou oplou
ewlixol. ‘Etol

IMpbtaon 2.2.19Av ya pua axolovdia ay, jie Hetikols dpous, éxoupe lim =24 =
[ téte lim /a,, = 1.
IMagddewypa 2.20Na mpoodiopioete o dpio limay,, av a, = | %
Abom ©étouye b, = ‘3::—?{" xaL TopvouuEe
n+2 n |
_ bar % . 3" (n+ 1)t 3(n+1)n"!
lim = lim — o — =1 N = lim -
b, L 3ntinl(n + 1)7 (n+ 1) Yn+1)
3nnt 1 1 1 3

=lim —— =3lim ————— = 3lim ————(1 + —) — 3—(140) = —.

1 (TL + 1)1171 1m (1 + %)n—l 1m (1 + %)n( + n) 6( + ) e

’ ’ ’ / ’ : _ §
Onoéte and my ﬂpOY]YOUpEVT] TPOTAGCT) TCPOXUTCTE[ lim Ay = pp

To emduevo xpithplo, YVOOTd WS %pLthplo Tou Stolz etvar €va duvauLxo
xQLThELo, To omolo divel 6o e€eTdloVTaC TO AOYO DLUPOLWY.

Ilpétaom 2.2.20E0tw a, pa akodovdia ka1 b, pna yvnoiwg atvéovoa akodov-
Oia. Av limb,, = +00 tdte

lim S M e RU {fo00} = lim -2 = | (2.20)
bn—i—l - bn bn
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3 4 n
IMopddevypo 2.21Na mpoodiopioete to dpiolim ¢, av ¢, = Lbvar ‘/gtl‘/ZJr"'J“ Yn

Abom Topatrnpolue 6Tt 0 mapovouaotrg efvon wa Yvnolwe aviouca axohoudia,
ue 6pto to oo. Ano v Ipdtaon €Y OUUE

M—lim -1

limc,, = lim — =

1

Onéte xou lime, = 1.
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2.3 Xeipeg

‘Eotw a,, n € N o axorovdio mpayuatix®y apidu®y, 10Te UTOpoUUE Vo
oynuaticovye amd auth TNV axohouvdia wa xawvolpyia axohouvdia e tov e€rg
TpoTO!

o1 =
Oy = a1+ a

(2.21)
Op = Qr+ax+---+ay,

Zan — a1—|—a2+...+an+...

n=1

Aéue, howndy, 6t éyoupe Tt oed Y - a,. Ouclaotixd woyler o a, =
limo,, woT600 YENOWLOTOWVUE TOV 0O OELRd XL Yo VO ONAWCOUUE TNV o-
xohoulior Tou yevviEtar, alpoilovTag YE CUYXEXQWEVO TEOTO TOUS GPOUC LIS
dne axohoudiac. Otav > 07 a, € R, hue 6t 1 oepd cuyxhiver, otay
(o) _ )\/ 4 7 ’ ﬁ 7 r 7 o o
Y ooy G = +00, Mue OTL 1 oerpd anelpiletar Vetxd, evd 6tav Y 7 | G, = —00
Mue 6T 1 oepd amepiletan apvnTind. O emuépoug dpot NG xavolpYLag o-
xohoudiag Aéyovta «pepwxd adpolopator e oepdc. O xdlde 6pog ay, e
apyxric axohoudiog pag AEYETHL «OEOG TNG CELRACH X 0 6pO¢ T, = Z?:l a;
«YEVIXOG 6pog Tng oelpdg». Eivou goavepd ot wa oaxohoudion mpocdlopilel
TAREWS ULat GELRE, OUOS X Wi GeLpd Tpoodlopilel TAYpws wia axoloudia, ago

Ay = Op — Op_1 (2.22)

Holpvovtag dpto oty terevtaio oyéon (E22) cuunepaivoupe 6Tt

Ipotaon 2.3.1Av ya oeipd ovykdivar oe tpaypatié apidud (> a, =1),
téte ) akodovllia uag eivar undevikrj (lima, = 0).

To avtictpogo v oy let, OMA. 1 OelEd Tou TEOXVTTEL ANt xdVE UNdEVIXT axo-
houdia de ouyxhiver mhvta o mpayuatixo apwud. H mpdtacn yenowonoteitou
ouvidwe avtiotpoga, Snh. yio va del€oupe OTL War oeLpd Be cuYXhiveL ot Tpay-
potixd apriuo, oetyvoupe 6TL 1 axohoudior Tou yevixol dpou BeV Elvar UNdEVLXY).
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o optouéveg oetpéc o yevixdg Toug 6pog divetar péoa and xdmolo TUTO,
%34Tt TOU OLEUXOAVVEL TOL TRAYUOTO XUTA XATOL0 TEOTO OTN UEAETN auT@Y. Ac
Yugndolue Tic YewUETEES TEoodoug and o Alxelo, TéTE divovTay o TPOTOg
6poc a1, €0G Ydpty euxoMac ag TdpoLUE a1 = 1, xat o Aéyoc w # 1, ondte

’ ’ 4 n—1 n—1 7
- n — Wl -
UTOROVGUE VA TPOGOLOPICOVUE TOV N—00TO 0Q0 Ay = AW =w ARG pou
1_ n _ n 7 7
T0 QUPOLoHA TV N TEWTWY OpWY 0, = al(l_:’ ) = 11_“; , To TEAeuTalo Elvat To

ueptxd ddpotopa g oepdc Y p_, w1 H uerétn mhéov tne oeipde (1 4+ w +

w?+ -+ W'+ -+ ) Tou AyeETon YEWUETEIXH OELEd, xadioTaton evxoln. Eto
€Y OLUE
1—w' 1-0 1

l—-w 1-w 1l —w

oo
i) Jw| <1, t6te Zw"_l = lim
n=1

- 1—w" 1 1 1
.. >1 4 n—lzl. _ . TL: _
1) w > 1, t6te E w m = W 1_w+oo 00
n=1 N——
<0
. 1—w" 1 1
<1 , nil:ll _ . n_
i) w , TOTE E w M= 7w
n=1 N——
>2

_ —00 av N dpTlo
00 AV N TEPLTTO 00 AV 1 MEPLTTO

1 —00 av N 4pTLo

1—w

OupiCouye 611, av duo umaxohovieg wag axohouvdiag GUYXAVOUY GE BLUPOLETIXA

opta, 1 axohoudior 0 ouyxhivel. 'Etol 1 yewuetp| oetpd O cUYXAVEL Yo

w < —1. Yy tedeutaio tepintwor, TOMES QopéS amavtdTtal 0 6po¢ 1) OELpd

«tohavtevetary. O tepimtooeg w = 1 xaw w = —1 va yivouy wg aoxfoe. ‘Etol

ouvolhilovtag €youue

IMebrtaoy 2.3.21Na ) yeopetpikr oapd Y oo, w" ™t woyda
av jw|<1=>" w"'eR
avw>1=3> Wl =00

av w < —1 = H oepd takavtevetar

Y10 Lyfuo 3 gadvetor 1 YewUETEXT EQUNVELX TNG CUYXAMONS YEWUETPXTC OEL-
edC UE w = %, oto 2. To ddpooua Twv euBad®y OAWY TWV TETPAYOVWY XAl TWV
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5

1/2

S

18
1/4

)

n—1
Lyfuo 2.5: T'ewpetpunr| epunveio g oepdg 22021 <%>

optoywviwy tou oynuatilovto €yel dpto 10 2, 660 dnh. eivon 10 EYPadoV Ghou
Tou opYoywviov.

O 6pog oetpd ypnoulomoleitor, EXTOS amd TO Vo ONADGEL TO 6plo Wiag axoroudiag,
XOL YLoL VoL Tpoadtoploel TNy diar TNy axohoudia xou amd Twea xaL 6To €€H¢ €TO
Yo ypnotwonoteiton. ‘Etot, dtory WAGUE Yo TNV YEWUETEIXY| OELRY UE AOYO W = %,

’ / ’ 1 1 1 2

Vo evvoolue ag’ evog Toug 6poug 0, = 1+ 5 + 3+ + -+ + - xow ag’ €Tépou 10
Oplo aUTAC 10 2.

M oetpd we axohouvdio, mpopaves Yo umopolUE Vo T UEAETACOUUE UE
Toe EpYaAElar TG TpoNYoUUEYTC Tapaypdpou. [N mapddeypa, To Ocwpnuo 23,
TEOCUPUOOUEVO XATAAANAA Yl axoloulieg mou amelpilovTol, PTopoUUE Vo 1O
0OUUE VoL EQUPUOLETAL OTO ETOUEVO TORADELYUL.

IMTopddevypa 2.22Na deytel dur y \/Lﬁ = 00

AVor Oewpolye Ty axoloudia o, = 1 + -+ \/ig +- \/Lﬁ, OTOTE €Y OUUE

[\

op =1+ et > + + o+ —=>n—=2>yn—>00

-
|
8-
|
-
-
-
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(o9
n=1

A¢ Yewpriooupe Twpa TN oELRd > ap, ToTE UTOPOUUE VA YPAPOUUE

i)Y kay=k-Y a,, k>0 (2.23)
n=1 n=1
00 k 00 00 %s) k
i7) an:Zan—l— Zan(:) Zan:Zan—Zan
n=1 n=1 n=k+1 n=k+1 n=1 n=1

TEOTN oYéon oNUAVEL OTL, oV N oERd > oo . ka,, cuyxhivel ¥, arelplletor YeTixd
H npw é , ey K A Cetan ¥

1 apvnTxd, o (B0 xdvet xou 1 oed k-7 | a, xar avticTpoga, eved N deltepn
o, av n oetpd Y o | a, ouyxhiver R anetpileton Yetind A oipvntind, to Blo xdvel

k
X N OEWd Y7L L X0u AvTioTEOQa, ool Y a, =m € R.

Téhoc, enedr) tpdxetton Y edxéc axohoudieg (axorouvdia mou TpoxinTel
and axohoudia), éyouy avantuyVel tpdoieta Yewpruata, TEOTIOELS XaL XELTHELYL
oY xAoTG, ToL Yo T DOVUE OTT GUVEYELN Ok UEAETOVY T GELRS Oy, LEAETOVTOG
auty| xadeautr TNV axoloudia a,.

2.3.1 Xeilpég pe opodonuUoLs 6poug

Mo yeydin xatnyopio oelpmy elvon ot GelpEg Tou Exouy Tehxd OUOCTOUS
6poug. Emedh wa ogpd pe un Vetixols dpoug DLagEpel amd Lo OELRY UE U
aEVNTIXOUC 6OV UOVO WS TPO¢ TO TROoTUo TANY (—), Vo UEAETACOUUE UOVO
TIC OElpéC Tou €Youy TEMXE UOVOY un apvntxols 6pouc. Oo mpénel {owg va
TORUTNENOOLUE OTL OTNY XxATNYOopla auTh 1 oeled etvar TAéov pia adEouoa oxo-
houdia, agol xdde bpog NG TEOXUTTEL Ad TOV TEONYOVUEVO TEOCVETOVTAS EVAL
un apvnTixd aptdud oma.

Op=0a1+a+ - +ap1+a, =01+ 0ay

Av howmov auth| ebvon gpaypévr, Tpopavmg Yo cuYXAIVEL, EVG av efvar un @pory-
wévr, Yo anelpiCetar Yetixd.
H 818tagn 1wy 6pwy duo axohovdwy (0 < a, < b,) ouvendyeton ) S1dtoln twy

avtioTotywy oty autey (D7 a, < > 07 b,). To ouurnépaoyua paivetor oto
ETOUEVO OEWpENUYL
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Ocwpnua 2.3.3Av ya dvo axodovlies un apvnrikoy dpwv 10y Vel 0 < ay, < by,
TOTE

Yo by eR=> a, €R

ZZO:1 ap =00 = 220:1 bn =

(2.24)

IMopathpnon 2.3.1A16 ) oxéon (Z23) paiverar dui to Ocdpnua 33 10y va
kat yia 0 < a, < k- b,.

ITopddevypa 2.23Na deytel 6ur y % = 00

Advom Agol

f \/_

To cuunépacpa etvar dueco and to Ocwpnuo B33, Iapduota aroteréouata
oiver 1 dtdtaln Twv Aoywy, Aoxnorn ETI.

To mponyoluevo Oewpnua divel TAnpogopleg Yoo T GUYXAGT H U1 NG
oelpds, ouyxpivovTtag Toug Yevixolg dpoug autwy. To emduevo Ocwpnua divel
TANPOQYOPIEC Yiol TN OELRd, GUYXEIVOVTAC TO 6PL0 TOU AOYOU TWV YEVIXWOY OO0V

@E:d)p‘qp.oc 2.3.4Av ya dvo akodovdies a, ka1 b, # 0 un apvnuxdv dpwv
wxve 0 < lim ¢ =1 < oo, tdte

Yovjan ERe Y b, €R
(2.25)

Yo jap =00 &Y 2 b, =00

*Anéﬁebin And tov opiopd tou opiou mpoxUntel: Ve > 0,dng € N : Vn >
ng, |4 — 1| < e. Téte buwe, ylo e = L 5 E)YOUUE

2
E@_£<%_l<£@£bn<an<3—lbn(:)—an<bn<

o g il
|bn < 2 0, 272 2 l 31

O duo tehevtaleg oyéoewg, palt pe v Iopathenon B2, armodexviouy To
Oewpnua (yroti;). H anddeln tou napondvew Oewphiuatoc uag odnyel oto vo
Bydhouue xar GANOL CUUTEQACUOTA OYETXE UE TN CUYXACT 1| U TWV OELROY,
6Tw¢ Unopel xdmolog va del oty ‘Acxnor ZI0.
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IMopddevypa 2.24Na deiéete 6uy -, T = 00

AYom Eoww a, = ﬁ, Vewpolye tnv axorovdia b, = in Aqgol

lim Z = lim "3+ = lim 1/ = lim

xar Yy o by = 00, and 10 @Ewpnpoc 22334 o éyoupe xou Z = 00.

‘Onwe patvetar 0T0 Topamdve TUPdOErYUd, YEEWlOUUCTE Uidt ostpa ¢ TNHY TOUYE
Bondntiny, Yo va amogoaviolue yia T olyxhon tne oelpdc wag. Towe vo govel
HOYIXOG 0 TPOTOG Tou EMAEEaUE TNV BT Uag (b, = L) ‘Ouwe, oe €va yeydro
tAtog mpofBAnudtwy andvtnor otvet n apUOVIXY| OELRS (Zn 1 nlr) ¢ omolog 1
uehétn Va dovel oo Topdderyuo B

Méyer €06 1 pehétn wog oapdg YvoTOY Olor JEGOL ot IAANG OELRdC, dhho-
TE GUYXEIVOVTAS TOUC YEVIXOUS 6pOUC AUTWY Xat SANOTE GLYXEVOVTIC AOYOUC 1)
O YEVIXGWY OpWVY AUTWY. X TN GUVEYELY, Vo BOCOUUE TECTERA LoYUEA XPLTHELA,
TOL oG EMTEETOUY VAL AmoQaviIolUE, 6GOV apopd TN GUYXACT 1 YN TG GELRdS
xou Bactlovton otny Ol T oepd. H anddeln xon twv 1e00dpmy Yo mapahel-
@Oel, mapdho mou Bev eivan Wiadtepa SUoXOAY (extog lowe exelvng tou Raabe,
mou yeetdleton ent nhéov Vewpla), eneldr) EEPEVYEL TV OXOTMOV YOS XL TEQLE-
yetow og ThAYo¢ TavEToTAXOY cuYYpeouudtwy Madnuatixic Avdhuong w.y.

(12, (@, [8]).

Oewepnua 2.3.5Kpitripo tov Adyov i kpitripo D’ Alembert. Oewpolue T
oepd Y | ay, 1€ a, > 0, téte

lim 25 <1 = 377 anGR
lima"“>1:>2 n = 00

an+1

lim =1 = o0evr EXOUpe ouvurépaoual

n

IMopddevypa 2.25Na pedetniel wg mpos tn oUykhion n oepd » - L

n=1 n!"

'n.
Abon Eotw a, = %7, téte
qn+1 qn+1
. Qpt1 . n+1)! . n+1)! . q
lim — :hm( n) zhm( n) = lim =0<«1
an, i L n—+1
mn. n:

‘Etou 1 oepd ouyxiiver ev R.
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oo nn

n=1 n!"

IMagddevypa 2.26Na pedetniel ws mpog tn ovykAion n ocipd y

n
AvVom Eow a, = 77, 161€

a (nt1)ntH! n'(n 4 1)n+1 1\ n
e et g S G DL P L e AR F Y (1 i _> 1
an o (n+1)Inn n

‘Etou 1 oeipd dev ouyxhiver ev R.

Ocwpnpa 2.3.6Kpitnpo s pilas 1 kprenpio Cauchy. Oewpolue tn oeipd

oo Ay ME an > 0, ToTe

lim /a, <1 = > 7 a,€R
lim /a, >1 = > a, =0
lim /a, =1 = dev éovue ovurnépaoyal

IMoagdderypa 2.27Na pedetniel ws tpog wn obykhion n oepd Y -, (ﬁ)n

Al’)O"q "Eotw Ay = (m

/ n 1
lim {/a,, = lim { (QHT:_ 1) = lim 2n7:— 1=5

‘Etol 1 ogpd cuyxhiver ev R.

Hapdlo mou Ta Tapandve xptthplor ebvor duvaixd epyahela Yo TV e€€Taon TWY

GELPWY, OEV Elval AYES OL POPEC TOU ATOTUYYAVOLY, OTWS YId TARAOELY A GTNV
_1 yp

apuoVIXY GEWRE, fToL TV -, (%)p, agol lim (21;2 = lim {/ (%)p =1.

Afvoulue 6T CUVEYELD TT) BIAPORETIXT) 0PYAVWOT| TV 6pwV Wiag axoloudiag

ue @divovteg YeTinolg dpoug.

(11+a2+a3+g4+a5+a6+az+gg+&9+---+a14+a1§+a16+---

g

<8asg

<2a2 <4day
a1+a2+a3—|—a4—|—a5—|—a6+a7+a8—|—a9+a10+-‘~—|—a15—|—a16—|—-~
N s NS ~~ v NS >

o
>8ai6

>2ay4 >4ag
Y1nelopevog xdmolog 6Tny 0pYdvwoT) auth, Yo utopoloe vo amodellel To eno-

HEVO OemproL



48 Axorowdieg - Xepéc
Oewenua 2.3.7TEotw a, pa glivovoa axodlovlia jie Detikols dpovs kai b, =
agn i vrakodovdia avtrg, tdte o1 oaPéS > - Ay Kar Yy o 2™ - Ggn TUUTEPI-

pépovrar to 1010, ONA. ovykAivour oto R 1) anepilovrtar Detikd.

Hocpoc%swp.oc 2.28Na peretniel ws mpog Tt oVykAion n apuovikn oe€ipd OnA.

4 ’ p /7
A¥on 'Eotw b, = agm = (2%) , TOTE

oo oo 1 oo oo
n _ n p _
;2 .bn_z_:lz (3) _ZQ(p — ;( — 1)>
1 =/ 1 y»!
- 2(p—1) Z; <2(p—1)>
‘Opwe 1 teleutaio evor 1 YEWUETEXT OELRd UE AOYO w = ﬁ, OTOTE Umb TNV

Hpbtaor BZ32 mpoxOnTeL 6T yia

i) p > 1 éyouue 6Tt w < 1 xou 1 oed ocuyxhiver 6o R, dpo xou 1 oppovixt
oelpd cuyxhiver oto R.

ii) p <1 éyovpe 61t w > 1 xau 1 oepd anelpiletan Yetxd, dpo xan 1 opUOVIXY
oetpd anelpiletar YeTixd.

H opuovix oepd ye p = 1, dnh. 1 D07, %, Vewpeiton Eva xahd TopddeLy UL
e npdtaone (ZZIR), Snh. deiyvetan 6Tt 1 apuovixt oetpd dev etvor Baouxr xou
enopévwe 0 cuyxhiiver oto R.

Téhog ot mepnTWoElg Tou anotuyydver To xputhplo Tou D' Alembert do-
xadlouye To xpttriplo Tou Raabe.

Oehpnpa 2.3.8Kpitripio tov Raabe. Ocwpolue tn oeipd >~ | an He a, > 0,

ToTE
lim[n(l — =22 <1 =377 a, =
lim [n(1 — QZ“)] >1 = > an G R

2.3.2 'AlNhec xatnyopleg Yeiptdv

Eletdotnxe ota mponyolueva 1 mepintwor, omou 1 oelpd elye Yetixolc
6poug. Ouwg o Tig oglpég, agol TpoxLTTOLY antd Tig axohoudies, Tinote dev
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Lyfor 2.6: Xynuatixd 1 evalhdocouco oelpd

eyyudton Ott owtég Yo Eyouv Yetxole 1 €0Tw Un apvnTixolg Gpoug. Ievixd
MooV, oL GERES Elvar BUVATOY VoL £Youy bpoug 0, TdNAToTE. ATd aUTH TO ATELWRO
TA00g oELRMY ToL UTdPYEL, Ut EVBLapEpouca xaTnyopla eival exEiVES, TwY oTol-
wv oL bpot ebvar dpol wag Yetrc piivoucag undevixrc axorovdiag a, xot 61N
oetpd evahhdocouy 1o TedoNuo Toug. ‘Etot, to yepwd atpolopata tng oelpdc
oo (=)™ a, tehxd Yo éyouv ) popyr Tou TyAuatoc BB, Autd pac odryet
0TO Yol GXEQPTOVUE OTL OL dETIOL ROl TWV UEPXWY aPOIoUATWY TN CELRdS Etvar
war oxohoudior adZouoa xou ot meprtTol pat axohoudio @dtvouoa. Tlpdyuatt

Oon+2 — 02p = 0242 — O2pt1 T O2py1l — O2p =
2n+3 2n+2 _
(—1) aont2 + (—1) aon+1 = —(A2ps2 — G2nt1) > 0,
T0 omolo oNUAiVEL OTL 1) 09, Elvon wiar adZouoa axoloudio xou
O2pn+1 — O2n—1 = O2pt1 — O2p + 02y — O2pp—1 =

(—1)*"ag,11 + (—1)*"ag, = (agn41 — a2,) <0,

14 2. / 7. 7’ 7’ ’ /7 7
TOU TAAL GNUOLVEL OTL 1) Tg;, Elvor Wit iivouca oxohouvdio. Enlong, dhot ot dptiol
bpot elvan 0Ll TWY TEQITTAOY, APOD

_ 2n+2 _
Tont1 — O2p = (—1) Aop+1 = Aopy1 > 0
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'Etot, ot duo axolouvdiec we povotoves xon gpoyuéves (as < 09, < Oapg1 < 1)
Yo GUYAVOUY xaL UIAIGTOL OE XOWVO OpLo, Aol

lim (O-ZnJr]_ — U2n) = lim Aon+1 = 0.

Arnodellaye hoimdy To emouevo Oewpnua tou Leibnitz:

Ochpnua 2.3.9(Ocdpnua wov Leibnitz:) Av pua akolovdia a, eivar Oetikrj,
pOivovoa kar undevikn, wéte n oapd > oo, (—1)" a, ovykdiver oo R.

IMopdderypo 2.29Na efetaotoly ws mpog T oUyKAIon 01 O€lpég

Z n+1 ;(_1)n+12n1_ -

n=1

AVon Eixola progolue vo delfoupe 6t 1600 N ma (a, = 1) do0 xa 1 4y

(b, = ﬁ) etvon Yetinée, @iivouceg xan undevinés axolovdiec, ondTe ot evah-
Moo0VoES OELREC aUTWY cuYXAlvouy oTto R. Oa dolue, dtav avagepolue oTig
oepéc Taylor (AIR), 6t

n+1 1 2 -1 n+1 ——
; . ;( A

IMoapddewypa 2.30Na efetaotel wg mpos tn olykhion n oepd

Z n—i—ln_|_1

n=1

AL’)o'r] H oapo’t auTy| 6ev Thnpol Tic tpolnodéaoelc Tou Oewprjuatog Tou Leibnitz,
oot lim = +1 = 1 xou emoyévng To0 Ocdpnua dev epapuodleTo. (Aoxwdote va
pudiete 1o avtiotoyo LyhAua B8 v vo deite T ouuneppopd ). Hpdypart,
€0x0hL XATOLOC UTOPEL VoL BEIEEL OTL 1) 0241 EIVOL AOEOUGA X0 EROUEVWE Topyq >
o = %, EVD 1) 02, elvon @Oivovoo xar CUVETWE 09, < 03 = —%, OTOTE OL OUO
unaxohovdiec authc ouyxhivouv (va omodetytel we doxnon!) o€ BtapopeTind
Opta, TEdyUa Tou oTuaivel OTL 1) OELEd O GUYXALVEL.

Mo evotagpépouoa £vvota etvar 1) €vvola TG GUYXAMONE XAT  ATOAUTY T,
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3 7 o0 /. ’ z 7 o0
Opiopocg 2.3.104v n oepd Y " | |a,| ovykdive, Aéue 6u n oapd Y a,
elvar anéAvta ovykAivovoa 1 ovykAiver anéAvza.

H pehétn tétouwy meptntdoewy mpogaves avdyetar oty mopdypapo (E3D).
Q61600 LUTdEYOLY EVOLUPEROVTA GTOLYElD VoL BEL XATOLOG EOW.

A¢ uno¥éoouye OTL 1 oElEd 220:1 a, omoteheltar amd dmelpoug Vetnols o
GmELPOUC AEVNTIXOUC OPOUC XAt ETITAEOY Elval ULol amOAUTA GUYXAVOUCH GELRA.
Ag Jewprioouue emmhéov T axohoLdES Ye TOUG U1 apVNTXXOUEC XAl TOUG Un
UeTixolg 6pOUS, TOU UTOPOVUE Vo TEQOUUE o’ AUTH, TIG

+_{otn,owanzO a:{O,a\)anzo

a’ = O
" 0, ava, <0 " Qp, OV G < 0

Do %dde pro an’” awtég toyter 0 < af < |a,| xau 0 < —a,, < |a,|, ondte and to

7, /7 4 7 o) /. 7
Oewenuo 33 xou T0 yeyovée 6Tt 1) oelpd Y i lan| ouyxhiver, ouprnepaivouue
Ot xou ot GepéS Y at o Yy 7 an ouyxhivouy 6to R. uoixd, agol Vn €
N, woylel |a,| = a;} —a,,, n olyxhion Twv GeOY TwY VETXWY X0t TV ApVNTIXMY
OpwY GUYVETAYETAL T1) GUYXALOT] TS amOAUTrS olyxhlong e oelpds. Emmiéoy,
apol Vn € N, woylet a, = |a,| — 2a;, xou 1 oepd > 7| a, Ja ouyxhiver oto R.
'Etou anodeiloye 10 endpevo Oewpnuo.

Ocew a 2.3.11Ay e oepd ovykAiver anéAvta, tote ovykAiver kai arAd.
W

EmnAéor o1 oeipés twr Uetikdv kar apyntikady dpwy ovykAivovy, av kai pévo av

n oeipd ovykAiver aréAvza.

O axohoudieg Twv omolwv ol dpot Be dBatnEoLY To TEOCTO Yeerdloval
wiaitepn mpoocoy, yrott ebvar duvaTod Vo 0dNYNUOUUE O TUEUAOYIOUOUS Xtk dTO-
mo. o mapdideryua, ag dodue to Hapdderyua B30, 6mou detloue oTL 1) oeLpd dev
oLYxAVEL. AV xdmolog xdvel To o@dhud xon TNV eCETACEL OTWS TOPUXATW, AC
OOUUE TOU XATAAT|YEL

o n+1 2 3 ' 4 n+1
1 2 3 4 qon n+1
- _Z s = _1\n _1n+2_> . —
(2 3> (4 5>+ +<( ) n—|—1+< ) n+2
1 1 1 > 1
TR e Teoray SRR DY mersy ey

n=1
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‘Ouwe auth, awol lvor pia oetpd YeTxdy dpwy ot ETTAEOV LOYUEL ———— <
RS aUTY), AP M e e XYE D)

#, ané 1o Oedpnua (Z33) xa to yeyovos 6t 1 teheutaia eivon ouyxhivouoa,
Yo ouyxhiver dromo. TDevixd Aomov oL opadoTOIACELS BEV ETITRPENOVTUL OTOUG

4 4 7 4 7
OPOLC TWYV OELPWY. ATEOSELXVETO(L OpwC OTL

Oewenua 2.3.12Av jua oepd efvar ouykAivovoa, Téte omoiadnmote opadomoin-
on twr dpwv NS, Ywpls aAdayn tng tdéng tous, pag diver oeipd ouykAivovoa
oo 1010 dp1o e TNV apx1kn.

Eriong oe tétowa mapdhoya 0dnyoluacTe, 6TV XAVOUUE aVadIATACELS GpwY XAl
OTaY AEUE avadLATACELS OpWY, EVVOOUUE VO TOTOVETHOOUUE TOUS GpOUS TNG OELRAC
UE Utor GAAT) OLdTaly), €XTOC AUTAC TOU Elval TMEA YwelC Vo TpoGVEGOUUE 1 Vol
ropodeihoupe dpoug. Ta to mapdderyud pag Yo mdpouue TNV evaArdocouca
apUoVIXY| oELRd Tou 1o €youue Oct, oto [apdderyua 29, 6Tt cuyxAivel oo In 2.
Edw o mpwTog xar 0e0tepog 0p0¢ UEVouy OTwg efvan, amd exel xau mépa Aot oL
6eot ou Peloxovto ot ¥éon 2k +1 mnyaivouv oty Véon 3k +1 xaw 6hot ot dpol
mou Beloxovton otn Véon 2k mnyatvouv: autol mou elvon otn V€on 4m, otn Véon
3m, eve autol mou elvar ot Véon 4m + 2 ot ¥éon 3m + 2 . 'Etol dwdoyixd
€)Y OUuE

1 11 1 1 1 1 1 1 1 1 1 1
2'3 4'5 6 7 8 9 10 11 12 13 14
1.1 1 1, 1 ,1 1 1 1 1 1 1 1 1
1— ) (Y4 () — S (e Y (P i
( 2) 4+(3 6) 8+(5 10) 12+(7 14) 16 (9+18)+20
1 1+1 1+1 1+1 1+1 _1<1 1 1 1+1 )_
2 4 6 8 10 12 14 16 18 ) 2 3 45 N

11 2 ;
5 n dromo.

Fevixd Aowndv ot avadlatdlelc dpwv dev emTpEmovTtal oTic oelpéc. Amodelyvetat
Ouwe OTL

Oewpnua 2.3.13Av jua oeapd ovykdiver atdAvta, tdte, omoiadnTote avadidza-
&n twr dpwr tng, uag oiver oeipd ovykAivovoa oto 610 6p1o e THY apxIK).

(261600 10 eMOUEVO Oewpnua Tou Riemann, mou avoagépetar o€ GEWREC UE
Yetixolg xou apvnTxolg 6poug, Hog ety Vel TNV TEocoy Y| UE TNV omtola TEETEL Vo
eéetdlovtar auTéc.
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Ocwenua 2.3.14Ay e oepd ovykdiver aAdd de ovykAiver arédvta, tdéte Yia
kdOe x € R, vrdpyer pa avadidraén twr dpwr tng, mov uag Oivel oeipd ouyKkAi-
vovoa 0’ avtd o x € R.

2.3.3 Avuvapoocsilpég

[Tdpa TOMAES PopEg oL GOl TV GEWWY Efval GUVAPTAGELS TNG METABANTAC
T, XL OTNV TO UTAY) HOP@T) SUVAUELS TOU LOVWVOUOU T —Tg, ONA. €Y0UV TN HOR®T
Zf;l an(x — x0)", 6mOU @, oL 6poL xdmolac axolovdiac xon Ty x4molog TEOY-
wotixdg aprduoe. Tétoeg oelpéc Aéyovtalr BUVOLOCELRES 1) OELPES BUVAUEWY
xou etvan e€oPETXA ypeNowa epyaheior 6TNV ETEAUGT, pordnUaTX®Y TEOBANUdT®WY,

T.Y. OlQOEX®Y EELOWOEMY.

[o xdle mporyportie Ty| TG METUBANTAS T 1) OUVOHOGCELRY YETUTPENETAL
o€ oelpd xar av 1) oed cuyxAlvel 6Tto R, 10 z Aéyeton onpeio olyxhong. Etvo
pavepd OTL Yoo T = Ty xdUe duvapooelpd ouyxhivel oto 0, dnh. €yel éva o
ueio oUYxAoNG, OUWS %ATL TETOLO ElVol TETPUIUEVT TERITTWOT) %o OEV EVOLAPEQEL.
[ToA\éc duvapooelpéc auyxhivouy yia éva didotnua (xg — 7, 2o + 1) YOpw and 10
xg, Tou Aéyetar didotnua oUykAiong To 0 T AEYETL akTiva oUykAIoT.

An’ boa einope péypl ThHpa otic oelpéc (Oewpenua E238), tpoxintel 6Tt Lo
ouvapooetpd Ya cuyxhiver, av

lim {/|an(x — 20)"| < 1 < |z — x| lim {/|a,| < 1. (2.26)
——
=p

av p = 0, 1 oepd ouyxhiver yia xdde npoyuatixéd , agol tAneol v (EZ8), ov
0 < p < 400, 1 oelpd cuyxhiver Yia xdde TEoyUUTINO T, UE

1 1
rg——<x<To+ — (2.27)
P P

onA. 1 oxtiva cUYxAloNG elvon 7 = %, EVQ AV p = +00, 1 OELRd GUYXALVEL ubVOV
v z = 0. ‘Otav 10 & Tolpvel TIC TWES TWV dXPWY TOU BLUCGTAUATOS GUYXMONG,
n avieotnta e oyéone (E28) dev toyvet. ‘Etot, npénet vo e€etdooupe T oelpd
WiadTepa 0Tl GxEaL TOL DLUCTAUATOS. Ag OXIypAPGOUPE O TAL TURPATAVG OTO
EMOUEVO TUPAOELY L.

[e'e} "
n=1 nan -

IMagddevypo 2.31Na Ppedel o Sidotnua oUykAonS TNS SUrapoTepds Y |
Na peretnlet 10wairepa ota dkpa tov OraoTraTos.
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Abom Etny mpoxetuévn teplntwon €youue a, = # xat zg = 0. 'Etou

S 1 1 1
= lim = - i
p n2m lim «/n2» 2 lim {L/ﬁ 2
Onéte r = % = 2xu x € (—2,2). Edwd yio x = 2, n oepd yivetan
S A =5 L = oo (apuovind oepd). Tw x = —2, 1 oepd yiveton

n=1 n2n n=1n
Yo % = >, (=)L € R (evolidooouoa apuovixt oed). 'Etot 10

Sudotnuo olyxhong eivor [—2,2).

IMapathenon 2.3.2lapdpowa avtipetwmon tov npopAnipatos tng olykAiong
duvapooepdy e to kprerjpo tov D’Alembert (Oedpnua B233) 1) egpappoyn tng
|ant1]

Ilpéraong ZZZ1A ag diver én p = lim 52+,

lan|

o0 ™
n=1 n!-

IMopddevypa 2.32Na Bpelel to Sidotnua oUykAiong tng dSvvapooepds ) |

Abom Ttny mpoxeévn nepintwon Eyouvue a, = % xat g = 0. 'Etot

1

n XS I 1

p:hmwzhm(tl)':lm =
|| = n+1

n!

r Ve 7 4 4 Z e 7
Etol n oepd ouyxhiver v xde mpaypatixd z. Emmiéov xdmolog umopel va
x n

ouunepdvet 6Tt lim, o i = 0 (yoti;).

To mpbfBinuo Twv oepwy elivon e€apetixd upl. Edw €yive udhhov wa
eloaywYr. Avdloya ue to TEOBANUS Tou o gottnThAc Yo mpénet vor xoteuduviel
o€ BiBMa TeplochTERD EOWXI.

Aoxnoslg

‘Aoxnon 2.11pdite tous Tévte mpdTOUS dPOUs Ty akodovthwy
n+1 b n
an = ) n — s
3" 1+ 2+ V224 V234 4 {201

Aeite on1 autés elvar ppayuéves.

cn =n(V3—1)
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‘Aoxnon 2.2Féetdote ws mpog TN povotovia kar to gpayuévo ts akodovdieg

11 1
=537 31 n-(nt1)
1 1 1
V3+V2  VA+V3 V1) +n

I'pdipte avtés oe andodotepn popen.

‘Aoxnon 2.31lpooapudote katdAAnia kar arodeiéte To Oecdpnpa tov sandwich
(ZZ3) os aneipildpeves axodoviieg.

‘Aoxnon 2.4Ilpooappdote kardAdnia kar amodeiéte tny Ilpéraon EZD ot
areip1ldpeves akoloviie.

"Acxnom 2.5Na deytel du av lima,, = a, tére (vné v mpotindleon du opi-
Lovrai)

. air+as+---+a .. .
i) lim “=a, ) lim{/ay ag - a, =a
n

ii1) lim —— - =a,
ata Tt

Tpoooyn! oo iit), o Tapovouaotng dev avédrver ndvta yvroa.
poooxI) OVOUATTTIS hel|

"Aoxnom 2.6 Bpefte ta dpia twv axodovthody

_ s 2 2y

n m’ n 2n+1’ W

‘Aoxnon 2.7 Aiverar ) axoloviia

an+1:V2+a'na alz\/§

1) Aeitre 6u eivar avéovoa
2) Aeikre 6u elvar ppaypévn
3) Bpetre to dpi6 .
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"Aoxnon 2.8 Eéetdote ws mpos T olykAion ) oepd Y " (@, — ap_1), av
lima, = 1.

‘Aoxnomn 2.9 Na deryrel 6t n axodovdia a, = n(V/3 — 1) etvar ppaypévn.

"Aoxnor 2.10A) Av ya 6vo akokovdies a,, ka1 b, Jetikdy dpwv 10y ve lim §* =
0, tote

Yo ap=00=Y > b, =00

Yot by <00 =37 a, <00

B) Av yia dvo axoroviies a,, ka1 b, Jetikdv dpwv 10y e lim §* = oo, e
Yoy <00 =y > b, <00

Yomeibn =00 =37 a, =0

an bn
Acx’qc‘q 2.11Av y1a 6vo axolovlies un Jetikdy dpwv wyve ) < =222 < =4
ToTe

Yo by eR=>" a, €R

Yoy =—00 =Y % b, =—00

[Anuiovpyolue toug Aoyoug Yo i = 1,2, ..., n xa nodharhootdlouue xotd ué-

.

‘Aoxnon 2.12Fctdote w§ mpog T oUYKAIOT) TIS O€pEg

= 2" . ) = 3"l
Z nnn’ Z nnn

n=1 n=1

‘Aoxnon 2.13Fetdote wg mpog TN oUYKAIOT) TIS O€pES

i1-3-5---(2n—1)
n:11/7n+17 2-4-6---2n

n=1
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‘Aoxnom 2.14Féetdote wg mpog T oUykAion T oe€ipd

o0

1
Z n- (Inn)p’

xpnoonoiwrtas to Ocdpnua 3D, 1) dmolor dAXo Tpdmo Dédete.

‘Aoxnon 2.15Acite on
Z a? < oo = Z = < oo,
Xpnoponoidras to yeyovog ot ab < %(aQ + b%), B drowv dAo tpéro élete.

‘Aoxnon 2.16Eetdote wg mpog T oUYKAIoT) TIS O€IpES

n+1
Z n—1 Z <2n + 1)
n=1 n=1
‘Aoxnon 2.17FEfetdote wg mpog T oUykAion T oepd
on
n=1

17 Uv}mepawere O'XE‘CIK(I HeE TNV O'U)/K/\IO'I’] Kail To (ppayya/o twv akolovdihy

2
. n
an = 57 Kat b, = =;

‘Aoxnon 2.18X1¢ tapakdtw Ovvapooepés

= n'a: = (22 —1)" = (32 —2)"
Z e Z 3np2 Z onp2

n=1 n=1 n=1

1) Ilpoodiopiote to .
2) Bpette to tidotnua olykhions.
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2IVVUETNOELS

3.1 Tevixi

‘Eyouye del 101 670 TEONYOUUEVO XEQPIAAO TOV OPLOUO TNG ATEOVIOTG.
Mia areicévion, tng omofag ta ovvoda A ka1 B efvar vnooUvoda twy mpaypatikdy
aprduciv, Aéyetar mpayuatikn ovvdptnon juag mpaypatikng petapAntnig. To
olvoho A Aéyeton medio oprojiol eved To ohvoho B atvodo dgiéng. H petafints x
Tou Talpvel Tég oTo olhvolo A eivon 1) ave&dipTnTr UETABANTY, EVE 1) e€apTNUEVT
UETOBANTY ¥, N UETOBANTY g omolag ot TWé eCupTOVTNL Amd TIC TWESC TN
aveldotning uetoBAnTtc, malpvel Tiwéc oto olvolo B. YuvAdwe ot Tiuéc Trg
ueToBANTAC ¥ Sivovtan péoa amd wo Exgpaot), Evay TOmo, Tou AEYeTon TOTOC NS
cLVAETNOTG %ot GUUSOAXE YEdpETL

fiASB, y=f(z) (3.1)

To 6UVoro TwV TWOY NG PETABANTAS ¥ AEyETon 0UroA0 TIH@Y AUTHS XU CUUPBO-
Aleton pe f(A). Eivar 181 yvwoté é1i 1o medio opiopol A yioc ouvdptnone, to
clvoho B xaw o tOnog tng cuvdptnong elvon avayxafo yio Tov TAfen Teocdio-
olopd authc. Ta Tic mporypotinés, OUws, CLYVAPTACE WS cUYOAo B Jewpeiton
oléxhnpo to R, eved To edio optopol A npoadioptletar w¢ 10 EVPVTERO UTOGUYO-
Ao tou R, yia 10 onolo €yel Evvora mporyaTinol aptiuol o TOTOC TNE CUVEETNONC
aevHg xar 0ev Epyeton o€ avtideon ue ) OO Tou TEOBAAUATOS APETECOU.

IMopddevypo 3.1Na ppedel To medio opiojio?
a) g ovvdptnong f(x) = V100 — 22
b) g ovvdptnons Gienong p(g) = /100 — ¢2

29



60 Yuvaptiioeig

Avon Tty npdtn nepintwon éyovpe 61t Ap = {x/—10 < z < 10}, agol téte
€yel Evvola mparypatixol aplduol o timog Tne ouvdptnore. o tn deltepn, duwe,
nepintwon €youpe A, = [0,10], agol ag’ evig TOTE €yel €vvola TROYUATIXOU
aprluol o TOTOC NG GLVAPTNONG, ag’ €Tépou OE W oLVAETNon (ATnong dev
UTOPOUUE Vo WAGUE VLo AOVNTIXES TOOOTNTEG.

O téoocpic mpdlelg tne apriuntixrc opillovton ¢ TPAES xou GTIS GUVAp-
THOELE, 0T0 %06 TEDID 0PLEOUOY TOUG, UE TOUG TapaTdvw Teptoptonols. 'Etot

fEg: A, =R (fEg)(x) = f(x)£g(z), bémouv Ap,=ArNA,

)
f-9: A5, >R (f-9)(x) = f(z) g(x), énou Ap,=ArNA;, (3.2)
§:A£—>R,(§)($):§(—§), 670U AngfﬂAg\{x/x:g(:c):O}

Iopddevypa 3.24r f(z) = Vo — 1 ka1 g(x) = V4 — 22, va opioete Tg ov-

vaptioes: [ £g, f-g, 5.

AvVom Eyouvpe Ay = [1,00) xar Ay, = [—2,2] xa

frg: A, >R (fEg)(a)=Vr—1+Vd—a2 pe Ap,=][1,2]
fig:Af'Q%H&(fig)(x):\/37_1'\/4_3:27 “E Afi_(]:[l?Q]

1 1

IMagatrenon 3.1.1H nponyoluern ouvdptnon g Aéjie on1 efvar évag mepiopi-
ouds s hz) =/ £=5, agov Ay = (—o0,—2)U[1,2) D [1,2) = A

@ [

Mnogolye va GUVIEGOUUE GUVUPTAGELS XAk VoL ONULOVRYTIOOUUE JAAES, (PU-
o TAvVTAL X4t and xutdAAnie tponodéoeic. ‘Eotw [ xo g duo cuvaptrioeig
xou Ay, Ay to avtioTtolya medio oplogol autdy. Av 10 oivoho Ty f(Af) e
I €yer xowd onuela ye to edio optopol Ay g g, TOTE LUTdEY oLV AdTOLX CTUEL
oto Ay ta omola anexoviCovtar ue Ty f oto Ay xan o1 cuvEyeia anewoviCovian
ue Tnv g oto R. Eivor pavepd bt autd ebvar to g(f()). Opwc étor opileton pa
véa ouvdeTnon mou héyeton ouvieon Ty f xar g xou cugBolleton go f. Anh.

gof: Ager = R, (9o f)(x) = g(f(2)) ye Agoy = {z/x, w € Ay wou f(2) € Ay}
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Hoagddevypa 3.3MNa ug ovvaptijoes f(z) = vV + 2 ka g(z) = V9 — 22, va
Bpetei n ovvdeon go f kai f o g.

AvVom 'Eyovue Ay = [-2,00) xu A, = [=3,3]. 'Etor Ayy = [-2,7], o
ol x € [—2,00) xau Vo +2 € [-3,3] = -2 < x < 7. Téhoc g(f(z)) =

/99— (Wx+2)? = V7T—2. Opolwg Apy = [—3,3] agol x € [—3,3] xo
V9 —22€[-2,00) = -3<x<3upe flg(x)) = V2+ V9 —z2

To yedgnua G, oTig TEAYHATIXEG GUVIRTACEIC WG TEAYHATIXNG HETAUBAT-
T, anoteheitar and onpeta Tou emnédou (R?), to onolo onpaiver 4Tt propolpe
vo o anexovicovue 6° autd. H ameixdvion auty, mou ebvan onueio 1 yoouué-
¢, amOTENOLY TN Ypaixy TopdoTacT e cuvdptnonc. Optouéva ornueia efvon
YAUEUXTNELOTIXG YLl TN YpapixY| TapdotaoT. o tapddetyuo 1o onueio Tou ypo-

HUUTOS

(0, £(0)) etvon to omnueio mou n ypapxh ToEdoTa-
o1 TEUVEL TOV XOTOAXOPUPO GZova, EVE To oTueia
(2;,0), 6mou f(x;) = 0, eivon to oNUElaL TOL 1) YPO-
x| TapdoTaoy Téuvel Tov opllévtio dova. Emi-
org, Tétow onueta elvon o onueia TwY dxpwy TV
OLCTNUATWY, oV To TEdio 0ptouo) AUTHG TEPLEYEL
TETOW. X TO Oimhave oyfuc BIVETOL 1) Ypopixt| To-
pdoToon g ouvdptnone ¥ = 2v 1 — a2

3.2 H =udsix

H yvwot cuvdptnon
y=ar+b (3.3)

ue medlo opouol o R, moagtotdveTon ypagpixd pe wo eudela ypouur, n onola
TEPVA amd To onuelo b Tou xuTaxdpupou dLova xot el xhion a, dnh. tanw = a,
6mou w ebvan 1) wxpdTepn Vet yovia tou oynuatiCel n euvdeia ue Tov opllévTio
dCova. IIo mpoxtixd 1 xAion pdg Aéet 611, 6Ty T0 T ALEAveL XaTd ULor Lovada,
T0 y augdvel xapd a. Eivar gavepd 611, tov 0pilbvTio dZova Tov TEUVEL GTO
ornuelo —g. YuvopTthoelc Ue To B0 a ToaploTdvovTar and TapdAAnies eudeieg,
agol €youv TNV {Blal xAloT, Ve GUVUPTACE UE To (Blo b, ToaptoTdvovTal amd

0€oun eudElwY oL TEPVAVE OAeS amd To b Tou xataxopupou dfova. H otadepy
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Yyfua 3.7: H anewowvion f : A — B, y = ax + b.

ouvdpTnom Y = b £yl wg Ypupixt| Tapdotaot W evdeia Tapdhhnhn we TEOS TOV
optlovTio dCova. T'ta 10 oYEBIAoUS TS YRAPIXAC TUPACTACNC LIS CUVAETNOTS
™S woppnc ¥ = ax + b, Aoyw Tou OTL aUTY elvar Wit eudela, Yog opxoly duo
omoldr|tote onuela. Xuvideg Peioxouue ta onueia Tourg authg UE Toug GEOVEC,
EXTOG XOL OV TEOXELTOL YLl TOV TEQLOPLOUO AUTHG GE OLAGTNUA, 0TOTE Pploxouue
oL PO TOU DLACTARATOS.

[evixdtepa ta oneta g edlowong
ar+by+c=0 (3.4)

Beloxovtaw mévew oe wa evdeia ypouun, agol v b # 0, v (B4) e anhéc npdlew
vetotpéneton oty (B33). Otav b = 0, n (BF) noipver ) woppy

1 omofo eV elvon UEV GLVAPTNOT), OUWS TAELOTAVETAL Ao war eudeior TOUPIAANAT
4 4 ! 4 7 7 C 7
TPOS TOV XATAXOEUPO GEoVAL Y'Y, TOL TEEVE and To ONUED —£ TOu 0EILOVTIO.
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3.3 TI'vootég €vvoleg xal WBLOTNTES TWY CUVAE-
THOEWY

3.3.1 "ApTiat cuvVAETINOY

Opgiopocg 3.3.1Mia ovvdptnon f opwopérn o’ éva tidotnua [—6,0] Aéyeta
dpua, av f(—z) = f(x).

Adyw g oupueTplag TOV TGV TNG YETABANTAS T %ot TNG loOTNTAS f(—x) =
f(x), ov dpTiec ouvapthoeic éyouv d€ova ouppeTplag Tov xaTaxbpUPo dZova.

IMopddevypo 3.4Na deryel dn1 n ouvvdp- e

™o z) = L dvar dptia.
non z P 0.

Abom Tlpdypatt edxoha [ploxoupe ot
fl-a) = 28 s gy,
H yeaguer tne mapdotaon gafvetar oto ot-
Thavo oyfua, 6mou 1 cuuuetpia elvon @a-
vepT).

-1 -0.5 0.5 1

0.2

IMapathenon 3.3. U evikétepa, pa ovvdptnon pe medio opopol to R éyea
déova ouvupetplas tnr evdela x = a, av wyva fla —z) = fla+x). Xy
nepinTwon mov n ouvdptnon éxel ws tedio opropot to didotnua [a, b], tdte éyel
déova ouppetpias T pecoxdfetn tov turuatos (x = ) av wyla f(z) =

fla+b—z).

H anédeiln tne napathpnong agrvetal wg doxnomn yio ToV ovay VioTY).

3.3.2 llepittn cuvdptnom

Opgiopog 3.3.2Mia ovvdptnon f opwopérn o’ éva tidotnua [—6,0] Aéyetar
tepirer), av f(—x) = —f(z).

Adyw tne ouppetpiog TV TWOY TS YETABANTAC = xou tne todtntag f(—x) =
—f(x), o TEPITTEG OLUVARTAGELS €Y 0UY XEVTEO GUUUETEIOG THY apy Y| TV AEOVWY.
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IMTopddevywo 3.5Na derylel dn n ouvdp-

sin x

tmon f(x) = =55 elvar tepien.

0.4

0.2

Abon Tlpdypatt edxoha [Pploxoupe ot - — - .
fl—w) =T = = — _f(a).
H yeagpuxr tng napdotacy odivetar 6To Ot
TAAVO OY AU, OTOU 1) GUUHETEIN QafveTon X0
Yopd.

IMapatrenon 3.3.2l evikérepa, pa ovvdptnon pe medio opopol to R éyea
KévTpo ouupetplag to onuelo © = a, av wyva fla —x) = —f(a + x). Xy
nepintwon mov n ovvdptnon éxel ws tedio opropot to didotnua [a, b], téte éyel
KévTpo oUUpETpiag To puéoo Tou TuRpatos (x = L) av wyve f(z) = —f(a+
b—x).

H anédeiln tne napathpnong agrvetal wg doxnom Yio TOV ovay VeoTY).

3.3.3 Apgipovooruavin 1 '1-1’ cuvdpetnon

Opwopoc 3.3.3Mia ovvdptnon f opiopérn oto A Aéyetar augipovoonuarvn
'1-1” ovvdptnon, av ya kdle x1 ka1 o € A pe f(xq1) = f(xg) = 1 = 0.

Me amhd Aoy, (Oieg ewodveg mpogpyovtal and O apyétuna. loodvvaua, Va
UTOPOUGE Vo TEL XAmOLog OTL OLUPORETIXY 0Py ETUTA DEVOUY DLUPORETIXES EXOVEC.

Ye wa ouvdptnon f, ot xdlde ototyeio Tou ediou opopol e A avtioTol-
y{leton xdmoto otoryeio tou nediou Ty e f(A). ‘Ouwc €tot xar oe xdie oo
yeio tou mediov Ty f(A) avtiotoryiletar xdnoto otoyeio Tou nediou optopol
A. M’ autov tov tpomo oplleton par xouvolpyla oYEor). LNV TEp(nTwoT) Tou 1
[ elvon auguuovoshuavtn, 1 xowvolpyta auth oyéon eivar ouvdptnon (ylatl;) xou
ouuPohileton pe [ xan ovoudletan avtiotpogh tne f. Efvar mhéov yeyovic,
OTL 0TV avTioTRPOYN GLUVAETNOT 1) ELuETNUEVY UETUBANTY YiveTon aveldpTnTy Xau
N aveldotnTn yiveton eCopTnUév. XTO ETOUEVO TORADdELYUA QafveTal O TEOTOG
OLATPAYUATEUOTC TETOLWY TEPLTTWOEWY.

IMopddewypa 3.6Na efetdoete av ) ovvdptnon [ e tono y = x + 2 éya
avtiotpogn ka1 o€ katagatikn andvtnon va Ppeite Tov TiToO TIS.
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Avon To nedio opopol authc eivar A = [—2,00). Anéd tov Oplopd B33 npo-
XOTTEL

Vi, xo € Ape f(x1) = f(x2) = Va1 +2 = V2 + 2 = 1142 = 1242 = 21 = 1o

Aol 1 cuvdpTtno eivon auPLLOVOGHUAVTY, UTopoUuE va Beolue TNy avTtioTeogh
e, e = € f(A) xau y € A we e€c

r=\yt+2ert=y+2cy=2"-2.
"Etot yio Ty avtiotpogn [ éyouue

7 fA) = A Y (z) =2 - 2.

‘Onwe pdvnxe and o TponYoUEVY, 6Tay To Tuyolo °
Levyoc (z,y) Beloxeton oo ypdgnuo tne f, to Led-
Yoc (y,z) Beloxeton oto ypdgnua tne f~1, 670 &
Tinedo autd onuaivel 6Tt auTd To Buo onueio etvor
OUUUETEIXA WG TEOC T1) DL OTOUO TOU TRGTOV TETAP-
muoetov. ‘Etot, ohoxdnen 1 ypopixy| TapdoTao
™me f1etvon 1 CUUHETEXTH TNS YPAPIXAC TORAOTO-
ong g f. Xto Simhavé oyfua QaiveTon 1 Yoy
TURUGTAGT| TNG CUVARTNOTS TOL TRONYOVUEVOU Td- ,
padelyuoTog xan NG avtioTpoghc g, . - : : !
6ToL QodveTal xan 1) cLUPETELA.

3.3.4 PpayuEveES CUVIUPTNOELS

Optowde 3.3.4Ma ovvdptnon f(x) pe medio opiopol to ovvolo A Aéue du
etvar dvew gpayuévn (kdtw gpaypérn), dtav vrdpye évas mpaypatikés apripuds ¢,
bote ya kde otoryeio tov Tediov opiopov tng va wyvea f(z) < ¢ (f(z) > ¢).

Do mopdderypa n ouvdptnot f(x) = a2 etvou x84t @paryuévn, agol wylet z2 > 0.
Av yioe T ouVdETNOT LTEEYOLY 1 XA P2, TETOO WOTE Py < f(z) < ¢, AEUE OTL
n ouvdpTtnon eivan anAd gpaypévr. T'a mapdderyud, 1 cuVAETNOT TOU NULTOVOU
elvow ppaypévn, agol —1 <sinz < 1.
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IMapatrenon 3.3.34v ouufel to eAdyioto arnd ta dvw ppdypara Tng ovvdpTn-
ong va efvair otoryeio Tov oVYOAoU TNV TNGS, AéyeTal Héyioto, €vd av ouuPel To
HéYIoTo ané ta kdtw gpdyuata avtig va eivar otoryeio Tov ouroAov TGV T,
Aéyovtar eddyroto. To péyioto kar to eAdyioto Aéyetar akpdraro.

3.3.5 MovoTovia

Opwopodc 3.3.5Mia ovvdptnon f opiopérn o’ éva odvodo A Aéyetar yrnoiws
avéovoa (yvnoins gdivovoa), dv Vxy kat xo € A pe 1 < 2o = f(21) < f(22)

(f(z1) > f(x2)).

Opwopoc 3.3.6Mia ovvdptnon f opiopérn o’ éva ovvolo A Aéyetar avéovoa
(pOivovoa), av Va1 ka1 9 € A e 11 < 29 = f(x1) < fx2) (f(z1) > f(22)).

IMopatrenon 3.3.4Fivar yeyovds dti yia pua yvnoiws povétorn ouvvdptnon
(yvnoing avéovoa 1y yvnoiwg ¢divovoa) oupuBaivel to €€ng: o€ diagopetikd ap-

Yétuna avtiotoryoly Oagopetikés eikoves. AnA. jua térowa ouvvdptnon elvar
71_17

3.4 H lloagoaBolr xauw i TregBoin

3.4.1 H Ilapo3oln

H IapaBoly| eivon yvwoty| and 1o ['uuvdoo axdun. Xtny mo onkf tng
Hop®t| €yeL Tov TUTO

y=azr’, w€R (3.5)

Eivar gavepd o1t vy a > 0 aut| ebvan
@Oivouca 6To Bidotnua (—oo, 0] xor adEou-

oo 010 ddotnua [0, —00). O xataxdpupog | a>0
dZovac elvan dZovac ouppetplac (eivon dp-
Twar) xon €yet eNdytotn i 1o 0, oo z = 0. | na<0

Hapopoto suyBoivouy Y a < 07 todpa auth |
etvou avZouoa yia o dtdotnua (—oo, 0]

xou GUEVoUsCH Yol TO BLAGTNUL [0, —00). O xATOUOPLPOS BEovag ouveyilel va gi-
vau d€ovag ouupeTeiag xou éyet péyiotn tur to 0, oto o = 0.
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x=-b/a

(0,0

Yyfuo 3.8: H anetxdvion tng y = azr? + bx + c.

L'evixd n mapofolry €xer tn Loy

y=ar’*+br+c, z€R (3.6)

ue amhég mpdlelg auth makpvel T popet

b\2 b?—dac
y—a(x—i—2—a) —T (37)

Ouuilouye o1t yapaxtnetoTixd onuela tng etvon ot pileg Tng (6tay b2 — dac > 0)
oTov 0pllovTIo dEova xal To onuEelo ¢ Tou xataxdpugou diova. H evldela x = —%
elvon Twpa d€ovag ouuueTplog xou oto onueio T = —% TodpveEL TNV EANAYLOTY
Twn, 6tay a > 0 xon peyiotn, 6tav a < 0. H ypagpuxy| tng napdotacy npoxinTel
7 7 7 2 7 4 Z b
OO TN YPAUPIXT, TOEIOTAOT) TNG Ax” UETOXVOVTAS TNV 0ptlovTia 2x<xroc — 50 A0
Ja ’ ’ 7 Z, b —4ac
OTY) GUVEYELDL UETOXIVOYTAC TNV XUVOURYLY XAToOpuea xatd —>— €. Ta duo
Bruarta gatvovtar oto Lyfue BB, Evog dhhog tpdmog Yo ftay vor UeTaxtvicouue
10 oUoTNUA 0Z6vey 670 onuelo (— L, — =29 s va oyedidooupe Ty Y = aX?
nu Ny 2a’ a X HE N =

070 xoUVoUREYLO GUCTNUA.

Mogdderypo 3.7Na oyedaotel n ypagikh tapdotaon gy = x? — 5z + 6,
apov ONUEIDBTETE Ta YapakTnplotikd onpela Tng Kal TS Yapaktnplotikés evdeleg

ng.
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(0,0) 2 3

o
-0.25

(o] 2.5

Yyfuo 3.9: H aneixdvion g y = x? — 5x + 6.

AVor Ta yapoxtrnpotind onuela authg eivon 10 2 xan 3 Tou oplbvTiou dlova
xou o 6 Tou xataxdpugou. H evdeio z = 2.5 eivon d&ovag oupuetpiog xat o710
x = 2.5 madpver edyotn Th v y = —0.25. ‘Oda o mapamdve @atvovtar oTto

Eyuo B3

3.4.2 H YrnepBoin

H Trepfolf| ebvon i auth yvwoth| and 1o luuvdolo. YXtny mo amhf tng
wop@t| €yeL Tov TUTO

y:%, z € R\ {0} (3.8)

Ebvar gavepd ot v a > 0 auti) etvan @i
vouoa yto To didotnua (—o0,0) xou eniong
@divouoa yia to ddotnua (0,00). H apy# | a0 a>0
TV 0EOVeY eivor xévtpo ouppetplauc (eivo o
TEQPITTH) Xout TalpVEL ONEC TIC TWES EXTOC ol |
v Tiwn 0. Hapduola cupPBaivouy v a < 0
Twpea efvor adZouoa yio To SIHoTU

(—00,0) xou enione adouvoa yia to ddotnua (0,00). H apyh 1wy afévev eivor
Tl xEvTpo ouuueTplag.
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al/c

. -b/a T
(0.0)

-d/a

Yyfuo 3.10: H anewdvion tng y = Z:?is
Tevixd 1 umepBoly| €yel T popen
ar +b d

= R\ {—— 3.9
y= T weR\(-D) (39)

ue amhég mpdlel auth mafpvel T popet

a bec — ad

y + g omov Lo m . (3.10)
To ornuela Toprc e toug d€oveg (Xapamnptouxd orueia Tng) elvat T0 & = —2
ToU 0pWOVTIOL XaL Y = § Tou xataxdpupou. O eudeleg = = —% xou y = 2 etvou

ACGUUTTWTES TNG UTEPBOAYIC Xt To omueio (—g, %) TO XEVTPO GUUMETPLAG AUTYG.
14 4 7 7 14 4 m

H ypapuer, tne mapdotoao npodxumst amd TN YPAPIXY| TARUOTAUCT TNG ~F UETOXL-

VOVTIC TNV 0pllOVTIO XUTE — X0 GTY) GUVEYELL UETAXAVAOVTAC TNV XoUVOURYL

a

AATAXOPUPOL XATSL %. Ta duo Bruata gafvovtor oto Lyhua BI0. Evoc dhhog

TpOTOg Var NTaY VoL UETOVAGOUPE TO GUoTNUA a&dVWY 610 oTuEio (—%, ) xau
va oyedldoouue TV Y = L oTo xawvoipyto.
IMapddevyua 3.8Na oyedaotel n ypagikn) napdotaon tng y = i—ﬁ, agov

ONEDOETE Ta YapakTnpiotikd onueia TS kar TS yapakTnpiotikés evdeleg Tng.

Avom Ta yopaxtneiotixd onuela autic evar 10 —2 tou opldvtiou dEova (pila
AUTAS) Xt TO 2 TOU xataxopu@ou (Tour Tne cuvdptnong e tov dova yy').
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Aronpdvtag opndunty ye tapovopoot| (Swipeon mtohuwviuwy), Toipyouue y =
1+ ﬁ H eudelo 2 = —1 ebvan xotaxdpugr actumtwtn xon 1y = 1 optlodvTia.
‘Ola T mapamdve gadvovtor 6to Xy BID.

3.5 H sxdetixr xaw n Aoyoprtduixn

3.5.1 H exVetixn a”

Me a € RT\ {1} éyet optodel and to Alxeto, otodiaxd, n d0vaun a”, opytxd
Yiot QuUoLxoUg apiuolc, oY CUVEYELN YLo axEpaious, Yo pnTolc xot TEAOC Yid
neayuatixols. ‘Etol yio a # 1 oplletar 1 cuvdptnon

f:R—=R, f(x)=ad", (3.11)

n omoia ovoudleton exdetiny) ouvdptnon a®. T a = 1 €youue 0 otadepn
ouvdptnon f(x) = 1, mou dev éyer evdagépov. Xapaxtnootxd onueio tne
exdeTixric etvar o 1 Tou xaTaxdpuou dlova, apou a® = 1. Ipogavae 1o
G6OVOho TGV aUTAS efvon RT.

o a > 1 n ouvdptnon etvar yvnolwe adouca, eve Y a < 1 1 cuvdptnon
ebvan yvnolwe @dtvovoa. H ypapux| tng mapdotaoy gatvetar 6to Lyrue B
Y10 Hoapdderypa BI €yovue opioel tov mpayuatixd apudud e. Me Bdor autdy
optloupe T cuvdpeTnoT

[ R—=R, f(z)=¢€", (3.12)

1 onola etvon e€onpeTixd yprowun ota Madnuatixd xou epgavietou o€ mdpo ToAAES
€QapUOYEC TV EToTNU®Y Tou IlepiBdiiovtog Twv Puox®y EMOTNUOY xaL TNG
Owovoplioc.

3.5.2 H Aoyoprduwxr In, x

H exetixr, ouvdptnon f(x) = a®, wc yvnoiwg govotovy, eivar ’1-1". Opi-
Ceton howmdy 1 avtioTeo) TNg i, 1 omola ovoudleton hoyaprduxt ue Bdor a
xou cupPoiiCeton ue Ing, oM.

LRt >R, y=In,z (3.13)
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\
.
a<1\ a>1

;/ »»»»»» R

(0,0)

Yyfua 3.11: H arewxdvion f: A — B, y = a”.

‘Etot yio duo apripoic p € R xa § € RT xan yia xdde a € RT\ {1} woyle
0=a" <+ p=1In,0 (3.14)

Ané tov Optouéd BT wwv hoyopiduwy urnopolue ebxola va deifouyue ([M]) T
TOEOXATW WOLOTNTES.

o ae? = ¢ xou Inga” =p

° In,1=0 %ol Inga=1

° In, (0 - 63) = In, 01 + In, O, 2Ol In, % =1In,0; —In, 0,
. In, 0% = k1n, 0 xal In, V0 = %1n,0

° Ing 0 = %

‘Otav 7 Bdon etvor 10 e, WAdue amhd yia 1oV Quoxd hoyderduo In 6 xau yio
™ Aoyapuu ouvdptnon ¥ = Inz. H ypoagixy| nopdotaor tng Aoyupiduixic
ouvdpTnong ¥y = In, = gaiveton oo Uy ruo BI2.
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o 1/a a

Yyfua 3.12: H arewxovion f: A — B, y =In, .

3.6 Ot Tply W VOUETEIXES CLVIETNOELS

OL TerYwVOUETEIXES GUVARTHOELS efvar EEPETIXE YPOWIES CUVIRTACELS O-
o0 W aUTES UTOROUUE VO TEPLY PAPOUUE XAl VoL UEAETOVUUE TEPLOOLXS OB UATA,
OTWE TO TEOPANUA TNE TUAGYTWOTS 1 To TEOPAAUAT TOU £YOUY OYEDT UE TN UE-
AT 2@V Qovouévwy ce ethota Bdor. Ot tprywvopetpixol apriuol xon ot
TELYWVOUETEIXEG GLVARTNOELS €youy uehetniel avalutixd oto Alxeo. Ed® anid
Yo umeviuuicoupe 0pOUEVES amd TIC WOLOTNTES TOUG %o TIG GYECELC TOU TOUG (t¢)
OLETOLV.

3.6.1 H ouvdptnon tou nuitdvou
H ouvdptnon tou nuitéovou opiletoar maviol 010 GOVOAO TV TROYUATI-
xV opruody, €yel g 6UVORo TGV To didotnua [—1, 1] o efvan Teprtt, oot
sin(—z) = —sin(x). "Hrou
sin: R — [-1,1], y = sin(z)
Enfong auty elvon meplodixr, onh.

Vee A3 T(=2r) e R\ {0}: f(z+T)= f(x)
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Yyfua 3.13: H anewxovion f: A — B, y =sinx.

xot e TEPLOdXN apxel var Tn yehethooupe oto didotnua [0, 2m). Eivar Aoty
ywnolwe abZouca ota deotfpata [0, 2) xou [2F, 27) xou yvnoloe gdivouca oo

’2
[Z,38). Yo onuelo @ = £ 1 ouvdptnon mapouvodler péyioto (sin(3) = 1) eva

ot0 onueio & = 3 1 cuvdpTnon Tapoucidlet ehdyioto (sin(3) = —1).

OuuiCouye eniong 6Tt
° sin (r — x) = sinz, sin (7 +z) = —sinz

° sin0=0, sin(f)=3, sin(3) =%, sin(f)=2%, sin(3) =1

3.6.2 H ovuvdptnon touv cuvnuitovou

H cuvdptnon tou cuvnuitévou opiletar mavtod 6T0 GUVOAO TWV TEAYUITL-
xGV ooV, £xer wg oUVORo TGV Xt auth To dtdotnua [—1, 1] xou etvor dptua,
aol cos(—x) = cos(x). Hrol

cos: R — [—1,1], y = cos(x)

Enfong elvou meplodiny| pe mepiodo T' = 27 xou w¢ meptodixry apxel vo Tn UEAETY-
couvpe oto ddotnua [0, 2m). Eivar howndy yvnoiwe gdivovoa ato daothua [0, )
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Yyfua 3.14: H arewxovion f: A — B, y = cos.

xou Yvnoiwe adéovoa oto [m,27). Y10 onuelo z = 0 1 cuvdptnon TapouctdleL
uéytoto (cos0 = 1) eved oto onuelo & = ™ 1 cuvdptnomn napouctdletl eENdyloTo
(cosm = —1).

Ouuilouye eniong 6T

o sin®r+4cos’r=1, cos(m—x)=—cosz, cos(m+x)=—cosT
e cos(f—x)=sinz, cos (5 + 1) = —sinz
o cos0=1, cos(%)=%, cos(]) = ‘/75, cos(§) =3, cos(3)=0.

To yeyovog 6tusine = cos (5 — x) = cos (x — §) pag odnyel oto cuutépo-
oUoL OTL 1) GUYAPETNOT] TOU NUTOVOU TEOXOTTEL ATO T GUVAQTNCT TOU GUVNULTOVOU
Ue 0ptlOVTIOL UETAPORS XATd 5 1| 1 GUVAETNOY) TOU GUVNULTOVOU TPOXUTTEL UE O-
erlOvTIaL JETAPORE TOU NULTOVOU XaTd -3
H ypoguh tne napdotoo, y & € [—2m, 2m), @oivetar oto Lyfue B4

3.6.3 H ocuvdpinon tng spantouévng

H ouvdptnon e eQantouévng, e xAAoUo TwV NUTOVOU X0l GUVHULTOVOU,
oev optleTon TAéov TayTo0 0TO GUVOLO TV TEAYUATIXWOY AptUUOY, dhhd €YEL ¢
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Yyfua 3.15: H anewxéovion f: A — B, y = tanx.

nedio optopol 10 A = R\ {z/x = kr + T}, wc olvoro twdy 0 R xou etvon
teptth, ool tan(—x) = tan(x). Hrol

tan : A — R, y = tan(x)
Ebvar s auty) mepiodind|, ouwe ue meplodo T = 7 xou w¢ meptodxr) apxel va

TN UEAETHCOUYE GTO OWIOTNUA (—g, g) H ocuvdptnon e egoantouévne etvan
Ywnoing atfouca 6" 6ho to didotnua (=75, 5).

Ouuilouue 6Tt

sinz

e tanx = ,
CoS T
e tan(m—x)=—tanz, tan(7m+z)=tanz,
o tan(5—2)=—, tan(f+x)=—-,
o tan0=0, tan(f)= tan(Z)=1, tan(T)= /3

H ypoagpuxh tne napdotoaon, ywo x € [—7, ), aiveton oto Ly fuo BI3.
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3.6.4 TVrouL »xau TAVTOTNTES

‘Evag peydhog aprdude TOTmY xot TauToTHTRY cuoyeti{ouy Toug TELYwvo-
UETEIXOUC 0ptduolC YOOV Xot TOZwY, Tou elvan ypeholo Vo yvwelletl xavelc,
otav eneepydletar Tétowa TpoPBAfuata. XTn ouvéyEld Yo DOOOUUE 0PLOUEVOUS
Baotxolg tiToug, ot omolot €youv ddaytel 6To Alxeto.

e ‘Adpotopa xon SLopopd TOEWY
sin(a 4+ b) =sinacosb +sinbcosa, sin(a —b) =sinacosb — sinbcosa,
cos(a + b) = cosacosb — sinasinb, cos(a —b) = cosacosb+ sinasinb,

__ tana+tanb __ tana—tanb
tan(a’ + b> " l—tanatanb’ tan(a - b> " l+tanatanb”

o Amhdota - wod t6a
sin 2a = 2sinacos a,
cos 2a = cos® a — sin

tan2q = 212 gip 2 =
1—tan<a’

24 =2cos’a—1=1-—2sin’a,

2 tan _ 1—tan?a
1+tanZa’ cos2a = 1+tanZa

e Metaoynuatiouol yvouévwy ot adpoiopota
2sinacosb = sin (a + b) + sin (a — b),
2sinasinb = cos (a — b) — cos (a + b),
2cosacosb = cos (a — b) + cos (a + b).

e Metaoynuatiopol adpoloudtny o yivoueva
sin A + sin B = 2sin 428 cog 428

sin A —sin B = 281n7005 AAerB
cos A + cos B = 2cos +B COS %
cos A — cos B = —2sin A+B

o Néyot nuitévou xor ouvnutévou (Ta a, b, ¢ eivon ot Theupéc TOL TEIYGVOU

ABC)

sinA __ sinB __ sinC

a b~ ¢
a="b*+c*— 2bccos A.
3.6.5 AvtioTtpo@peg TELYWVOUETPIXES CUVIPTAHOELS

H cuvdptnon y = sinx dev avtioteépetor, apol autr dev etvon '1-17. Q-
0T6G0, AV TEPLOPIOTOUYE XATdAANAa 670 SdoTnua [—F, 5], n ouvdptnon yiveta
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"1-17 xou umopoLYE Vo TAPOLUE THY avTioTEORH TNS

sin™': [~1,1] = [—g, g], y =sin"'z.
Hy = sin™'x otPaleton «T6ZOV MUTOVOU T» XL OTN

BBhoypagia, (owe TIC TEQIGOOTEPES POPES, VLY EAPETOL

y = arcsin z. Ouctaotixd OnA. 1 CUVAETNOT) AUTY| YOG ETL-
s

2 7 , ’ T
oTpEQEL T0 100 ¥, Tou PploxeTan YeTal) TOL — 7 XoL TOU 5

7 ’ . 1 _ E , . E o l

xou €yt nuitovo fﬁ T, T.y. arcsing = %, agol smfi[— 5
/ : 2y _ _ 7w 2ol T\ _ V2

enfong arcsin (—%2) = —Z, ogot sin(—§) = —¥%. H

YPUPXT TNG TORAGTACT, QAlVETAUL OTO DITAAYVE Oy UL

7

(3.15)

[Tapduota 1oy douy %ot PE TG GARES TELYWVOUETPXES ouvapThoec. H ou-
véptnon y = cosx yivetor '1-1°, av meptoptotolye oo ddotnua [0, 7| unopolue

va Thpoude TNV avtioTeoph Tng, ONA.

-1 1

cos™ : [—1,1] = [0, 7], y = cos™ " x.

Hy = cos 'z otPdleTon «T6E0 GUVNUITOVOU Ty xaL 6T1

BBhoypagio, avaypdgpeton y = arccosz. OuctaoTtixd, 1
oLVAETNOT AUTY Hog ETOTEEPEL To TOZ0 ¥, Tou BploxeTan
uetaCh tou 0 xou Tou T xaL €yel ouvnuitovo TO T, T.Y.

1 _ ’ T 1oy _V3y _ 5n
arccos 5 = %, ool cos § = 5 enlong arccos (—%°) = T,
apob sin (2X) = —\/75. H ypapuxh tne mapdotacy gaiveto

07O OLTAAVO Oy AU

(3.16)

Téhog, 1 ouvdptnon y = cosx yiveton '1-17, av TEPLOPLOTOUUE GTO OLAGTNUL

( m™ T

-5, 5) X0 UTOPOVUE Vol TIPOLUE TNV avTioTEo)n TNg, ONA.

s
tan': R— (—=, = 1

( 272

Hy=tan 'z ot3dleTon «TOL0 EQUTTOUEVNS T» XAl OTY)
BBroypagio avaypdgetar y = arctanwz. Ouciactixd,
oLVEETNON AUTH oG ETOTEEPEL To 6o ¥, Tou PBploxeTan

ueTah Tou —5 XL TOU § 0L €YEL EQANTOYEVY] TO T, T.Y.

arctan 1 = 7, ago0 tan 7 = 1, enfong arccos (—‘/T?’) =—-%
oy sin (—%) = _\/Tg' H ypapuxr| tne nopdotaoy gaiveto

07O OLTAAVO Oy AU

), y =tan " .

(3.17)
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» 7 7 : : 1 2
Mopdderypa 3.9Na vrodoyiotel n) tapdotaon sin (arcsin 3 + arccos 3), av @

7 . 1 2 / ’ 7
‘coga arcsin 3 Ka1l arccos 3 avnkovy 0T0 TPWTO TETAPTNUOPIO.

Abom Oétouue arcsin% = a xo arccos% = b, ondte sina = % xou cosb = %,
€T0L €Y OUUE
. : : L 2 5 5
sin (@ + b) = sinacosb + sinbcosa = 33 + V1 —cos?by1—sin“a

1 2+\/§\/§_2+\/E
3 3 9V9 9
51

2 ’ 7 . x __ om 7
IMapddevypa 3.10Na Avlel n efiowon arcsin 5 + arccosx = =5, av ta tééa
arccos x kai arcsin 3 avijxovr oto [0, 5.

Abom ©¢touye arcsin § = a, onOTE sina = § xou arccos z = b, oné1e cosb = z,

€10l €Youue

=

N[ —

5 )
at+b="" = sin (a + b) :sin% = sinacosb+sinbcosa =

1 2 21
gm+\/1—0052b\/1—sin2a:§=>%%—\/1—12 1—%25:
et =1= 0 =41,

‘Opwe 1 = —1 anoppinTeTon, 61OTL OEV TANREOL TNV IGHTNTA TN AOXNOTNC.

3.6.6 YrnepBoAxég cLUVIPTAOELS

eT_e—T

To unepBolixd nuitovo tou z opiletar Vr € R ye tov tino sinhz = <=
To unepBolixd cuvruitovo tou & opiletar Vo € R ye tov tono coshx = <&—. H
eT—_e— 7T

urepBoixt| egantouevn Tou = opileton Vo € R ye tov tino tanhz = S=—=. "Eva
TARY0C WL0THTWY, Tou Uotdlouy UE EXEIVEC TWY TELYWVOUETOIXWY GUVIPTACEWY,
1o VOUV xot €OXONAL ATOBEYVOVTAL, TT.Y.

e cosh’?z —sinh?z =1



MAOGHMATIKA 1

e sinh (z + y) = sinh x coshy + sinh y cosh z
e cosh (z & y) = cosh z coshy + sinh y sinh z
e sinhx + sinhy = 2sinh %ry cosh ¥
e coshz + coshy = 2 cosh £3¥ cosh 52
e coshz — coshy = 2sinh %ﬂ sinh =¥

Optletan, hotmdy, 1 cLVAETNON Tou UTEPBOAXOU NUTOVOU

x —X

. ) —e
sinh : R — R, sinhx = 5
H cuvdptnomn tou unegBolxol nuitévou elvar TepltTy|, apou
sinh (—2) = &% = —S=— = —sinhz, pe xévrpo

ouvduetplag Ty apy ) Twv alovwy. Agol e > 1 > e
yioo x> 0, éneton 6Tt sinhz > 0 vy 2 > 0 xan emopévec
sinhz < 0y z < 0. H ouvdptnon avty ebvar yvnoing
av&ovoa, agol Yy T3 < 3 toylel sinhx; — sinhzy =
sinh z1 4 sinh (—x2) = 2sinh #1522 cosh BH£2 < ().

79

(3.18)

(00)

H ypagu tng mapdotaoy gaivetar 010 dimhavo oyfua. §2¢ yvnoing abZovoa ou-
véptnom etvon "1-17 xou emouévng €yl avtiotpogn, Tng onolag 1 edpeoT) apriveTal

WS doxmno.

H ouvdptnor tou urepBoiixol cuvnuitdvou etvan 7

et +e*
cosh: R — R, coshz = —5
H cuvdptner tou urnepfolxol cuvruitdvou ebvar dptial, o-
, —T_y T Ty - ,
@oU cosh (—z) = <5 = “E— = coshz, pe dova

oudueTeiag Tov xatoxdpupo. Agol e +e > 0, Vo € R,
eneton 0Tt coshw > 0y Oha To w. [ ) cuvdpTnon
auTh 1oy Vel cosh xy — coshzy = 2sinh B522 sinh B2 1o
omolo eivon opvnTxd (< 0) v 21 < Ty xou 1, Tz YeTXd
xou Verxd (> 0) yia 21, z2 apvnuxd. ‘Etot  ouvdpetnon
elvon pdivouoa Vo < 0 xar adZovoa Vo > 0.

(3.19)

yeooshl

09)

H ypagpur tng napdotacy galvetoar oto dindavé oyfjue. H cuvdptnomn dev eivar
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"1-17 (yrotl;) xan emopévs Bev et avtioTpo@n, XATEAANAOC OUWS TEQLOPLOUOS
auThS Yac dlvel avtioTpogn, TS onolag 1 UEAETN A@RVETOL WS¢ doxNOT).

H ouvdptnon tng unegBolnfc egantouévng elvoun 1

cosh: R — (—1,1), tanhz = c—c (3.20)

H ocuvdptnon tng unegfolinfic epantoyevng etvon me-

e *—e* _ _ef—e""

ortth, ool tanh (—x) = e = e = -
—tanh x, ye xévtpo oupuetplog Ty apyr| Twv aldvwy.
Aol e + e > 0 Vo € R, éneton 611 7 tanh z ou-
umeplpépeTtar Onwe 1 sinhx, dnh. tanhx > 0, Vo > 0
xou tanhz < 0, Vo < 0. Il ) ouvdptnon auth e

’ — _tanhz—tanhazy
T < X2, LOYVEL tanh (xl - 33'2) " 1—tanhzi-tanhzs’

00

0 onofo ouvendyeton (yrortl;) 6T N ouvdptnon eivan avZouvoa Vo € R. H ypoepuxd
e TapdoTtact gaiveton oTo dimhavo oyfua. H cuvdptnon etvon "1-17 (yrortl;) xou
ETOUEVLC EYEL AVTIOTEOYT), TNG OTOlOC 1) MEAETT APHVETAL WS AOXNOT.

3.7 'AN\ec xaundOAeg

Ebvar yvwotéd 61t to onpeior Tou eminédou, Tou 0L GUVTETAYUEVES TOUG AT
colv 1y eliowon f(z,y) = 0, elvor to onueio evog YEwPETEXOU TOTOU Xou
Beloxovtar yevixd oe wa ypouur. Hon éyouue der tnyv eudela, to onpeio tng
omolac mAneolv v eZiowon (B3).

3.7.1 O xUxAoc

To cOvolro Twv onueiwy Tou EMTEdOL TOU ATEYOLY GTAVERT ATOGTACT) ATO
otadepd onueio etvor ta onpeia evog xvxhov. Eotw howmdv K (a,b) to otadepd
onueio tou emnédou xar M (x,y) 1o Tuyaio onueio auToy, ToU 0ToloL 1 ATOCTAC
ané o onueio K(a,b) eivon atadepr xou ion ue r. Téte woylel

Ve —a)?+y—02=rs(x—a)?+(y—0)*=r (3.21)

n omofa eivar xou 1 e&lowor| Tou. H xounihn tne egiowone (BZ) npogovds dev
elvon Ypapxr) TopdoTaoy) x4NOLAG CUVEETNONS, WOTOCO TAlPVOUUE antd AUTH, UE
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amhég TEAEELS, TIC ETOUEVES BUO OYETELC

y=b+r2—(x—a? y=b—\r2—(zx—a)? (3.22)

xde plo and Tic omoleg elvon cuvdpTnom xau 1 YPAPXT TARACTACT], TNG UEV
TEWOTNS ebvar To NUXOXAL0 TOU xUxAou, Tou BploxeTon Tévw and TNy evdeia y = b,
NG O€ OEUTERTC XUTW.

3.7.2 H nopaforn

O yewueTpdg TOTOC TwV OTNUElWY Tou anéyouy &’ ioou and éva oTalepd
onueio P(p,0) xou wa otadepn evdela, Ty = —p, ovopdleta topaforr. 'Eotw
M(z,y) éva tuyaio onueio tou tomou, ToTE Vot Loy Vel

(z—pP+y2=lz+ple (@—p’+y’=(+p’ <y’ =4pr (3.23)

H xopnOin tne e&lowone (BZ3) eivon govepd 6Tt Bev elvor ypopixr mopdotoon
XATOLIG CUVIPTNOTG, WOTOGO TALPVOUUE ATO AUTH, UE ATAEC TEAEELS, TIC ETOUEVES
0UO OYEOELS

y=+2pxr, y=—+/2px, (3.24)

Ol OTIOlEC ElVOL CUVAPTACELS XAl 1) YPAPIXT, TUPAOTUCY) TNG UEV TPAOTNG Efvan o
xh&dog mou Peloxetan mdvew and Tov opllovTio dova, TN O BEUTEENC XATw.
‘Otav 10 p eivar Yetind, 1 mopaBoly| etvar oTpapuévn meog Ta 0edid VW, OTA
10 p elvon apvnTid, 1N TapaPolr elvon oTEaUUEVT TEog Ta apioTERd.  Puoixd,
EVOANAGOOVTAC ToL & X0 Y TodpVOUpE TN YVwoTr| pac mapafold (22 = 4py) ond
v mopdypeago (BZ).

3.7.3 H 'EXkeu)m

O YewueTpd¢ TOTO¢ TV GNUEiLY Tou To d¥poloud TWY ATOGTACEWY ATd
duo otadepd onueior Pi(—c,0) xa Ps(c,0) etvon otadepd, ovoudletar EAAew)n,.
‘Eotww M(z,y) éva tuyaio onueio tou témou xou 2a (a > ¢ > 0) n otadepy
an6oTaoT, 10T Yo Loy Ve

VE+e)?2+y2+ (@ —c)2+192=2a < /(x4 0)? +y2 = 2a—+/(x — )2 + 12,

av/(x—c)2+y2=a*—crx & (a* — A2 +ad*y’ = d*(d* - F) &
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yr2=4px yr2=4px

xX=-p/2 xX=-p/2

=

,/,\
e
-

Syhua 3.16: H amewévion f: A — B, y* = 4dpx.

2 2 z? ?JZ 2 2 2
Zt@-ag fatp=l == ()

Eivor gavepd 6t a > b. H xaunihn tne eZiowone (BZZ) ndht dev eivon ypagpuxh
TOPAOTACT XATOLIG GUVARTNONG, WOTOGO TUPVOUPE ATO AUTH, UE ATAEG TRILEL,
TIC ENOUEVES OUO OYETELS

b b
y=+va—z, y=-va—a (3.26)
a a

oL oToleg €lval CUVAPTACELS XAl 1) YPAPIXT TOPAOTAOY TNG UEV TeWTNG efvar o
xh&dog mou Peloxetar Tdvew and Tov 0pllovTio dlova, TN O DEUTEPNC XATw.
Enionc o yewuetpidg 1010¢ TV onueinwy mou to dipoloud Twv anocTtdcewy
ané to otoepd onueior P (0, —c) xou P»(0,¢) eivon otoadepd xau (oo ye 2b eivon
1 €MAeuhn Tou €yel TIC EOTIEC TNG GTOV XATAXOGPLYO GEOVAL XoL TOV (Bl TOTO UE
a? = b* — 2. Tpogavie tohpa b > a. L1o TyAue BIA nopouctdlovtar ot duo
ehheldeic. Me a = b 1 élkewdn €yel Tic €oTleg TG oY dpy” TwV a&OVKY Xl
exuAleTan oe xUxho axtivag a.
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/‘IH n\

Yyfuo 3.17: H anewdvion tng EMedne.

3.7.4 H Yrnepfoln

O YewUeTpO¢ TOTOC TwV ONUEiWY TOU 1) BlUPoEd TV ATOCTICEWY ATO
duo otaepd onueia Pi(—c,0) xau Ps(c,0) eivar otadepr|, ovopdleton unepBoly.
‘Eotw M(z,y) éva tuyaio onueio tou té1ou xou 2a (¢ > a) 1 otadepr anbdotao,
to1E Yot 1oy Vel

VE+e?+ =@ -+ 12 =20 /(x+ ) + 12 = 20+\/(z — )2 + 7,
av/(x—c)2+1y2=cr—a® & (¢ —a*)r® —a’y* = d*(* - d*) &

2 2 2 2
A PN

A
a? (2 —a?) a2 b2

, (P =a*—) (3.27)

Oute 1 xaumOin e eloworng (B=22) etvon YEAUPXT TORAGTAGT XATOLAG CUVAOTY-
OT¢, WOTOCO TUlPVOUUE OO AUTH, UE ATAES TEALELS, TIC EMOUEVES BUO GYECELS

b b —~——
y — _’__1 /xZ —_ a2’ y —_— —— x2 — a2’ (328)
a a

Ol OTOlEC €IVl CUVAPTAHCELS XAl 1) YPAPIXT, TUPAOTAUCY) TNG UEV TPAOTNG Efvan o
xh&dog mou Peloxetan mdvew and Tov opllovTio dova, TN O BEUTEENC XATw.
O yewpetpixdg TOTOG TV ONUEI®Y TOU 1) OLIPOPd TWV ATOCTICEWY ATd OUO
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(0-0) (0-0)
AL e AL

Yyfuo 3.18: H anewdviorn tng unepPolrc.

otadepd onuela P(0, —c) xou P5(0,c) etvon otadepr| xou {on ue 2b etvon enione
wat uTEPBOM ue TOTO 1;)’—; — =1 (a> = — ). Ipogavic wpa b > a. Lo
Yy fuoa BI8 nopoucidlovtar ot duo umepPBoréc. Me a = b 1 unepBohn Aéue 6T
elvon o t6ooxeA G UTERPOAT.

Yy napdypapo (BE2) eldoye ) cuvdptnon y = ¢ & oy = a. Av otpé-
(houue Toug dE0VES TOL EMTEBOU GTO OTOIO TNV €Y OUUE TAPAGTAGEL YEAUPIXA XUTd

Yovia 452, anodetxvietar 6L ot xawvolpyieg ouvtetaypéves (X, Y) ouvdéovto
e Tic makéc (2, y) ue Toug TOmoug

s s
= —-X in—Y
T cos 1 + sin 1
T T
Y sin 1 X — cos 1
1 Lo0B0VOA JE TOUG

iy Yy

2 2
2 2
2 2
oToTE TEOXOTTEL OTL 0 TOTOG AUTNG TNG XAUTUANG UTopel var EYEL T1) Lop@)
X2 y? X? Y?
rTYy=0 ———=0a4& — =1

2 2 (vV2a)2  (v2a)?
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OMA. pag Loooxeholg uTepPolrc, an’ 6Tou TalpVEL XU TO GVoUd Trg.

3.7.5 Ilapauetpinég eloMOELE XOUUTVAWY

Eidoye péypt €06 TIc xaUTOAES VoL TEQLYdpovToL and eEIGMOELS TS LOPYTC
f(z,y) = 0. Téroec ellotoeic Aéyovton avoluTxée eEloMOES TS XAUTOANC.
261600, Thpo TOMEC POREC Ol XUUTUAES TEQLYPAPOVTOL XUAUTEQA 1} UGAAOY 1)
HEAETY TOLS ElvoL EUXOAOTERT] OTAY AUTEC TEQLYPAPOVY UE DLapopeTind TpéTo. Mia
GAAT, Lop@1) EELCMOEWY, UE TNV OTOolo UTOROUUE VoL TEQLYedYoulE Ut XomOAT,
elvan o1 TapaUETEIXES EELOWOELS. AUTEC £Y0UV TN Uop®T

r=uz(t) xu y=y(t), t€A, (3.29)

6mou A éval BTN TWV TEAYHATXOVY aptduny, 6To ontofo maipvel Tiwég 1 -
edueTeoc t.

Amo6 éva Ceuydpl mapapeToix@y eEI0MOEWY UTOPOUUE Vo TAQOUYE TNV O-
VOAUTIXY) LORPPY| TNG XoUTOANG, EQPOcOV autd elvar duvatd, amakeipovtag TNV
nopduetpo t. [a topdderypa, ot uvtetayuéves Tou xOxAou (O, 1) unopoly va
EXPEACTOLY YEoU amd TIG

x=rcosf xu y=rsinf, 0¢c]0,2m), (3.30)

6mou 1 elvan 1 oxtivar Tou xOxAou xou 0 1 Ywvia Tou oynuatilel n axtiva OM
ue tov oplévtio nudova. Ipdypatt, vhdvovtag Tic duo TpornyYoluEvES GTO Te-
TEdY VO xo TPOCVETOVTAG XUTA UEAT TROXUTTEL 1) YVWOTY e£lowan Tou xOxAou.
Exeivo mou Yo mpénel vo TovioTel €80 elvar 6Tl 0 T1pdTO¢ Tou expEAlETAL Wid
XOUTOAT) UE TopopETEXES EELOMOELS BeV efvar Lovedpouoc. 'Etot, o xUxhog, Tou
exppdletar ye tic (B330), unopel va exgpactel xon e Tic €€nc

1—¢2 ot

r=— == teR,
14 ¢2 Xy 1+¢t2

ool TIAL UPOVOVTAC TIC BUO TPONYOUUEVES OTO TETRAYWYO X0 TROGVETOVTOG
xotd PEAT TEOXUTTEL 1) YVWOoTH e€lowor Tou xixAou.

Ou ouvtetayuéves tne ENAewdne (O, a,b) umopolv vo exppeactody Uéoo

anod T
r=asingd xw y=bcosld, 6¢€]0,2n), (3.31)
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omou a xou b ebvon To onueta Toprc T EAAEUYNS Ue TOV 0pIlOVTIO XAl XATAXOLUPO
d&ova avtioTtorya xou 0 1 ywvia mou oynuotiCel n axtivae OM pe tov opllovtio
dCova. lpdyuartt, StnptdvTag Tig o ELIOWOELS TNG (B331) pe a xou b avtiotowya,
LWVOVTIS 0TO TETPAYWVO X TPOGVETOVTAC XoTd UEAY TEOXUTTEL 1) YVWOTY
ellowon tng éhhetdng. K edad 1 éhhew)rn pmopel va exqpaotel xan ue tig &g
eCloWOELC
1—¢2 2
:ar; xou y:brtl527 t e R\ {0},

ooy TAAL UE TNV TEONYOUUEVT) dtadtxaola TeoxUTTEL 1) YVwoTh e€lowor auThc.

Ou ouvtetaypéveg g UREEBOAAG (0, a,b) yropoiv va EXPEAGTOLY PECA
and TIC
r = Facosht xou y=bsinht, teR, (3.32)

omou a xou b ebvan ot otadepéc g unepPolric ot T €vag TEAYUATINGS ApLdUOC.
pdyportt, danpdvtag Tic duo edlodhoelc tne (B232) ue a xau b avtiotorya, uhdvo-
VTOG OTO TETPAYWVO X0k APULEWYTAS TEOXUTTEL 1) YVWo T e€lowo Tng utepPolhc.
Ku €86 7 unepBoly| unopel va exppactel xou pe Tig €€hg

t?+1 t?—1

3
ot Y 2

ooy AL UE TNV TROTYOUUEVT SLadixacia TEoXOTTEL 1] YVOOTH e€lowon auThc.
Oa TEETEL VoL OTUELWCOVUE €16 OTL 1) ExPpaoNS TNG UTEPBOATC Uéoa and Tig e€i-
owoelc (B332) ydptoe 0 6vopo 0toug UTEPBOAX0US TELY WwVOUETEIX0UE aptiuole.

r=a t € R,

Téhog, oL ouvteTayuéveg Tng ToeABOAYg (O,p) UTOPOUY VOl EXPEACGTOVV

uéoo amd TG

r =42t xau y=2pt, teR, (3.33)
omou p ebvar 1 otadepd g TapaBohric xou t Evag Tpaypatixdg apiudg. Ilpdyua-
T, anaheipovTog To T oTIg U0 EEIGWOES TNS (B332) npoxintel 1 YVwoTh e€lowor
¢ unegPolfc. Ilpw xhelcouvye v moapoloa mapdypago Vo TEEREL va TOUUE
ot Yo éva TAdog dAAWY xoumUAwY o gottntic Yo meénEL Vo avatpélel ot
BiBhoypagpio, agol ueYahlTERN EXTAGT, TOU TUPOVTOC CEPEUYEL TWV GAOTWY TOU.

3.8 'Oplo cuvogINoeEwYV

H évvola tou oplou eivon 701 YVwoTH and T UEAETN TV aXOAOUDIWY %ot
Twv oepny. Exel yehethooue to dplo wag axorovdiog, xadag To n €1eve 610



MAOGHMATIKA 1 87

drepo. Edo Ya yeheticouye 10 6010 TV UVIPTACEWY, TO omolo, Yevixd, Vo
OLOLPOPOTIOLELTAL WS TEOC TO YEYOVOS OTL TO TEdo optopol Aoy etvar To GUvolo
TWY TEAYUATXOVY aptiu®y 1 dtactruata autol. ‘Ouwg, Tewv apyicouye vo acyo-
AoOUAOTE UE TIG EVVOLES QUTES, Vol DWOOUUE UEPIXOUE AMUQIfTHTOUS 0PLOUOUC.

.10voudlovue mepioyn tov onueiov £ kdle drdotnua Tns HopPng

Opwouog 3.8
U (& b) € R, érov a,b € R.

(a,€)

Av 7 mepoyt| tou onueiou & ebvon n (£ — 9,&) U (§,£ +0), omou § € RT, auth
xohelton 0—mneptoyy) tou &. Ebvar gavepd 61t 6’ auth v nepintwon toylel ot
0 < |z —¢ < 0. H nepoyn (£ —6,&) Myetou apotepn nepoyh tou £, eved
n (&€ +0) hyeton de&id mepoyt) tou €. ‘Eva Sdotnuo e wopphc (—oo,a)
xoelTon TEELOY Y| TOU —00, EVG €val BIdoTNUa TNS Lop®iic (a, 00) xaheitar TepoyY
TOU 0.

Opiwowog 3.8.2°Eva onpueio § kaleftar onjueio ovoowpeloens Tov d1aoTiUatos
A C R, av kdOe §-meproyn tov onueiov § mepiéyer otoryeia tov daotiuatos A.

Awagopetikd, to onpeio kaeitar pepovwpévo onueio.

Amé tov oplopd xatahaPBaiver xavelg 6Tt xde onuelo § pe a < § < b evég
ANELGTOO, AVOXTOU 1) NULEVOLXTOU DLUGTAUATOS TV TREAYHATIXWY opriumy elvou
OTNUEID CUCOWEEVOEWS. X Tal EMOUEVA XL OOEC PORES YPEWILETAL XATOL0 GTUElD
v ebvan onueio cuooweeloewe, Yo Vewpeltar wg TETOW0, EXTOS XL oY AVAUPERETOL
AT YORTUITING WG UEUOVWUEVO.

3.8.1 'Ogwo tnc f(z) xaddc to = telvel oTo 79

‘Eotw o ouvdpton f(z) ue nedio opiopot A(f) € R xou zo éva onueio
CUGOWEEVCEWS AUTOU.

Opiopog 3.8.3A¢ue 6ui to dpio puag ovvdptnons f(xz) éxer dpio tol € R kalds
T0 X Telver 0to Ty ka1 ouuPoriloviie e

lim f(z) =

T—T0

otav ya kdOe € > 0 vndpyer pia d-mepioyn) wov onpeiov g, mov eéaprdrar and to
g, dote ya kdle onpueio tng meproynis avtis va wyvel | f(x) — 1| < e.
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Me ouufoAiopgoie o Tapamdve optouog AEet

lim f(z) =1 Ve>0,30(c) >0:0< |z —x0] <d(e) = |f(x) -] <e.

T—T0
(3.34)
ArnodewvieTal, OTWS XaL GTA G TOV axohovoY, 6Tl To Gl NG CUVIETNONG

f(x), xadde 1o = teivel 010 T, GTAY UTEPYEL, Elvor LOVAdIXO.
IMoeddevypa 3.11E0tw n owdptnon f(z) = 2x — 3. Anodeiéte éu
lim f(z) = 1.
T—2
Avom Eotww tuyaio € > 0 yio 1o onofo woyle |f(x) — 1| < e. Ou deiloupe 6Tt

nedyuatt undpyer xdnow d(e) > 0 oo dote Vo € A(f),|r — x| < 0(e) =

|flz) =1 <e.
f(x)—1]<ee[20—3-1|<eo|2r—4|<co2r—2 <eco|z—2| < g

Apxel hotmdy va mdpouue wg §(€) To 5.

Optowde 3.8.4/A¢ue du to dpio puag ovvdptnons f(x) éxe dpo to 0o (—o0),
katdg to x teiver oto xy kar ovpforilovue jie

Jim f(z) = oo (~00),

otav yia kdOe € > 0 vndpyer pa 0-repioyn wov onueiov To, bote yia kdle onpeio
S meproyrs avtis va wyde f(x) > 1 (f(z) < —1).

Me cuufoAiouoic o Tapandve optopog Aéet

xllrglo f(z) =00 (—0) & (3.35)
Ve >0,30(e) > 0:0 < |z — 0| < 6(e) = f(z) > é (F(z) < —é).

Mopddevypa 3.12FE0ww n ovwdptnon f(z) = ﬁ Arnodeitre 6

lim f(z) = oo.

r—2
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AvVon 'Eotww tuyaio € > 0 yio 10 onolo woyler f(z) > % Oa dei€oupe Ot

Tedyuatt undpyel xdmoto () > 0 tétoo dote Vo € A(f) = R\ {2}, [z —xo| <
6(e) = flz) > L.

1 2 1 ,
f($)>g<:>m>g<:><l'—2) <28<:>‘£C—2|<\/2_€.

Apxel howmdy va mépouye we () to /2e.

‘Otav otov Oplopd BED avTxataoTtAGOUYE TNV EVVoLla TG TEQLOYNS UE
™V €Vvold NG aploTephc 1 OedldC TEQLOYHC, TOlPVOUUE TOV OPIGUO TS EVOLAS
ToL TAEUELXOU oplou, aptoTepol 1 Bedol. ‘Etot

lim f(z)=1<Ve>0,301(c) >0:0< 29— <di(e) = |f(x) =] <e, (3.36)

T
lim+ flz) =1 Ve>0,302(e) >0:0<z—x9 < d2(e) = |f(x) =] <e. (3.37)
Z‘-).Z’O
AvtioTtoyyol opiopol (mheupixdv oplwy) mpoxintouv and tov Opoud BEA xou
HEVEL OTOV AVAYVOOTY VoL TOUS ONULOVRYACEL WG doXNoT).

ITpotaon 3.8.5Av xy éva onpeio ovoowpeloews oto medio opiojov g ov-
viptnons f(x), tdre

lim f(z)=1l< lim f(z)=1= lim+f(:1:).

T—rT( $—>$5 T—T

Amodelln: Ou oxtaypapicoule THY arnoOellr), apfvovTag TNV TAREN (oméSs:LZn)
w¢ doxnor. Av uvrodéooupe 6t lim, ., f(x) = I, 161 ¢ d1(€) xou da(e) Yy
Tl TAELPX G Gpla UTOPOUUE Vo Tépoule To (Blo To ().

Av umodéooupe 6t lim,_, — fz) =1 =lim,_+ f(z), 167 < 4(e), yia 70 Opt0,
uropolue va tdpouue to min {d1(€), d2(e)} O

3.8.2 'Ogwo tnc f(z) xaddc to = telvel oto o0

‘Otav 10 00 ebvar onueio cuoowpeloews, TOTE opileTal T0 6pLo TNE GUVdE-
mone f(x) xadode to @ telver oo 00, we &g
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Optowode 3.8.6A¢pue bt o dpio g f(x) efvar wo |l € R kalds to x teiver oo
00, kar oupuforilovue
lim f(z) =1,

T—00

dtav ya kdte € > 0 vrdpyer M(e) > 0, dote ya kdle x oo medio opiool g
f(x) pe x > M(e) va wyvea |f(x) =1 <e.

Me cuyfoiiopoile o Oploude BED elvor

lim f(z)=1<Ve>0,IM(e) >0:Vx > M(e) = |f(z) =1 <e. (3.38)

T—r00

Y11 cLVEYELXL BIVOUUE %ot TOLUG UTOAOLTOUG 0RIGUOUS UE GUUPBONOUOUS.

lim f(x)=1 & Ve>0,3M() >0:Ve < —-M(e) = |f(z) -] <e.

T—r—00

lim f(z) =00 & Ve>0,3M(e)>0: ¥z > M(N) = f(z) > é

T—00

1_i>r_n flz) =00 < V€>O,EIM(€)>O:Vx<—M(N):>f(x)>§
lim f(z) = —c0 Vs>0,EIM(5)>0:Vx>M(N):>f(a:)<—§

T—00
1

lim f(z)=—-00 < Ve>0,3M(e) >0:Vz < —-M(N)= f(z) < ——.

T—r—00 g

IMopdderypa 3.13A¢ite b, av f(z) = 2,
lim f(z)=2.

T—-+00

AvVom ‘Eoww tuyaio € > 0y 1o onolo wyle | f(x) — 2| < & o yia Yewpdvrac
6t > 0, agol & — 400, Yo dei&ouye 6TL TEdyuaTt undpyet xdnow M(e) > 0
éto0 vote Ve € A(f) =R\ {-1}, =z > M(e) = |f(z) —2| <e.

—2l<es

’:p—i—l

Apxel hotnédv va médpoupe we M (g) 1o 2=,

3 3
|l<ee —<eer>-——1.
T + €
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IMopdderypa 3.14Aeiwe éu, av f(z) = 1

a) lim f(z) =0, b) lim f(z)=o00, ¢) lim f(z)= —oc.

T—00 z—0t z—0~

AvVom a) Eow tuyaio € > 0 yia 10 onolo woyle |f(z)| < e. Oa deilouvye 6Tt
nedryuatt undpyet xdnowo M(g) > 0 tétowo wote Vo € A(f) =R\ {0},
x> M(e) = |f(x)| <e. Agob x — oo, Jewpolye 6t > 0, ondte

1 1
lf(x)|<ee —<esr>-—.
X £

7 4 z ].
Apxel howmdy va mdpouue wg M(e) to .

b) 'Eotw tuyaio € > 0 yio 10 onoio wyler f(z) >
undpyet xdmowo 0(g) > 0 tétowo wote Vo € A(f

flo) > 2.

. Oa Bel€oupe 6T TEdyUATL
R\ {0}, 0 <z < d(e) =

1
€

1 1 1
floy>—e->-s0<zr<e.
g X g

Apxel hownév va tdpoupe we d(e) to €. To ¢) anodetxvieton TapduoLa.

3.8.3 OewpnuaTa xol LOLOTNTES TWV oplvy

YTIC TPONYOUUEVES TTUPAYRAPOUS EIDUUE To OPLL CUVIRTHOEWY UECA ATtO
Toug optouolc. H elpeor| Toug xa 1 amddelly| Toug efvon wia Sradtxactior BOGXOAT
xou YU auto €yel mpotadel ULl oElpd (AACIUWY OEWENUATOY Xal WLOTATWY TOU
OLELXOAUVOLY T1) DladLxaciar aUTH.

Ilpoétaoy 3.8.7TAv n owvdptnon f(x) eivar ppayuévn oe ua mepioyn tov xg

kai lim, ., g(x) = 0, tdre

lim (f(z)g(x)) = 0.

T—T0

Anodedn: Agol n f(z) elvon pporyuévn oe o teployf tou g, tote Vo elvon
xou OmONITOC QpayPEVY), omdTE Yl xatdhhnhn neptoyn Do toyver | f(x)| < M.

Eriong v xatdhnhn mepoyy) (towd;) da woydel [g(z)| < 7. ‘Etor, tehd
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undpyet Teptoyt| (motd;) mou woylel | f(x)g(z)| < e. O

To endueva Ocwprjuata Tou divovTon Ywelc anodelln To €Y OUNE BEL X0 OTIC
oxohovdiec. Eivar onuovtind xou yoc enttpénouy v Bydlouue GUUTERAOUATOL Yol
TO 6QLO YIS CUVERTNOTS, HECA amd GAAEC GUVAPTHCELS.

Oewpnua 3.8.8F0tw du lim,_,,, f(x) = k, lim,_,, g(x) = | ka1 9 onpeio
OVO0WPEVoEwS 0TO KOG Tedio 0p1oUoU TOUS, TOTE Kal €poooy o1 TpdEel§ emiTpé-
Tovtai,

lim (h(z) +g()) = k+1,
lim (h(z) = g(z)) = k =1,
lim (h(z) - g(x)) =k, 1

L hl@) _k
Jim g(x) 1 L#0.

Mopathpnon 3.8.1Eyortag vnddn 6t lim, .0 k = k xat lim,_,,  x = o (a-
rodeikvortal oAU €UkoAa) kar e fdon to Ocdpnua BZI unopolue va fpolue
Ta opia TOAVwYUHIKOY aAAd ka1 pnTdv ovvaptrioewy. EEdAlov oyetikés pebo-
dohoyles efvar yvwotés and to Avkeo.

Ochpnua 3.8.9F0tww dvo cwaptiioes f(x) kar g(z) ya ng ornoles opiletar
n owieon (f o g)(x) av ya ug dvo ovvaptioes wyvea éu f(r) # £ oe Jua
TePI0YN TOU To, lim, ., f(2) = & ka1 lim, ¢ g(x) = [, tdre

lim (f 0.9)(x) = lim f(g(a)) = L (3.39)

T—T0

Ocohpenpa 3.8.10E0tw éu f(x) < h(x) < g(z), o onueio ovoowpeloens ya
0 Kkovd medio opiopol tous kar lim, ., f(x) =1 = lim,_,,, g(z), tdte

lim h(z) =I.

Tr—xTQ
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sin x

Yyfuo 3.19: Yyetind pe o lim, o *0F.

IMopdderypo 3.15Na derytotv o1 €mdjieveg 100TnTES:

1) limsinz =0, limcosxz =1,

z—0 x—0
2) lim sinx =sinzy, lim cosx = cos o,
T—T0 T—T0
. sinz ) T
3) lim =1, lim =1
z—=0 I z—0 tan x

Avon 1) Ebdxola dtomotédver xavelc (Bh. xou Lyfuo BI9) 61t —|z| < sinx < |z,
om6te and To Oewdprnua BEEID mpoxintel lim, osinz = 0. And ) yvwoth
Ty OYOPETELCH TouTOTNT cos & = /1 — sin® x xan To Oedpnue BEH tafpvoupe
lim,_,ocosx = 1.
2) A6 g TPy WVOUETPIXEC TautéTNTES adpoiouatog THEWY TEOXUTTEL

lim sinz = lim sin (¢ + h) = lim (sin ¢ cos h 4 cos xg sin h) = sin xy,

T—T0 h—0 h—0

lim cosz = lim cos (g + h) = lim (cos zq cos h — sin zg sin h) = cos .
T—T0 h—0 h—0

3) Tz > 0, 6nwe goivetaw oto Lyhuo BTI EuB(OAB) <Eup(0.AzB) <
Eup(OAT), ondte w0odlvoya éyovyue sRsinz < Rz < 1 Rtanz, anhonoidvTa-

S, OLUPWVTAG UE SIN T Xxou avTIOTEEQPOVTAG Tadpvoupe cos T < 2% < 1 xou and To
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sin x
T

Ocwpnua BT mpoxdintet lim, o

= 1. Tz < 0, woylel

i S8 _ g sinClel) o —sin(lz]) o osin (J2])

= =1
z—0 I z—0 —’aj‘ z—0 —’.17‘ |z|—=0 ’.Z"

Q¢ doxnon v amodewytel lim, o 7 = 1.

IMgoétaoy 3.8.11F0tw dvo ovvaptioes f(x) kar g(x) ya ©g onoleg w0y ver ot
f(x) > g(z) ya ua repoyrj wov xy ka1 emmAéov vndpyovr ta dpa lim,_,,, f(z)
kar lim, ., g(x), téte

lim f(z) > lim g(z).

T—rT0 T—rT0

Anédeln: Eotw lim, ., f(x) = L xou lim,_,, g(x) = I xau [; < Iy, t61€
1oy VEL

lo—li>e>0 = -+ f(z)—glz)>e>0=
o=l + f(z) —g(z)| >e>0 = [f(z)—hL|+|g(x) —l2] >e>0 (3.40)

Enione undpyet wor xowt| neptoyn tou zo (mold;) mou VYo toyvet
€ €
£) — il < & o lg(a) — b < & = |f() ~ 1] +lg(e) ~ bl < =,
T0 orolo odNYel ot droTo. O
‘Opwe %o and 10 bpto uropolue va BydAouUE GUUTERAGUATO YId TIC GUVAPTHGELS.
‘Evot, av lim,_,, f(z) =1 > 0, and tov opioud tou oplou pe € = [, naipvouye

4
oTL

F0(l) >0:Vo € Ay, pe |z —xo| < () = |f(zx) -1 <
= f(x) >0, VreAr pe |v—x0 <),

T0 oTofo Pog OVEL TNV ETOUEVY) TEOTAOT.

Ieoétaoy 3.8.12A4 lim,_,,, f(xz) = [ > 0, tdre vndpyer pa mepioyn tov xo,
drnov n ovvdptnon f(x) evar Detikrj.
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‘Eva onuavtixd Oewenua eivoar 1o enouevo.  Ogeideton otov Heine xan
OUVOEEL TO OPLO TWV CUVIPTHOEWY UE TO Oplo TV axolouhwy. Xpnotuomoteltor
Yo var Bpolue To Gplo wag ouvdpTtnong o’ éva onueio, aAAd xou Yo va OetEouue
6T xdmota cUVAETNOT BeV €yl boto e xdnowo onueio. Ilpy duwe dcouue To
OewpnuaL, 0 BOVUE ToL ETOUEVAL.

‘Eotw wa ouvdptnon f(x) ye nedio optopol A(f), xou ,, wa axohoudia autol
(zn, € A(f)). H axoroudia

f(x1), fxa), f(zs), ... flzn)...

AéyeTton axohoutio TioY e ouvdptnone f(x).

Ocwenua 3.8.13FEoctw § éva onueio ovoowpeloews oto medio opiojol uiag
owdptnong f(x), téte lim,_,¢ f(x) =1, av ka1 puévov av ya kdde axodovdia x,,
tou mediov opropot s f(x), pe limz, =&, wydea lim f(z,) = L.

IMapddewypa 3.16A€ilte 611 ta Tapakdtw dpia dev vrdpyovy

| .
1) lim sin—, 2) lim cos—.
z—0t x z—07F x

’ ’ { — _1 - 1 {
Adon @/swpou,ps ?Lg axoroveg T, = 5~ xou Y, = T T Orv avtioToryeg

axoloudiec Tuwy ebvou

sin —— = sin 27n = 0, n=0,1,2...
27n
. 1 . ™

SIHT:SID<27T7Z+§):1, n=20,1,2,...

2mn+3

Efvar gavepd 6Ti ot 5uo axoloudieg THOY Tou BNUOVEYHCUUE O GUYXAIVOUY GTO
(010 bplo. Luverwe 1 ouvdptnor de cuyxhivel. Me tapbuolo TpdTO amodeXVOETL
xou 1o 2).

IMopdderypa 3.17Aciéte ta tapakdtw dpia:

1\=
1) lim a® =a™, 2) lim <1 + —> =e. (3.41)
x

T—x0 T—00
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Abom Ou oxtaypagrioouye tn hoor 6T duo eptntwoelg. H ohoxhfpwon twv
anodeilewv Vo mpénet va yiver and toug avayvidotec. 1) Apyixd detyvouue ot
lim,_,a® = 1. Ocwpolye Tuyoloa axohoudio , — 0F. Aol limz,, = 0, Ja

1oy VEL xaut L o0, onéte xa [i} — 0. 'Eotw m, = [L}, onoTe oy leEt
Tn T Tn

T, < m%b ue 1 < a™ < am%b = ™/a — 1, ool lim /a = 1. Edxola WA
nafpvouue 6Tt yevixd woylet lim,_,,, (a® —a®™) = lim,_,, a™ (e " — 1) = 0,
onote lim,_,,, a® = a™

2) Me Aiyn mpoooyt mopandve unopolue vo dolue ot to dhho dpto. Tdpa Va
VYewphoouye tuyaia axohoudio x, — co. 'V authv woylet [x,] < z, < [z,] + 1
1 Lo0d0 VoA

1+[xn]1+1< 1+ - <1+i]
(1 [;cn]1+ 1>M < ()" = (e %) e
(gt (rpgen) < 0e)” <o) ™

And o Oewphuarta (BEI) xon (BEI3) ouunepaivouye Ot

limg o (1 + % =e.

3.9 2UVEYELXL CUVAPTHOEWY

H évvola tng ouvéyetag etvan fowg and Ti¢ AoV onuavtixéc, 1660 010
VewpnTind, 660 %ol GTOV TEUXTXO Touéd. 201660 elvol UGAAOY TUPAUEANUEVY
ATO TOUG U1 WUNUEVOUS YPNOTES Twv ponuoatixwy. Eivar otevd cuvdedeuévn
UE TN Ypopixt| TapdoTAOT TNG CUVAPTNONG X0 EROUEVMS UE TN YEWUETEIA o
ueTapedleton and TOAAOUS WS LOVOXOVTUMAL.

3.9.1 Opgiopol xou IddTNTES

Opiopog 3.9.1Mia ovvdptnon f(x) Aéue du elvar ouvexris oto onpeio g, tou
mediov oproj0U TNg, av

lim f(z) = f(zo)-

Tr—xQ
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‘Onwe gafvetow and 10 0ploud, Yo Vo WAGUE YLol CUVEYELW G~ €va omuelo Tou
Tedlou 0ploUol TNG CLVAETNOTG, TEETEL APEVOC Vo oplleTon 1] CLUVAETNOT OTO
CLYXEXPUEVO oMueio xou ageTépou Vo UTdEyEL To Gpto. 'ETol, ex mpoowlou oe
orueta Tou Bev opileTon 1 GUVAETNOY BEV UTOEOVUUE VoL WAGUE Yior cuvEyELa. Emi-
O™G OEV UTOPOVUE VoL IASUE Yol GUVEYELL OF HEUOVWUEVA GNUEid. Y€ TEQITTMOOELS
TOV E{UACTE UTOYPEMUEVOL Vo TA{EVOUUE TAEUELXS OpLaL, TOTE UTOPOUUE VO MAGUE
Yiot TAEURLXY) CUVEYELY, OTUY XATOLO ARG ToL TAEURIXA OpLaL LIGOUTAL UE TNV TUY
NG CUVEETNOTG.

IMagathenon 3.9.1UloAkoi ovyypagels oivovtag évay € — 0 opiojud, kataAn-
yowr g€ evdagpépovta anotedéopata ([B]), euels duws Ba ovveyioovue tn pekétn
Has eupévorvras ovov Opiopd B

IMTopdderypa 3.18Va pedetnlel ws mpog T owvéyea oto onueio g = 0 n
ouvdpTnon
l—cosx
_ ] ==t 2 #0
f(x)—{ 5, =0
AVon H ouvdptnon pog opileton oto 29 = 0 xan udhota f(0) = % Eniong

, . l—cosz . 1—cos’x . sinx 1 1
lim f(z) = lim ———— = lim ——— = lim ==
20 =0 12 =0 22(1 4+ cosz) =0 22 (14cosx) 2

xou apoV lim, o f(z) = £(0), n ouvdptnon eivon ouveyfic oto z9 = 0.

Optowde 3.9.2Ma owvdptnon f(x) Aéue éu eivar ovveyris ovvdptnon, dtav
efvar ouvexris o€ kdle onueio tov Tediov opioov Tng.

Me tov nopandvew opoud yevixebouue tov Optoud B xon enoyévwe divouue
%4t TOAY o 1oYLEd w¢ epyaielo uerétne. Elxoha ymopolue vo amodeilouue
/7

oTL

Ochpnua 3.9.34r dvo cwaptioeas f(r) ka1 g(x) elvar ouveyels oto medio
op1ooV toug, mov opilovtal o1 €mdueves mpdéelg, TOTE €fvar TUVEYELS Kal auTE,
ONA. elfvar ourveyel§ ot

flx)£g(x), [f(z)-g(x), Vaee ArnAg,
%, Vee ArnNA,, peg(x) #0,

(fog)(x) = [flg(x), Ve Apy
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H nopatfenon (BB) xou ta napoadetyporta (BIT) (BIQ) deiyvouy 6Tt oL Paotxéc
amhég ouvapThoELS efval ouveyeic cuvapTroels, omote, wall ue To Oswpenuo B3,
UTOPOUUE VO GUUTEQEYOUUE YIA TN CUVEYELNL TWV TOAUGYUUIX®Y, TWY PNTOY, E-
X160 TV oNUEiwY Tou undevileTal 0 TUPOVOUAOTAS TOUG, ot Yo éva Thridog
IV TEPLOGHTEQO TOAUTAOXWY GUVIRTHOEWY.

Ochpnua 3.9.4A4v n owdptnon f(x) pe Ay = [a,b], eivar ovveyris kar po-

votorn, tote Kai 1 avtioTpogn avtig urdpyel Kai efvar ouvexns kai povotovn.

Anédeln: H Onapln g aviiotpoypng xar tng Hovotoviag mpoxOnTel and tnyv
napothenor (B34).

Agot f(z) etvon OLVEY NS OTO T, TOTE Y xdVe axolovdia xp, ue limxz, = xg

Vo woyver lim f(z,) = f(z0). Eotw todpa 61t 1 [~ (y) dev ebvon ocuveyrhc oto

onueio f(zo). Aceivan vy, wa axohovdia tou f(Ay) ue limy, = f(z0), e onolog

1 oxohouda Twadv [ (y,) de ouyxhiver oto fH(f(x0) = w0, ToTE, ENEWY Ot
npéc [ (yn) avhxouv oto [a,b], auth Yo ebvor ppayuévy. Ané to Oedpnua

P23 undpyet o utaxohoudio authc, éotw n [ (yk) = xk, 1 onola cuyxiivel

o€ xdnoto onuelo, m.y. 10 &’ # x.

Avtiotpoga topa, limz), = 2/, agol n f(x) eivaw ouveyric Va éyouvye lim f(z),) =

limyy = f(2'), enlong, agol 1 v elvor vraxohoudia e ¥, Vo woylel limy), =

f(zo) dromo.

3.9.2 Ynuavtixd YewpAUATA TNG CLUVEYELAS

YnuovTind Vewpruata OYETIXE UE T CUPTEQLPORY ULaG CUVARTNONG o)y U-
ouv, Otay autt elvon cuveyric o xdrow onueio B xdnowo SdoTnua. o Topd-
dSerypa, av yvwpeilouye 6t n f(x) eivar ouveyhc oto onueio zo xar emmiéov 6L
f(zo) > 0, tote, epoapudlovtoc ta ouunepdouata e Ipdtaonc BEIA éyouue
TO ENOUEVO OEDETUAL.

Oewpnua 3.9.5Av n ovvdptnon f(x) eivar owvexns oto onueio xo kal €m-
mAéov f(zo) > 0, tdre vndpyer pia mepioyrj tov xy dmov n ovvdptnon f(x) evar
Jetikn.
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f(a)

(0,0)

(b)

Yo 3.20: To Bewpnua tou Bolzano.

Ta duo endueva Oewpuata, €X TwY OTolwy To €va ebvar To OepEnUa TOU
Bolzano, eivon towg and 1o TAov onuavtixd Ocwphuata xot YVWwoTtd and To
Adxero. Tty anddetln Toug yeetalbuaote UAT Tou EEQEVYEL AmO TOUS GXO0TOUS
TOU TOPOYTOS, HGOL, UK, ETIUHOVY VoL BOUY THY ATOBELLT), O XATAUPUYOUY GTA

([, [2)-

Oehpnpa 3.9.6(Ocdpnua uéyong kar eddyions uurs). Av n owvdptnon
f(x) etvar opiopérn ka1 ovveyris oto tidotnua [a, b), téte n f(x) evar gpayuévn

oo |a, bl ka1 emmAéov maiprer uéyviorn kai eAdyiotn tiun o’ avtd.
)

Ocehpnua 3.9.7(Ocdpnua tov Bolzano). Av n ovvdptnon f(z) eivar opiopévn
ka1 ovvexns oto didotnua [a,b] ka1 emmAéov wyve f(a)f(b) < 0, tére vndpyer
zo € (a,b), dote f(xg) = 0.

Hapatneriote 6T TEAX 1) GUVEETNOT) TEETEL VaL EVOL OPIGUEVT] GTO XAEWOTH OLd-
otnua [a, b] xar vo glvar suveyfic mavtol. H goveddtnta tou onueiou zq € (a, b)
oev e€aopoiileton and to Oewenua. T'o Topddetyuo oto Ny ua UTAQEY OLUY
Teptoo6tepa onueiar Tou undeviCouv TN cuvdpTNoN X ETMTAEOV 1 GUVAETNO
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Todpvel TNV T UNBEV Yo 0OAOXATPO BIAoTNUAL.

Oewpdvtog 6Tt 1 ouvdptnon f(z) elvon optouévn xa cuveyic oto ddotnua [a, b]
xou emmiéov woyver f(a) < f(b), téte yo xde ¢ € (f(a), f(b)) uropolye va
Yewphoouye 1 ouvdptnon g(x) = f(x) — ¢, n onolo TAnpol To Oedpnua Tou
Bolzano xo enopévwe vndpyet zg € (a,b), wote f(xy) = c¢. 'Etot ynopolye va
amodeilouue To ETOUEVO OepTUa

Oewpnua 3.9.8(Ocdpnua twr evdidueowr nudr). Av n owdptnon f(z)
efvai opiopérn kar owvexris oto didotnpa [a,b] ka1 tajprer dvo TpéS ¢ ka1 d oo
R, tére maiprer kdde iy oto hidotnua [c, d].

Ynuovtind Oswphiuota e dAYepac utopoly TAEov €0x0AA VO ATOBELYTOUY O-
TG QolveTal OTIC AOANOELG (B2, BI3), xou wia omoudaio aprunTixy) u€vodog
ebpeomg e pllag TEOTEIVETOL OTNY ETOUEVY) TaEdYEAPO.

3.9.3 H up€Yod0g tng diyotounong

H mhéov amhy| uédodog elpeong piCuc ellowong etvon 1 pédodog tng duyo-
tounonc. H pédodoc auth otnpiletoan oto Oewpnua BIA mou tpoavagépaue, Y
auUTO %ot TOMAES Popéc avapépetal we UéYodog Tou Bolzano. Oswpolye T ou-
veyh ouvdptnon f(x), x € [a,b] C R, pe f(a)f(b) < 0. Ané 1o Oedpnua B4
Vo undipyet pior Toukdytotov pila £ € (a,b). T v teprypagt) e Ledddou Va
uno¥éoouye emmAéov OTL 1) pla autH| efvan povadixy| oto ddoTua auTtd. XE o-
viivetn tepintwor, ypetdleton WLadTepn TE0cOoY Y| Yo THY EQUEUOYY| TN UEVODOU.
ExAéyouye to onueio xy = “T*b xou ehéyyouue Ty Th e f(z0). Avo tepintod-
oewg undpyouv: a)f(zg) = 0, oty nepintwon auth o TEdBANUa éyet Aulel, agol
Berxope v pilo xon B) f(xo) # 0, oty nepintwon auth Jewpolye dtL 1 Tiur o
elvon o mpooéyyion g pilac pag. Edv Bpioxduacte otn dedtept tepinTtwon,
TOTE TO ONUElD Tg PE €V AmO TOL dXEA TOU TROTYOUUEVOU BLlacTHUATOS 0pilouy
€va xouvolpylo didotnua, oto omoio PBeloxetan 1 piCo poc. Yrovétovtog OTL TO
dxpo autd eivon To a xou Yétovtag a; = a xa by = wp, opileTon TO DdOTNUA
la1, b1] C [ag = a,by = b, 670 onoio Peloxeton 1 pila tne e&ioworic poc. Exhé-
YOUUE TOEA T0 oNuEio 71 = “1241’1 xo £QapU6LOVUE TNV TEOTYOVUEYY, Bladxacta,
ondte opiletan pe autdy Tov TP6T0 Evar xavolpYlo SIdoTue [as, bo] C [ar, b,

__ az+bo

oo omolo Pploxetar 1 plla § xou €var xavolpYlo Ty = #4572 x.0.X%.
H nopandve dwdwactio opiCet wa axoroudia z,, 1 onola cuyxAiver ot pila &.
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ITpdrypartt, neldy| oy Vet

|$n _5| < _|an - bn|

== _la'n—Z - bn—2’ (342)

. 1 , , . o
xou lim 55 = 0, ouunepabvouye 6 limxz, = ¢&.

IMapddewypa 3.19Na yivour névte emavaAniipes tng puetédov tng diyordunons
yia Ty €lpeon s V5.

Avom H V5 eiva n Vet pila tne edlowong f(x) = 22 —5 = 0. Efvar elxolo
va dtamtotwdel ot f(2.2) = 4.84 — 5 = —0.16 < 0, eved f(2.5) = 6.25 — 5 =
1.25 > 0. Enoyévwce, 1 pilo pac Peloxetou oto didotnua [a,b] = [2.2,2.5]. T
™ pedodeuon g dadxactag ue yoeti xan LoAUSL TEoTEVOUUE TOV TAPUXATR
T, XNV TN oTAAN Yed@oude Ta BudTa, oTN OEUTERT ot TEITN TIC
TWES TV a; xou by, Téhog oty TéTapTn xan TEUTTY Tig Twée Twv 2 xou f(x;)
avtioTorya.

Brwa | ai(=) | bi(+) | @i =25 ED)

2
0 2.2 2.5 2.35 0.5225
1 2.2 2.35 2.275 0.175625
2 2.2 2.275 2.2375 0.00640625
3 2.2(2.2375 2.21875 | —0.077148438
4| 2.21875 | 2.2375 | 2.228125 | —0.035458984
D | 2.228125 | 2.2375 | 2.2328125 | —0.01454834

Oewpwvtac oav TPooeYYLoTixXn T e piloac uag Ty teheutada tun (¥ = x3),
Vo éyoupe [€F —&| < 0.5 |as —bs| = -+ = 0.0046 < 0.5-1072, 70 onolo oryaiver
6T mpooeyyilouue T pila pag oe dYo dexadud Ynpia.

H pédodog tne duyotounong etvar 1 wovadxr pédodog yia tny ebpeon pitlag,
otV ool UTopolUE v UTOAOYICOUUE amd TEY Tov aEUd TwV enavahihewy
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yioo Ty emduunty npocéyyion. Ipdyuatt, av unodéooupe ott emuuolue va
npooeyylooupe ) pila xdnowac eiowong ye axplBeta €, and ) oyéon (B42) da
€Y OLUE:

* 1 7
& =€ =|zn =& < 2n+1|a—b|, apxel
1
2n+1|a_b’ < €
—-b
U (3.43)
£
ja — ]
In( ) < (n+1)In2
5
1 |a—b|
(n+1) > (In2) ln(T)
n > (2 'mda= 1
5

IMopddewypo 3.20Na vrodoyiofolv o1 emavaAippes n, mov ypedletar n j1édo-
00g TNS diyoTéunons ya TNy €Upeon tng 5 je akpiBeia 5 dexadikd Pneia.

AvVorn H V5 etvou 1 mpaypatxy eila e eZiowone f(x) = 23 —5 =0. Eiva
gixoho va damotwdel 6t f(1) =1 —-5=—-4 <0, eve f(2) =8—-5=3> 0.
Enopévac, 1 pila pac Peloxetor oto Sdotnua [a,b] = [1,2]. Ané tnv (BZ3) ye
a=1,b=2xoe=0.5-10"° éyouue 6t

[y

n > (ln2)_1ln( .

) — 1 ~ 16.6096
Enopévwg, o axpBrc apriude emavarfbewy eivon n = 17. Efvar gavepd dtu yio

v enthuon g eloworng ue Tov Tapandvew TeoTo yeetalouacte théov Hiextpo-
Vixd TTOAOYIOTH XL OTOLONTOTE YAWGGO TEOYLOUUATIGUOU.

Aoxnoelg

‘Aoxnon 3.1Yyeddote Tig evleie:
a)y=—-2x+6, b)y=x-2, c¢)y=05>5r—3, ne A=[-24).
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"Aoxnor 3.2 Bpeite tny evleia nov neprd and ta onueia Po(xo, yo) ka1 Pi(z1,y1).
Na Bpetre tny evleia mov teprd and to onpeio Py(xo, yo) kar éxer Adyo .

‘Aoxnon 3.3 Aciéte du ong kdletes evleies o1 kAioeag Tovg éxyovr yvdpevo
—1. AnA. ya g evleieg

y=ar+b ka y=dz+¥, éXOU}lGCLCL/:—l.

‘Aoxnon 3.4 Aciéte Tig TavtdTnTeS TV UTEPPOoAIKY ourvaptrjoewr. Na yivovy
01 YPaPiké§ mapaotdoels Twy avTioTpoPwy Twy UTEPPOAIKOY ourapTioewmy.

'‘Acxnor 3.5Kdvte tn ypagikn tapdotaon tng kaumidng x = acos®,y =
asin® 0, ypnoorowdvras to Gnuplot. Ytn ouvéyaa va Ppefte v avalvtkn
etiowon avtrg.

"Aoxnomn 3.6 Bpeite pua nepoyn 0 < |z — 3| < 6, dote n andAven upn s

V4 4 xr— /. £ 1
81(1([)0[)(15‘ TwV TiHwY | ka1 1 va eivai HIKPOTEPT) TOU 1000 *

"Aoxnor 3.7 Bpette ta dpua:

) r—4 o x4+ 4x+3 o x4+ 4x+3
DI e A Yy

"Aoxnor 3.8 Bpette ta dpua:

_5 343 243210
) lim —2—2 9y fim L0 3y gy S
z—oo 12 — 2x + 4 z——o0 3 — 3 £+ z+3
2 4 32— 10
) tim T2 sy iy
T2~ x—2 z—=2+ 1 — 2

‘Aocxnor 3.9 Xpnooroidvras tny Ilpéraon BEID anodeibre én: 1) av n
f(x) > 0 o€ ua mepoyny wov xg, tote lim, . f(z) > 0, 2) av n f(z) evar
Ppaypévn o€ pua Tepoyn tov xo, tote ¢ < lim, ., f(x) < ¢o, dnOU @1 KA1 Po
Ta dvo gpdyuara.

"Aoxnorn 3.100cwpolue ) ovvdptnon f(x) pe x € [a,00). Aeibre 6u av n
[ etvar atéovoa ka1 gpaypévn, tote lim,_,o f(x) € R
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’ 14 7 Z e’—1 1
Aocxnon 3.11Agpov arodeibete Ty anwodtnra 1 < “— < —

—z’

arodeiéte ot

r—1 |
m &= =1, lim— =1,
z—0 €T r—1lx —1

‘Aoxnorn 3.12Anodetlte oT1 kdDe moAvdvupo mepittol Pabjot éyer touddyiotov
pa pila mpaypatir).

‘Aoxnon 3.13Anodeibte 6T1 kde moAvawrupo dptiov faliot e ovvtedeotr) Tou
peyioropdinov dpov tny uovdoa, éxer eAdyioto.

‘Aoxnon 3.14Anodetilte dnt ya kdle ovveyn ovvdptnon f 1oyde

lim f(€) = f(x0), V& € (2,20) 1 € € (0,2).

T—T0



ITapdywyog

4.1 Tevixd

[ Tig cuvapTroelg elnaye 6Tt efvon VOUOL, XAVOVES TTOU GUVOEOUY TA GTOL-
Yela buo cUVOAWY. Extdc and tov TpéTo mou cuvdéovTol To oToLyEld TWY Cu-
VOV, TOMES QORES UAC EVOIUPEDEL XATL TEQIGOOTEQOD, UG EVOLAPEREL TO TS
ouumepLpépovTal auTd, Twe YetaBdiiovtat. Etot, howmdy, pa yetaBol| Tng ave-
EdpTnTNg UETABANTAC T omd To O Ty Xotd Ax = X1 — Tp, ENLPEREL ULol UETABOAY
otV aveldptntn PetoAnTh ¥y and yo = f(z0) oc y1 = f(z1) = f(xo + Ax)
xotd Ay =y — yo. H mocootiala petaforn tne e€aptnuévrg uetoAntric ¥ oto
ornuelo xg, ONA. 0 Aoyog

Ay =W _ f(zo + Az) — f(z0)

Ax  x1— 29 Az

€YEL TOAAG OVOUOTA, ovdAoYd UE TO TOU yenotuonotettar. Xtn Puouxn, yio mo-
pdoetyua, OTav Uehetdue xivnom, Aéyeton péon tayvtnTa, ot Biokoyla, 6tav
uehetdue TAnuouolg, Aéyetar pududg petaforfc, oty Owovopla, 6tay ueke-
TUE TO A00TOC TAPAYWYNS, M€om UETUPBOAT xooToug, ot Moadnuotixd, otay
UEAETAUE T ouVdpTnom, expEdlel TNV xhiorn Tng TéUvoucus TS XouTOANG oTA
onueiot A(zo,y0), B(x1,71). Ouwe, 1o yéyedoc mou udhic eldope eivon eZoupe-
T YEVIXO xou PdALOV BEV eVOEiXVUTUL WG UETEO TG peTaPorrc. Exeivo mou Ja
Talplale wg PETPO, Yio TN AEMTOUERELOXT, TEQLYPAPT TOU OTOLOL Qouvopévou, Va
TeEREL vau ebvon x4t Tou Va £yel va xAveL e To oTttyiado, Ty, otiymato Ty OTn-
T, otryptodog puiuog uetafohric Tou TANYUCUOD, 0pLIG XOOTOS Xt UIAGTA TT)
oTiypr} mou PetoxoudocTe 0To onuelo To. Auto, axetBwe, Yo teprypddouue oty
EMOUEVT] TOPdY QUPO.

105
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4.2 Oplopog xau sppnveia TNg TAEAY DY OU

4.2.1 O Opioudcg TNng Topay®YOou

Optowde 4.2.11a ) ovvdptnon f(x) mov elvar opiopévn o’ éva vrootvolo
twy Tpaypatikdy apiucr A, dray o

o f@) = fw)

T—x0 €T — ,’L‘O
undpyer ka1 efvar mpaypatikos aprduds, tote Aéue 6t ) ovvdptnon tapaywyiletar
0T0 T Kai to dp1o avtd Aéyetar mapdywyos Ttng ovvdpTnong oto onueio avtd,

oupPoriletar o€ pe f'(xo).

Agol 1 mapdywyog elvor 6pto UAS oUVEETNOTS GE xAmoLo onueio, TEopavms Yo
elvow povadixy| oto onueto autd. Enlong agol elvar 6plo, Yo toybouy ta oyetid
mepl TAeUEXOY opiwvy, Onh. Vo opileton 1 oploTept| xou OECLd TORAYWYOS ULaG
cuvdpTNoTS 610 onueio Ty, £To

Ty Tr — Xy x—)xsr T — Xy

And Tov opiopd, yio gl ouVEETNOT Tou TapAYwYIlETHL oTo onuElo T,
xdmotog Yo UmopoUGE Vo GUUTERAVEL OTL:

e H ocuvdptnom opiletar oo onueio xo.
e To onuelo x elvar onueio cuccwEeloEnC.

e To 6m f'(z9) € R ouvendyeta 61 n ouvdptnon eivar cuveyhic 670 T,
aol 1 oyéon limg ., (f(x) — f(20)) # 0 Yo 0dnyoloe oe dtono (yioti;).
To avtioTtpogo dev 1oy VEL, OTWS PAUiVETOL GTO ETOUEVO TUPAOELYUAL.

e Y10 tuyaio onueio xp Vo 1oy let

Ay

Ay = f'(z0) + s(x), o6mou lim s(z) =0 (4.1)
1 10000V
Ay = (f'(zo) + s(z))Az, pe lim s(z) =0 (4.2)

T—T0
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IMTopddevypo 4.1Na oerytel 6T 1) ovvdpTnon

2, r<l

ﬂ@:{(x—ma 2> 1

elvar ouvexns oto onueio vg = 1, éy1 Suws ka1 tapaywyion.

Abom Hpdypatt, 1 ouvdptnon elvon cuveyhg, ool

lim f(r) = lim 2° = 1= lim (z—2)* = lim f(z) = f(1),

x—1— z—1— z—1t z—1+
EV® 1) GUVEETNOT OeV elvon Tapaywylowr), apol

31 —92)2 -1
it SV S T it

z—1- — 1 rz—1~ r—1

= f+(1).

‘Otav n ouvdptnon f(x) mapaywyileta oe xdde onueio Tou nediov optopol
g, Aue Ot ebvan Tapaywyiown 6’ autd xar UdALoTA 1| GUVEETNOT TOU ONULOVE-
veltar, 6tav oe xdle onuelo Ty aVTIOTOWYIGOLUE TNY TWH TNG TOEAYWYOU TNG,
Meyeton napdywyoc e f(x) xon cuuBoiileton ue

df (x) d

! 7 7

H moapdywyog uiag cuvdptnong eivon cuvdpTnoT xot ¢ €x T0UTOU CUUTEQLPERETAL
xou YeAeTdTon w¢ ouvdptnon. ‘Etot, eivon duvatév va mapaywyiletar ex véou,
OTOTE EYOLUE TNV TORAYWYO0 deUTERPNS TAENGE, Teitng TdENe %.0.x. Ot cuyPolouol
¢ deltepng, Teltng TdEng x.0.x. elvau:

d? d?
ey T g

d? d?
ey D g

d* d*
0@ g T ),
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) /(x1 F(x1))

*""Q;f’(xO)*(x—x0)+f(xO)

A(x0,£(x0))

(0,0)

Syfua 4.21: H egantopévn e y = f(x).

4.2.2 H TI'ewpetpxy] epunveia tng nopaywyou

Oewpolue wa Topaywyiown, oto 1edio optopol e, ouvdptnon f(x) xou
duo onuetor e M (o, f(20)) xou N(z1, f(x1)). H eudeio mou tepvd and o duo
autd onueio (téuvovoa) elvar Yvwotd ot €yel we eiowon Ty

f(@1) — f(zo) (1=20) + y—f(zo) = f(@o +h) — f(zo)

1 — X h

y—f(x0) =

(x—x0), (4.3)
otav ¥éoouye t0 o1 = 2o + h. O Adyoc

f(x1) = f(zo)  flxo+h)— f(z0)

1 — X h

elvat, TEoQavMe, 1 xMon auThc, OTwe Hom Eyel avapepiel.

Av dewproovue 6Tt 10 b — 0, 16T€ 10 T1 — Tp xU POl VewpooUE OTL 1)
oLVAETNOY| WaC etvar Topoywylorn xat emouéveg VYo efvon xot cUVEYYC, TOTE TO
f(x1) = f(x0). 'Etor, 10 onueio N — M, Eyhua B39, ondte ta duo on-
uelor Tetvouv va cuunécouv. H eudeio mou opileton u’ autdv tov TpéTO AéYETON
EQATTOPEVY) TNG XAUTUANG xou 1) e&lowaon Tng ebvon

f(xo+h) = f(xo)
h

(x—x0), 1 y=f(wo)(x—w0)+ f(xo).
(4.4)

y—f(flfo):}lg%
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o)
e

A
°
e

Syfua 4.22: H egontopévny ey = Vo — 1+ 1 xa y = /|z] ot0 1 % 0

avtioTolya.

Etvor gavepd 611, 1 xhiomn tng eudeiog autrg, OnA. NG QanTtouévng TN xaumOANg
oto anueio xg, etvon (o).
Y10 Lyfuo EZ2 diveton 10 oy uc BUO CUYXEXPLUEVWY GUVEY Y CUVAPTHOE-

WV XA 1) EPATTOPEVY) OTIC YPUPIXES TAPACTACELS TOUG, UE TOV TPOTO TOU 0plGUE
Topumdve. (26T6G0, Yo TNV TPWTY TEPITTWT €)Y OUUE

Yy neplntwon auth, 6twg xar oty tepinTtwon tou Ya Beloxaue —oo, héue 6Tt
n ouvdptnon f(x) napaywyileta xatexdoyhyv. o tn deltepn Bpioxouue

lim @ = —0 lim m

I

z—0~- X r—0t X

I

onh. 1 ouvdpTnor dev mapaywyileton oUTe xatexdoyv. Auo TedyuoTa TEEREL
VO TPOGEYOUUE G’ QUTES TIC AXPAULEC XATACTAOELS:

o And TNy xoTeEXDOYHY TUPAYWYO OE GUVAYETOL 1) CUVEYELN, OTWS QPAiVETOL
oty ‘Aoxnon E32.
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e ‘Otav WAdUE YLol EQATTOUEVY) TNE YRAPLXTC TURAOTUOTS WIS CUVAETNOTS
o€ xdmolo ornuelo, 1 ocuvdptnon Vo mEEREL Vo Elval GLVEYHC G7 AUTO TO
oruelo.

4.3 IdoTNTEC TOV TALAYOYOV

Mepueg LOTNTES TWV TAPAYWOYWY ELVoL LOLETEPA YRNOIIES Yia TNV EVPEDT)
TOPAYWYWY TWV CUVIRTHCEWY Yweic TN Y101 Tou 0plGUo0, Tou deV elvon TdvTa
elxohog ot yeror. Ilodkég and autéc €youv Serytel otic tdlec Tou Auxeiou
xou o Vot TG AVAPECOUUE.

Ochpnua 4.3.1Ar dvo owaptioes f(x) xar g(x) eivar napaywyioipes oo
Kowé medio op1opoU Tovg, ToTE 10 Vel
1) (fxg)'=fx¢, YeeArnA,
2) (f-9)=f9+f9, VeeAnA,
Y _f9-f9g
o (fy-Lots

p . ., YeeArnA, pne g(z)#0.

Anodedn: Ou deifouue pévo ty 3) xau Yo yeivouv ot dhheg wg doxnon. 1o
Tuy o Tg, 6T0 onofo TANEOLVTHL oL OyYETIXEC TPoUTOVETELS, £Y0oupE

fi (L) S0y, LS Clgten) — T Golgle)
a—zo & — o \g(x)  g(x0) c=z0 T — T 9(x) - g(xo)

i L S @)g0) = F@0)g(w) + [(0)gwo) = f(xo)g(r) _
T—=x0 T — X g(x) . 9(330)

f'(20)g(x0) — f(20)g'(x0)
(9(x0))? '

Ochpnua 4.3.24r n owdptnon f(x) elvar tapaywyionun oto Ay ka1 n ov-
viptnon g(y) elvar tapaywyionun oto Ay N f(Ay), tdte eivar tapaywyioun kai
n(go f)(z) oro Ay N f(Ay) ka1 pdhiota wyve

(g0 f)(x) =g,(v) - fo(x) = 9,(f(2)) - f2(2).

U
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Anodedn: Agol 1 ouvdptnon y = f(x) elvor mopaywyiown oto Tuyaio onueio
To, and tn oyéon (E2) Yo 1oy el

Ay = (f'(zo) + a(z))Az, pe lim a(z) =0.

Tr—T0

Eniong, agol xou 1 ouvdptnon z = g(y) eivar nopaywyiown oto onueio yo =

f(xo) pe Ay # 0, Yo 1oy el
Az =(g'(yo) +b(y))Ay, e lim b(y) =0,

Y—Yo

AvtixohotovTag Tdpa and TNV TewTy oty delTERY, dlonpdvTag Ye Az xou Talp-
VOVTAC Opta TROXUTTEL

' (y(w0)) = g'(yo) f'(x0) = g,,(f (0)) f' (o).

O mponyoluevog tOnog wylel xar oty mepintwon mov Ay = 0, ondte xou
Az = 0. Tnv mihen anddeln unopel xdnotoc va Beet oto ([@). Etor agol
oy Vel Yo To Tuyaio T, Yo Loy OeL yevixd. O

Ochpnua 4.3.34r n owdptnon y = f(x) evar mapaywyioun oto Ay kar
undpyer ) avtiotpogpn tng, Tote kai 1) avtiotpogn eival napaywyionun kai w0y vel

1
f'(x(y))

(f () =

An6deEn: 'Eotw z(y) = f~1(y) n avtiotpoon e y = f(z), n onola efvon
ouveyhe (Oedpnua BIA). To 61t Az — 0 ouvendyetar ot xou Ay — 0 xou
avtioteogwe. ‘Etot, ato tuyaio onueio yo = f(zo) éyouue

Ax ) 1 1 1

2(y) = lim — = lim — = = }
W =% =A% = 5w T )

[Tpéne, {owe, vo onuewwoovue 6Tt oto T€hog Yo TEETEL Vo EVUANSEOUUE TIC Ue-
ToBANTéS, av yeetaotel, V€TovTag 6Tou T TO Y X0t OTOL Y TO . 0
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4.4 TlopdywyYol CTOLYELWOWY CUVAPTHOEWY

Efvar %07 Yvewot6 oAl xan ebxoha umopel vo amodetytel ot
() =0, (x)=1, (2") =na""" étavn€Z (4.5)

Xpnowonowwvtac xdnotoc tn oyéon (EQ) xar to Oedpnuo B3 unopei va mopa-
Ywyiler TOAUWVUXES GUVIPTAOELS UAAG XaL P1TES.

IMapddevyua 4.2llapaywyiote Tig ovvaptioeg

23 — 3x

Df(z) =22°" - 32> + 2 — 10, 2)g(x) = ORI

1) f(r)=(22° —32° + 2 — 10) = 102* — 67 + 1

oo (22 = 3x) (2 + 1) — (22° — 3x) (2 + 1)
2) ()= (22 +1)2 -
(622 —3)(2? 4+ 1) — (22° — 3z)(2z)  2z* + 92 — 3

(x2+1)2 o (932+1)2

['a ) Aoy aprd x| ouvdptnon y = Inz, xdnotog Yo umopoloe va oxeQTEL
w¢ e&hc: T to tuyaio onpeio g, (o > 0) tou mediou oplopol éyouue

. In(xg+h)—Inzg . 1 ! h
r _ - _ — _ _
Ve T o il s =g el D)
Hohhamhaotdlouue xon SLapoUUE UE To %ol TPOTOTOWOVUE XATIAATNAAL TO XAIOUA
¢ napévieong, ondTe Talpvouue

1 h 1 1
y’:—limﬁln(qu—) :—limﬂln(l%—x—).
g h—0 i) fL‘0h—>0h TO

O¢toupe u = 2 xou mapatneolue 6T, 6ty b — 0, T6TE To U — 00, OTOTE
Tafpvouue
1 1

, 1 1 . 1w 1
y:—hmuln(l—i——)z—hmln(l—i——) =—lhe=—.
Ty u—x© u T u—o0 u Zo Zo
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1

‘Evot, yevixd, éyovpe (Inz) = =, axdun yevixotepo de anodewvieton (Vo amo-
detytel) 6Tt toyleL 1) oyéon
Va # 0. (4.6)

1
l /:—
<n|x|) x?

H exVetixn cuvdptnon y = e” eivau 1) avtiotpogn tng hoyoprduxhc, onote
y=¢e" & v =1Iny. And to Oewpnua B33, yia To TUyaio onueio Ty Tou Tedlou

0pLOUOY €Y 0UUE
y'(x) = !
z'(y)

Yo O anoteréopota Yo utopoluce va odnyniel xdmolog xdvoviag yehor twy

wothtwy e Aoxnorne B

IMapdderypa 4.3Na aroderytoly o1 yevikol Tumo:
=l 3) (a") = a” - Ina.

1
1) (Ing ) = 2) () =a-
) (tngw) = ——, 2) (@) =a-a"",

Ilpoodiopiote yia kde TepitTwon TS TEPIOYES TOU avniKowy ta T Kai a.

Avom 1) Ané g 18totnTeC TV hoyaplluwy éyouue

Inz\’ 1 1

n, z) = (_> — " (lnz) =

(Ing ) Ina lna(nz) x-lna
2) Ané uc WOLOTNTES TV hoyaplduwy exiong €youue ¢ = e onbte

($a)/ — (ealna:)/ — ealnz . (CLIHZL')/ = 1% = = q - xa—l
x

3) 'Oneg xor Ttponyolpeva a® = e, onéte

(am)l _ (exlna>/ — ea:lna . (LElHCL)/ —Ina- am

[a Ti¢ TELY WVORETELXES GUVAPTHOEIC EfVaL YVWOTO OTL
=1+ tan’z.

(sinz) =cosx, (cosz) =—sinz, (tanz) = .
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H anédeiln twv dvo ety otneiletal 0Toug UETAoy NUaTIonolE adpoloudTtemy

oE YWoOPEVO xau To Pacixd bpwo lim, o 2L = 1. H tpltn efvor mopdywyoc
x

x\dopatoc. (No yivouv ov amodei€elc and tov avayveoTn.)

[t Tic avTICTPOYES TWV TELYWVOUETPIXDY CUVAPTACEMY, TIC XUXAOUETEL-
x€g, Va ypnowonotiooupe to Oewenuo B33, ‘Etot, yia ) ouvdpetnor tou t6&ou
NUTOVOU T, TOU oY UEL i = arcsinw < T = siny, €youue

, 1 1 1 1

. /
= (arcsimx) = - = = = .
v =t ) (siny)  cosy /1—sin’y V1-—2?

'V authy, Tou T6E0U GUYNUITOVOL T, TOU IoYUEL I = arccos T <> T = cos Y,
€Y OLUE
1 1 1
y' = (arccosx) = =— =

1
(cosy) siny _\/1—0032y__\/1—1:2'

[a exeivn, tou 16lou egantopévne x, mou Wwylel y = arctana & v =
tany, €youue

I
(tany) 1+tan’y 1 +a2

y' = (arctanzx) =

Téhog, ot Topdywyol TwV LREEBOAXWY CUVIPTACELY PploxovTto and Tic
TOEUYWYOUS TV EXVETIXWY xai To Ocwpnua 3. Afvouue toug TOTOUC XU
UEVEL GTOV OVAYVWOTY Vo TOUG AMOBEIEEL wg doxnon:

1

cosh? x

(sinhz) = coshz, (coshz) =sinhz, (tanhz) =1 —tanh®z =

4.5 Ilopdywyol AAA®Y GUVICTACEWY

4.5.1 TIMopdywyol TETAEYUEVLY CLUVALTNCEWYV

[Tdpa moAAEC opéc wa ouvdpTnon expedleTtar e T Borlela wag TETAEY-
WEVNE oygong pe T peTaBAnTh TS popgng

F(z,f(z)) =0« F(x,y) = 0. (4.7)
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[ao Tic TEQITTAOOELS, 6TOU UTopOUUE Vo Aocouue TNy e&liowor F(z,y) = 0 xu
va xotohhoupe oe piot éxgpacn e popghc ¥y = f(z), epoapudlouue toug mpon-
youpevoug xavovee. ‘Ouwg, Tohd cuyvd xdtt t€Toto dev elvon e@uxtd. X autég
TIC TEPLTTWOELS Ol GUVAPTHCELS TWV BUO UEAWY TNG (E22) Toutilovtor xou w¢ EX
ToUToL Yo Eyouy Tig [Bleg Tapaywyous. Ao T oyEoT TOU TEOXUTTEL, UTOPOVUE
VO UEAETHCOUPE TNV TORAYWYO TNS CUVAETNOTS.

Moagddevypo 4.4Na Ppelel o pviuds petafodiis g y = y(x) oo onueio
M(1,1), drav avtr) mAnpot tn oxéon

2 —ry+yP =1

Abon Topaywyilovrag xar T duo YEA we Teog T xou Epapudloviag 1o Oewpenua
B3, raipvouue
(* —ay+y?) =1 =32>—y—ay + 3% =0 =
y — 3a°
-+ 3y?
To onpelo M(1,1) thnpol v emheyuévn oyéon xot, CUVETMS, efvat onuelo e
1-3.12
—1.

ouvdptnonc wac. O pududc petaBolric o’ autéd to anueio etvan y' = e =

(—z 43" )y =y—32" =y =

IMopddevypa 4.5Na deibete 6n1 ) mapaxdtw ovvdptnon mAnpol tny oimAavin
NS oxéon

/

y=In(1+e), v +W)P=1vy.

Abvom Topaywyilovrag xar T duo UEAT WS TEOC T 1ot EQapuolovTas To Oewenua
B3, naipvouue

eﬂ?

14 e*

Y = (n(1+e)) =

[apaywytlovtag ex véou €youpe
J - e*(1+e*) —e®e” _ e'(l+e”) (e")? —y — ()’
(1+ev)? (1+e)?  (L+e)? ’

arn’ 6mou matpvoupe TN {ntoduevr. Puoixd Vo unopoloe xdmotog vo epyaoTel
ANACOIXA XL VO XU TOAAEEL OTO (L0 AMOTEAEGUL, T. ).

y//:( )/:...:

T x

e
1+ e”

(&
(14 ev)?
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OTOTE AVTXAIGTWVTAS EYOUUE

x x 2x x

x e e e
P =

e
1+ e7)?

e
1+ e®

/

)

y"+(y/)2=( +( I+ " Q1ep 1te

4.5.2 JUVAETNOELS UE TUPAUETEIXES EELOWOELS

‘Eyouye 107 Oet 6T, TOAES QOEES, Ol UETABANTES TV CUVAPTACEWY Bivo-
vTou Ue mapopeTeég e€lonoclc. Erniorng, eldaue 6Tt analelpoviag Tny mopdUeTeo
L umopOLUE Vo UETUBOUUE GTOUG XAVOVIXOUS TUTOUS TWV CLUVIRTHOEWY 1| GTNV
TEMAEYUEVT pop@t Toug. ‘Ouwg, dev etvar Alyeg oL gopéc mou 1 arahoipr ebvo
0UOXOAT LTOVEGT), Ak xon GTay YiVETOL, OL LoPPEC oL Talpvouue etvar TOAOTAO-
xeg. 'Etol, elpaote avayxaouévol va axoloulcouuE Ty TapaxdTe dladixaoto
YLt Vo LEAETARCOVUE TO pUUUO UETABOAAC TN,

"Eotw

v = alt) _
{y:y(t) , teA=]ab CR, (4.8)
0UO UOYOGTUAYTO OPIGUEVES CUVIOTNOELS, TOU TEQLYPAPOUY OTO ETUREDO ULl X0
umOAn, 0. %ol To T ueTaBdhheTon and To a péyet To b, Ta z xou y opiCouv oo
eninedo o onueta M (z,y) xt autd e 0 oElpd TOUS TNV XauTOAN. Av emimhéov
vnodéoouye oL 1 ouvdptnon = = x(t) éyer avtiotpogn Ty t = t(x), T61€ Opi-
Cetan 1 ouvdpTtnom wac ¥y = y(t(z)) = y(x). T myv napdywyo e teleutaiog
Yenoworowlue to Oswpnuo EZA xon tofpvouye

d
iy _dy it _dy 1

= F=—= —=—.-=4 49
YT T dt Ay =T (4.9)

IMopddewypa 4.6Na Bpedel 0 pvOudés petafodns tng kaumiAng pe rapapetpi-
ké§ ebowoeg

x=r(0 —sinf) B
{ y = r(1—cosf) e A=]|0,2m).

Avom Xenowonowhvtag tov tono (EH) éyouye

dy ) dx
= rsind, - = r(1 — cosb),
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onoTe

7 sin 0 2sin & cos ¢ 1
, _ 22— Whe(0,2m) )\ {r}

v= r(1 — cosf) 2sin® ¢ tan 5

IMagathenon 4.5.101 tapapetpikés efiodoeas oto tponyoluervo napdoeryua,
etvar o1 € i10woes TS KukAoedols, OnA. TS KaumiAng mov ypdeer éva onueio
M vov kUkAov (O, 1), kadds avtds kUAd ndvw oe pua evieta. To 0 elvar n ywria
rov oxnuatiler n axtiva OM e tny kataxdpugo.

Puoixd, umopolUE Vo TalpVOUUE ot UYNAGTERNS TAETNC TUQIY WYOUS CUVIL-
THOEWY, TOU BVOVTOL UE TOPUUETEIXES EELOWOELS, UOXEL VAL XPUTAUE TOUS HAVOVES
Topaywylong mou pddoue. ‘Etor Ya €youye

p_ d d oy doy dtyle—yd 1 yla — gy

__/:_
y_dxy da:(

T A T N E

4.6 To dlapopixd xou 1 epunveia Tou

‘Eyouye #om Oet 6Tt ot YETABOAY Az oty aveldpTnTn UETOPANTA T, 670
onuelo xg, tpoxahel o petofory Ay oty e€aptnuévn yetaBinti y = f(z) xou
udhioTa

Ay = (f'(zo) + s(x))Az = f'(x¢) Az + s(x)Ax, pe Algiglrilos(x) =0. (4.10)
O 6poc s(x)Ax eivon e€apetind pxpde o oyéon ue tov 6po f'(z0) Az xon ov
nopahetpUel, 0ev allowdvel onuavTixd to anotéheopa. ‘Etot, éyouue Ay =~
f'(xo)Az, dnh. T Sgopd Ay mepinou {on pe wa ypoppixy TEocEYYLoN.
Auth ™ yeouuxh tpocéyyion tou Ay xaholue Sropoptxd xou cuUBoAilouye
ue dy, onote dy = f'(xo)Az. Edwd vy ) ouvdptnon f(z) = = éyouye dr =
f(xo)Az = 1- Az = Az. Agol, howndy, autd ouyPaivouy oto tuyoio g, Yu
elvor xan dv = Ax, onoTe, YEVIXE, UTORPOUUE Vol YRAPOUUE

dy = f'(x)dz.

Ebvar, hottdv, o Slogopind Uiag cuvdptnong, Wa ouvdpetnon 1 onola pdhloTta
eCoptdTon amd duo PeToPBANTEG, TNV dr xan To onueio xy. Xto Lyruo EZ3 to
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T(Xo+AX)

Eyfuo 4.23: H Tewpetpiny| epunveio 1ou dlapoptxo.

Srapopxd etvan 1) Theupd AB tou tprywvou MADB xouw AB = tan (A/]W\B)MA
To tphua BN eivon 10 s(z)Az mou Yewphoaue apeAntéo xou 1o mapaheidoye.
[ewpetpind dnh. 670 oMueio Tg N xAUTOAY TEOCEYYI(ETOL ATO TNV EQATTOUEVT
e.

IMopddevypa 4.7Bpeite o dagopiks s f(z) = /x. Xpnoororjote to ya
va Bpetre ua tpooeyyotikry T ya tny a)v/27.054 B)v/63.052

Abon Agol
) =g

3 3(Vr)*

Yo woyler dy = de. a) Yo onuelo x9 = 27 elvor yvowoth n wuf g

W=
win

f'() = (x

ouvdpTnone xou pdhiota toyler f(27) = 3+ enione, oto ornyeio autd enépyeto
woe wixpry yetofory Az = dr = 0.054, ondte 1 petoSolrr) mou emépyETon oM
ouvdptno etvou

1

Ay = fl(x)Az = f'(z)dx = dy = f'(27) - dz = T 27)20.054 = 0.02.

w
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H tr howndy tng ouvdptnong ebvou
f(27.054) = f(27) + Ay =~ f(27) + dy = 3+ 0.02 = 3.02.

Hapdbyowa urohoyilouye to f)) ot0 onueio rog = 64 xou dx = —0.048.

4.7 'Torog tou Taylor

O tonoc (BTD) unopel vo ypopel Aiyo Swapopetind, we e&hc:
f(x) = f(xo) + f'(20)(z — mo) + R(x), (4.11)

6mou 1 moobdtnta Pi(z) = f(xo) + f'(xo)(x — o) elvon évor moludvLPO TtpG-
tou Baduol Tou tpoceyyilet Ty ouvdptnon f(x) xou pdhota €yer Ty (B Ty
xou Ty Bl Tapdywyo oto anueio xy xou to R(x) elvor t0 o@dhpo authc Tne
mpooeyylong. H w0éa autr unopel va yevixeudel yio cuvapthoelg mou elvor tapa-
Ywyloweg 6’ €va BLdoTNUA TEQIGOOTERPES (POPEC.

Oewpolpe wa ouvdptnon f(x), 1 onoia eivar n + 1 popéc napaywylown o’ éva
owdotnua A xou €otw To N-Porduo’ TOAUGYLUO

Tn($> = Cp + Cl<l' — .To) + CQ(SL’ — SL'0>2 + Cg(ZU — l’o)g + -+ Cn(I — Qio)n, (412)

Tou €yel TNV (BLar Tih xou Tig (BLleg TWES TV N TAURAYWYWY 010 oTnueio Tp € A,
OMA. Loy VEL

T (o) = f(20) xon T¥ (z0) = f®(20), k=1,2,...,n. (4.13)

Av egapudoouye Swdoyixd tic oyéoec e (EI3) o’ excivn tne (E12) naipvouye

" mn (n)
o = flao), e = flan), en =T 00 o T S
(4.14)
‘Etol npoxintet o tnog
" () (g
F(a) = flzo)+ £ (@) a—z0)+ T @y D) oy (e (125)
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P_3(x)

pi/4

SP2(%)

(0]

Yyfuo 4.24: H mpooéyyion tou nuitévou ue Taylor oto o = 7.

O tinog (EIH) eivar yvwot6c wg TOTog tou Taylor. To R(zx), mou eivar to
opdhua mou yivetar xotd TNy mpocéyyiorn auth, arodewvietan ([B],[M@],[B]) 6t
EYEL TNV T

(I’ _ $0>n+1

R(x) = CE FUTE), e € € (w0, ) H € € (x,20) (4.16)

xou €lval YVwoTto ¢ Uoholro xatd Lagrange f tnv T

R(I‘) _ (l’ - l‘o)(l’ — g)n

n!

FORDE), pe €€ (o) HEE (w,m0)  (4.17)

xou ebva Yvewoto wg unoloino xatd Cauchy. AwcuxpwviCoupe 6Tt ta § 6TOUG
duo tOmoue (EI8)xan (BETD) eivon Srapopetixd petold touc.  Yto Lyhuo
atveTon 1 TEOGEYYIOY TNG CLVEETNONG TOU MNUITOVOU OTO ONueio To = 7§, UE
rohuwyupa Taylor deutéoou xou teitou Baduo.

IMopddevypa 4.8Na npooeyyioete tn ovvdptnon f(z) = In (z) pe moAvdrupo
Taylor yUpw and to onueio xy = 1. Na Ppefovv ka1 va yiver n ypagikn tapd-
otaon twy ToAvwyiuwy 6evtépou kai tpitov Paduov. Na Bpelel n tpooeyyiotikn
apn f(e %?) pe ta dvo ToAudruua.



MAOGHMATIKA 1 121

B0

o

Syfua 4.25: H npocéyyion te f(x) = In(x) pe nohudvupa Taylor ylpw and
10 ornuelo o = 1.

Abom H n-1d&nc mapdywyog mpoxinTel and SLadoyxés Tapaywyloelg xou €yet
) wopoh fM(z) = (=1)™Y(n — 1)lz™. To mohudvuuo Taylor téte ebvan 10
axorovvo:

T ( +Zf(k (x —1) —O+Z k 1)(x—l)k:

n _1(]{?71) _12 _13 —1)"
Z%@ — )= (—1)— (z—1) +(x r_.. .+(_1)<n71)(’”_)_
k=1
To moAucdvuua deutépou xou Teitou Poduol elvau:

x? 3 3 322 11

H ypagued| toug nopdotaoy gaivetor oto YydAua EZI. H axpBrc twr el
vau f(0.5) = Ine=%» = —0.5. Anéd 7o duo mohudvupa mafpvoupe Th(z) =
—0.470878 xou T3(z) = —0.491184.

Trdpyouv ouvaptioelc mou eivor dretpeg popéc mopaywyiowes (T.y. N

ouvdptnom ¥y = €%). 3’ auTéC TIC TEPITTWOELC UTOPOUUE VA OYNUATICOVUE Eva
roluwvupo Taylor drepou Paduod 1 omwe Aéue wa oeipd Taylor yOpw anéd 1o
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7’ 7, 4 z 4 .
ornuelo xg. ‘Otav 10 79 = 0, 1 oepd Aéyetoun oepd Maclaurin

0 (1,
T(x) = flxo) + Y / k(‘ )(x — )" (4.18)

Q¢ oepd, 1 oelpd auTY| elvon BUYATOV Vo GUYXAIVEL 1) VoL ATOXAIVEL, OTWS €Y OUUE
oeL o€ mponyolueva xepdhara. To epwtnua elvon av 1 oepd cuyxiivel ot wa
cuvdptnoT, 1 ouvdptnon auth etvar 1 apyixr); H amdvinon elvon apvntixd, omA.
Oev elvor TévToL 1) oy Lxr, OUWS XAl TA ATOTEAEGUATA OEV Efval amoyonteuTxd,
OnA. oL ouVNUIoUEVES YVWOTES oLuVaETHOELS £youy oelpég Taylor Tou cuyxiivouy
0" QUTEC, TETOLEC CUVAPTHCELS OVOUALOVTAL AVOAUTIXEC GUVAQTHOELS.

Q61600 exeivo mou Yo tpénel va Tovicouue elvon 6Tt i oetpd Taylor Yo cuyxAiver
OT1 GLYVAPTNOY| TNG, OF UL TEQLOY T TOU Tg, AV X0k UOVO AV, TO UTGAOLTO Yol xde
T GTNY TEpLoy | auTH, Telvel 6To Pndév xadwe To 1 tefvel 6To dmelpo OnA.

lim R,(x) =0< lim <f(x) —

n—o0 n—o0

Vo € (xg —r,xo + 7).

IMopddevypa 4.9Na Poelel n oapd Maclaurin ya tny ovvdptnon f(x) =
CoS &

AVon Ag ypddoupe apyixd tic n mopay@youg e cuvdptnone f(x) = cosx.

f'(x) = —sinx = cos (z + E), f"(x) = —sin(x + g) = cos (x + QE),

2 2
f"(x) = —sin (z + 2%) = cos (z + 3%), o fM(x) = cos (z +ng)

‘Etot éyoupe 61 fEHD(z2) = 0xan f) (z) = (=1)* yiw k = 1,2, .. .. Tlpogavic
1 oepd Maclaurin yw tny ouvdptnon f(z) = cosx eivan 1

f(x):1+2(—1)”(2n)!:1—5+Z—5+--- (4.19)
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Oétovtac ©? = z ot oelpd (IIY) nafpvoupe TN oelpd

f(x):l—IrZ(—l)"(%)!:1—54—1—5—#--- (4.20)

OuuiCouye, yio TV oxtivar GOYUMONG T TWV BUVIUOCEIPKOV ElyaUE BEL OTL

, . An1
r=—, o6moup=Ilim| |.
P

‘Etot éyouue
1

p— l. pu—
A ) @n+2)

1
(2n+2)!
1
(2n)!

|an+1

| = lim

p = lim

Anh. 1 oed (BEZ0) ouyxhiver Vz > 0, ondte 1 oepd (BIY) ouyxhiver Vo € R.
[ to undhotno €youue

2n 2n

< ‘(Qn)!

|R,(x)] = ‘cos €+ nz) =2 0,

27 (2n)!

agot |cos (& +nf)| < 1 xon limy, o0 % = 0 an6 7o Hopdderypa Z2332.
Ané 1o mponyoluevo mupddetyua YIVETOL QoveRd OTL:

IMapatrhenon 4.7.1Mia oeipd Taylor Oa ovykAiva otn ouvdptnon tng, o€ jua
TEPIOYT) TOU Tg, AV KAl UOVO av OA€S 01 Tapdyw)yor €ivar ppaypuéves oTny meploxn
avty, apov to vrddoino yia kdOe x oTny Tepioy) avtn Ya telver oto unoév, kalwg
o n Ua tefver oo dnepo ard to Hapdoeryua Z32.

IMopddevypo 4.100pdipte vnd popenv oeipds Maclaurin tn ovvdptnon
y = arctanz ka1 va Ppedel n axtiva oUyKAiong ng.

Abom Oewpolye T cuvdpTnon f(z) = arctan z, ondte TopaywYI{ovTag auécns
TolPVOUUE

fla)= 1 = (L a)f (@) = 1 (4.21)

TopaywYllovtag ex VEou TNy mopandve Yo €youus

2x

20f'(2) + (1 +2°) f'(2) = 0= f"(5) =

flla). (422
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H npddtn oyéon and tny (E2ZA) napoywytloUevn ex VEou uog divet

2f'(x) +4f"(x) + (L +2?) f"(x) = 0= (14 22) f"(x) = =2f'(x) — 4f" (2
(4.
ouveyiCovtog ouolwe UmopoVUE VoL BTUIOVEYHAOOUUE XAl Yo amodelEoude Vn
(n dnuovpyia o 1 anddelln agpriveton we doxNaon) oV ENGUEVO YEVIXG TUTO:

);
23)
> 3

(n=2)(n=1)f" (@) +2(n - )" V(@) + (1 +2°) [ (2) =0 =
(1+2)f(2) = =(n = 2)(n = 1) f"D(@) = 2(n — 1) f" " V(x), ¥n >3 (4.24)
Mropolue téhpa vo unohoyicouue e twée f(0). ‘Etot, and nig (EZ0) %o

(E22) madpvoupe f(0) = 1 xon f7(0) = 0, evéd and tn oyéon (E24), Vétovtag
orou x 10 0, emaywyxd TEoXVOTTEL

FE(0) = 0 xn fED(0) = (=1)"(2n)!
And tov tOno (EI8) pe zp = 0 €youpe

" 20 5 4l o6l 2 x5 a7 495
arctans =z — oo +5x—ﬁx+ —m—§+€—7+-~« (4.25)
Epyalouevot 6mws xot 670 TponYoUUEVO TURIOELYUX, YIo TNV EVPECT] TN axTivVag
obyxhone e oetpde (E223), dnutovpyoUUe T oelpd

22 gt 46 oo n
t =z(l— —+— — — 4.26
arctan z = z( Tt -7t ; (4.26)
xoU €Y OUUE
n, n 2n — 1
p = lim| +1|:1im‘(2+1‘—1 n =
" D) 2n+1

H oepd poc howndy Yo ouyxhiver Vz € [0,1) A Vo € (—1,1) xon uéver vo dolye
T xdver ota dxpa Tou Swaothuatoc. [ = =14 2 = 1, 1 oepd (EZ3) eivon
evalhdooovoa oepd xar egapuéletoar 1o Oebprnua 3T (tou Leibnitz), ondte
ouumepalvoule 6T xan oTa dxpa 1 oetpd ouyxhiver. To 61t 1 oepd auth efvou
avaAuTixr) Vo Oety Tel OE EMOUEVO XEQPIANO.

oz = 1 tpoxdnTeL 6TL

T 1+1 1+
4 3 5 7

I
—~
|
—_
~—

3
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O mpornyoluevog tonog elvon e€anpetind xoudoc xow Yo umopoloe vo etvar €vog
TOTOC UTOAOYIGUOD TOU T, OUWS efvol Tdpa TOAL apYOC.

H ouvdptnomn tou hoyapiduou dev avarticoetou oe oepd Maclaurin, agpol dev
opiletar oo pndév. Avti authc ouvidwe avantiooeton 1) f(z) = In (z + 1).

IMopddevypa 4.11Na avartvydel o€ oepd Maclaurin n ovvdptnon f(x) =
In(z+1).

Abom Hapaywyiloviag dladoyixd talpvouue e0xola 10 YeVIXO TOTO

1

- n=12..
(1+x)"

fP(@) = (1" (n - 1)!

Y10 onpeio 2o = 0 yevixd éyovpe f™(z) = (=1)"Y(n—1),, n=1,2,..., onéte
1 oepd Maclaurin etvou

[e'e] .1' B o0 - .Z'n
n(z+1) }:57— n—1I=> (-1) —.
n=1 n=1

H axtiva obyxhone ebvon 7 = 1 (vo anodewydel and tov avoyvohotn), ondte
1 meptoyh ovyxhong eivon opyxd N mepoyf (—1,1). o o = 1 éyouye v
eVOAAEGGOUGA apuOVIXT GELRY

> 1 1 1 1
m(l+1)=m2=> ()" '>=1-Sf5 -+,
— n 2 3 4

mou and to Oewpnua 23 (tou Leibnitz) yvwpiloupe 6t ouyxhiver xan o 6pt6
¢ ebvar TAéov In 2. To z = —1 €youue TNV apuovixy oelpd 1 omolo elvar YvwoTo
OTL 0 ouyxMvel, OTwg {owg avauévaue. ‘Etot, 1 teployn odyxhiong authc elvou
ehxd (—1,1]. To 6t 1 OE1pd OLUYXAIVEL OTY) CUVAPTNGY| UG ATOBELXVIETOL WG
e&fc: An6 to undhotno xatd Lagrange (EI8), vy oha ta z € (0,1] ue & € (0, 2)

€Y OVUE
" 1 z \n1 1
Rl = g = (Tg) w<n =

Ané 1o undhowno xotd Cauchy (BEID), vy ha 1o & € (—1,0) pe & € (z,0)
€Y OLUE

jz(z — &)Y O A I S
(n—1)! (”_1>!|1+§|n*(1+5) 1+¢

(n—1)

| R ()] =
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(-1 |z [ 1—6 |-

(1+&)11+6x

" ‘1—5
(1+&I1+¢
apon

1-46

1+0x
Ytov nivaxa (EZ0) gaivovtae oL teptocdTepo yenolonowUueves oetpéc Maclaurin
woli ue Tic mepLoy €S GUYXALONG TOUG.

<lel-0<l4+bze -0<bres -1 <.

Ipw xheloouye v mapdypago Twv duvauooepwy Taylor, Yo npénel va
ToOUE OTL oL BUVAUOGELRES TOU cuyXhivouv Tapaywyilovtar Cavd xou Eavd yw-
olc mpoPhuata xon pog dlvouv mdAL ouyxAivouoeg duvapooeés.  Alvouue To
ETOUEVO Oempnua Ywelc amodely).

Oedpnpa 4.7.1Ar n f(x) = > "7 a,a™ éxea axtiva oUykhiong r, tdte
o H > % jna,z" ! éya axtiva oUykdiong r
e H f(x) mapaywyiletar oto (—r,1)
o H f'(x)=>7 nax" " oo (—r,7).

4.8 2npaviixd OsweuaTto TV TAQAY Y WV

Or mapdrywyor etvan €va e€epauTind EQYUAEID OTOL YEQLAL TOU ETOTAUOVAL YL
TN LEAETT TV CUVIPTACEWY X0t YEVIXOTERX Yia TNV eCaywY T ouunepaoudtwy. O
pottnThc etvan 107 eCOXEIWPEVOS UE 0pLoPEva Oewpriuata UEAETNS CUVAPTHOEWY
ané 1o Alxeo. Ed®, xdmoio yvwotd Ocwpruata Yo enavaingdodv ya tny
TANEOTNTA TOU XEWEVOU oA xan Yo cuumAnewdoly ue amodellel, xadne xon ue
dAho Tou Bev €youv ddoy Tel.

4.8.1 AxpoTtaTor CLUVAETNONG

Opiwopog 4.8.1Eoww y = f(x) e ovvdptnon pe medio opiopod to A kai
xg € A Aéue du n ouvvdptnon mapovoidlel oo Ty tomikd péyioro (Tomikd
eAdyto), av vidpyer 6 > 0, éror dote va 1wyvel

f(x) < f(zo) (f(z) > f(x0)) Yz € AN (zg— 6,20+ 9).
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YEIPEY Maclaurin YTIKAIXH

L =lta+ri4+ad4. =30 2" ze(—1,1)

el =t =3 (1) " z € (—1,1)

n(z+1)=0 -2 +2 .. =32 (1)1 | e (1,1
ele-l—x—ké—f-l-ﬁ—?—l---':l—kzzozlf% z€R
sinx = — g—?+§—?+ => (—1)(”*1)(;“;"__11)! z€eR
cosz=1—%5 + Z—T =30 (=1)7Y é;! zeR

arctanz = x — %3 + %5 — =30 (=)D (”2’2”__11) z € [-1,1]

tanh_lx:x+%3+%5+---zzzozl% ze(-1,1)

ivoxag 4.1: Yuyvd yenotwonotolueves oepés Maclaurin

To tomuxé péytoto (T.u.) xou 10 Tomxd eAdyLoTo (T.€.) AéyeTon TOTXS AXPOTATO.
Agv mpéneL Vo GUYYEOVTOL T TOTUX AXEOTUTA UE TOL AXPOTATA TNG OLUVARTNONG,
mou Y va Eeywpilouy amd autd xahodvTon xon oAxd axpdtata. Ilpogavae, to
UEYAAUTERO amd Tal TOTUXA PEYIOTA ATOTEAE TO OMXO UEYIGTO XaL TO UXPOTECO
amo o ToTxd ehdytoTa anotelel To olxd eddytoto. H Umoapdn tomxol axpdto-
TOU OF Lol TOPAYWYIoIUY CUVIETNON YOG ETUTEETEL VA BYJAOUUE CUUTEQAGUATA
YLt TNV TEdYWYO TNG CLVHETNONG 010 ONUED AUTO, OTWE UAS AEEL TO ETOUEVO

YVWoT6 Ocwpnuo.

Ochpnua 4.8.2(Ocdpnua wov Fermat). Av pa ovvdptnon elvar napaywyi-
OIUn O€ e TEPIoYT) TOU Xy Kai 0To Ty mapovoidler akpdrato, tote f'(xy) = 0.
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Anodedn: 'Eotww 6Tl 1 ouvdptnon topouctdlel Tomxo UEYIGTO OT0 T, TOTE
urmdeyet & > 0, étol wote

f(x) = f(x0) <0, Vz € (20— 0,70+ 0),

an6 tov Optopd EZT duwe €yovue

ﬁmM:f’,ZO, limM:figo.
Ty T — X x—)xar T —Xo
H Onapln ouwe tng mapaydyou anodewvier 1o Oewprnua. O

['ewpeTtpind To Oewpenua Tou Fermat epunvedetar wg e€hg: Xe o topaywylown
OLVAETNOT 1) EPATTOPEVT] OE TOTUXO UXPOTATO ElvOL TARIAANAT TEOC TOV 0Pt OVTIO
dZova. To avtiotpogo Tou Oewprpatoc EBA duotuywe dev toylel. O undev-
oUOC TNE TopaywYou wdc dtvel miavd oxpotato. o mapdderyua, n cuvdpTnon
f(z) = 2®, 670 onueio xg = 0 éyer f'(0) = 0, duwe dev nopouctdler axpdTato,
ool aptoTepd and To xp = 0 elvon apvnTixr xon 0edid VeTuxd).

‘Eva xprtiiplo yior Ty Untapln axpdtatou oTo onueio Tg €val 1) YVOOT TNS Yo-
votoviug dedld xou aploTepd and To enipoyo onueio xo. Av aplotepd Tou Tg 1
ouvdptnor etvar adlouoa xou Se€Ld efvon @divouca, T6TE GTO T EYOUUE TOTIXO
uéyioto. Av aplotepd Tou Ty 1) cuvdpTNnoT elvan plivouca xou deCLd etvon adEou-
oa, TOTE 0710 Ty ToPouoLdlel Tomxd ehdytoto. ‘Eva dhho xpithplo etvan 1 yvoon
NG TS TOVY TapaydY®Y LYNAGTERTS TAiNS oTo omucio T.

Ocdpnpa 4.8.34v yia a owdptnon f(z), n @ (z) vrdpyer ka1 efvar ov-
vexns o€ Jia mepoy Tov Ty kar emmAéor 10y Vel

(o) = f"(x0) = f"(xo) =+ = f@ V(z) =0, ka1 f@ () £0, n=1,2,...,

ToTe

o [ (z4) > 0= tomKs eAdyroto o0 T

o [ (24) < 0= tomiKé uéyoto oo .

Anodedn: Agol 1 f'(zg) = 0, oto z¢ éyouue mdavd Tomxd axpétato. ‘Eotw
ot f(Q")(mo) > 0, Onh 1 Topdywyog doTiog TAENG oTo ornuelo Xy etvon VeTixt
X OAEC Ol TORAYWYOL UXPOTERPNG TAENG 0TO g elvan Undév. Aqgol 7 £ giyon
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ouvey g, Va elvan cuveyric xon oe wa Teptoy ) Tou To. T'a xdde x oty mepoyN
auth Yo toy el To Oedpnuo Taylor (EI3), ondte Vo toyvet

L) (g . (2n)
f@) — fla) = 3 L k(! o=+ f(zngf)

(z — 20)" > 0,

agol oL 6pot Tou atpolouatog elvon Ghot UNdEV %ot 0 HGEOG Tou UTOLOITOU o-
noteheiton ond Vetxéc mocdtnree (10 £ avixel oTnV TEQLOYT TOU Tp, TOU L-
oyver f@(xg) > 0). Tlopbuote amodetxvietor n delTepn TEPinTWOT, HTOU
@ (z4) < 0. O

Magddevypa 4.12E0tw n ovvdptnon f(x) = sin (22)+2cosz pe x € [0, 27).
Na Bpedovy ta axpdrata tng ovvdpTnong.

Avon Edxoha Beioxouvpe f'(x) = 2cos (2z) — 2sinz, f'(z) = —4sin(2z) —
2cosz, ["(x) = —8cos (2z) + 2sinx xau 6heg eivon ouveyeic ouvaptioec. Tli-
Yavd axpdtata €youue oto onueia yia To onolo oy Ve

5 3
f’(ac):0<:>2cos(2x)—2sinx:()<:>x:g, xz%, xz%.

S0 onuelo zo = I éyoupe f'(2) =0, f"(Z) = —3V/3, evau gavepd 611 hotndy
€Y OUUE TOTUXO UEYIOTO OTO OUYXEXPLIEVO oruelo. XTo onueio xy = %’r €y oupE
f(3E) =0, ["(35) = 33, onbe éyoupe tomxé ehdyoto. [ 10 onuelo
zo = 3 éyoupe f/(3) =0, f"(3%) = 0 xau f”(3) = 6, mou onuaiver 6Tt dev
elvon BLdpopn amd To UNdEY, dETLag TAENS TUPdYwYOoS, 6’ auTd TO onueio, ondTe
0 Oewenuo (EZ3) dev epopuoleton. H ypopuxr tapdotact authc goaivetar oto
Yyfuo BEZB. Bonoluevot and 1o oyfua vo anogoavieite yio T povotovio Tng

cuVdPTNONS 0To oNuEio Ty = .

4.8.2 'AN\a Oeswprjpata

‘Eva ané to tAéov Yvwotd Ocwpriuata Tne avdiucng eivan 1o Osmprnua Tou
Rolle.
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(0,0) pi/6 5*pi/6 3*pi/2

Yyfua 4.26: H ouvdptnon f(x) = sin (2z) + 2 cos x.

Oewpnua 4.8.4(Ocdpnua wov Rolle). Eotw f(x) pua ovvdptnon opiouévn
ka1l ouvexnis 0to kA€woté didotnua [a,b] kar tapaywyioiun oto avoiktd fidoTnua
(a,b). Avioyvea f(a) = f(b), tdre vndpyer kdnow onueio xo € (a,b) ya o
onoio wyve f'(xy) = 0.

Anodedn: Agol 1 ouvdpnor elvon cuveyrc, and To Oswpernuo BIE Vo undp-
YOUV T1 X0 Tg, OGOTE f(71) = maXgena, f(2) = M o f(22) = mingea, f(x) =
m.

Av M = m, t61€ 1 ouvdptnon eivon otadep| xon udhota f(x) = f(a), ondte

xou f'(z) =0, Vo € Ay

Av M # m, téte éva Touldytotoy and to duo Vo elvar Sapopetixd and to f(a),

éotw Ot f(xg) = M # f(a) ye zo € (a,b), ondte and 10 Ocwprnua EZA xo
f'(xg) = 0. O
[ewpeTtpind, To mapamdve Oebpernua punveleton we e€ng: Av wa cUVEYTic ou-

vdpTnom f(zx) ouuPatver va tafpvel Tig {Bteg THES 0T dxpa EVOC XAELGTOL DlooTh-

watoc [a, b], Téte undpyet éva ToUNGYLoTOY oMuEio 6To avoxtd ddotnua (a,b)

TOU 1) EQPATTOUEVY] QUTAHC Elval TORAAATAT oToV 0plloVTIo dZova, UTd TNV TEob-

nodeon 6T 1 ouvdpTnon ebvar Tapaywylown o’ autd. To mogamdve @aivovtan

oto Yyruo EZ4.

ITépiopa 4.8.5Metalt dvo pilcyv puag tapaywyionuns ovvdptnons f(x) vrdp-
xet tovddyiotov pa pila Tng Tapaywyov Tns.
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Yo 4.27: Ta Oewprjuata Rolle xou Lagrange.

Andédedn: Aol 1 ouvdpetnon f(x) eivar mapoywyiowun, da elvar xar cuveyhc.
‘Eotw p1 xou p2 ot dvo pilec authc. Tote f(p1) = f(p2) = 0, ondte woyler to
Oedpnua Tou Rolle xar ouvende undpye £ € (p1, p2), €tot wote f'(x9) =0. O

I'evixeuon tou mapamdve anotelel To emduevo Oewpnua, Tou elval YVwoTo
w¢ Oewpnua g uéong e 1 Owprnua tou Lagrange.

Ocehpnua 4.8.6(Ocdpnua tov Lagrange). Eotw f(x) pua ovvdptnon opi-
ouérn kar owvexng oto kKA€wté didotnua [a,b] ke tapaywyioun oto avoikto
odotnua (a,b). Tére vndpyer kdrow onpueio xy € (a,b), yia to onolo 1wyva

f(ao) = 1220 (1.27)
Ambodeln: Ocwpolyue T cuvdpTnom
F(r) = () ) - DOy

H ouvdptnon auth eivar ouveyric oto [a,b], omwc xou v f(z). Enione, ei-
vau mapaywyiown oto avoixté ddotnua (a,b), énwe xou n f(x). Emnkéov,
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F(a) = F(b) = 0, ondte woyler 10 Oedpnua tou Rolle. "Etot, undpyet xdmowo
onueio zo € (a,b) yi 10 onolo oyler F'(zg) = 0, and 10 onolo mpoxinTeL N
oyéon (EZ2). O

[ewpetpind, 10 mapandvew Oewpernua epunvetetar wg e€hg: Av o cuveyfg
ouvdptnon f(z) oupPaiver va elvar cuveyric oe éva xhewotéd ddotnua [a,b] xau
Tapoywyiowrn 6o avoixtd didotnua (a, b), Téte undpyet Eva ToUAdYIoTOV oTUElD
TOU 1) EQATTOUEVY] TNG Elvar TURAAANAT 0T1) Y0EdY| TOU EVWVEL Ta dxpa. To mo-
eandve gaivovtar 6to Lyfua EZA. "ANky epunveia Yo unopoloe va eivan 1 e€rig:
o€ Ui oLVETNoN Tou TANEol T Teolnolécelg Tou Oewpruatog Tou Lagrange,
undpyeL xdnoto onueio 6o avoixtéd didotnua (a,b) Tou 1 yéon Tun e cuvdp-
mong yiveta lon ue 1o puiud petaBorric avthc. Tela onuavtind Oewpruata
TEOXUTTOUY WG JUECEC GUVETEIEG Tou Oewpruatog Tou Lagrange. To éva and
QT OVOPERETAL 0T LOVOTOVINL TNG CUVIRTNOTNC.

Oewenua 4.8.TEotw f pa ovvdptnon, opiouévn kar tapaywyionun oto A.
Tote

f(x) =0, Vo € A <= f(z) = ¢, Yo € A,

omov ¢ évas otalepds mpayuatikds aprouds.

Ano6dedn: 'Eotww 6t oto onueio zg € A éyovpe f(xg) = c. Tore, vy xdide
onueto 1 € A Yo woyler 1o Oewprnua Tou Lagrange, ondte

f (1) — f (o)

1 — Zo

= () =0« f(z1) — f(zo) =0 f(21) = flzo) = ¢
xou emopéves f(x) =c¢, Vo € A. O

Oewpnua 4.8.8Ectw f kait g 0vo ouraptioes opiouéves Kal Tapaywyionieg
oto A. Tére

f'@)=4g'(x), Vo € A = [f(z) = g(z) + ¢, Vz € A,

omov ¢ évas otalepds mpayuatikds apriuds.
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Anodedn: Ocewpolue y F(x) = f(z) — g(x), vV’ autiwoybe F'(z) = 0. Ané
T0 ponyoluevo Oewpnua éyovue F(z) = c & f(z) = g(x) +c. O

To duo teleutaio Oswphuota eivon Wtaitepa onuavTixd yia Tov OhoxAnpw-
Tx6 Aoyloud mou Va uehetooupe oto emopevo Kegdhowo. To Ochpnua EEF,
emmAEOY, Hog AEEL OTL 1) IGOHTNTA TWV TAPAYDYWY OUO GUVIPTAGEWY BEV 0ONYEl
XL GE LOOTNTOL TWV CUVIPTHOEWY.

IMopddevywa 4.13Na derytel 6T ) ovvdptnon

2x

Tra Mt

f(z) = 2arctan x — arcsin
etvar otalepn ka1 va Ppedel n tun tng.

Abom Ta va ebvar otodepr| 1 ouvdpTnor, Ya meénel 1 TapdywYos e va etval
fon pe undev. Eivor o1 yvwoTo ot

(arctanz)’ = ! (arcsinz)’ = !
1+ a? RV
ombtE
2 2 1 2
(2 arctan z — arcsin a ) = — ( i )/
1+ 22 1+ 22 2./1 — (:22,)2 1+ 22
1+22

2 1+a2% 2(1+2%) — 4a?

1422 1 — 22 (1+ 22)?
Agot n mapdywyoc Tng cuvdpTtnong eivan undéy, 1 cuvdpTtnon elvor otadepr| xou
apxel va Bpoldue v twh e vy v = 0. ‘Etor éyoupe f(0) = 2arctan0 —
arcsin 0 = 0.

=0.

Ocehpnua 4.8.9Mia ovvdptnon f(x) rapaywyionun oe éva sdotnua A elvar

a) avéovoa o’ avtd, av ka pévov av f'(x) >0, v € A

B) glivovoa o’ avtd, av kar pévov av f'(z) <0, z € A
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Andéden: a) ‘Eotw 1 ouvdptnon f(x) xou Suo onuelo tng 1 xou o2 070
A. Eotww emnkéov 61 21 < xo, téT€ 1 f(2) elvar ouveyhc oto (21, x2] %o
napaywyiown oto avoxtd (r1,22), on6éte and to0 Oewpnua tou Lagrange Va
undpyer § € (21, 22) ye

f22) = fla1)

(29 — 1)

(&) = & flza) — f(21) = f1(€) (22 — 1)

xou opoV f(&) > 0 mpoxvnter f(x1) < f(x2). To B) anodewvietou napbuoto. O

To Oewpnua Tou Lagrange oe cuvdvacud ye T wovotovia Tng cuvdpTnong
yiveTon €va loyupd epyaeio Yol TNV amdOELn AVICOTHTWY.

IMoapddewypo 4.14Na derytel ) emduevn avioétnta

ay — a®

(y —x)a” < <(y—x)d’, a>1rxay>uz.

Ina

Abom Avadlatdooovtag TNV avioOTNTa TEOXUTTEL 1) EROUEVT

Yy _ T

a®Ina < <d’Ina, a>1xuwy>uzx,

y—x

¢ onolag 1) pecata TopdoTtact wotdler Tohd pe excivr Tng oyéong Tou Ocwpriua-
toc tou Lagrange ye f(t) = a’, n onola eivon ouveyric oto [z, y] xou napaywyiown
oto (z,y) wdhota f'(t) = a'Ina. Ondre, woyler 1o Oedpnua tou Lagrange étot
% =a*lna pe £ € (z,y). Apol a > 1, éneton 61 1 f ebvon adZouoa, étot
r<{<y=a"lna<a‘lna <a’lna, dnh.

a¥ — a*

y—x

=a‘lna < a’Ina.

a*lna <

H yvoon tou mpociuou Tng Topay@you Tne oUVAETNOTS OE GUYOUAOUG UE
10 Oepnuo EZ2A pag AOvouy T0 TEOBANUA TWY aXpOTATOY TNS CUVIOTNOTG.

IMopddevypo 4.15Na pedetnlel wg mpog TN povotovia kai ta akpdtara 1 ov-
viaptnon f(x) =27 pe xz € (0,00).
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Abom H ouvdptnoy| pog eivon tapaywyiown 6to tedlo oplopol tng xot UdMoTa
1oy Vel

fx) = (272 = (™) = (") (~Inz — xi) =—2"(lnz+1).

Onéte f'(xr) = 0 & o = 1/e, ovvends oto onueio 9 = 1/e 1 ouvdptnon
nopouctdlel axpotato. Agold x < /e & Inz+1 <0 xou 27 > 0, auéonc
nafpvoupe 6t 1 f ebvar av€ovoa oto ddotnua (0,1/e). Erniong, agol z >
l/e & Inz 4+ 1 > 0, opéowe naipvoupe 6t 1 f eivon @iivouca 6To didotnua
(1/e,00). Etot, oto onyelo xy = 1/e n ouvdptnon tapouctdlel Tomxd péyloTo.
H npornyoluevn yerétn cuvodileton otov enduevo mivaxa

z |0 1/e 00
f! + 0 -
7 -

/\

To Oewprnua tng uéong Twrh¢ Tou Lagrange, yio cuVaPTACEL DOCUEVES UE
rapopetpixéc eCrowoe (= g(t) xaw y = f(t)), naipver Ty Tapoxdte mo yevixy
Hope®Y| xou elval YVwoTd wg Oewenua e puéong tiwnc tou Cauchy.

Ocehpnua 4.8.10(Ocdpnua tov Cauchy) Eotw dvo ovvaptioes f kai g ov-
vexels oto kA€ot idotnua [a, b] kai tapaywyioues oo avorktd oidotnua (a, b)

pe g(b) # gla). Av ¢'(x) # 0 Vz € (a,b), tére vndpye € € (a,b) pe
f(b) = fla) _ f(&)

g(b) —gla) g

An6dedn: Oewpolpe tn ouvdptnon F(z) = f(x)(g(b) — g(a)) — g(x)(f(b) —
f(a)). H ouvdptnon auth mhneoi tic ouvidfixec tou Oewphiuotoc tou Rolle xau
ouvende undpyel £ € (a,b) ue F'(§) = 0. Agol ¢'(z) # 0 Vo € (a,b), té1e %

g(b) # g(a), ondte

F'(§) =0 f(&)(9(b) — gla)) = () (f(b) — fla)) & =
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IMopdderypa 4.160cwpolje ) ovvdptnon [ mov divetar je TI§ TAPAUETPIKES
ebiodoeg
r=2+1, y=t*—-2 teR

Na Bpedel onueio M(zo,yo), oto onolo n epartopérn eivar tapdAAnAn mpos tn
xopon AB, érov A(—3,2) ka1 B(3,—1).

AVor Anéd tig ouvtetaypéveg Twv onueiwy A xa B, umopolue vo SlamoTHOCOUUE
6t € [—2,1]. Ero didotnuo autd, oL GUVaPTHCELS T Xat Y TANEolV To Ohpnua
tou Cauchy. Etot

v —yla) _y(©  -1-2 2% 1

z(b) —x(a) () 3-(=3) 2
YUVETHS, M) Tapdhhnhn egantouévn tpog Tn yopdh AB eivor 6to onueio M (0, —7/4).

Iopddevypa 4.17E0tw n f mapaywyioun oto [a,b] pe f'(a) = f'(b). Na

derytel 6t
1) ~ f(a)

E—a

3 €€ (ab) pe f'(§) =

Abom Oewpolye TNV

@@ g
g:la, 0] = R, g(x)= { fﬂjzg) ’$ :7;

H g eivar ouveyric oto [a,b] (amodewvietar edxohal) xou ETOUEVLC EYEL
uéytoto otoryeio (M) xa eldyioto (m).

1°) Av m = M, mpogavae 1 g eivon otodepr xan 1 f ebvon eudeio. Todte ot
oy vetouol yag oy bouy.

2°) Avm # M, t6te 3 & xau & € [a,b] pe g(&1) =m xa g(&) = M .

Av& & € (a,b) tote npdypott (Oedpnua tou Fermat)

7€) = /(@)

36 (ab) e d(©=0= 116 = Lo
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Y1 ouvéyela Va detloupe 6Tl OeV ebvan BuvaToy va €youpe ta & xan § oTa
dpa. ‘Eotw ywelc BAABN e yevixotntag & = a xou § = b. 'Etot €youpe

m = g(&) = g(a) = f'(a) = f'(b). (4.28)
Eniong

f'()  fb) = fla) _ f/(b)  g(b) 1
“b—a (b—a)? :b—a_(b—a):b—a(m_M)<0' (4.29)

g'(b)

‘Ouwe t61E 1 g 670 b ebvan yvnolwg gdivousa, ondte 3 = ce wa meployr Tou b,
¢tol wote g(z) > g(b). "Atorno.

4.9 Koavovag tou De I’ Hospital

Y10 Oewpnuo BEE peketcope Ty €0pECT XL TNV AVTWUETOTLCT 0plwV
CLVAPTACEWY, OTOU Ol TEAZELS UETALD TwVY 0plwY EMITEETOVTAL.
Qo1600, auéong petd, oto Hapdderyua BIT, eldaye ott uTdpyouy dpLa, To onola
Oev efvon BUYATOV VoL AVTWETWTLOTOUY PE To Oetprnua BEB, enedr ot npdleic
oev emtpénovtan. Ilpdéeic mou dev emtpénovtar xouu cuvRYwg avagépovtal wg
ATPOGCOLOPLOTES LOPPES civan oL eCHC:

g,O - 00, g,oo — 00,0%, 1%, 00°, 0%°.

Towe, exelvo mou meénel va Lexadaploovue elvon 6Tt o O,TL axoloudel de Va opi-
GOUYE XAVOURYIEC TRPAEELS, WOTE QUTEC TOU OEV EMTEENOVTOL VOL ETLTRENOVTOL GTO
uERhov, ouTe Vo TpocdLloplcoLUE aUTEC TIg Hop@Es. Exelvo mou Yo xdvouue eivou
ot Yo mpoteivouye pedddoug yia Ty elpeoT oplwy TwV oTolwy 0 TPOGBLOPLOUHOS
AATAAYEL O TPAEELC TOU BEV ETUTPETOVTAL.

Ocwenua 4.9.1Fotw dvo ovrvaptiioes [ kai g, opiopéves kai ovvexels o’ éva
didotnua [a,b] pe f(a) = g(a) = 0 ka1 tapaywyioues oo (a,b) e g'(x) #0 o’
avtd® tote

f(x) ['(x)

lim —% = 1i )
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Anodedn: Iopatnpolue 6Tt o cuvinxec Tou Oewpruatog eivon ot cuVITxES
Tou Oewphuatoc XTI, Oewpolye, howndy, Tuyaio onueio x € [a, b], ondte and
0 Oedpnua tou Cauchy, agol f(a) = g(a) = 0, éyouue

@) _ fa) = fl@) _ Q)
g@) " g@)—gla) g

Enedf = a* ouvendyeton £ — at, téte and v (E3D) Yo éyovue 6Tt

lim o) = lim F(6) . f(©) I f'(x)

=1
oot g(6)  woat @€)  eoar g(€)  ana g'(2)

ue & € (a,x). (4.30)

= ] —

IMagathenon 4.9.10a uropoioe kdroios va mapatnpnoer ta e£ng:

o Ta mapandvew 10y Vovy akpipos ta idia yia dpia ard apiotepd.

o 116 tnv mpoUndPeon 0Tl 01 CUVAPTATEIS €1Val TEPITTOTEPES YPOPEC TaAPAYw-
nv mp n PTT)0€IS P PES Popes Tapay

yioueg, to Ocipnua epapudletar k1 dAAe§ PopéS av xpelaotel.

o To Ocpnua 1wyver ka1 yia owvaptnoelg oploHEVeS Kal ouvexels o’ éva
dudotnua (a,b] pe lim, .+ f(z) = lim, .+ g(x) = 0, apov tdre umopolue
va opiooupe TS ovvapTroes

F(z) :{ f(z), avx #a a Glx) :{ g(x), av x #a

0, avx=a 0, avx=a
ka1 va epappiéoovue to Ocdpnpa.

o To Ocwpnua wyde ka1 oTnr mepintwon mov to OidoTnua opiopol efval
s popgris (—oo,b], apot aAddlovtas T petapAntr ka1 Hérovag x = §,
onuiovpyolue ovvinkes katdAAnAes yia tnv epapuoyn tov Ocwpnuatog
tov De I’ Hospital.

IMopdderywa 4.18Na Bpelel To dpo
. T —sinx
lim ————.

=0 —tanx
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Abom Tapatneodue 6Tt Thnpolvtan ot tpolnovécel Tou Oswprjuartoc EUT, o-
TOTE TAlPVOUUE

. x —sing . 1—coszx . sinx
11111—:1111—2:1111 5 =
e=>0x —tanx  2—0 —tan‘x  2—0 —2tanz(l + tan® x)

COS T 1

20 2(1 4 tan’z) 2
[ v mepinTwon mou 1 ampocdopeTY popen elvar 22 1oy beL To BeUTEROD
Oewpnua tou De I’ Hospital, to onolo divetar otn cuvéyela ywelc andden (o
avary veotne mou evdlagépeton Vo unopovoe vo del v anddeln oto ([B], [@],

@))-

Ocwpnua 4.9.2Eotw ovo ovvaptioes f kai g, oplojéves, ouvexels kal ta-
paywyioues o’ éva odotnua (a,b) pe lim, .+ f(z) = lim, .+ g(z) = oo ka1
g (x) #0 0’ avté” av vrdpyer o
/
lim S'@)

z—a™t g/<l')

—1, l€eR,

ToTe )
lim _f(m) = lim —f (x)
z—at g(ZE) z—at g/(ZL')

IMagatrhenon 4.9.20a uropoioe kdmroiog va mapatnpnoer ta e£nig:

e H mapatripnon (ETA) wyver tponomoinuévn kar yia tovto to Oedpnua.
f'(x)

e Tol }urop/a' va efvar kar To 00, agov av lim,_,,+ TG = OO TOTE
lim,_, .+ % =0.
e H vUnapén wov opiov lim,_,,+ % =1, | € R etvar onuavuixn), apov

dapopetikd mpoxUntovy «dtomay, 6tws Ua dolue apéows.

IMapddevypa 4.19EEetdote av 10y Vel o deltepo Oewdpnpa tov De I’ Hospital

yia to opio.
. T
lim ———
z—o0 L + SIn T
Na o vrodoyioete!
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Avon Av Yéoouue f(z) = z xu g(x) = x + sin(z), npogavde xa ot duo
elvan ouveyeic xou napaywyiotuee tavtol oto R xou ta bpto etvon lim, o f(2) =
lim, o g(2) = 00. Ouwe, t0 dpto

fm L3 _ L

z—o0 g'(x) @00 1+ cosx

0ev uTdpyEL, apo) AUTO TUAAYTEVETUL ATO % ueyet +oo. 'Etor, 1o devtepo Oewpn-
uo Tou De 1" Hospital yio to dpro dev egappoletar. Edxola duwe unoloyilouyue
OTL 1

im —% = lim ——— =1

z—o0 I + sinx x—>ool—|—51%

Or dAAeg ampoodLOPLOTES UOPYES AVTIETOTILOVTOL YECU amd TIC BUO TpO-
nyolueves. 'Etol, yio mopddeltyua, oav €Y0UUE OUO CUVIPTACELS YLo TIC OTOLEG
oupPaiver lim, ., f(z) = 0 xou lim, o g(z) = 00 x eueic Véhouye vo umo-
Aoyicouue to dpto lim,_,, (f(x)g(x)), T6TE EXUETHAREVOUAOTE TO YEYOVOS OTL

. 1 . 1 7 3 7 7
lim, ,, — = 0 xou lim,_,, ok +00, 0TOTE EYOVUE Vo LUTOAOYICOUUE TO OQLO

g(z)

. €T , .

lim & =0, 7 lim=—=,

r—a m r—a m
TOV TO TEWTO Efval TG HOPYPTS % X0t TO DEVTEPO 2.
Av éyoupe Suo ouvapthoelc yio Tic omofec ouufaiver lim,,, f(z) = oo xou
lim, o g(x) = 00 %t epeic Véhovye va urnoroyicouue to doto lim,_,, (f(z) — g(x)),
TO7E, av yivovtou medielg, autéc ouvAlng Hag 0dNYolV OE Wi antd TIC TEONY0oU-
UEVEC HOpPEC”  ETOTC EXUETOANEUOUAOTE TO YEYOVOC OTL limwﬁaﬁ =0 xo
lim,_., ﬁ = 0, ondTe €youpe va UTOAOYIGOUUE TO OPLO

1 1 -
i (-~ L) = gy 275

Tr—a 1 1

fl@ 9@ (z) g(2)
TOL €VOIL TNG LOPPNS g.
Ou dhheg poppéc ebvor exdetinég xon avTiueToriovial e T YVWOoTH 0TI TwY
Aoyapldumy, apol eac@alicoue 6TL TANEOVVTOL Ol TEPLOELOUOUS TwV hoydpL)-
uov,

f(x)g(x) _ n(f@)9™) _ pg(z)In (@)

OTOTE €)YOUNE TAVTOTE Vo avTieTwTicoupe T popgt 0 - oo.
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ITowv xheiooupe authv v mapdypapo, Yo mpénel va tovicouye 6Tt o Ka-
vovoe tou De 1” Hospital etvon éva toyupdtato epyarelo yia tny ebpeot oplwy,
WOTOCO UTAPYOLUY TEPITTWOELS, T.Y. OF TMEQIRTAOOES PE PtlIXd, TOU TEETEL Vo
©ATAPOYOLUE OTIC XhAGGIXEC UeDHO0UE, ool auUTAS OE Bivel ADoT).

IMTopddevypo 4.20Na vrodoyioete To dpio

VAF1- V3

im :
z=1 22 + 1 — a2 +2

AvVor Tlpoorainvrag, thpa, va egapuoécouue Tov xavova tou De I” Hospital
xotahfyouue oe adiéZodo, agol Vétovtac f(z) = Va2 + 1 — 2z xu g(x) =
V2x +1—Vx? + 2 éyoupe

flx) 2o+ 1Va?+2(Va? +1—V2x)
g(@) Va1V +1—Vi2+2)

[TohhamhaotdlovTag OUws, HE XATIAANAES TUPACTICELS aQLIUNTH XL TUEAVOUO-
oT1 TofpVoulE

f(x) _ (22 4+1—-22) (Va2 +1++22 +1) _ (Va2 +1+ 2z +1) .

g(x)  (r+1—22—-2)(Vo2+2+22) (Va2 + 2+ V2z) z—1

4.10 AocbVprntwreg

H ouunepipopd evéc onueiov M(x,y) wog ouvdptnone ¥y = f(x) yipw
and évo onueio M (g, yo) ToU mpayuatixol emnédou, dnh. evog onueiou ue
OUVTETAYUEVES TRUYUATIXES, EOXOAX T} DOOXOAA UTOQEL, EV YEVEL, VU TOOGOLORIOTEL
1 vau xataotel yvwot|. H ouunepipopd tou duwe oto dretpo efvon xdtl mou dev
elvon eixoho va ameixoviotel. Exeivo mou, {owe, Yo yac €dive Wi etxdva oyetind
UE TN CLUUTERLPORA TOU Efvan TO XaTd T6C0 To onuelo wag TAnotdlel oo onueia
wag evdetag, agol 1 cuureppopd tNg evdeiag oTo dnepo elvar YVWoTY.

Teeg xaTaoTdoElC €lvor BUYATOV VoL EUGAVIGTOUY VLo TIS CUVTETAYUEVES TOU
onueiov M (z,y):

1. Tox >xg € Rxwy — o0
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2. Tox —wocoxany -y €R

3. To xz — 0o xow y — o0.

Yy o TeplnTwoT), xo®g To T — Tg XU Y —> 00, 1) CUVIETNOT Jog Telvel
otnv ewlela T = xg, Y auto opllouue

Opwouog 4.10.1H evlela x = x elvar kataxdpugn aocluntwtn s ovvdptn-
ong f, av lim,_,,, f(x) = 400 1) —oc.

Yy nepintwon avtr xoopiletan xon 1 TAEUpd and TNV omoio TAnodlouy To
ornuela Tng cuvdptnorc uag Ta onueta g evdelag, agol elvar YVWoTé TO TS
tebvel 10 T 070 T IIWavd onueia yio €heyyo etvar ta onuela mou undeviouy
TOV TORAYOUIOTH XL YEVIXA T onuelar oTar omola ev oplleTon 1 GuVAETNOT.
[ g dhheg duo meptntwoelg Yewpolue T ouvdptnor tng evdelac y = ax + b
xou Yo TpooTadcouuE Vo Te0GBloPICOVUE TOUC CUVTEAECTES @ %ot b, 6TaY TO
bpro e drapopds f(x) — ax — b teiver oTo UNdéV.

ILm (f(z) —ax —b) =0= hﬁmx(@—a—%)z()@ lgm@:a,
ILm (f(x) —ax —b) =0= ILm (f(x) —ax)=b.

’ /7. / /
Etou divouye tov enduevo opioud

Opwouwodg 4.10.2H evlela y = ax + b eivar tAdyra aoUuntwtn tng ovvdptn-
ons f, av lim,_, @ = a ka1 lim, o (f(x) —azx) = b. Owar a = 0, tdre
lim, o f(z) = b ka1 n evleia Aéyetar opilévnia aodurntwen.

IMapdderypa 4.21Na Bpeody o1 aoUurtwtes Twy ovvaptioewy

{Siﬂ x40 2?42

T )

fz) =

Abom Ta v mpwtn cuvdptnon to onueio x = 0 elvar onuelo mou mEéEnel va

TeoGEEOUUE Yo XoToXOELET aoUUTTOTN. Agol oung éyoude lim, o f(x) = 1,

OEV €Y OLUE XATAXOPLYO acLUTTWTN. Elxola xdnotog Beloxet
f(x) sin x sin x

lim —= = lim =0xu lim f(zr)= lim
r—00 I T—00 I T—00 T—00 I

=0.
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a(x)

f(x)

Yyfua 4.28: Ov ouvapthoec f(z) xou g(x)

‘Etot n evdeta y = 0 ebvon optldvtia aotuntw.
ot dedtepn ouvdptnon o onuelo x = —1 eivar ornuelo 6mou dev opileton 1
oLVEETNOT XL YU UTO TEETEL VoL EEETAGOUYE YLl XATUXORUPT| ACUUTTWTY. A@oU
éyoupe limg o g(x) = oo, éyouue xatoxdpupn acurtwty Ty euldeia © = —1.
Enfong, ebxoha xdmotog Peloxet

f(x) x4+ 2 —r4+2

lim —= = lim =1xu lim f(z)— 2= lim
z—00 I z—o0 T2 + 1 T—00 z—oo 1 — 1

—1.

‘Etot nevdela y = o — 1 elvor mAdyto aoOUmto . Ol Ypopixéc TopaoTdce TwY
OO CUVOPTACEWY UE TIC ACVUTTWTEG TOUS QatvovTar oTo My fuo EZ3.

4.11 Kupteg xou x0lhec CLUVAPTAHOELG

H xoumuhodtnTa ot Yo TopdoTacT was cuvdetnong etvar éva dhho
YpaxXTNELOTIXG Tou EVOLUpEpeL. Eivar 6Tevd cuVOEDEUEVT UE TNV EVVOLAL TNG XUE-
TG %ot x0lANG GUVAPETNONG, EVVOLEC TOL Elvol GTEVA GUVDEDEUEVES UE TN Vewpla
¢ Berniotonoinong. O mpwTtoethc @ortnTAC elvar eoeElwUEVog UE TNV Evvola
e xvpTéTNTUC amd To I'upvdoio, agol and mohd vwpic €yel axoloEL Yo xUp-
Té¢ Ywvieg, xuptd oyfuata x.At. Ta xuptd clvoha €youy Tny WLOTATA OTL, oV
EVOOOUUE OLO OTOLAOHTOTE ONUEid TOUG e Eva ELVUYRUUUO TUAUY, OAOXATIOO TO
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k*f(a)+(1-k)=

f(k*a+(1-k)*b)

a K*a+(1-K)*b %)

Yyhua 4.29: H nopdotaon e xupthc ouvdptnone f : [a, b] — R.

tunua Peloxeton yéoo oo oyfua. Av ¥ € (0, 1), 16T€ 0 ypouwxog cUVBUUOUOS
Yo + (1 — V) exgpdler xdde cowtepd onueio tou evduypdupou tuRuaTog
zox1. (BA. "Aoxnon EI3).

Opiwopog 4.11.1H owvdptnon f : [a,b] — R, Aéue éu eivar kuptij) oo [a, b]
av yia kde xo ka1 x1 oto [a,b] ka1 kdde ¥ € (0, 1) 1w0yva

If(zo) + (1 =9)f(x1) > f(Wzg + (1 — V)z1). (4.31)
H f kalefrar koikn, étav n —f elvar kupt.
Edxoha dtamot@vel xavelc 0Tt yior Ty xothn cuVdETNoT 1) AVIoOTNTA Loy VEL

ue avtidetn gopd. O %xUPTOC CUVBLUCUOS TWV T XA T1 EVOL TEOPAVAS €Vl
E0WTEPIO ONUEID T TWV ToTy xot Jog OlveL

T — X9

r=vr0+ (1 -0z, &9 = (4.32)

Ty — ZL’O.
[ivetan, mhéov, pavepd 6L 1 oyéon (EZ3), ouvduaouévn e tny (E32), yag Siver
f(@1) = (o)

xr1 — Zo

f(@) < flar) +0(f (1) = (o)) = f(1) + (z — o).

H teheutala, yewuetpixd, héel 6Tt xdle onueto tne xaunving Peloxeton xdtw and
™ yopdY) AB, 6nov A(xo, f(x0)) xau B(xy, f(z1)). (BA. Xyhua E29).
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Mapddevypa 4.22Na derytel 6u n ovvdptnon f(x) = |z| elvar kuptij.

Abom Hpdypott yia xdde xo xou 1 1oy lel
f(??l‘o + (1 — 19).1’1) = ’191’0 + (1 — 19).%1‘ < ’1933’0’ + |(1 — 19)1'1’ =

Dol + (1 = I)|aa| = 0f (o) + (1 = 9) (1),

agol ot tocotnTeg ¥ xou 1 — ¥ efvon Yetixée.
Mopddevypo 4.23Na derytel 6u n ovvdptnon f(x) = 2% efvar kupTh.

Abvom Hpdypott yia xdde xg xou 1 Loy Lel
f(zo) + (1 =) f(x1) > f(Pzo + (1 = V)21) &
drg + (1 — 9] > Wrg + (1 —9)x)? &
I + (1 — 9zt > 9222 + (1 —9)%27 + 29(1 — V) wor; <
(1 —9)(z0 — 1)* > 0,

mou oy Ve, aol Y(1 — ) (xg — z1)* > 0.

Or xUpTég CLUVPTHOEIC €)0UY BUO OTIOUBNES OLOTNTES, TIC oTtoteg Vo avar-
pépoupe Ywplg anodeln. O gortnthc mou evdlagépeTtal Yo UTOPOUGE VoL XOITALEL
oe Piha Madnuatixic Avélvone m.y. ([2],[@)).

e Kdéle xupth ouvdptnon f optopévn o’ éva Sidotnua [a, b] eivar ouveytc.
o [ x&e xupth ouvdptnon f oplopévn o’ éva didotnua [a,b], oe xdde

oTUEl0 TOU BACTAUATOC TG, UTAEYOUV OL TAEURIXESC TORAYWYOL.

Ocwenua 4.11.2FEotw n ovvdptnon [ nov efvar opiopérvn kar napaywyionn
oto dotnua [a,b]* n f evar kvptj) oto napandvew Gidotnua, av kai pudvov av
via kdde v ka1 y pe x #y oto [a, b 1w0yve

fy) > f(@)+ (y —2) f'(2). (4.33)
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Andéden: Oa deifouye, apyxd, ot av woyvet ) oyéon (E33), n ouvdptnom
etvow xupth. ‘Eotw y xou 2 Suo tuyaia onueio oto [a,b] xou = € (y, 2), ondte
=20y + (1 —9)z pe ¥ € (0,1). Agol oyler 1 oyéon (E33), éyouue

f) =z f@)+ @y —2)f(x) & If(y) 29f(z)+ 3y —2)f (z)

1) > f@)+ (-0 f' () & (1=0)f()> (1= 0)f(x) + (1 - D)z - 2)f'(x)

Ipoc¥€tovtag xatd UEAT T BUO TPOTYOVUEVES EYOUUE
If(y)+ (1 =0)f(z) = If(z)+ (1 -7)f(z)
+ PWy+ (1 =19z —dz—(1—9)z|f (x)
= f(z)+ (xz—2)f'(z) = f(z) = f(Iy + (1 = 9)2).

Avtotpbgnc, Vewpolue thpa 6Tt 1 f elvar xupth xou z,y duo onueia oto [a, b]
ue x # y, t61e yo xde ¥ € (0, 1) Jo 1oy e

f(A =9z +y) — f) _ A =9)f(@) +9f(y) — f(z)
9 - v

= f(y) — f(2).
To mp®To YEAOG TNE TEONYOVUEVNS GYECTC AVADLITAGGOUEVO oG DIVEL

S((L =)z +y) — f(x) fle+9(y —=) - fz)

3 = (y—x) T :

OTOTE TPOXVTTEL 1) EXOUEVT] AVICOTNTA

- =T < ) o)

H teheutaio ye ¥ — 0 Siver
(y—2)f'(x) < fly) = f(2) & fy) > f(2) + (y — 2) f(2),

mou eivan 1 {nToduevy). O

Avo onuavTIXés, OLUPOPETINES YEWUETPIXEC TPOOEYYIoES umopoly va yi-
VOUV GTO TpOTNYO0UUEVO OEwpnua.

o H mpotn ebvan 1 e€fic: Kde onuelo tne xaunding Peloxeton mhvew amnd
OTOLAONTOTE EQATTOYEVT] TNG.
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Yo 4.30: H epunvela tou Ocwprjuoatog EITA.

[ tn Seltepn ypewdleton wa wxet| Teomonoinoy tng oyéong (I33). Av
Yy > T Jog Ofvel

1) 2 1@+ -0 @) o LT
EVe av Y < T, TolpVOUUE
10)2 5@ + - 0re) o 2D <y )

Exetvo mou yiveton, twpa, gavepd elvon 6Tt 1 xhior omolacdfroTe Y 0pd1g
NG AXUUTOANG ebvon YeYohUTERT amd TNV xAon NG EQanTouévng g, 6T
QPLGTERD TNG GO, XL UXPOTERY) ATh TNV XAIGT TNG EQPATTOUEVYS TG, OTO
0e€t6 TN dxpo.

Ta mopandve gaivoviar topactatind oto Yy Aue E30.

"Hom €yer avel 6Tt 1 x0pTdTNTA TNG YRAPXAG TAPdOTACTS TG CUVARTNONS

€yel otev) oyéon pe TNV Topdywyo authc. To enduevo Ocwpnua emBeforwve
T0U AOYOU To anéc.

Ocwenua 4.11.3Fotww n ovrdptnon f nov efvar opiopérn kar napaywyionin
oto didotnuae [a,b]* n f evar kuptj oto napandvew Sidotnua, av kai pudvov av
n f etvar adéovoa o’ avtd.
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Yyfuo 4.31: H epunvela tng andoelng tou Oewpruatog ETTI.

Anbodeln: Ocewpolye apyxd 6t 1 f ebvon xupth. ‘Eotw twpa z xau y dvo
onuela tou [a,b] ye x < y. And o nponyoluevo Oebdpnua ETTA xou Boitepa
and ¢ oyéoec (I34) xou (A33) noipvouye

fly) = flx) _ f) = fy)

fle) < TEZFE = TEZ R < 1),

Avuotpbguc, av 1 f elvar ab&ovoa xa x, y Suo onueia tou [a, b] ye x < y, ToTE,
and 1o Oewenua EXB (Oetdpnuo tou Lagrange) xat to yeyovoe ot n f eivon
avgouoa, Yo undpyel xdmoto ornuelo § ue < § <y, €10l OOTE

/ / _ T /
o) < fe = LW gy
y—
To eudl xou To avtioTpogo aneixoviCovta 6o Xy ruo B3I O

Ané 1o Oedprua EZI tpoxinter 6t 1 ' adlovoa woduvauel ye tn f”
Vett), und v npolndieon 6t n f' nopaywyileton. Etor, afiaota, npoxinte
10 enoduevo Ilopiouo.

ITopwopa 4.11.4FEoww n owdptnon f nov eivar opiojuévn kar 6vo @opés ma-
paywyionun oto idotnua [a,b] n f eivar kyptrj oto napardvew Sidotnua, av
ka1 uévov av n f etvar Yenikrj o’ avté.
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‘Oco Tpoavagépaue YL TIC XUPTEC CUVIPTACELS Loy UOUY XATIAANAAL TEO-
oapuoouéva xot v Tic xofhec. ‘Etot, oto mponyoluevo moploua pe Tic (BLeg
Tpolnovécel 1 " < 0 woduvayel ue x0ihn ouvdptnon x.Ar. A&iler va Tovi-
OOUUE OTL T0 onueio 6To onolo Wi uVdETNoT f ahAdlel xaumUAGTNTA, ONA. amod
xupTh Yivetan xolhn 1 and xolkn xupth, Ayeta «onueio xoaumhc» (o.x.).
mudavd onueio xaunic eAéyyouue ta onueia oo onofor undeviletar i f”, epdoov

undpyet ¥ Sev opiletar n f' (my. f2 # fL).

IMopddevypa 4.24Na Ppefotv ta onpueia kaurns kai va pedetnlel wg mpog Tny
KauTUAdTnTa, OnA. ToTe €ival KuptTn) kai mote Koikn, n ourdpTnon

sinx, x€ (==,
f(z) = { sin(z — %), = 63(2”?27r)

Abom H dedtepn mapdywyog tng ouvdptnong etvan

v —sinz, x € (—%”, %)
fiw) = { —sin(z — %), x€ (&, 2n)

Y10 onueto zp = %’T auTy| v opiletar, aol dev opiletan 1 TEWTY TAEAYWYOS

’ / / / /7 ’ ’ /‘
oto onueio autd. Ipdypott xdmotog ebxoha unopel vo unohoyloet (va ﬁpsm‘)sl.)
ot

2w 1 1 2
/ _ 1+ S 2y
Enione, f"(x) = 0 pag diver T onyeio 1 = 0 xou 2o = %’T, T omofo elvan xplotua

ornuela Yoo onueta xounrc. H uehétn tou npocrhuou tng 0eVTERNS TARUYWYOU XAl
NG XUUTUAGTNTAS TNG CLVARTNONG PAVETIL GTOV TaRUXATL Tivoa:

27 27 47
T =% 0 3 E
1 — 0 + I + 0

f‘ 7N\ N\

2T

EVR 1) YPupixt| TopdoTaon autrc divetoar oto Xy o E32.

ITowv xAelcouye Ty Tapdypapo auth, Yo B6CoUUE Eva Oewpnua avtioTolyo
Tou Ocwphuatoc EE, omou 1 Umaplrn onueiou xounic eCacpariletor and T
VOO TNG TWAS TN TopaydYou udnhotepng Tang.
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Yyfua 4.32: H ypoguad napdotaon e f tou napadeiyuatoc (E23).

Oewpnua 4.11.5Ar ya a ovvdptnon f opwouévn ovo hidotnua [a,b], o
2n + 1 mapdywyor tng f undpyovr kai elvar ouveyelS kai emimAéoy

F"(20) = f"(w0) = -+ = FO(20) = 0 ket FE D (wg) £0 pren > 1,

Tdte 0T0 Ty €YOUUE oNueio KauTr.

Anédeln: Avantioooviag v f oc oepd Taylor ylpw oand to onueio g
€Y OUUE

2n—1 . k B 2kt 1
fo) = e ; %JC ® (o) + (x(%gﬁ)l)!_f B ()
‘0, _
(z—x0)2k+1

Etor, av fHD(24) > 0, n rocéTe T 0eZLd Tou T ebvar VeTxr), ondte
f(x) = f(zo) + (x —20) f'(x0) > 0 xon 1) f eivon xupTh (amd t0 Oewpnuo EIT3),
EVK APLOTERY TOU T 1 TOCHTNTA % elvon apvnTixd xou 1 f ebvan xolhrn. Yu-

VETWS, 0T0 Tg 0AAALeL 1 wovotovia. TTapduota cuuBaivouy, av f@RD (1) < 0. O
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4.12 H Mekétn tng cuvdeInong

YuyxevTp®vovTag OAa doa avapépaue u€ypl Topa Yo unopolcaue, Yevixd,
VO TOUUE OTL Yol VO UEAETHOOUPE Ulal GUVAETNOT UTOPOVUE 1 TEETEL VO XAYOUUE
TIC ETMOUEVEC EVEQYEIEC:

e Boloxouye 1o medlo oplouol tng f xou e€eTdlOVUE TNV TEQLOBXOTNTA Xo
TIC oLUPETPlES (dcpuomtspww’]) AUTHG, EQPOCOV Elvat EPIXTO.

e Evronilouye 600 yopoxTneloTixd orueld Tng CUVERTNOTS (onpsioc TOUAG UE
TOUG GEOVES) UTOROUE.

o EZetdlouye T oLuVEYEL AUTAHS OTa BlaoTHUATA Tou opileTo, BivovTag Tpo-
COY 1 OTAL dXEA AUTWV.

e Bploxouye T aoVUTTWTES AUTHS, AV UTEEYOLV.

e Boloxouye tny napdywyo avthc xou ue 1N Pordeld tng uehetoVUe T Yovo-
Tovia xot evtoniCouue To oxpoTaTo eEETACOVTUC Tr GUVAPTNOT OToL XPIoUAL
onueio Tng.

e Bpioxoupe 1 deltepn napdywyo f”, av undpyet, xou pe ) Bordeld tng
UEAETOUUE TNV XoUTUAGTNTA TNG o evToTiCouue Ta onueio xaunhc e€eTd-
Lovtag Ty cuvdptnon ota xplowa onueio tne f.

IMopddevypo 4.25Na pedeTnlel n ovvdptnon
_ [ =l 2 #0
flz) = { I, z=0 -

Abom Q¢ nedlo optopol g ouvdptnorg Yewpolue to R, agol auty optleTo
TovToU Yoo 67 auTO. MUUUETEIES XU TEQLOOLXOTNTEC OEV UTHPYOLUY XUl WS EX
T0UTOL Vo UEAETACOLUE TNV f(x) ¢ mpog N ouvéyeta. H ouvdptnon propel va
yeagel og [z|* = el ye x € (—00,0) U (0,00). 'Etot, uropolye vo dolpe
6T auth elvan ouveyfic xa oto (—o00,0) xou ato (0,00). H f elvor ouveyhic 6t0
ornuelo Tg = 1, 6mou TEdyUATL EYOUUE

ilg% |x’x _ ilg% exln\x| _ elimm_mxln\ad _ 60 -1 = f(O),
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aol maipvovtog unodn pac T oyéon (D) urnopolue vo Bpolue

1 In |z])’ P
lim z In |z| = lim n1|$| = lim M =lim - = limz = 0.
z—0 z—=0 = z—0 (—)/ z—=0 — = z—0
T T T

O oplévTiog dCovag etvan aoOUTTWTN TN XUTOANG Uag, apod dXOAd TROXVTTEL
6t lim, o |2|" = 0, eved TAGyLES Bev uTdpyoLV.

H napdywyoc ota Sothgata tne ouvéyeds e eivan f'(x) = (|z]*)" =
|z|"(In x| + 1), evéd ot0 onueio xg = 0 €youpe

r—1 *(1 1
f/(1) = lim =] = lim [ (In |=[ + 1) =—
z—0 T z—0 1
Me f'(z) = 0 < Injz| = -1 & |2| = e'. To xplowa onueta, Aoy, eiva
zo =0, 11 = —1/e, x5 = 1/e. To npbonuo tne napaydyou eLoptdtar and To

npbonuo tne nocdtntoc Infz| + 1, agot |z|* > 0. ‘Etot, npoxintet o mopaxdtw
Voo, OTOU QUtvOYTOL ToL TOTUXS UEYIGTA, EALYLOTA XA 1) LOVOTOVIdL.

x | oo —1/e 0 1/e 00
— T ¥

/ T.J \ \ - /

[a ) Seltepn napdywyo €youue 6T 010 onueio zg = 0 auth dev opileTar xou
wS € T0UTOU TO onueio autd ebvar xpioo onuelo. Xta SLacTHUATA 0PLGUOY NG
éyovpe 6t f"(z) = |z[*[(In]z| + 1)® + 1]. Etva goavepd 6m f”(z) > 0,Va > 0,
eve v x < 0, agol |z > 0, Jewpolue ) ouvdptnon g(z) = (In(—z) +
1)% + L xon elxoho uropolye vo arodelfouye (1) amddeiln péver yia doxnon) o
€yer wovaduxr pila Ty Ty x3 = —1. 'Etot, unopolye va dnuiovpyicOUUE ToV
Topoxdtw Tivaxa, 6Tov omolo QaiveTol 1) XAUTUAOGTNTA AUTHS.

T o0 —1 0 o0
1" (x) + 0 — I +

f(x) —_, Ox. = T ox

~ 7

H ypapur tne mapdotacn gaivetor oto Ly Aua E33.
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i |
-1/e o} 1/e

Syfua 4.33: H ypagw napdotaon e f(z) = |z]*.
Aoxnosig

4 7 /7 4 /. V4 /
Aoxnon 4.1 Aciéte én, av yua ovvdptnon Ocv elvar ovvexns oto onpeio x,
téte Oev mapaywyiletar o’ auto.

‘Aoxnon 4.2Eéetdote wg mpog T owvéyela kai TNy tapaydyion oto onueio 0
T ourdptnon

V41, x>0
f(z) = 0, =0
JT—1, <0

‘Aoxnon 4.3 Acilte on, av dvo ouvaptrjoels Tapaywyilovtal n Popég, TOTE 1-
oxvel

D (f-9)"=fg"+2fd+f"9, 2)(F9)® =g +3f9"+3f"d+f-g.

(Mnmws pavtelete to yevikd tino;)

‘Aoxnomn 4.4Na Bpeolv o1 mapdywyor twy memAeyuévwy ouvaptrioewy
1)3"—=3V=3""Y 2z4+y=In(r+y), pex+y>0,

3) Va2 +y? = ghretany pey # 0.
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"Aoxnorn 4.5 Bpeite to dagopiké twv f(x) = cosx ka1 f(x) =sinz. Na xpn-
oporomBotv, yia va Ppelel (na tpooeyyiotikn T yia ta a)cos 5 f)sin 0.0012.

'‘Acxnor 4.6 Na Ppelodv ue duvauooepés ta e kar cosx + isinz, érov i =
v —1. Na ovykpifoiv.

‘Aoxnon 4.7 Aeilte 6t o1 mapaxdrw ovvaptrioes dapépovy katd otalepd, a-
Po¥ mpdta evtomioete to kowd medio opiool Tous (a # 0).

1) fi(z) = Largtanh £ %) g1(z) = argsinh £

fo(z) = 5 In &2 g2(x) = In|z + Va? — a?|
‘Aoxnon 4.8 Eva kopudn olpua kéfetar oe dvo koppdria ka1 kataokevdlovpe
éva tetpdywro k1 évay kUkAo. Bpeite o€ moio onueio tov tpérner va komel to ovpua,

wote to dOpoiopa twy eufadwr twy dvo oxnudtwy va elvar puéyroto.

‘Aocxnor 4.9 Xt oimkavd oxnua o mapatnpnurs (11)
mpémel va mdel TO OUVTOUOTEPO OUvaté 0To
tapatnpntripo, €vtés tns Alprns (X). Yo
édagos o mapatnpntis Tpéyel e TayvTnTa
6Km/h, evdy otn Auvn pe T on. Na
BpeVet, xpnoyoroiwras tn pédodo tng oi-
xotounong n oémow dAdo tpdmo Uédete, to
onueio (M), av efvar yvwoté éu IIA=100m,
YB=60m ka1 AB=200m.

‘Aoxnomn 4.10X7 éva kvAwvopikd Ooyelo axtivag R = 10cm, o€ vypd 1kavot
Uhous h puddooovtar 10° udpia opaipikot opyavionot axtivag r = 0.0lem. Na
Bpelei 0 prOuds petaPorns tng aktivas twy opyaviopdy, av to Uihog tns otdiung
Tov Lypov aveBaiver pe tayvTnta 0.2cm/sec.

‘Aoxnon 4.11Ocwpdvtag 6T o wpiaio kK6oTo§ €V6§ Trdpous, Tov Kiveltal pe
otalepr) TayvTnta, Oivetar ané tov tumo a + bv™, n > 1, érov a ka1 b otadepés,
va Ppelel n taylvtnta mov mpémer va Kiveital, avté WoTe va €Youue To €Ady10To
K60TOG.
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‘Aocxnor 4.12Na Ppedel to opoydvio (e TAeupés mapdAAnAes tpos Tous déo-
VeQ), pe to uéyioto €ufaddr, mov €yypdpetar otnr éXAewn
22 P

StE=1

‘Aoxnorn 4.13Av ¥ € (0,1), va deyOel éu o ypappukds ovvdvaouds Yy +
(1 — )y exgpdla kdbe eowtepiké onueio tov evuvypdupov Turfpatog Toxy
a)rg, 1 € R B)zg, 11 € R2



156 Hopdywyoc



Aopioto ONOXAN P

5.1 T'svixd

To avtiotpogo medBAnua g mapaynylong eivar 1 ohoxiewor. OhoxAh-
ewomn OnA. etvan 1 Srodixaoio, ue Ty omolo, 6Tay pag dlveTan Wa cUVAETNOT), €-
ueic Beloxouye and molo cuvdpTtnon TpoNhle auTh Ue TapaywYLon. AlpopeTixd,
otav YvwpiCouue to puiUd petaBohng wag ouvdpetnorg Peioxoupe Tn cuVAETNO
otnv omofo avuotoryel. To mARdog Twv TeayuaTX®Y TROBANUATOY 6T dLdpo-
eec emOTAUES fvan axpBwe awtol tou eldoug. I'vwpllouue To pLIUS peTaBolrg
wag ouvdeTnong xar Oyl Ty Bl T ouvdeTtnor 1| Yvwellovue wa oyéon mou
oLVOEEL TN cUVIETNON UE TO PUIUG YeTaBoAAC auTAC xou Yy vouue Vo Peolue T
cuvdptnoT. Xe avtideon Ue 1o TEOBANUA TNG TUEAYWYLOTS TO TEOBANUL TNE 0Ao-
xMpwong ebvar ueydho xar toAbTAox0. 201660, GYETIXd YE TO TEOBANUA AUTO,
€youv yiver mhpa TOAG péypet ofuEpa xou O €val UEYAAO aptiud TEOBATUdTWY
€yl dovel Moo,

5.2 Opiopol xa oTOLYELMON ONOXANPOUATA

Opwouwog 5.2.1FEotw n ovvdptnon f pe Ay C R+ av vrdpyer pua dAAn ov-
viptnon F, dote ya kdle v oto Ay va 1wyve

F'(x) = f(x) 7 dF(z) = f(x)d, (5.1)

téte n ovvdptnon F ovoudletar apyixny g f.

Y10 Oewpnua EXH eidoye 6T, av dUo CUVIPTACELS DIAPEEOLY XUTA OTA-
Vepd, €youv Tig BlEg TapaydYous. Autd onualvel OTL Uol GUVAETNOT UTOPEL Vo
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€YEl TOMEC apYLxég ouvapTHOELS i xahltepa, av F etvan Wi opyxry tng f toTe
T0 GUYONO TwV opyIx®V ouThS diveton and tov tino F(x) + C.

Opwopoc 5.2.2Fotw n ovvdptnon f ue Ay CR: av novvdptnon F eivar jna
apyikn s f, tore n yevikn poper) F(x) + C ovoudletar adpioto oAokAripwpia

S f ka1 ovpBoliletar
/f(m)dm =F(x)+C.

()¢ dUECEC OUVETEIEC TOU OPIGUOU XAl TOU YEYOVOTOS OTL F'(x) = f(x) €y ouuE
TI¢ e€C OTOLYELWOBELS LWOLOTNTES:

(5.2)

o [ f(x)ds = [ F'(z)ds = [ dF(x)
i J f(2)dr = F'(z) = f(x).
o d[ f(x)dx = F'(x)dx = f(x)dz.

=F(z)+C.

Oa uropoloE, (owe, xATMOLOG Vo TULATNENOEL OTL OL BUO TPAEELS, TN TAPAYWYLONS
XU TNS OAOXAHiWoNE, efval xatd xdmolo TeoTo avtioTpoges, ue e€aipect (owg
T0 otadepd mpooletéo C. And Tig OTOLYEIWDELS IOTNTES TG OAOXARRWOTS Xou
TN YVOOT oG OYETXY UE TIC TUPAYWYOUS, UTORPOUUE VoL EYOUUE TOV TAPAXATR
Tivoxa 0A0XAAEWOTG, UE TN CUPPOYIX OTL oL cUVIETAoEL opilovTal.

['voyotd ohoxAnpwuota ['veyotd ohoxAnpewuota

[ 0dx =C f0052 dr =tanz + C
fa:“dx—a+1 2 4+ Cla# —1 fxdx—e +C
[idz=In|z|+C [a"de =& +C

fcosxdx =ginx +C
[sinazdr = —cosz + C

f sinh zdxz = coshx + C
f cosh rdr = sinhx + C

[(1+tan®z)de =tanz +C | [ dxr = tanhz + C

00<h2

[ewuetpxd, 10 adpIoTo OAOXAAPWUN EXPEALEL ULdl LOVOTIURUUETELXY OLXO-
YEVEL XoUTUAWY, ONA. TO A6EIGTO OhOXAYpwUa OV efvon Uior XaUTOAN oA Eva
TAHVOC XAUTUAWY, TARIAANAWY UETAE) TOUg, OIS Qaivetar 6To Ly rua b3a.
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(0,0)

Yo 5.34: Adpioto ohoxhhpwuo: Mio LOVOTURAUUETELXY) OXOYEVELXL XOUTOAWY

Av anoutioouye 1 xodmin va tepvd and ouyxexpuévo onueio M (o, yo),
t61€ 1 otadepd C npocdiopileton o 1 xoumOAN oplleTton TAHPWC.

IMapddevypo 5.UIpooodwpiote Ty kaumiAn, n omoia 61épyetar and to onpeio
M(1,2) kar éyer puud petaforrig 3x* — 2z + 1.

Adon
/(3:(:2 — 2z + 1)dx = / (2% — 2° 4+ 2)dw = /d(:c?’—a:Q—i—x) =2~ 2?2 +C.

Aol n xaunOAn diépyeton and to onuelo M(1,2), éyouue

2=1"-1’4+1+C<=C=1.

5.3 IduotnTec Tou OAoxAnpddpatog

And TIC OTOLYEWWOEL WLOTNTEG TOU OAOXANPWUATOS TEOXVOTTOUY EUXOAX
T€00EPLC PuotxéC ILOTNTEC TOU OAOXANEWUATOS, TIC 0TS cuvoilouue UTd Yop-
@y OcwphuaTog.
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Oewpnua 5.3.1Av ovo cuvaptrjoes f kai g eivar odokAnpwoijes o’ éva oud-
omue A ka1 F' n apyikny tns f, téte woyve

/)\f(x)dx = /\/f(x)dx, A#0 (5.3)
/(f(x)+g(x))dx:/f(x)d:v+/g(:v)d:v (5.4)
/ f@)g(@)dr = f(2)g(z) - / f(@)g/ (2)da (5.5)

/ g(2)df(z) = f(x)g(x) - / f(2)dg(x)
/ f(9(a))g (2)dz = / f(9(@)dg(x) = F(g(x)) + . (5.6)

Exelvo, lowg, mou Ya énpene va mapatnericoupe civan 6Tt 10 A # 0 oty
(B3) tou nponyoluevoL Oewphuatoc eivon oUGLHIES, ool yia A = 0 dev toylet,
eve v (B3) v ouvavtdue oty BBAoyeapia we 0AoXAHEWoT) XUt TapdYOVTES.

IMapdderypa 5.2Na vrodoyiotoly ta okokAnpauata:

1)/(2x5+3x2—m)dm, 2)/(\/5+ Iz)dz, 3)/(0083:— %)dw.

Adom

6 2
1)/(2x5+3x2—:E)dx:2/x5d:v+3/x2dx—/xdx:%+x3+%+C,

Wl

2)/(\/E+\3/E)dx:/xédx+/x§dx: —i—zx +C,

2
—i—T—l—C':—x
3 3

1 1
3) / (cosx — T)d:p = /cos xdm—/x_édx = sin :E—?qLC’ = sinz—222+C.
l‘ =

2

IMapddevypa 5.3Emiong ta odokAnpduata:

1)/$cosxdx, 2)/excosxdx, 3)/lnxda:.
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Adon
1) /xcos xdr = /x(sin r)dr = xsinx — /Sin x(z)dr =
rsinx — /sinxdz =xsinx —cosx + C,
2) / e” cos xdr = / (€*) cos xdx = e cosx — / (cosz)'e”dr =
e’ cos T + /Sin z(e”) dx = e* cosx + e*sinx — / (sinz)e®dr =
e“cosx +e’sinr — /cos retdr < 2 / e’ cosxdr = e cosx + e” sinz,
oToOTE /ew cosxdr = %(e”’c cost + e’sinx) + C

1
3)/lnxd:c:xlnx—/xdlna::xlnx—/x—d:ﬁ:xlnx—x—l—a
x

IMapddevypa 5.4Emiong ta odokAnpduata:

Inz T
1 —d d
)/(ax—i—b / o /1—2x2x

Avon Ouuiloupe tic WibTnTeS Tou Baoptxol d(ax) = adx xon d(x + b) = du.

1)/%dmzl/(;3d(ax+b):—;+0.

ax +b) a) (ax+0) 2a(ax + b)?

2
/midx—/lnxdlnx: (In z) + C.

2

1 1 1
3)/ ° d$:—§/ d(1—2$2):—§ln|1—2x2|—|—0.

1 — 222 1 — 222
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5.4 Teyvixéc ohoxAHpwong

'Hom, éyer avagepdel 6Tt 1 ohoxhfpwon etvar €va 80Gx0h0 TEOBANUN GTA
Modnuortind xon UGAGTA UEPLXS OAOXANEOUTA, UXOUY) XL UTAWY EXPRICEWY,
0V 0pIL0UV OTOLYEIOOELS CUVIPTACELS Xat EEVOL ABUYVATO VAL AVTHIETWTLOTOUY UE O-
A6 TpéT0, bTOC Yo Tapdderypa T [ e dr, [Sde, [ =do [ 22dy, [ 2y
x.o. ([B]). Etn ouvéyeta, Yo 50000V 0plouéves TEYVIXEC YL THY OVTIETOTION
TOU TPOBAAUATOS, OUWS OE PLA0BOZOVUE Vo ECAVTAYOOUUE OAES TIC TEQITTWOELC.
['a Théov ewinés TepInToel o avayvenotng Yo meénet va avalntroel Bordeia
O€ TMEPLGOOTERO EWXE oLYYpdupata ot Bifhoypagio m.y. ([B],[8],[H]).

5.4.1 AN\ay? petoBAnTAC

Ocwpolye Tt ouvdptnon f : Ay — R xou éotw wa cuvdptnon ¢ 1 I — Ay
UE oLvVEY T TpdTN Tapdywyo xot Tétow wote ¢ (t) # 0 vy xdde t € 1.
Av Véooupe = = P(t), 161€ avti tou ohoxhnpwpatoc [ f(z)dr mpoxintel T0
YNoPIN IO
[ rens o

10 omolo TOMAES PopEC elval o EUXONO GTOV UTOAOYIOUS TOU o’ 6,TL TO UPYLXO.
Agob 1 ouvdpTtnon ¢ emAEyTnxe €10l WOTE Vo UTARYEL 1 avTioTeoY| TNg, TOTE,
av ©(t) wa napdyousa g Teonyoluevng, Vo toy Vet

/ﬂmwz/ﬂmmaww=ﬂ¢wm+a (5.7)

2671600 oTNY TEAET UEPIXES PoREC VewpoluE TN ouVdETN O ¢! xan OTr GUVEYEL

Beloxouye t ¢.

Mopdderypo 5.5Na fpedet to odoxAApwpa [ +/2z + 3d.

AVorn Oétoviog t = 2z + 3, t > 0 nalpvouye © = 5(t? — 3), ondte dr = tdt
xo €Y OUUE:

1, 1 PR 1,5 3t
vV 2z + 3dr = 5(zf —3)ttdt=5 (t* — 3t )dt:§(3—?)+c
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110 (vV2r +3)° - ; (V2r+3)° +C.

To mow petacynuatioud Yo yenotwonotiooupe eivon Bacixd Véua euneiplag xou
eCowelwong Pe Ty ohoxhipwaor. 201600, oplouévol YETaoy nUATIoPOL Efvar xAo-
ool xau 6TV TEooTdUELd Hag OEV TOUG oy VOOUUE, Y aUTO Toug BIVouuE GTov
eNOUEVO TivaX oL

] TOPAGTACT H UETAUOY NUATIOUOS H OLOUPOPLXO ‘
1+ 2? T =tand dz = (1 + tan? 6)db
a* + x? r = atanf dr = a(1 + tan® 0)d0
V1+a? T = tanf dz = (1 + tan® 6)db
Va? + 2 T =atand dz = a(1 + tan?6)df (5.8)
V1—22 x =sinf dr = cos 6df
Va2 — x2? T =asinf dx = a cos 0df
Va2 —1 T=gp dx = ;ucloseede
VG N i

IMopdderypo 5.6Na vrodoyiotoly ta odokAnpaara:

D [ e /ﬁ 3>/ﬁdfc

Abon 1) Arné tov nivexa (BR) Vétoupe © = atand xou dr = a(l + tan®0)do,
OTOTE €)Y OUUE

1 1 ) 1 11 x
[ et = [ gyttt o = ¢ [ a0 =l = Cartan i

I8 amd tov mivaxa (BB) Yétouvye & = asind xa dx = a cos 0df, ondte éyovue

1 1 1 T
2 ———dr = | ——-—acosfdf = | ——cosfBdf = | dO = arcsin —+C
)/VCLZ—!’/L"2 /a\/l—sin20 /C059 / a

Eniong, and tov nivaxa (B8) Vétovue v = 45 xou dx = LOS‘L)ale OTOTE €Y OUUE
1 —acos 9 1 1 a
3) | —F—=dzr = = —— [ df = ——arcsin —+C.
)/x\/:v2 — a? / [cos20 sin® 4 a/ a T
sm@ sin? 6
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Me a = 1 ot duo mpwTeC eival AVAUEVOUEVES, ool Xdmolog Tou VUUdToL TG
TOQUYWYOUS TWV XUXAOUETOELXWY CUVIRTHOEWY Ad TO TEOTYOUUEVO XEQIANLO
Yo umopoloe va Ti¢ TpEL dUEoaL.

Iopathpnon 5.4.1Kdnoies popés, otov mivaka (E8), e€vnnpetel avti twv sin @
kai cos 8 va Oérouue sinh 6 ka1 cosh 6 tporonoidvtag katdAAnAa ta drapopiid.
5.4.2 OANOXANPOUATA TELYWVOUETEIXWY CUVILTNCEWY
Mo yeydhn xotnyoplo oAoxhnowudtwy eivor auTH TS 0 OAOXAPKCTS TWY
TPLYWVOUETEIXWY CUVAPTACE®Y. X auTh| Yo mpénet xdmolog va €yl unodhn Tou Tig

TRLYWYOUETEIXES TaUTHTNTES TNe Toparypdpou (BBA). Oa Sdhoouye Tic BL8popes
ueB600US UTO LOPPTV TAUPADELYUATWY Xt O QYOLTNTHS o¢ TEOGEEEL T uedodohoyla.

IMapddewywa 5.7Na vrodoyofolv ta odokAnpduata:

1)/Sin"xcosxdx, 2)/cos”xsinmdx.

AVor ‘Eyovtag unddr o6t dsinx = cos xdx, naipvouue

sin”t1 ¢
. . . n+—1
1) /sm”xcos rdr = /sm” rdsinz = { ntl a

In|sinz|, n=—1

Avtiototya evepyoUye i 1o 2). (Na yiver wg doxnon.)
IMopdderywa 5.8Na vrodoyiofotv ta odokAnpdpara:

1)/tanxdm, 2)/tan2 xdx, 3)/tan” xdr 2 <n € N.

sin x
cosx

sin 1
/tan:xd:v:/ d:v:—/ dcosz = —In|cosz|+ C.
cos cos

AvVom 1) Ané y yvwoth tawtdtnta tanx = €Y OUUE
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2) Mpootagaupdvtac to 1, nafpvoupe
/tanzxdas = /(1 +tan?x — 1)de = tanz — z + C.

3) Tlodéc popeg, otny TpooTdleld uag va PBpoldue xdmot oAoxAnpwuaTe On-
HOLEYOUUE avay®Yxo0g TUTOUG, OTWS OTNY TEPITTWOTN TOU TOEA DLUTEAY -
TEVOUOGTE.

/tan” xdr = /tan"_2 rtan® zdr = /tan”_2 r(14tan’z — 1)dz =

tan" !z
/tan”2 x (1 +tan®x)dr — [ tan" ? xdr = ——7 = /tan”2 xdx.
—— n—

dtanz

Ebvar @avepd Oti, ye tov avaywyixd 1Omo mou dnutovpyhoaue, Yo mnyaivouue
TEOC T oW, UEWVOVTAS TOV EXVETN xatd 800 xdie @opd, xon Yo xotahhEouue
1 o710 1), av 10 1 elvon TEELTTO 1) GTO 2), av auTo Elvon dpTLo.

IMapdderywa 5.9Na vrodoyiofotv ta odokAnpduata:

1 1
1)/sin2”+1 xdx, 2)/C082n+1 xd, 3)/de, 4)/ ——dx
cos?" x sin“" x

AVor Tlepittéc SUVAUELS TOU NUITOVOU X0 GUYNUITOVOU OAOXATIROVOVTOL GYETIX
eVUXON

1) /sin2”+1 xdx = /sinZ”xsin xdr = — /sin2" xdcosx = — / (1 — cos? z)"d cos z.

To teheutaio, duwe, eivar ohoxAfipwud ToAUWYOUOL, apol auTd umopel Vo o-
voarmtuydel wg dudvuuo tou Newton o 6poug tou cos? . [Mogbuota to 2). (Na
Yiver wg doxnon.)

Atyo mo dUoxola eivan To TEdypaTo 0T GAAAL BUO OAOXANEWUATA'  GTO

_ cos?z+sinx =1 € tan2 T ,ETGL

cos?x cos?

TeWTO an’ auTd Tofpvouue uToN Hog OTL
€Y OUUE

! 1 1 2\n—1
3 /cosandx _/cos2(”1)xcos2xdx _/(1 + tan®)" " dtanx.
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‘Onwe xan mporyolueva, to Teheutafo eivar 0AoXA pwHUd TOAUWYOHOU, apoy auTo
umopet va avamtuydel we diwvugo tou Newton ce dpoug g tan®z. Yto dho
2
! Litan"z ‘Bigy €Y OLUE

7 4 7 —
TalpVoulE Unoqm HOG OTL —5— = — -5

1 1+ tan®z\» 1+ tan?z\71(1 + tan?
4)/'2 dx:/(ﬁ)dx:ﬂmznx) (L+wxte),
sin“™ x tan® x tan® z tan®

1 +tan?z\n-1 1 1 \»1 1
dtanz = <1 + > dtanz.
/ ( tan? z ) tan? z / tan? z tan? x

To televtaio punopel va avantuydel we diwvupo tou Newton oe 6goug Tou m
xaL €UXOAA, TAEOV, VO TO UTOAOYICOUUE.

IMTopddevypo 5.10Na vrodoyiotovy ta oAokAnpdpata:

1)/C082 xdz, 2)/sin2 xdz, 3)/c082xsin2 xdx.

AvVor To tig dpTieg BUVAUES TOY NUITOVLY X0l CUVNUTOVWY YETCUOTOLOVUE
Toug TuToug sin® z = £(1 — cos 2z) xou cos? z = (1 + cos 2z).

1 11
1)/0082 rdr = /5(1 + cos 2x)dx = 53 / (14 cos2x)d2x =

(2x+sin Qx) +C'

»-bIP—‘

1 11
2)/sin2xdx:/2(1—cos2$)d 22/(1—0082x)d2x— (2z—sin 2z)+C

1
4
3) /0032 xsin® rdr = /0082 z(1 — cos® x)dx = /cos xrdx — /cos xdr =

i(2x+sin2x) _/<%(1+COSQ$)>2d:p .=

3 1 1 1
(2x—|—sin2x) — <§x+ —sin 2z + —sin4x) +C = % — —sindx + C.

1
4 4 32 32

IMagdderypa 5.11Na vrodoyiofotv ta o OlokAnpduata:

1) / sindx sin badz,  2) / cos4x cos brdr, 3) / sin4x cos bxdz.
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Abom Tt hoon Yo yenolwonotioouue GYETIX0US TUTOUS amd TNV TARdY PO
(BB3). Ou Bpolye 10 mptdto ohoxhipmud xot to Utdhotmo Yo TapaPEVOUY KOS
ACUNOELS.

1
1) /sin 4z sin bxdr = / é(cos (4x — bx) — cos (4 + bz))dx =

1 1 1
3 / (cos (—x) — cos 9z)dx = E(sin:z: -3 sin9z) + C.

5.4.3 OloxApwom eNTOY CLUVIPTACEWYV

H yévodog mou mpotetveton elvon yevixr| xou AOVEL T0 TEOBANUA TNG ONOXAT-
EWOTC TWV PYTWV CUVIPTACE®Y, WOTOC0, AOYw Tou 6Tl oTnelleTon oTny elpeoT
OAwV TV EIl®Y TOU TOAUGYLUOU TOU TAROVOUAGTY, OEV UTOREl Vo EQUpUOCTEL
oTay 4Tl T€T0lo dev emtTuyydveTal. ‘Eotw Aowmdv 1o ohoxhipmua

Qm(z)
/ P.(2) dr, m <n. (5.9)

Yy éxgpoon (B9) xatahfyouue TédvTa, GToY €YOUUE Vo OMOXANEWCOLUE PNTH
oLVAETNOT), APOL YOl TIC TEPLTTWOELS OTOU M 2> N UTOPOVNE VoL xdvouue Euxhel-
OLoL DLapEsT) xo VoL EYOUUE VoL OAOXATPOOCOUUE VA TOAUWVUUO Barduol m —n xou

o éxgpaon e popgrc (B).

_a
z2—2x—1

IMTopdderywa 5.12Na ypdipete to kAdoua
HoU kai €vé§ kAdopatos tns popgng (B3).

w§ dOpowopa €vé§ mtoAvwyU-

AVor Kévovroag Euxdeldua duaipeor tou aprdunty| Ue ToV TopovoUaoTH, Taipvou-

ue
3 Loy 3r —2
— ==z .
2 —2x —1 22 -2z +1

Apytlouue v avamtulrn tng uedddou e TI¢ TAEOV amhéC TEQITTWOELS.

IMopdderypa 5.13Na vrodoyiotoly ta oAokAnpduata:

1)/ﬁd1‘, 2)/@6&6, 3)/%6&&
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Adom

1 1 Injz—r/+C, k=1
1) | ——dex = | ——d(z—1) =
)/ ([E — T‘)k v / (ZE — T‘)k (27 T) { _(kfl)(;,,n)k—l ) k # 1
2) H nepintwon k = 1 éyer yehetniel oto Hapdderypa BB Yo yehethicoupe Ty
nepintwon k > 1.

1 24+ 1—22 x?+1 x?
L= ———do=[|"—-— " do=[| ——do— | ————dz =
¢ /<x2+1>k * / @+ F /<x2+1>k * /(:vm)k !

/;d _/$_2d _/;d _/ T
@+ T @ T ) @ e

e '

Ik,1 Ik71 dA(.’L')

UEVNG OyEong YiveTon

1 x
/di(x) = —/de(k_ 1)(22 + 1)k-1 - _2(]{;— 1)(x? 4 1)kt

1 1
MPTUEEY / @ 11

N J/
'

OTOTE TO OEVUTEPO OMOXATPWUO TG TEOTYOU-

Iy
‘Etot Aoy €youue TNy avadpopxt| oyEo

1 T 2k — 3 T

Iy = I 1—

k=) T D@ A )R 2tk ) T G S D@ R

3) Ity tehevtaior tepintwon unopolue va ndpouue

/fc_“?d _/Ld +/Ld
@+ F ) @ T ) @

1 1 1
= ———d2*+ 1) +b | ————dzx.
2/(x2+1)k @+ 1D+ /(l’2+1)k v

N

g

1) mepintwon 2) nepintwon

e 'Eotw 61t 10 tohudvupo tou napovouaoty, P,(x), éyet n ankéc nporyuat-
x€q plleg, TIC 71, T2, - - -y T
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Yy nepintwon auth, anodevieTal OTL T0 Xhdoud %:((5)) YedpeTon wg dpot-

OUOL OTOLYEIWODY XhaoUdT®Y, 6mou 0 opunTic elvon wa otoepd (ToAudYLUO
undevixot Poduo) xat 0 TAPOVOUACTAC HOVWYUUO, ONA. oTh HopY

Qm () ay as as Qn

= + + 4+ .
P,(x) (x—m11) (r—r9) (z—r3) (x —1p)
Or aprduntéc tou deutépou uéroug unohoYilovial XAVOVTUC TIC UTOAOLPES XAl
eCIoWVOVTaG ToUg aptduntés, omoTe dNUoVEYOUUE CUCTNUA N ECIOWOEWY UE N
AYVWOTOUS, ELTE ATAUTOVTAS VoL €Y OUV TOUC {BLOUC GUVTEAEOTES T OUO TOAUGDYUUA
elte divovtag n Slagopetinés THwéS ot UETABANTH, cuvidwg i (Beg Tig pilec.

IMopdderypo 5.14Na vrodoyioete ta oAokAnpdpata

20+ 1 rx—1
1)/(x—2)(x+3)dx 2)/(2x—1)(x+2)d$

AVor Oa yENCWOTOCOUUE XoL TOUS BUO TEOTOUS TEOGOLOPOUOU TWV GUVTEAE-
OTWY TOU TROAVUPEQUIE:

20+ 1 ai as a1(x + 3) + ag(x - 2) (a1 + (Zg)x + 3a1 - 2a2

Ve 22233 @-2@+3  ~  @-2@+d

‘Etol éyouue a; +az = 2 xaw 3a; — 2a; = 1, ondte Aovoviag 10 oUoTrua Tehixd
madpvouue a; = 1 xou az = 1. Tt To ohoxhpwua £youue

2 1 1 1
/< v )d:c:/( + ——=)dr=In|zx —2|+In|z+ 3|+ C.

r—2)(r+3 r—2 x+3
2) x—1 __om 6 ar(z+2) + a2z — 1)
e —D(x+2) 22-1 2+2  (2v0—1)(z+2)
Etou éyovue ai(z +2) + ax(2z — 1) = 2 — 1, ondte yia & = —2 xu ¢ = 3
Tafpvouue a; = —% HOL Qo = % [at T0 ohoxAfipwua €youue

z—1 1 -1 3 1,1
dr = — dr = —(—=1n|2x—1|4+31 2))+C.
/(2x—1)<:c+2) v 5/(2x_1+x+2> =< (—5 20— 1[+3ln |z +2))+

e Eotww 61t 10 moludvuyo P,(z) éyer wa pilo mparypatixy) tohhamhdtnrog
ny Y 71, xon 1 — ny EIeg AMAEC TEAYHATIXES TIC T2, T3, - -y Tnni+1-
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YNy 1eplnTwor auT anodetxvOETL 0Tl TO XAdoUA %;”((f)) YodpeTon OTY) HopYH:
m T a a an, b br—n

Q ( ): L + 2 2_|_..._|_ 1 + 1 _|_..._|_—1’

Po(z)  (x=m) (z—r) (@ —r)m  (z—r2) (@ = rp—ni+1)

OMA., TWEA, OTA OTOLYELOOY XAdopata €youv Tpootelel Oha Tol ¥AJOUTA TOU
TEOXUTTOLY, av VETOUUE OToV apiunTr OTUEREC XAl GTOV TOROVOUAOTY| OLadOo-
Y OAEC TIC DUVAPELS TOU POVWVOPOL, Tou avTioTotyel 6Tny TolanAy pila, ard
™V TeWTN UEYEL TNV N1 —00TH. O apriuntéc Tou deutépou uéhoug utoloyilovtou
(AVOVTAG TIC ATAAOLPES X EELOWVOVTASC TOUG aptdunTé, OmoTE dNULOUPYOUUE,
UE TOUS YVWOTOUS TPOTOUS, GUOTNUN 1 EEIGWOEWY UE 1 AY VOO TOUG.

IMagdderypo 5.15Na vrodoyioete ta oAokAnpdpata:

2¢ + 1 241
D e e e

2z + 1 a; ay  a(r—2)+ay  ar—2a; +ay

Voo 23 oo @o2r — @2

‘Etol éyouye a; = 2 xar —2a; +ap = 1, ondte nalpvouue a; = 2 xou ag = 5. '
TO OAOXAPWUA €Y OUYE:

2v+1 B 2 5 ol _L
[cogpte= | Geog g a2 g e

[ 0 Beltepo oloxhpwua ToflpVOUE:

2+ 1 o as by ar(z—1)(z+2)
DRy -1 G-t ri2 . G-+t
as(z + 2) bi(z —1)2 _ ar(z — 1)(x +2) + as(x +2) + by(z — 1)? _
G0 o P+ D) e+ 2)

(CLl + bl).TZ + (a1 + a9 — 2[)1)1‘ — 2CL1 + 2(12 + b1
(x—=1)2%(z+2) '
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‘Etot éyouvye a1 + b1 = 1, a1 + ag — 20y = 0 xau —2ay + 2a3 + by = 1, ondte

TolPVOUUE a; = %, ay = % ol by = g. [ t0 ohoxAfipwua €youye:

r? -1 1 4 6 5
/(:E—l)Q(x+2)dx:§/(x—1+(x—1)2+x—2)dx:

1 6
5(41n|x—1|—m+5ln|x—2|)+0.

IMapatripnon 5.4.2Me avdloyo tpdno avupuetwnilovtal kai 6Ae§ o1 TepImTH-
o€I5 Tov €yovy TOAAATAES pileS meploodtepes and uia.

e 'Eotww 61 10 nohudvupo P, () éyer pilec anhéc wryadixée Tic ry, Ta, .. .,
Tmy XU 1 — 2my pllec mporyUaTiXéC.

Y1y mepintwon auty, T0 TOAUOYLUO P,(x) da eyl plCec xan Tic ouluyeic Twy
T1, T2y <o vy Ty, T TT T2, <oy Ty ET0l, 610y 10 Py (2) ovahletar 6€ YIVOUEVO
TapayOVTWY, Yo UTEPY0UY 0TO YIVOUEVO Xou TETPoywvixol GpoL TG Hopghc 2 —
S;x+p;, © = 1(1)my, 6mou s; = 1;+7; xou p; = 7;-T;. Lol GTOLYEWODN xhdouata,
Twea, eugaviovtor dha exelvar o xAdouata, oL €Youv oTov apWiunTH TOUg
HOVOYUUN XAl GTOV TOQOYOUAGTY) TOUS TS TETPAYWVLXEC LORMES, OTA.

Qum () _ mT A bl Ly T + by,
P,(z) 2?—six+p 2 — 8,0, T + Dy

Z (oToLyEWddT) xAdopaTa TpaypoTX@Y POV ).

IMapdderypa 5.16Na vrodoyiotoly ta oAokAnpduata:
272 1 242z +2
1>/ r+x+ d %) /( x°+2r + A

Bt tl 22+ x+1)(22+2)

Avon 1) O TOQOVOUACTHS TOU TEMTOU XAdopaTog YedpeTon Pt tr+l=
(z +1)(2* + 1). 'Etot, 1 avdduon ebvo:
20 + x4+ 1 a br+c  (a+b)z*+(b+c)zr+a+c

Prrtetl o+l 2l (z+1)(z2 + 1) !
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0TOTE TPOXUTTOLY ot e€lowoelg a +b =2, b+c =1 xu a +c = 1 xou tTehxd
a=1b=1xunc=0 Two1t0 ohoxApwud, UETE AT TIC AVTIXATACTAUCELS,

€Y OVUE
202 + x4+ 1 1 T
/:c3+:1:2+:c+1x /x+1x+/:1:2+1x’

T omofar utohoyilovton Ye Ty TEY VXY Tou avanTtOydnxe oto Ilopdderypo BT
€ToL

1
I:ln|x+1|+/ ——d(z® +1) =In|z+ 1| +In(z® + 1) + C.
4 +1

2) O TOPOVOUAOTAS TOU OELTEPOU XAdopATOG BEV avaAlETAL O€ TemToBddutoug
TOEAYOVTEG Aol oL TETEAYWVIXES Hop@Eg €youv wyadixés pilec. 'Etot, ya ta
OTOLYELOON) XANAGUATA €Y OUUE:

224+ 2x+2 ar +b cr+d

(x2+ x4+ 1)(2? + 2) x2+x+1+x2+2_
(a+co)*+(b+c+d)a*+(a+c+dx+2b+d
@+ D@+ 1) ’
onote mpoxUTToLY ol edlowoec a +c¢c =0, b+c+d =1, a+c+d = 2 xu
20+ d = 2 xou teMxd a = %, b=1 c=—-2xud= 131 T 7to ohoxhfpwud,

39 3 3
UETE amd TS AVTIXATAOTACELS, EYOUUE:

242042 2r+ 1 —2y+14
I = vt dr = | 5> —3—dr+ | 2 —3dx
(224 x4+ 1)(x2+2) J @?+ax+1 ) 2?2

-~~~

I Iy

1 [ 2241 1 | 1
L= 2" o= q? 1) = - In (22 1
! /x2+x+lx 3/x2+a:—|—1(x frtl)=gh@te+l)

1 20 — 4 1 2x 1 4
L= - dr — —~ dr 4 = dr =
2 3/3024—23: 3/x2+2“"+3/x2+2‘”

1 1 4 1

_- d(z® +2) + = d

3/x2—|—2(x+ )+3/x2+2x
—_—

I3
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‘Ouwe 10 I3 ohoxhpwua €yet uehetniel oto Iapdderyya BB, 'Etot €youue
V2

1 1 2v/2
—gln(xz—i—:r—l—l)—gln(asz—i—Q)—{—T\/_arctanT—{—C’.

I =

e 'Eotw 0Tt T0 TOAUGOYLUO P,(x) el plleg myadinéc amhéc xar ToAATAES
xou plleC TEAYUATIXEC OTAES XAt TOANATAES.

YNy TepInTwon Ty, 1Y UoUY OAA To TEONYOUUEVA XL ETLTAEOV GTA GTOLYELD-
o1 xAdoyato tpoctievton dAa To XAdCoUUTA TOU TEOXVUTTOLY, av YETouuE GTOV
aprluNTY| LOVWYLHO X0 GTOV TOQOVOUAOTY| OLad0) X OAEC TIC OUVANELS TWV Te-
TOAY WOVIXWY HOPYRY, TOU AVTIGTOLYOLUY OTIC TOMATAES wyadixég pilec, and tny
Tew TN UéyeL exelvng Tou Baduol TOAATAOTNTAC TNG.

IMopddevypo 5.17Na avadviel oe ororyeidn kAdopata n pntn) tapdotaon

20% — 2% + 37 — 2
(x —1)3(x? + 2+ 2)2

Adon

203 — 22 + 3z — 2 ay ao as bix + ¢ box + Co

1P te42? r-1 (w12 @—1P Prrt2 Ptz t2)?

OTOTE UETA amd Tig oyeTixés Tpdlelc Ppioxouye

3 14 25 18

bh=-—o; a=4; 22@; 022@-

1
4 32’

IToAAEc opéc Yiot TNV ONOXARRWOT) TELY WVOUETOIXWY TUPAOTICEWY, XAVO-
VTG yeron TV TOTwy

2tang 1 —tanzg 2tang
sind = S5, cosU = 55, tand = X
1 —i—tan 3 1+tan bl 1 — tan bl

e maparypdgpou (BEA) %ot UETAGY NUATIOUNDY, XUTOAHYOUUE OE OAOXA oG 1)
TWV TAQACTUCEWY.
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IMTopddevypo 5.18Na vrodoyioete ta oAokAnpopata:

1 1
1) / —dz, 2) / dx.
sin z cos

AVor Oo ta utohoyicouye Ue BrapopeTind TEOTO xat Vo aPHCOUUE G doxXNoN

TNV EVOALXYY| TWV TEOTWY GTOV UTOAOYLOUO.

1 1 1+ tan%Z
o 2tan 3

sinx

Oétovtog u = tan £, éyovye du = (1 + tan® £)idz, onére

1
L :/—du:ln|u|—|—C’:1ntan|§|+C’.
u

1
2) 1'2:/ da;:/ coszm dyc:/—cos,x2 dz
Cos T Ccos* T 1 —sin“zx

©¢tovtag u = sinw, €youye du = cos xdr, onOTE EYOUUE

1 1 1. 1+4+sinz
I = du — du=-=-In— """
2 /1—u2 “ /(1—u)(1+u) " o s TC

5.4.4 OAoxAMpwoT AeeNTwY MALACTACEWY

Exgpdoeic e wopgric ¢ Z;is OTNV UTO OMOXAREWOT) TURAOTUCY) AV TIXO-
VioTavton and plor HETaBANTH U xar ToAAEC @opéc pac Bydlouy and To adE€odo

IMTopddevypo 5.19Na dciéete 1 Ta odokAnpwuata

1) I :/,3/ 8;_:11dx, 2) I :/\3/(:6—1—1)(1*—1)2611’

exppdlovtal pe atAég akyefpikéS tapaotdoe.




MAOGHMATIKA 1 175

Avom 1) XenotuonoidvTag TV Tapandve UETATY NUATIOUS €YOUUE

,/8r —1 o 8x—1® ud +1
=ueu = T =— .
r+1 x+1 ud — 8

Iaipvovtog dapopnd otny TeEAeuTaiol TEOXOTTEL

3P (v’ —8) — (v’ +1)3u° dy — 27u?

dr = du.
v (W3 — 8)2 (u— 2202 +2u+ 42"

‘Etot %8vovTag T avTIXATUCTACELS EYOUUE

27u? u?
I = du =2 du.
! /(U—Z)Q(u2+2u+4)2 N 7/ (u—2)%2(u®+2u+4)2 “

J/

g

R(u)

‘Ouwe, 1 pnth éxgpaon R(u) uropel vo avahulel 6e oTotyelddn xAdouata xou
udMoTa YETE amd T OYETXES TPALELC €YOUUE

1 N 1 u+6 n U+ 2
36(u—2) 18(u—2)2 36(u?+2u+4) 3(u?+2u+4)?

R(u) =

Efvar gavepd, Aotmov, 6Tt 1o 6TOLYELDOOT) XAAGUATA OMOXATIEWVOVTOL XAl TAlPVOUUE
TNV TEMXT| €XQEUCT], APOU AVTIXUTACTACOUYE TN UeTaBAnTh w. KotohaPBaiver
XAmOL0g OTL Lol TETOLXL EXPEAGT), TOL OTNY TEALT efvan Wiaitepa TOAUTAOXY), UOVO
Vewpntiny| alio urnopel va éyel. o tn yeron g oo oplouévo oloxhneouata,
yeetalopaote T PoRdeia NAEXTEOVIXO) UTOAOYIOTY X (QUOIXY UTOAOYIOTIXES
uedodoug.

2) Holamhaotdlovtag pe © — 1 aprdunth xaw napovoudoth otny undpllo
TOGOTNTA TOPVOUUE

sjr+1

=(x—-1) )

z—1

\3/(:c+1)(a;—1)3

r—1

Me 10 UETACY NUATIOUO TOU TEOAVAUPEQUUE X0l UXONOLVWVTAS ULot AvaAOYT) TORELaL
UE TNV TEOTYOVUUEVT TERITTWOT) £Y0UUE

3I+1—u<:> & dr = 6u* du
r—1 o (u =12+ u+ )2
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Kdvovtag Ti¢ oyeTixéc avTxataoTdoElS TEMXY TaipVouuE

x+1 u?
I, — —1)¢ der = --- = —12 d
2 /(w ) r—1 /(u—1)3(u2+u~|—1)3 "

Eivow qovepd 61t xou t0 delTERO OhoxApwUa ex@pdleTal, TOAOTAOXA UEY, WUE
amhég ahyEBpInéC TapAOTAOEL OE.

[ pilind pe tprdovupo (Vaxr? + bx + ¢), eExToOC TV TELYWOVOUETOLXDY UE-
TACY NUTIOUWY, TpotelivovTo xaL ot Yetaoynuatiopol Euler, étou

e otav a > 0, 9étovue Var? + bx + ¢ = \Jax +t, ondte

2 —
am2+bx+c:ax2+2xt\/5+t2<:>x:—c

b—2t\/a

e Oty ¢ > 0, Vétoupe Vax? + br + ¢ = xt + /c, onde
2t\/c — b

oz¢752+1)3:+c:.91:2252—1-2:1015\/54—0<:>a:)z:—i-b:31:152—{—215\/E<:>:1c:—t2
a

® OTAY TO TEUWVUUO £YEL dUO TpayHaTixéC plCeC DLUPOPETIXEC UETAEY TOUS TIC

r1 %o T, Vétouvue Vax? + bx + ¢ = tlx — 1|, ondte

ary — rit?

ar’+br+c = t*(z—r1)? & alv—r)(v—ry) =t} (z—1)? S 2 = 2
a/ —

Kot oTig tpelc mepnt®oels Tehxd XATaAYOUUE OF oNTEC EXPRUCELS TOU T.

IMapdderypa 5.20Na vrodoyioete ta oAokAnpdpata

1 1
Wlh=[-—— de, 2)I= da.
) & /\/:L‘2+£(Z—1 ) L2 /\/—x2+3x—2

AVon 1) Agob a =1> 0, ¥étove Va2 +x —1 = +t, ondte

t?+1
1—2t

Vi24+or—l=zs+t=>2>+r—-1=24+t?+20t = x =
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, *+1 —t*+t+1 2(—t2 +t+1)
8TOL\/.272+$—1:1_2t+tzﬁxwdw: e dt.

Kévovtac tic avtixataotdoeic €youue

20 —1 2(—t2+t+1) 2
I = dt = | ———dt =Mn|2t — 1|+ C.
! /—t2+t+1 (2t —1)2 /(Qt—l) | |+C

O¢tovtoc t = —z+Val+ o — 1 éyovue [; =In| — 1 — 22 +2vVa? +z — 1|+C.

2) H unépiloc mocdtnra etvon Vet mocdtnra vy ¢ € (1,2), agod r = 1
xou 1oy = 2 ebvor ot plleg Tou TEIWVUUOL ot PETAC) TwY EIlKY, TO TEOCTUO TOU

TotwvOuou ebvar etepdomuo Tou a = —3 < 0. Me Tov Tpito yetaoynuatioud Tou
Euler éyoupe

2 +2
V—r?+3z-2=tzr—1)&e - -or= i

24+ 1’
2+ 2 t —2t
4 —_ — — — — = —
étorvV—a2+ 3z —1 t(t2+1 1) o dx (t2+1)2dt‘
1
Avuxathotdvtog talpvouue I = —2/ oN 1dt = —2arctant + C.
2— 2 —
O¢tovtoag t = 4/ . _f éyoupe I, = —2arctan - _f +C.

Aoxnoesig

‘Aoxnomn 5.1 Na vrodoyiotoly ta oAokAnpapara:
2 1

1)/32“1(1&:, 2)/33662966133, 3)/er—2dx, 4)/x(1+tan2(1—x2))da:.
x

‘Aoxnon 5.2Eriong va vroAoyiotoly ta oAokAnpwuata:

| |
1)/3S‘nxcosxdl‘, 2)/tanmln (cosx)d:p, 3)/35"’ sin xdx, 4)/%&&

X

5) / sin (3z) sin (7x)dz, 6) / cos (3z) sin (7x)dz, 7) / sin® 2 sin” xdz.
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‘Aoxnomn 5.3 Na vrodoyiotoly ta odokAnpwuata, xpnoiporoiwrtas Tovs avti-
OTO(OUS UETAOYNUATIONOVS.

2+\/93+3dx VT3

1
dr, e*=tnx=Int, 2 —_— r+3=1t.

”/W Vits

‘Aoxnorn 5.4Na vrodoyiotoly ta oAokAnpduata:

D / S (L) / (x—l)fz)m2+2)dx’ 3) / (e‘”—l(;z;—FZ)Qdm

‘Aoxnon 5.5Na vrokoyiotoly ta odokAnpduata, ypnoipoToiwrTas Tovs avti-
OTOIYOUS ETAOYNHATIOHOVS.

1 .
1) / mdaz, a)Euler ka1 B)tprywropetpixd

CcosS T .
2) — - dr, sinx=t
sin“x —sinx — 2

sinx COS T T
3 —d 4 —d tan — = ¢.
)/1—sinx o )/1+COS$ T Ay




Opiouevo OloxAnpwua
6.1 I'evixd

Ané o Tupvdoto axdpr ebvor Yveotd 6T to eufadby Tou xOxhou efvor 772
omouv T = 3,14159 . ... Y10 Alxelo €yve YVwoTo OTL 1) TUPATAVE UETETOT TPOE-
xue TalpvovTag To 6plo 0To EUBABOY EVOC XAVOVIXOU TOAUYWVOU EYYEYQUUUEVOU
(h mepryeypoppévou) oTov x0xho, BITAUCLALOVTOC CUVEYMS TIC TAEVPES TOU X
6T ogetheton 6Toug apyaioug ‘Elhnves xar pdhiota otov Apyunorn. BéBaa, ot
apyadot "EAAnves utohdyicay To eUBaddy %ot GAAWY XAUTUAGYRAUUGY CYNUETWY
Yernoworoiwvtag T pEdodo mou yenotwonoinoe o Apywundng, n omolo chucpa
xohetton «péVodoc tne e€dvThnoney. Xt uédodo auth otnelydnxay, ToAlolg
awveg apYotepa, ol Eupwrnator podnuatixol xou dnuoteynoay tov OrhoxAnpw-
o Aoyiopd, ue tov onofo Yo acyorndolue oto endUeVaL.

Oewpolue TN ouveyt ouvdptnon f oto xAewotd didotnua [a,b], yio TV
omolo woyver f(x) > 0, VYo € [a,b], n onola poali ye tig evdeieg = a, v = b
xou tov optlévtio dova y = 0 mepucheiovy wa empdvea (oto Lyfua 33 éva
xoumuAdypauuo teanéllo). o tov uroloylopd tou euPadol auThc TNg EmLpd-
velg ywpetlouue 1o eudiypouuo Tuud la,b] cen TUAUOTA UE T EVOLAUETT OTUElal
T1, T, . .., Tn_1 ot opillovpe g evdelec ¢ = x4, ¢ = 1(1)n—1. Luvolxd, ot n+1
xdeteg evdeiec otov optlovTio dlova, ot n — 1 mou oploTnxay and To EVOLAUESH
onuela z;, @ = 1(1)n — 1 xar ot 800 exeives mou opillovtar and ta onueia xop = a
xou T, = b, opilouv n Awpideg mopdhhnhes petald toug. MeTagepduaote ot
Aopida mou optleton amd Tig OLadoYLXES EVVEIEC T = ) XU Tiq1, E0TW TNV A; XU
O,TL oy Vel YU auty) Yo loy el Yo Oheg. 110 BtdoTrua [, i1 1] 1 CLYVAETNOT| HoC
nafpver ueylotn Ty, éotw v M; xou ehaylotn éotw ty m;. Av E; ebvou To

179
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a Xixil b a Xixi1
Dx Dx

Syhua 6.35: H egantopévn e y = f(x).

eUPaddY TOU OTOLYEIWOOUS XAUTUAGYpopUou Teaneliou, i’ autd Yo oy leL:

Adpoilovtac dha ta oToLYEWDOT) EUBadd TS oyéong (E7D), TofpvouuE

=1 =1 i=1

To euPadov L, avtiotoyel ota oploymvia Tou eival 6TO E6WTEPIXO TOU G-
wotog pag xon U, avtiotoryel ota oploywvia mou eivar 010 e€wtepid Tou. Ou
eCumneetoloe 10 ox0T6 Pog 1 Yelwon tne dapopds tou U, — Ly, xou av elvor
oLVaTO, va Yiver auth und€v. I'a 1o oxond autd otevelouue TI¢ hwpldeg ue ToV
e€hc Teomo: AuZdvouue Tov apliud TWV ECWTERIXWY OMUEiLY Xou TafpVOUUE Ta
2, j=1(1)n' — 1, éxor wote

max 2%, — 2] = max Azl < max Az, = max |1 — 2.

Pafveton, tdpa, (BA. Lyhua 53) 6Tt n redhaouévn mou oynuatilel 1 dvew TAELEE
TV 0pVOYOVIOY, TANCLALEL TEPLOGOTEPO GTNV XUUTUAN xat 1) Swgopd U, — Ly,
UELOVETAL.

ArnodewvieTtar Ott, 1 amodeln oTNEIlETol oTNY £VVOLd TN KOUOLOUOP®NS CUVE-
YEWCY 0L WS X TOUTOU EEPEVYEL TOU GXOTOU TOU TAPOVTOG EYYERLDIOU, VLo TIC



MAOGHMATIKA 1 181

ouveyelc ouvapthoels f, xadwe To max; Ax;- — 0 10 m — 00 xou 1 daopd
(U, — L) = 0. Enopévwe, lim,_,o L, = lim,, o U, = E.
Aol Vewphoaye ™ ouvdptnon f ouveyl, oto ddotnua [z,—1, x;] Vo woylel
TdvTa

m; < f(Cl) < MZ',VCZ‘ € [I‘i_l,fﬁi] (63)

X0l ETOUEVOC
ZmiAxi < Zf(cz)Axl < ZM,AL (6.4)

To yeyovée (U, — L) — 0, poac Aéet 61 10 6pto

max}lga%jﬁo ; f<CZ)AxZ =5 (65)

UTdEYEL xou vl aveEdeTnTo TNG EMAOYHAS TV ;.

Optowde 6.1.1Av n ovvdptnon f elvar opiopuérvn kar ovveynis oo [a, b, téte
o dpo g oxéons (E3) ovoudletar odokAnjpwpa Riemann tng f oto [a,b] 1
op1ouévo odokAnpwpa ts f ané to a oto b ka1 ouuPforiletar

n b
lim Zf(cl)A:E, = / f(z)dz. (6.6)
i=1 @
Optowde 6.1.2Av n owvdptnon f elvar opiopévn kair ovveynjs oto |a, b], téte
a b a
/ f(z)dx = —/ f(x)dx kar / f(z)dx = 0. (6.7)
b a a

[tvetar Qavepd OTL T0 0PLOUEVO OROXATIPOUOL EVOL DUVATOV VoL TAOVEL XAl ApVTY)-
TXég TWES, Tou oruaivel 6Tt Topa O Yo exppedlet Eva euBadoy, Ue TNV évvola
mou To Yvweilouye and o Alxeo. Oo exppdler eyBadoy Ye T YVWoTh €vvola
uévoy, otay f(z) > 0 xou a < b, dropopetind Vo exppdler €va mpoonuoouévo
euPadOV.

IMopatrenon 6.1.1H perapAntn x oto opiojévo odokAnpwpa dev mailer xa-
véva péro. Mmopel va efvar oroiadnmote dAAn. AnA. ta olupora

/a ’ Ha)de. / o /  Fu)du

Tapiotdvouy To 1010 0P1IoUEVO OAOKARPLLA.
I (e PO
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IMopathpnon 6.1.2Anodcixvietal éni n oyéon (BB) tov opropot (EID) 10y Ve
ka1 otny nepintwon mov n ovvdptnon f elvar ppayuévn kai éyel €va menepacévo
mAntos onueiwy aovréyeas.

IMapatrpnon 6.1.3["a jua Aentopepn) pedétn tng kard Riemann oAokAnpw-
ong o avayvaotng Tov evolapépetal uropel va kataguyel o€ ipAia Mainpatikrg
Avdvons mx. (@, @], @, @)).

IMopdderywa 6.1Na vrodoyioete ta opiouéva odokAnpdpata

2 2 1 1
1)/ xdx, 2)/ 22dx, 3)/ Vadz, 4)/ e“dr,
1 0 0 0

xpnoponoisrtas e€wtepird 1 eowtepikd opoywria, apol mpdta dapedoly ta
oyxetikd daotiuata o€ n 10OUNKN TUNMATA.

Avon 1) To ddotnua [1, 2] o ywpiloupe oe n 1ooufxn Tuhuata pixove Az =
ue to onpelo 1 = xg, 71 = 1+%,x2 = 1+2%,...,xi: 1+2’%,...,xn:2. Arn
Tov Optoud BT xou yenolonotwyvTag ecwTepixd optoywvia Ya toyVet:

- S R N N = 1n(n—1)

n(n —1)

2
) dr = lim (1
onoTE /1x x =lim (1 + 52

=2

2) To dudotnua [1,2] to prLCoups oEN Loopnxn Tmpaw ufpoug Az = 2 ue
onpaa()::co,xl 2 —2—... , T _z—... n=2. AnorovOpLopoE:I:I]
XU YPNOWOTOLWYTIG siwrspma opﬂoycowoc Yo LGXUSL

wam:Z 2 n nsz 8 nlnt )+ 1)

i=1

2
OTOTE / 22dr = lim Bn(n+1)(2n + 1) = §
0 6n3 3
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3) To ddotnua [0,1] to X(OPLCOUHE oEMN Loow]xn Tpnpaw ufproug Az = = ps ™
onpstcx()—xo,xl = %, —2— e T —z— = 1. Aznd Tov OptopoE:I:I]
XOL Y PNOWOTOLOVTIG s&otspmoc opﬂoywwoc f)oc LOXUEL

- " /11 " Vi
;ﬂximx:;@f;m

VI+V2+-+vn

1
omoTE / Vadr = lim
0

‘Ouwe and 1o xpitheto tou Stolz (E22Z) Vo éyouue
/lﬁdz—lim vn+1 _hm\/m[(nﬂ)\/ern\/ﬁ]_m_
0  (m+DVntlonya o (n+ 1) —nd ==

4) To &oacmpoz 0,1] to prLCoups o€ n wourfpe tufpata ufxous Az = & ue
o onuelon 0 = xg, 71 = % = 2 ce X = Z% , T, = 1. And tov Optopo
(BT xon yeNOWOTOLOVTOC socotsptxa opf)oyd)woc ﬁoc 1oy VEL:

n—1 n—1

1 1
iz:; flz)Ax = ; %E = hz , Vétovtog = h
1 n—1
€)Y OUUE / e*dr =1limh Y e’ =limh(l+e" 4 e + ... 4 D),
0 h—0 P h—0

H rponyoluevrn oyéon, to yeyovog 6t nh = 1 xou o xavévag tou De I’ Hospital,
TEAXE, Bivouv

h—0 h—0 eh —1

1 nh_l h
/ exdleimheh = lim (e — 1)— =e—1.
0 (& _1

6.2 IoltoTnTEC TOL OPLOUEVOUL OANOXANPEOUATOS

Mt oelpd and Boaotxéc WLOTNTES TOU 0PLOUEVOU OAOXATEWUATOS ATOPEEOUY
Ao TOV 0pLOUG, TIC 0TolEG Yo DWCOUUE GTO ETOUEVO OEWENUAL.

(]
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Ochpnua 6.2.1(I6wtntes) Eotw o1 f ka1 g dvo ouveyels ouvaptijoels oto
didotna [a,b]. Téte 10y vour:

/ab(f(x)ig(x))dx = /abf(x)d:ci/abg(x)d:c, (6.8)

/ab kf(x)de = k:/ab f(z)dz, (6.9)

F@) > g(2), ot0 [0, = / f@)de > / g(z)dz, (6.10)

min f(x)(b— a) / f(z < max f(x)(b— a), (6.11)

z€a,b] z€[a,b]
av n f elvar owvexris oto [min{a, b, ¢}, max{a, b, c}|

/acf(x)dx+/cbf(:c)dx /f (6.12)

Am6 g Baowéc 10LOTNTES UTOROUNE VoL AVTAGOUUE GANES OTUAVTIXES LOLO-
TNTEC TOL 0AOXANpwTIX0U hoytopoU. To mopdderyua, and v Wibtnta (BID) xou
0 yeyovog 6 —f(x) < |f(x)] xu f(z) < |f(z)| ovunepaivouye ot — fab f(z)dx <
ff | f(z)|dz %o f; f(z)dx < f; |f(z)|dx, ondte éyouue

< [ 1as

Av Yewprioouye g ouveyelc ouvapthoes f xar g oto didotnua [a,b] xo
évay apdud k € R, tote agol (kf(z) + g(z))* > 0, o toylel xou

b b b
/(kf(x)+g(x))2d:1::k2/ (f(z)) da:+2k/ f(z dw+/ (g(z))%dz > 0.

‘Ouwe o teleutalo efvar €val TELOYUUO W¢ TO¢ ky UOVIUN U1 ApVNTLIXY TO0OTNTA
7 7, 7 b 7 14 7
brwc oxpBoe ebvor to a tou, dnh to [ (f(z))*dr. By nepintwon vt tpénel
va €yl un Yetixr daxpivouoa. 'Etol anodeiloape to endpevo.

Ochpnua 6.2.2(Cauchy-Schwartz yia owvaptijoeig) Av o1 f kar g efvar dvo
owveyels ouraptioes oto idotnua [a,b], téte wyva

( / bf ($)9(x>dx)2 < / b (f(x))*da / ’ (g(z))?dz.



MAOGHMATIKA 1 185

Me dedoyévo 6tu b > a, n Wibtnra (BEI) yedgetar d¢ e€hc:

min f(z) < ! / f(z)dx < max f(z). (6.13)

z€[a,b] b—a z€[a,b]
Aot 1 ouvdptnon eivor cuveyfic oto [a,b], and 1o Oewpnuo B (twv evoLd-

UECWY TWOV) TEOXUTTEL TO ETOUEVO.

Oehpnua 6.2.3(Méong nung oweyols ovvdptnons.) Av n f elvar pua ov-
vexrjs ovvdptnon oto tidotnua [a,b], tére vndpye éva onueio £ € [a,b], dote

O (6.14)

To 8e&i6 péhoc tne (BIA) exqpdler ) péon T tne ouvdptnone f. Iewuetpxd
T0 Oewpnuo auTéd epunvedeTal we e€ric: Metadl tTou a xar Tou b undpyet xdnoto
ornuelo &, yia To omolo To opYoymvio Tou €yl yio Ohog TNy T TG cLVAETNOTC
oto ornyeio autd xar Bdorn to Ty [a,b] €xel 1o Bo euBaddy pe To oplouévo
ohoxhipwuo e f oto [a, b].

Ao v wotna (B12) xar vy mopathenorn (BEI2) unopel xdnotog va
GUUTERAVEL OTL O ORIOUOS TOU OPLOUEVOU OAOXANEWUATOS LY DEL AXOUY) XL YLol EVAL
Tenepacuévo TARog onueiwy acuvéyelag. Ol CUVIRTHCELS UE EVA TETEPACUEVO
Ao onuelwy acLVEYELNS, ETEWDY| axEIBWS YU AUTES TIC GUVAPTAGELS UTAQYEL
TO 0PLOUEVO OMOXATIROUAL, AVAXOUY OE Lal EVPVTERT) XATNY ORI CUVAPTHOEWY, TOU
AANOUVTOL KONOXANPWOCULESY CUVAPTHCELS.

6.3 To Uspehinddeg Oswpnua ToOL OAOXANEWTL-
%00 AOYLoQoUL

H ebpeomn tou oplou€vou ohoxAnpapatog ol HEGOU TOU 0pLoHOoU Elvat YEVLXS
OUOXOAT xat 0UTE oL WHTNTES, Ttou eldape, Bondolv wiaitepa. H cdvoeon duwg
TOU OPIGUEVOU OAOXANEWUATOS UE TO AOELOTO AOVEL XUPLOAEXTIXY To YEPLOL TOU
ETUOTAUOVOL XAl XAVEL TOV OAOXATEWTIXG AOYIGUO €Val BUVATO EpYahelo Yo TNV
ETULOTAUY TOV.
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f(x)

Yyhua 6.36: H nopdyovoa F(z).

Eotw f wa optopévn xow ouveyhic ouvdptnon ot éva didotnua [a, b] xou =
éva Tuyato onueto autol. Opileton TéTE 1) GLUVAETNON

Flz) = / o (6.15)

H petoBAnty| ¢ té0nxe yioo va unv undpyet olyyvorn ye T petoBAnty x. lewye-
Tewd 1 ouvdpTnon F exppdlel To euBadov xdtw and T ouvdptnot f oTo SldoTy-
ua [a, x], omee goivetar oto LyAuo B33, Mdhota eivor pavepd 6t F(b) wwolta
UE TO oplopévo ohoxhfpwua tne [ oto ddotnua [a,b], dnh. F(b) = f:f(t)dt
xou F(a) = [T f(t)dt = 0.

Oewenua 6.3.1Eotw f jua opiouévn kar ovveyns ovvdptnon oe éva oid-
otnua [a,b]. Tdre n owdptnon tng (EI3) elvar e rapdyovoa tng f, dnA.
Fix) = f(x).

Andodedn: Agol n ouvdptnon f eivan ouveyhc, Tote Y xdle & pe € € [z, x0)
1 € € (2o, z] Vo toyler limy gy f(€) = f(z0) (B Aoxnor BIA).

Eotw tdpa éva tuyaio onueio 2y € (a,b). H nopdywyoc tne F(x) oto onueio
To Elvon

Fl(ag) = tm DO o) g Jo FOd = 7St

T—T0 T — X T—T0 Tr — 2o
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lim M = lim JE)(@ = 20) = lim f(&) = f(zo),

T—rT0 xr — ,ZUO T—rT0 T — ,’L’O T—rxT0
aol and to Oewpenua B2 1oy le f;’;ﬁh f)dt = f(&)(x — xo) pe & € [z, z0).
Enedr] o zg 10 mhipaue Tuyala, To (Bto Yo toylel yio xdde onuelo Tou SlauoThud-
to¢ (a,b). O
Me to mponyoluevo Oewprua ovclaoTtixd Perxaue OAEC Tic Topdyouses g f,
ool yvwpeilouue Ot autég Slapépouy xatd otodepd omA. av G etvan o Topd-
youoa e f, auth Ya etvor G(z) = F(z) + C, enedf G(a) = F(a) + C xa
F(a) =0 éyoupe G(a) = C. Emniéoy

b
L/ﬂ@mZF@:G@—C:G@—G@.
‘Etot anodeiloye to emduevo Ocwpnua.

Oehpnua 6.3.2(Ocuckiddes Ocdpnia tov odokAnpwtikol Aoyiopov). Av n f
etvar oplopévn kar ovveyris oe éva oidotnua [a,b] ket G e tapdyovoa avtijg,
ToTE

= G(b) - G(a).

b
a

[ e = e

IMTopddevypo 6.2Na fpedotlv ta oAokAnppara:

2 1 1 e
1) / vidr 2) / Vrdr, 3) / e“dr  4) / —du.
0 0 0 1 T

? 222 0° 8
T T
0

Adom

3o 3 3 3

1 3/2 1 9
x
2 do =S| =%
)/0\/593 3/210 3
1 1
3)/erdx:ex =e— 1.
0 0
61 e
4)/—dx:lnx =1-0=1.
LT 1

Duoixd, 1 xouvolpyia dadtxacior ToU EQUOUOCTNXE EBW OEV EYEL XOULY OYECT) UE
exebvn tou napodelypartoc (), extdc and 10 anoTéAEcUd TOU EVAL, TEOPAVHOS,
0 B0, Eivor mo xoudy|, mo edxoln xa mohld mo yeryoen.
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6.3.1 MeYodoL ohoxApwong

Ocswpnpa 6.3.3FEotw f ka1 g Ovo ovraptroes opiojéveS kar oUVEXES 0To
la,b], e ovvexels napaydyovs o’ avtd. Téte wyla

- [ s

/ f(@)g(@)de = f(x)g(x)

Anbdegn: Na yiver and tov avayvaoT). U

IMapdderypa 6.3Na vrodoyioete ta odokAnpduata:

3 3 3
1) / xcosxdr, 2) / sin® zdz, 3) / sin® zdz.
0 0 0

Adom
5 z 3 L L T
. 2 . . 2 2
1) rcosxdr = xsinz| — sinxdr = xsinx| +cosx| = - —1
0 0 0 0 0 2
3 S () 3 on—1 : son—1 2
2) I, = sin” xdzr = sin” " xsinzdr = —sin"" " cosz| +
0 0 0

s

: 2 2 : 2 2
(n— 1)/ sin" ™ x cos® xdx = (n — 1)/ sin” " z(1 — sin® z)dx
0 0
n—1

onéte Iy, =mn— DI, o—(n—11I,< I, = I, .

Egapuélovtoc tov teheutalo TOTO avadpouxd TaipVOUUE To ATOTEAEGUATE. OGS,

Ochpnua 6.3.4FEotww n ovvdptnon f(x) opiopévn kar ovvexng oto didotnua
la,b] ka1 x = g(t), dnov g pua ovvdpTnon oplouévn kar e ovvexn tapdywyo oo
odotnua (o, 7]. Av g(0) = a ka1 g(T) = b, téte

T b
[ saoiga= [ sy
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Anoédeln: Av F(x) wo nopdyovoa tne f, tote F'(x) = f(x) xou fabf(x)dm
F(b) — f(a). Emnéov, and v nopdywyo cvvietne cuvdptnong oy et

(Flo)) = Fle)g'(t) = Flo)g' ()
€10l €YOUUE

| stoongwa= [ (Paw) = Fior) - Pio) -

O

Edw Yo mpémel var topatnericoue 6Tt o TUTog Tou Oswpuotoc B3 egap-
woletan xou avtiotpoga. Ag Yuunolue tnv adhoyy| LETABANTAS and To adpLoTo
ohoxhipwuo. XNy mepintwon auvt, Vétovtac x = g(t) xou uné v Teolindieon
ot 1 g ebvan avuioteédun, eCunneeTel 1 wopgN

b g71(b)
[ rwas= [ s o

~!Ha)

IMapddewypa 6.4Na vrodoyiotoly ta opiouéva oAokAnpduata:

1) /2 sin® z cos vdw,  2) / va? —x%dx, a>0
0 —a

Adon
g 5 g 5 ) lzsin% 5 u4 1 1
1) sin® z cos zdr = sin® z(sinz)'dx = wdu =—| ==
0 0 0=sin0 4 1o
2) ©étovtac © = acost, éyoupe du = —asintdt, ondte t = cos™! 2, €10l

0

av'1 — cos?t(—asint)dt = —a2/ sin? tdt =

=arccos —2 T
a

O=arccos %

/ va? — z2dx :/
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EvaL AMOTEAEGUA TTOU PdAROV Vo ETEETE VAL TEPUIEVOUUE, APoU TO TUPATAVE ONO-
xMpopa ebvar ovclacTid To ePPadov eVOS TUIXUXAIOU axTivVaS a.

Puoixd, xdmola TEoBARUATA UTopEl Vo €youv Wi UEYAADTERT BuGXOALY,
OUS aUTé BEV TEETEL Vo xaTaBdAel Tov gortnth. E&dhhou o onuepvog gortnTric
xou auptavog EmeTHovas tdvtote Yo npoonadel va emAloel xdmoto TEdBANuUA.

Hagddevypo 6.5E0tw n f ouwvexns ka avéovoa oo [a,b]. Na deryrel ot

b b
/fo(x)dxza;b/a f(x)dx.

AVom Elxolo umopel va Set xdmolog (ue ahhoryry petaBhntic) ot

/abf(m)dm - /abf(aer—m)dx

"Etol

/abxf(a:)da::/ab(a+b—x)f(a+b_x)dx:
/ab(a+b)f(a+b_37)dﬂf—/abl‘f(CH—b—x)dx
:(a+b)/abf(a+b_‘”)dff—/ab:vf(a+b—x)dx:

b b
(a+b)/ f(x)dx—/ zf(a+b—x)dx (6.16)

Apxel va detouye 6TL

b b
/xf(x)de/ zf(a+b—x)dx (6.17)
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f(akb-X%x)

a (a+b)/2 b

Yyhua 6.37: H anexévion wv f(z) xa f(a+b— ).

‘Ouwc toyle (1o otadepd TpdoNUO TV dUO GUVIPTHTEWY, EUXON TPOXUTTEL and
0 6u ) f(x) eivar avouoa, e€dhhou gaiveton xon oto Lyrhuo EZ3E,)

a+b

/ t[f(z) — flatb—a)lde = / " 2lf(@) - flatb—2)ds

v
~

<0

b
+/I z[f(z) — fla+b— x)]dx.

+b N /

- v~

2 >0

Amé 1o Oewpnua tng Yéorng Tiung Tou OhoxhnpwTtixol Aoylopol €youue

a+b
2

/ t[f(@) - fla+b-o)de = & / (@) — fla+ b o)lde

a

b
+ 52[1 [f(x) — fla+b—x)]dx.

+b

2

Me ooy petafBintrc mdht 6710 TEMTO OAOXAPLUN TOU BEVTEPOL PEAOUS Talp-
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VOUUE

/x[f(x)—f(a—i—b—a:)]dx = 51/a+b [fla+b—2z)— f(x)]dz

atb

s / [F(@) — fla+b—)]ds

b
— (G- / F(2) — flat b o)lde

+b

2

> 0.

6.3.2 ApudunTtixn ohoxAnpwon

Oewpolue TN cuVEY T ouvdptno f oto Sidotnua [a, b]. T euxohio Yétou-
Ue a = xo, b= 1, Yo = f(x0), y1 = f(z1) xuw h = z1 — 2. Hpooeyyilovtac
ouvdpTnon f ue Ty eudela

y=2"P 0 —w) + o
Tr1 — X
Yo €youue
b x1 1 U — Yo h
[ e = [ g [ (BT ) e = = St

Aronpdvtog to didotnua [a, b] ot n iwoufxn dieothuata Ye to onuela a = o, 1,
T2, .. Tn—1, Ty = b, TPOXOTTEL O ENOUEVOC TOTOC, TOU EVUL YVWOTOC WS YEVL-
XEVUEVOG xAVOVAUS Tou Tpaneliou

X1 h/
/ fx)da = 3 (yo+ 241 + 2y1 + -+ 21 + yn), (6.18)
o

6mou h = =2,
n

IMopddewypo 6.6Na vrodoyioete to OAlokAnpwiia

2.5
/ 3x dx

XPNooToIdYTAS TO YeEVikeuuévo kavéva tov tpaneliov (BIZ), ywpilovtas to
odotnua oAokAnpwons oe 10 vrodiaotuata
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Abom Agol Ya yenoworoticouyue Tov xavéva tou tpareliou yio 10 dothuaTa,
Va éyovue n = 10 xau h = 0.1, ondte xg = 1.5 xu ; = 1.5+ 4 - h, ¢ = 1(1)10.
[o Tic ée twv x; Beloxovye g avtiototyeg y; Onhadnh yo = 0.763359,y1 =
0.583591, yo = 0.469729,y3 = 0.391027,y, = 0.333333,y5 = 0.289216,y5 =
0.254394, y; = 0.226222, yg = 0.202977,y9 = 0.183486, 10 = 0.166923. And
Tov t0no (BI8) Peloxouue

2.5

0.1

/ xgx 3dx 7(0.763359 +2-0.583591 + 2-0.469729 + 2 - 0.391027
1.5 -

2-0.333333 + 2 - 0.289216 + 2 - 0.254394 + 2 - 0.226222
2-0.202977 + 2 - 0.183486 + 0.166923)
= 0.415105.

— -

6.4 E¢popuoyég ToL OpLGUEVOU OANOXANEOUATOS

6.4.1 To eufBoadov

"Hon €youye Bet OTL UE TO OPIGUEVO OAOXAHPWUNL LAS 1) AEVTTIXHAC GUVEY0UC

ouvdptnong f oto ddotnua [a,b] utohoyilouue o eufadbv Tou ywelou, mou
meptéyetan UETAC) TG XAUTUANG Tou opldvTiou d€ova xon Twv evdelwy T = a
xot T = b.
‘Otav 1 ouvdptnon ebvon un Yetiny|, TOTE 10 Ywpelo mou opileton and T cuvdpTnom
[ elvor ouppeTEO, W TEog Tov 0plloVTIo dova, UE To Ywpelo mou optleTo
and TN ouvdptnot —f xar wg ex TovToL Ya €yel To Bo euBadov. ‘Etor, otny
TepinTwon aut 1o uadov Yo utohoyiletar and 1o fab —f(z)dz. Tevixd, hondy,
T0 eufadov TG mepLoyTic Tou TepAeieTan amd W ouvdpTnoT f, Tov 0plldvTio
&Zova xar Tig evdelec x = a xoar x = b Yo unohoyileton and Tov TUTO

p= [ @

Puoixd, hopfdvovTag UTodn Hog TN YEWUETEI TOU OYAUATOC UTOPOUUE VoL UTO-
hoyiCoupe euPBadd meptoywy PETAED BUO XAUTOAWY XU TWY EVUELDY T = a %ol
r=b.

IMopddevypa 6.7Na vtodoyioete to eufaddr petald twyv ovvaptioewy f(x) =
22, g(x) = /T ka1 Twv evdady r =0 ka1 v = 2.
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Yyfuo 6.38: H neproyr| uetad duo ouvapthioewy. Elkewn

Abom Onwg unopel xavelc va det 610 YyfAua B38, aptotepd, ot duo xaumileg
téuvovton ota onueio (0,0) xoun (1, 1) xou 070 didotnua [0, 1] éyouye g(x) > f(x),
eve oo ddotnua [1,2] éyoupe f(z) > g(z). Etot, 1o {ntoluevo eyfaddv eivar

E:/Ol(\/i—xz)der/lz(ﬁ—\/E)dx:~~~:w.

LTIC TEPITTMOELS TOU Ot XAUTUAES BIVOVTAL UE TIC TUPUUETEXES EEIGWOOELS
TOUG, OUCLUCTIXG TEOXELTOL Yo ok | METUBANTAS, Onh. eve elyoue Ty y =
f(x), Véoope = (t) xou npoéxude y = f(x(t)) = y(t). Etor woylel n Jewpla
NG ahhayfig UETUPBANTAG, OTOTE €)Y OUUE:

to
t1

E:/ f(x)dx:/ y(t)z'(t)dt. (6.19)

IMopddevypa 6.8Na vrodoyioete to epupaddr tns éMewpng (B3D) tov Xyrjua-
t0o¢ BE38 x = asind, y = beosv ka1 ¥ € [0, 27].

Avor Xenowonowdvtag tov timo (BTU) xou TS TUpaUETEIXES EELOMOELS TNC
EMeung oTo TPWTO TETUPTNUOPO Pploxouue

1

ZE = /2 y(t)' (t)dY = /2 b cos Ya cos ¥dy = ab/2 cos? Vdy =
0 0 0
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[IXgpay pemAACEUEVTS

S
[ggtiﬁ@hbﬁtbg

Yyhua 6.39: H egantopévn e y = f(x).

abm

(=T

21
ab/ —(cos 20 4 1)d29 = ab [sin (29) + 29
4 4

'Etou éyouue 6Tt 1o eufadov tng éherdng eivan B = mab.

6.4.2 To unxog xaunOANG

[ot var oxtarypapiGOuUE TOV LUTOAOYIGUO TOU UAXOUG ULaG XoUTOANG OXE-
@TOUNOTE WS €€NG: OEwpolUE OTL 1) XoUTUAN Hog Ywelletan o8 i TUAUATO XA
x&e Eva amd autd T TpooeyyiCouue Ye TN yoedt) Tous. ‘Etol yio to tuue PQ)
Yo €y oule

Lpg~ L = +/(Ax)? + (Ay)?,

OTOTE Y10l ONOUANET TNY XOUTUAT Xt UT TNy TeoUnéVeoT OTL To 6pLo UTHPYEL,
xoddg T0 1 — 00 €tot Kote xau 1o Az — 0, Yo oy let

Lap = lim Y L; = lim Y /(Az;)? + (Ay;)? (6.20)
n—o0
i=1 =1

n—00 4

Troétouyue twpa OtL 1 ouvdptnon y = f(x) etvor Topaywyiown ue ouveyt
napdywyo. And 1o Oewpnua Tne Yéone e Tou dtagopxot hoytopol (EZD)
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Vo éyoupe 61t Ay, = f(xip1) — f(2) = (i1 — 24) f'(&) = Az, f'(&), onde 0
(B220) ypedpeTon

Lag = hm Z \/ Ax)? 4+ (Az; f1(&))? hm Z V14 (f(&))*Ax;

1 TEAXd

LAB:/ VI (P @))da (6.21)

Trodétoupe Twpa OTL 1) xaUTOAY BIVETOL UE TIC TAPAPUETELXES EELOWOELS T =
x(t) xan y = y(t) ye t € [t1, to] xou xdde onueio P(x,y) tne xauniine noipveto
uévo wa @opd, xadie to ¢ Staviel to [t1, to], xou enl TAEOV 0L CUVOPTHOE T =
x(t) xou y = y(t) eivon ToparywyIoWeS Ue GUVEYEIC Tapay®YoUS” TOTE TEAL and
T0 Oedpnua tne wéone Tunc Tou dtagopixol hoyiouol (EBE) Yo éyouue

Lip = lim Z\/ )2At; + (v (£1))2At, _/ V(@ '(£))2dt.  (6.22)

n—oo

IMopddevypa 6.9Na vrodoyioete to urjkog tov kUkAov (O, ) ypnoiponodrtag

a) tov tino (BZ1) ka1 B) tov timo (G23).

AvVom 1) 'Eow 22 + 3% = r? o xhdoc (O,r), ondte 10 Ufx0S TOU TuLxXUXAiou

f(z) = Vr? — 22 and tov tono (EZ0) Yo elvar
— ' 1 / 2d — — ' 1 d — —
= _T\/ +(f(33)) r=--""=7T _T—W r = -+=Tr.

2) 'Eotw, tdpa, v = rcosd, y = rsind ye ¥ € [0,27] o xdxhoc (O,r), ondte
T0 ufxog oL NuxuxAiov (¥ € [0,7]), and tov tono (B2ZA) Vo ebvar

/ V(2 (9) ))2d19—r/0ﬂ1d19:7rr,

orote L = 27r.
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Eyfor 6.40: XTouyeidong xOAMYOpog EX TEQLOTROYTG.

6.4.3 Emipdveia xou 6Y%x0g CTEPEWY EX NEPLOTRPOPNS

‘Oray ot ouveyhe xaunidn y = f(x) neptotpagel Yipw and tov dEova z'z,
onuovpyelton €va oTeERES, TOU ovoudletan oTEREO ex TEpoTEoghc. «Tepayilo-
VTOC» 10 6Teped Ue eninedo xdieta otov dEova o'x elvon duvatéy, ue pedddoug
Tou Teptypdhoape TEONYOUUEVWS, Vo BpoluE xou va amodelouue TUTOUG Yl TOV
UTOAOYIOUO TOV OYXMY X0 TWV ETLPAVELDY TOV OTEPEMY AUTMY. MTT CUVEYELX
Yo 03y PUPHCOUUE TNV EVPEDCT) TWV OYETIXWY TUTWY XU OYL THY AnodeLlr| TOUS.
O gortntrc mou evdtagépeton Yo Teénet var xatapiyel o Biila Avdluong m.y.
((a).

A¢ Yewpricouvpe v xoundin AB tou Eyruatoc B4 xou Suo enineda oy
Sépyovton omd o onueior P xon @ xou ebvon xddeto atov opldvtio dZova a'x.
To ctoyelddeg auTd OTEPES TO VEWPOLUUE CTOLYELMON XUAVOPO™  UE DEDOUEVO
OTL 0 O0YX0¢ EVHC xUAIVOpoU OiveTar and tov TUno V = mr2h, Ya €YOUUE OTL O
OTOLYELOONG 6YX0g Tou Vo elvon

dV = n[f(x)])*dw.

Ané ) oyéon auty| naipvoude Tov TOTO TOU GYXOU TOU OTEREOU EX TEQLOTPOPT,
OMA.

b
V= 7r/ [f(z)]*d. (6.23)
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Av TdhL TO GTOLYEIWDES AUTO OTERES TO VEWENOOUUE XOAOUPO XWOVO, UE DEBOUEV
™ oyéon (B20) xat 10 6Tt 0 6yx0og Tou x6houpou xdvou eivan V = m(ry + 12)l,
OTOL 11 xaL T elvor ot axTiveg Twv Bdoeswy xon [ 1 yeEvvATEL (i T0 oploud
TOU XOVOU TEAL YpNOWoTOoLElTon 1 TEPIOTEOWT), Vo €YOUPE OTL 1) OTOLYELONG
empdveta Yo ebvou

AS =m(f(zi1) + fx:) Al = w[f(@i1) + f(x)]V/ 1+ [f/(&)]PAw.

Amo T oyéon auTh xaL YENOWOTOIOYTIS TNV EVVOLA TNG OUOLOUORYTS CUVEYELIS
amodELXVOETHL OTL TO EYPAdOY TNE ETUPAVELNS TOU GTEQEOD EX TEQLOTEOPTC Elvalt

E=on / F@)/I+ [F(@)Pde. (6.24)

IMapddewypa 6.10Na vrodoyioete Tov dyko kai Ty empdrea pHag oaipag e
axtiva r.

Avom H ogoipa dnuoupyeitar and v TEQLOTRO® TOL NUIXUXAIOL ¥ = V1?2 — 22
YOpw ané tov oplovtio dova. ‘Etor and toug tinoue (B223) xou (B22) éyoupe

T T 4
V= 7r/ (V1?2 — 22)2dx = 7r/ (r? — %) dx = §7r7“3

-r -r

E:27r/if(x)\/de:2w/im\/l+[\/%]zdx:

27?/ rdx = 4mr?.

6.4.4 'AN\ec capUOYEQ

Evdugégov anoxtd o tinog tou Taylor dia péoou tou oplouévou ohoxAn-
ewuatog. ‘Otav hotndy 1 cuvdptnon f elvon tapaywyiowun, €youue

/ ")t = f(@) — f(xo) & f(2) = flxo) + / "yt
: - R(x)



MAOGHMATIKA 1 199

Av n ouvdptnon etvar Suo opéc TapaywYiowr, OTWS XAl TEONYOUUEVA, TAEVOU-

T

HE
/ " Pyt = - / (1) f (1)t = —(x — D) (1)

x
Zo

) + /‘” (x — ) f"(t)dt,

T 0

OTOTE UE UMY AVTIXUTAOTACT) OTNY TEONYOUUEVT OYECT) TROXUTTEL

(@) = o) + (x — 20) f () + / S0t

Zo
N J

R(x)

Ouolwg av eivar Tpelg popéc mapaywyiown

/EI (x — ) f"(t)dt = _/x <($_2t)2)/f”(t)dt: _(IE—Qt)Q

0 Zo

’ +1 /I (z —t)2f"(t)dt

0 2 Ju

xo WAL UE aVTIXATAGTAOT) €Y OUUE

$&) = o)+ (o= o0) (o) + 0 )+ [ =027 0
R(z)

Enoywywd unopolue théov va ndpouue, utd tny npolndieor 6Tl 1 cuvdptno
elvon 1 popéc mapaywyiowun, Tov tUno tou Taylor
(v — o)™ 1

f"(@o)+-- -+Wf(”_1)(xo)—|—R(x),

(v — 0)?

f(x) = f(xo)+(x—20)f (20)+ 921

6ToU To uTGAOLTo Tou TUTOL Tou Taylor eivon

R(z) = — ! /w(x—t)”‘lf(")(t)dt. (6.25)

(’I’L - 1) o

Axdur, 1o oplouévo ohoxhfpwua Uropel va yenowloromdet yia vo 6ei€ouye
OTL xdmOLES GUVUPTAGELS Elval AVaAUTIXES, OTWE OTO ETOUEVO TAPADELY L.

IMopddevypa 6.11Na derytel 6T ) ovvdptnon arctan efvar avaAvtikn).
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AvVom Xe mponyoluevo mopdderyya, ot oyéorn (EZ3) eldoue OTL 1 ouvdpTNON
arctan x €yet 0 popy

b Al

arctanr=r— — 4+ — — — + -+
3 5 7

Enione eldoye 6 1) oetpd tou Seutépou péloug ouyxhiver yio xdle x pe |z| < 1.
Oa DOUUE TN CLUVEYELXL OTL AUTH CUYXAIVEL GTY) GUVAETNOY arctan .
Oewpolue T1 oyéom
2n+1
n+1 t "

1412

HQOL TTIOU ATOUEVOUY

1
=1 -2 +t* =+ (=)™ -1
Ty + + 4 (=1) +  (=1)

Oloxhnpdvovtag auth oto ddotnuo [0, 2, tpoxinTe

3 5 7 2n+1
arctanx::c—%+%—%+'--+(—1)"2xn+1—|—R,
OTOL
@ +1t2n+1d
R = 1) ——dt
/0( ) 1+t

‘Ouws agol 1+ 2> 1, vy NV anoALTH THY) auTtoL Vo oy ve

T t2n+1 T x2n+2
|R| :/ dt g/ 2t =
0 0

1+ ¢2 on + 2 =50

10 oTmofo amodeEXVUEL TO {NTOVUEVO.

ITohhég ebvan ot egapuoyég mou Beloxel To 0plouévo oloxhpwua oTig Puot-
*€G EMOTHUES Y. poTY|, xévTpo Wdluc, £p0Y0 dLYVAUNG, LdpooTUTIXY THEDT) AAAS
XU OTIC GANES ETMOTAUES, T.Y. TAEOVUOUN TOU XATAVIAWTY 1 TAEGVAOUI TOU Tot-
eaywyol otny Owovouio x.An. H Ao divetor, agold AdPoupe unédn tn Ocwpla
XU TG TEYVIXES TTOL avamTUYOnxay oAAd xan T1) @UGT Tou TEOBAAUATOC.

IMapddewypa 6.12Na Bpelel to kévipo udlas €vis opoyevols mAaxidiov mou
optletar and Ty mapaPorri y? = 4 — x ka1 tov opildvtio déova

Abom Yo Eyfuo BEZD gatvetar o mhaxidto. A@ol 1o mAaxidlo elvor ouoYEVES
xou 0 oplovTiog dlovag elvan d€ovag oupueTpiag, To x€vtpo udlag Va BploxeTo
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Yyfuo 6.41: Kévtpo udlac: OptlovTieg xon xataxdpupes Awpldeg.

o’ autdy, onh. ¥ = 0. T Tov mpocdloploud tou T yweiCouye To Thaxidlo ¥ o€
optlovTieg Awpldeg 1 oe xataxopuUPEC hwpideg. XTn ouvéyeta, Yo Aicoupe To
TEOPBANUO YENOHOTOLOVTAS Tic 0ptlOVTIEC AWRIDES XAt WS AOGXNOY O AVAYVWOTNG
0C YPMOWOTOAGEL YLl TNV ETLALOT TIC XATUXOPUPES.

H otowyeidone pdla uog otoyeuwdoue hwpidas ye otadepr muxvotnta 6 xou
OTOLYELDOY) ETLPAVELD Efvon

dm = dds = dz(y)dy (6.26)
OTOTE 1) GUVOALXY) udlo tou mAaxadiou Yo etva

2 2 TN 326
M= /5d$ _ 5/ 2(y)dy — 5/ (4= )y = s(ay— ) =32 (6.27)
s -2 ) 3 —2 3
To xévtpo pdlag tng oTotyelwdous hwpldag, apol auth elvar opoyevic, Peloxeta
07O XEVTPO NG, ONA. €)EL GUVTETAYUEVES (@, y). 'Etot, 7 poTh TNE hwpldag wg
TEOC TOV XATax6puo dCova Yo eivou
z(y)

dMy = Tdm

XL 1) POTH GAWY TwY Awpldwy pali eivo
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Aol w¢ xévtpo palac Yewpolue to onueio mou, av Betoxdtay OAn 1 udla cuy-
AEVTPWUEYT Yol g EBLVE T cLVORLXY) poTH|, Yol €Youue OTL

_ M 8
xM:Myéx:My:g.

Aoxroelg

‘Aoxnorn 6.1 Na vroloyioete ta opiouéva odokAnpdpata

2 1 1
1)/ xdx, 2)/ vidz, 3)/ ridx
0 0 0

XpPNoonoidrtas ecwtepikd kar eCwtepikd oploydvia, apol mpwta daipedolv
Ta oyenkd dleoTHUATA 0€ N 100K TUNHATA.

"Aoxnorn 6.2Apo0 mpdta dipedel o hidotnua [a,b] o€ n tuRuata, ta on-
Jela Tov omolov efvar dpor YewneTpikng mpodoov, m.Y. To = a, Ty = AW, Ty =

2 — n __ A~ _ n/b 1 - /
aw?, ..., x, = aw™ = b (Tpogards w = \/; pe lim, o w = 1), ypnoonoic-
vtag eowtepikd opoywra, va detéete ot

b bm+170,m+1
/xmda::{ i M7l
a

Inb—Ina, m=-1

‘Aoxnon 6.3 Epunretote to Ocdpnua Dewpdvtag tny [ tayvTnta kai to
x xpovo.

‘Aoxnor 6.4Av n f elvar opiopévn kar ovvexnjs oo [a,b], n g mapaywyioun
ka1 opiletar n otvleon f o g, va derytel o

9(z)
% / F(t)dt = f(g(2))g' ().

‘Aoxnorn 6.5Na Bpelel o x mov peyiotonoiel To oAokAnpwua

d z+3

— 2 — t)dt.
i | (2 — t)dt
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‘Aoxnom 6.6 Na Bpelel To dpio e tov kavéva tov De L’ Hopital

1 /7 s
lim — / S gt
0

z—0 2 €T

‘Aoxnorn 6.TAv I, = fog sin" xdx, mapatnpiote 6t @) Iopiq < Iy < Iy,
p) lim Iﬁﬁ = 1 ka1 arodeilte Tov tumo tov Wallis

T lim [(2?573”__1)23;2”__3;1.) .. ..2.32)22n1+ 1]'

‘Aoxnomn 6.8 Na Ppelel To eufaddv tng nuiéArenhng

b
y=-va?—a% a,b>0.

a

"Aocxnor 6.9 (Ocdpnua péong turis tov odokAnpwticot Aoyiopod) Akokovid-
vtag T Aoyikn tng anéoeéng tov Ocwprjuatos oeilte 6T, av o1 f ka1 g dvo
owvexels ovvaptioes oo [a,b] pe g(z) > 0V € [a,b], tdre 3 € [a,b] ne

/a  fa)ge)dz = £(6) / gl

‘Aoxnorn 6.101I0AAES popés etvar mo €0kodo 1) odokAnpwon va yivetar w§ mpog
™ petaPAntny y. Na Ppedei éTor to eufaddr mov mepikAeietar and Ts napaPorég
y* =4 —x ka1 y? = 2z — 4, agol tpdta TI§ oyedidoete.

‘Aoxnom 6.11Na Ppelei To €ufaddv ka1 o Syrog tng empdveiag mov oxnuaci-
letai, drav mepatpépovpe TNy Aewpn 4o + y? = 4, a)ylpw and tov opildvtio
ka1 B)ylpw and tov kataxdpugo déova.

‘Aoxnomn 6.12Na Ppelei to kévtpo pdlag Tov TpIywrov e KopupéS ta onueia
0(0,0), A(1,0) xa1 B(1,2) pe tnr mpoinédeon éur to tpiywrvo €lvai opoyeves,
TUKYOTNTAS 9.



204 Oprouévo oloxirpwua



I'evixevuevo OAoxArpwua

7.1 T'svixd

Méyper todpa Yewpolooue Tn cuVdETNOY CUVEYT G’ Eval XAELGTO BLACTNU
la,b] ue a,b € R, mou ofuatve 6Tt 1 ouvdptnon eivor emtmAéoy xat geayuévn. Me
v nopathipnorn (BI2) unopolye vo anavTHOOUUE Xou OTNY TERINTWOT), 670U 1)
OUVAETNOY TaPUUEVEL Pporyév o’ éva nutovowxté didetnua (a, b).

YTIC TEPITTWOELS, OOV EVOL TOLAAYLIGTOV AO TA dXQEA TOU OLUGTAUATOS Efvar

TO ATmERO 1 1) oLVAETNOY| Uag anelplleTon 67 €va amd ToL dXEA TOU OLICTAUITOC
[a,b], 10 0hoxMpwud MEYETAUL YEVIXEVEVO 1| XOATAYENOTLXO.
Y1y mp@Tr TERITTWOT TO YEVIXELUUEVO ohoxAipwua AéyeTton A’ ldoug, EVe oty
GAAn mepintwon Aéyetar B’ eldouc. ‘Otav and to €va dxpo tne ohoxAfiewong
epgaviCetoar To A" gidog xa and to dhho to B’ 161E €y0UPE TO WIXTH YEVIXEUUEVO
OLOXA PWUAL.

7.1.1 TI'evixevpévo ohoxAewpa A’ eldoug
To I'evixeuuévo ohoxhfpwua A’ eldoug €yel o amd Ti¢ ETOUEVES UOPPEC:
b o) 00
| t@an [ f@a [ e (7.)

Avtipetwrileton xon GTIC TPEIC TEPITTWOELS UE TNV €vvola Tou oplou. ‘Etot, av F
elvan Wiot Tapdryouoa Tng f, €y0uUE

a——0o0 a——0o0

/_ F@)dz = lim / F@)dz = F(b) — lim Fla),
2

05



206 Ievixeuuévo oroxArpwua

1/(x~2+1) \ 1/(x+1)

(o] (o]

Yyfua 7.42: Ov ouvapthoec f(z) = :r++1 xon g(z) = 5.

/aoo f(z)dz = lim /abf(x)dx = lim F(b) — F(a),

b—o0

/OO f(z)dr = lim Cf(a:)da: + bli_}m /bf(x)dx = bli}m F(b) — lim F(a).

a——00 a a——00

IMapddewypo 7.1 moAoyiote ta odokAnpwuata:

i) / dx, i) / sinxdz, i) / dx.
o r+1 0 |

Abon Me egapuoyy| Twv TUTWY THlpvouuE

>~ 1 D! b
z)/ dx = lim/ dr = lim [ln(1+:z:)} = 00
0 x+1 b—oo Jq x+1 b—oo 0

00 b b
i1) / sinzdr = lim [ sinzdr = lim [ — COS x} = — lim (cosb) + 1
0

b—oo 0 b—o0 0 b—oo

‘Opwe 1o teheuTaio 6plo dev umdpyet. X’ auth TNV TeplnTworn Aéue 6Tt T0 OAo-
xMpwpo. [ sin zda amoxhive.

<1
m)/ dr = lim arctanb — lim arctana = g - (—g) =

2 _
oo L +1 b—00 a——00



MAOGHMATIKA 1 207

Y10 oyfua (EZ32) gaiveton 1 meptoy ) tne omolag to euPadov expedler o xadéva
amd T ONOXANPOUATA ) KO i1).

IMopathenon 7.1.1H Ynapén wwy dvo opiwy, aveldptnta tov €vds and to dAAo,
elval ovodons, apov n ecpnon

/_ Z Fla)de = lim /_ tt f(@)dz

00nyel o€ kdT1 ragopeTikd, Yrwoté ws «tpwtetovoa tury katd Cauchyy (C.P.V.)

7.1.2 T'esvixevpévo ohoxApwua B’ eldoug

To I'evixeuuévo ohoxhfipwua B’ eidoug €yel par amd Ti¢ EMOUEVES UOPPEC:
b
f(z)dz, pe lim = too, f(z)dz, pe lim = +o0. (7.2)

z—at a r—b—

AvtipetwnileTton, 6Tmg xou TEONYOLUEVY, UE TNV évvola Tou oplou. 'Etol, av F
elvon war mopdyousa tne f, €youue

b
/ f(z dx—hm f(:c)dx:F(b)—lir%F(a—l—a)
ade E—

b—h
/f e =lim [ [(a)dr = lim F(b— h) ~ F(a)

b c b—h
/a f(z)dx :;1_1()% f(z)dx + lim f(x)da:z}lng%]F(b—h) —;1_r>r(1)F(a+5).

a-+te —0 c

IMTopddevypo 7.21moAoyiote ta odokAnpwuata:

L | |
i ——dx, 1 dx.
)/_11—$2 )/—1\/1—552
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1/(1-x**2) 1/sqrt(1-x**2)

-1 o 1 -1 o 1

Sy 7.43: Ov ouvapthoeic f(z) = = xou g(z) =

Adon

L | 1 /1 1 1 /1 1 /1
' dr = = dr = — dx+— dx =
2)/_11—x2x 2/_1(1—x+1+x>x 2/_11—xx+2/_11+xx

1 1
) = —(21n2—|—oo) =00
—1+e¢ 2

©¢tovtoag o = sind, mou onuaivel dr = cos ¥di), naipvouue

1 1-h
—(—limln|1—x|‘ + limIn |1 4 z|
2 h—0 -1 e—0

1 c arcsin (1—h)
1
11 ———dx = lim dd + lim dy = .
) /—1 V31— a2 €0 /arcsin (—14¢) h=0 /.
Y10 oyfua (ICA3) gaiveton 1) teptoyn Tng onoloc to eufadov exppdlel To xadéva
amd T ONOXANPOUATA ) X0 4%).

7.2 Kpeutrpia obyxiiong

IToAAEC PopEg ElUAGTE VY XAGUEVOL VAL ATOPAVIOUUE GYETIXY UE TNV LTOE-
&N 1) UN EVOC YEVIXEUUEVOU OMOXATEOUITOS Xt 101 €Y0oUUE BeL 6Tt OEV elvor Td-
VT0TE €0XOAT) 1) BUVATY 1) €0PECT WIS TOEAYOUCAS AUTOV. Y€ TETOLEG TEQITTWOELS
TEOGTOUUE Vol OWCOLUE ATAVTNOT) UE DIUPOPETIXEC TPOCEYYIOELS Tou VéuaTog,
UEQWES EX TV OTolwY Yo BOUUE OTN CUVEYELX.
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7.2.1 T to A’ eldouc

Oa Yewpriooupe 0Tt 1 ouvdpTtnon f elvon cuveyric xou un apvnTix xon Yo
, , o] ’ , b
eZetdoouye tny nepintwon [ f(x)dx, agol n nepintwon [~ f(x)dz aviipetw-
mileTon mopouota, apxel va xdvoude ahhayry ueTaBAnThc Vétovtag —t avtl .
"Eyoupe 101 del 611 T0 yevixeuuévo ohoxhipwua expedlel To dpto vog euPadoy,
oM.
/ f(z)dx = lim f(®)dt = lim E(x). (7.3)

T—00 a Tr—r00
E(z)
En{ mhéov, ané to yeyovéc E'(x) = f(x) > 0, ovunepaivoupe 6Tt 1 ouvdptnon
E(x) eivon o ab€ovoo ouvdptnomn xat etopévens 1 Vo €yet 6pto €vay TeayUatixd
aprdud (6tay Yo gedooeton, dec xau doxnon (BID)) ¥ Yo anepiletar. Etot, 1o
ENOUEVO OEMENUA QUUVETAL WE PUOLXY|] GUVETELX AVTOU.

Ocehpnua 7.2.1E0tw dvo ovreyels ouvaptiioes f kat g ue g(x) > f(z) >0,
ToTE

/oog(x)dx eER = /OO f(z)dz € R, (7.4)

a

/af:o f@)dr = 00 = /:Og(a:)da: ~ . (7.5)

Anoderdn: Na yiver wg doxnon,. O

IMopddevypa 7.3Na eéetdoete wg tpog tn ovyKAion to okokAfpwpa. [ e da

AVor To nopandvew oloxhhipnua 8ev UTOpEl Vo AVTIUETWTIGTEL YE Ta 6pLaL, ApoD
€y 0upE TEL OTL BeV exppdleTon P amhéc ouvapthoe. Etol €youue

x x

2
r>1=’>r=> < —r=e % <e”

OuWe / e “dr = lim [— e’x} =—,eR
1 b—oo 1 e

OTOTE XU TO ONOXATPWU floo e~ dr € R.

To Oewpnuo [CZT unopolue Vo 10 EXUETAAAEUTOOUE XATIAANAL xoU VoL
TAEOUUE TO EMOUEVO TOMD onuavTd Oewpnua mou, eeTdlovTag xdmoto Oplo,
OlveL Eval xpLTrplo GUYXALOTS.
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Oewpnua 7.2.2Av dvo, un aprnuikés, ovvaptrioes [ kai g efvar ovveyels kai
emmnAéov

im @ =
ml_mo o(2) A, 0< A< oo, (7.6)

/aoo f(z)dz, /aoo g(x)dx

/ /' /7 /. / /. /7 /.
ouumepipépovtar o id10, onA. dtav ovykAiver to éva ovykAivelr kar to dAdo, dyt
ouws, yevikd, oto 1010 dplo. Eni mAéoy

tdte Ta oAokAnpouata

av lim M:O, TdTe /Oog($)d$€R:>/oof(x)d$€R

200 g()

av mlgIolo gég = 00, TOTE /aoog(:v)d:v =00 = /aoo f(z)dx = 0.

Anédedn: And my wotnra (CB) unopolue va mdpoupe évo € VeTind xou va
Beolue wp > 0, étor wote 0 < A —¢e < % < A+ ey xde v > 9. Agod

g(z) > 0, wyler

_ f(z) f(z)
(A =2)g(z) < f(z) < A+ e)glw) & =% < 9(2) < 52, Vo > 0. (T7)
H ohoxhfpwon tng anddeing va Yiver wg doxnom. OJ

To mponyolduevo Ocmprua oy veL Yo Lo YEVIXT cuvdpTnoT g xon Yo oy
UdALOV BUCYENOTO, AV BEV GUVODELOTAY X0l ATO ULl XATIAANAT GLUVAETNOY Yid
yerion. Eutuyde wa tétowa ouvdptnon mou diver hion ot €va ueydho aptiud
TEOPANUATOY UTAEYEL XA TO YEVIXEUUEVO OAOXANPwWUE TNG BIVETHL GTO ETOUEVO
TORAOELY UL

IMapddevypa 7.4Na arodeytel 6T, av a > 0, tote

/Ooidx: ‘;%fGR, p>1
o TP oo, p<1 ’



MAOGHMATIKA 1 211

AvVom a) Eow p = 1.

T b—o0 a b—oo

0 b
/ 1d:zr;: lim [lnx} =limInb—1na = c0o.

B) 'Eotw p # 1.
00 _ . (1-p)  gl=p)  gp—1
ialaf; = lim aaal _ ) e bl 1: B 1—; - pp—l’ v p>1
P bwoo L1 —pla | lim WP el gy p < 1
a p b—oo 715 1-p ) p

'Etot anodetytnxe 6Tt

> 1 ouyxhiver, av  p > 1
—dx )
o TP oo, avp<l

IMopddevypo 7.5Na ebetdoete av ta mapakdtw yevikeupéva olokAnpapata
ovyKkAivouvy:

) e 0 e

Avom o) Oewpwvtac wg BondnTtixh cuvdptnon Ty g(x) = % unohoyilouue To

oeto
tim L)y IV
Ao GUUTEPAVOUUE OTL TO TPWTO OAOXAT WU amELRilETAL., ApO) £TOL GUUTEPLYE-
PETAL TO YEVIXEUUEVO ONOXATIOWUA TNC .
B) Oewpdvtac we Boninuxh cuvdptnon v g(z) = % unoloyiCouye 1o 6pto

3
tim L) gy VEVE

X0 GUUTEPAVOUUE OTL TO BEUTERO OAOXAPWUA GUYXAIVEL, apol €TCL GUUTEQLYE-
PETAL TO YEVIXEUUEVO ONOXATIPWUA TN (.
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7.2.2 T to B’ eldouc

[Mo tar yevixeupéva ohoxinewuato B eldoug, exciva dnA. mou 1 cuvde-
non omelptleTon 6To €val dxPo TOU BLACTAUNTOS [a, b], umopel xdmoo¢ Vo mo-
eaTNEHoEL OTL AUTY EUXONA UETATEETOVTAL OE YEVIXEUUEVA ohoxAnpwuata A’ el-
ooug. Ilpdyupatt, av dewprioouye 0 cuveyr ocuvdptnon f, Ue medio optoyol
[a,b) xou lim,_,— f(z) = oo, TOTE Ye TO peTOTYMUOTIONd b — & = I, €y0oupE
ot = b- &t — oo xu —dr = —t%dt, OTOTE OYETXA UE TO YEVIXEUUEVO
ONOXAHPWUA TULEVOUUE

/abf(x)dx:/; ! (b—%)d

Evé av Yewphoouye tn ouveyf ouvdptnon f, ue nedio opopol (a, bl xou
lim, .+ f(z) = 00, t6TE Pe TO PETAOYNUATIONS T — a = % , €YOUUE OTL Loy VEL
0 r — at &t — 0o xaw dr = —t%dt, OTOTE OYETIXA UE TO YEVIXEUUEVO
OLOXApWUA TOUlPVOUUE

/abf(q:)dx:/oobla—t% (a+%)dt:/jo S flat )t

Ohbxhnen 1 Yewpla mou avantdyUnxe 0TV TEONYOUUEVY] TaEdYEUPo Loy UEL Xt
e0w. 'Etot, napadétouvye 1o oyeTind Ocwpriuato xar TopadelyuaTto EQUpUOYS.

Oewpnua 7.2.3 Eotw dvo ouveyels ouvaptnioes f kal g, pe medlo opiojot

la,b) (1 (a,b]) ka1 lim, - f(x) = o0, lim, - g(x) = 0o (1 lim, .+ f(x) = oo,
lim, 4+ g(z) = 00) ka1 g(x) > f(x) > 0, tdre

/b()dmeR = f Jdz € R, (7.8)

a

/f Jdz = o0 ;x/ (7.9)

IMapddewypa 7.6Na eetdoete ws mpog T oUYKAION TO YEVIKEUUEVO OAOKAN-

pwpa
Lsina

dx.
|
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Avon Agol oo (0, 1], woyler 0 < Sinfz < \}

/ —dx—clllm [2\/_} =2—-0=2,

OUUTEQUVOUUE OTL TO €V AOYw ohoxAfpwua cuyxAlvel ev R.

Ocewepnua 7.2.4Av dvo, un aprnukés, ovvaptioes f kar g, je medio opiojiov
la,b) (1 (a,b]) ka1 lim,_y,- f(x) = o0, lim, - g(x) = oo (1 lim, .+ f(x) = oo,

lim, .+ g(x) = 00) efvar ovreyels ka1 emmAéor

limmz)\, 0 <A< oo, (7.10)

z—b g([E)

l%@mﬁ LZ@mx

ouumepipépovtar to 1010, OnA. dtav ovykAiver to éva ovykAiver kai to dAAo, oyt
ouws, yevikd, oto 610 dpro. Enil tAéoy

o i 7

av lim /(@) = 00, TdTe /bg(x)d:c =00 = /b f(z)dx =

x—b g(l’)

tdte Ta oAokAnpouata

b b
=0, tdte / g(x)dr e R = / f(z)dz € R,

1970}

H cuvdptnon mou diver Aoon twpa, ot éva ueydho aprlud mpolinudtwy elvor 7
|z — 7| 7P, 6mou 1 elvon 10 dxpo 010 OTolo UTEPYEL TO TEGBANUA oL P XATANANAT,
OUVaUT) XL VAL YEVIXEUUEVO OAOXAPWUS TG DIVETAL OTO EMOUEVO TORADELY L.

IMapddevypo 7.7Na arodeytel 6t1, av a > 0, tdote

/b L “”” "eR, 0<p<l1
o (b—a)P o, p>1 ‘
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AvVon a) Eow p = 1.

/b 1 dx—lim[—ln(b—x)]t =—limIn(b—1t)+1In(b—a)=cc.

(b — .Qi)p t—b a b 00

B) Eow p # 1.

b ~ o
1 b— )P 1t (b—a)

/—dx—hn1|:_¢] — —p ,av 0<p<1 '
o (b=—x)P t—b 1—p " s, av p> 1

‘Etot anodetytnxe ot

| do — ouyxiiver, av 0 <p <1
o b—x)p" | oo, avp>1 '

IMopddewywo 7.8Na efetdoete, ws mpog T oUykAIon, ta mapakdtw oAokAn-

pouata
3.T2+1 5 \/E
d b dx.
a)/2 24" )/1 Sz

Avom a) 1o dxpo a = 2 druiovpyeiton tpdBinuo. Ocwpolue Aotndv we Bondn-
T ouvdpTtnon Y g(x) = ﬁ xou Tafpvoupe
f(z) (2 + 1)(z —2) (z+1) 5

M) BT 21 B ez v

OTOTE T0 ONOXATIPWUA CUUTEQLPEPETAL OTIWG TO f;’ g(x)dzx, Opwe and TNy doxrnon
(IC3) oupnepaivouue 6Tt tehxd onetpileTa.

B) Lto dxpo b = 5 Snuovpyeiton npdPinua. Oewpolue apyxd we Poninuxy
cuvdptnon ™y g(z) = = xou Tadpvouye

LS B-n)vr _
M T Ve ever=0
‘Ouwe 10 Ocwenua [CZ3 Sev unopel vor eQoapuooTel, agol f;’ g(x)dr = co. Oe-
wPOVUE ThRo w¢ Pondntxt| ouvdptnon ty g(x) = \/%, onoTE
i 1) g
T—5 g(x)

oToTE, 0oL TO f;’g(x)dx ouYxhivel, To Bto Va cuyPalvel xon Yo To BEVTEROD
oloxAMpwud NG doxnoTg.
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7.3 T'evixeLp€vo oAoXANPOUA XA CELEES

M otevy| oyéorn undpyel HETAED TOU YEVIXEUUEVOU ONOXATOWUATOS XAl
NG OELRdS, OTwe Vo DoVUE 6T CUVEYELL. OewpolUE TN cLVAETNOT f OPIGUEVT,
ouvey T xou @iivouca 6to didotnua [1,00). T v ev Adyw cuvdptnon oy et

fli+1) < f(z) < f(i), Vo € [ii+1].

Ohoxhnpavovtag and i u€yet ¢ + 1 €youue

Fi+1) < /Z+ F@)dz < £(3), Vi > 1. (7.11)

AdpoiCovtag tdpa and 1 u€ypl n, TpoxUTTEL

S ri+ns | " sde <3 100) (7.12)

Aghvovtog to n va Ttelvel oto drelpo, 1 oyéorn (CI2) yac divel

S fien< [ e <3 100

16000V
L SCEY ANICTTES SFC! (7.13)

‘Etot, and ) dedtepn avicdtnta g oyéone (L), 6tav ouyxhivel v oepd ev
R ouurepaivouye ot xan 0 ohoxAfipwua cuyxhiivel, eve 6tay anetplleton 0 o-
Ahoxhfpwud, cUUTEPaivouUe OTL xat 1 oetpd ametplleton. Ernione amd tnyv mpwtn
aviedtnta g oyéone (EL3), 6tav anepileton 1) oepd ev R, ouunepaivoupe 6Tt
xou To ohoxAfpwua amelpiletan, EVe OTaY GUYXAIVEL TO OAOXAYPWUO GUUTEQ-
VOUUE OTL Xou 1 GELpd oLYXAIVEL. AToBelaue Aondy To enOUEVO Oempnua.

Ocehpnua 7.3.1A4v a, pua axodovdia etikdv dpwv kai a, = f(n), énov f rua
owvexns, pdivovoa, un apvnukn ovvdptnon, téte Yo > N n oepd > - f(i)
ka1 to odokAripwpa [y f(x)dz Ja ovprepipéportar o foro.
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IMopddewypo 7.9Na efetdote ws mpog Tt olykAion Ti§ oepés:

Avom 1) Oewpolue tn ouvdptnon f(z) = x22+1. Avuth elvon ouveyric, gpiivouoa
xou un apvnux v ¢ > 1 (yratl;) Agod

/loof(x)dx:---:2%€R,

1 oepd cuyxAivel oo R.

2) Oewpolpe ) ouvdptnon f(z) = \/52“. Avth ebvon cuveytic, piivouoa

xou un apvnuxy vz > 1 (yiatl;) Enedd pe Bondntixd ouvdptnon g(x) = \/LE’

<1
lim /() = lim Ve =1 xa / —dx = 00,

’ 7 7 oo ’ ’ /7
CUUTEQAUVOUUE OTL TO ONOXAADMUA —L_dz ane {leton, omOTE xou 1 OELPd
% e 1 1+vz P ;
amelptleTon.

To apiotepd péhog Tng oyéomng (CI2) Yo umopoloe va ndpet 0 HopYT

0< 3760 - / " ) < £(1). (7.14)

Autéd onuaiver 6Tt 1) Slaopd Tou 0pIOL TOU YEVIXEUUEVOU OAOXANROUATOS ATtd
T0 Opto TG oelpdc Peloxeton YETALY TOU UNBEVOS %ot TOU f(1). Ewluxd yuo ™myv
f(x) = < éyer uroloyioTel 6T

n

n 1 nl 1
Z*_/ “dr =Y = —lnn =~ = 0.5772156649. ..
i . T i

=1

To undrowno v Aéyetan otadepd tou Euler, uéypt ofjuepa €youv utohoylotel 263
Sexadixd Ynola ([B]) xou dev €yer amoderydel axdun av eivan 1 oyt dpentoc.



MAOHMATIKA I
Aoxnoeslg
‘Aoxnorn 7.1 Trodoyiote ta yevikevuéva oAokAnpdpata

[e's) P o) 1

‘Aoxnon 7T.2Av n f ouvexyns kar ppayuévn ka1 p > 1, dette énr

/OO @dx € R.
a xp

‘Aoxnomn 7.3 Na arodeytel én1, av a,b > 0, tdte

/b Lo (”“ "eR, 0<p<l1
o (x—a) 00, pzl '

‘Aoxnom 7.4Eéctdote ws mpog Tt oUykAion ta oAokAnpdpata

3
1)/2 8Ty / —dx / ! dzx.
0 ].nI 1 1‘3 — 1

‘Aoxnon 7.5 Eéetdote ws mpog T oUyKkAion Ti§ 0€lpég

o

2 — Vi
;Hl’ ;H\/E

217
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ITAPAPTHMA

8.1 Tsvixd

To npbdypoppa Gnuplot 4.0 eivon €va amd o xahOTEQA TROYEAUUATA GTO
OYEDLIOUO YPUPIXWY TUPAGTUCEWY CUVIRTACEWY ARG o dedouevey. Atatide-
ToL BWPEAY GTO BLadUXTIO X0 UTOEEL xdmoLog Vo To Beel otr dtebuvon:

www.gnuplot.info

Metd v anocuurieon TpEyel Ye OTAG «XAX», OTWS OAXL TA TEOYPAUUATO Ko
TEPUIEVEL TNV EVTOLY| HOC.

IMopddevypo 8.1  yedidlovtag pe to mpdypapja.

>plot sin(x)

>plot [-pi:pi] sin(x)

>plot [-pi:pil] [-1:1] sin(x)
>plot [:] [-1:1] sin(x)

Y10 TOPADELYUO OAEC OL EVTOMEC XAVOLY TNV (Bl DOUEL, BNA. oyedtdlouy
Yeap mopdotaon (v.n.) e f(z) = sinx, n npwtn €€ autdy pe Ta e oploUoy
Opla TOU TROYEAUUATOS X0l OL UTOAOLTES UE Opta Tou efte opilovTa xou Tar Suo
elte oplleton T0 €va €€ AUTWV.

To gnuplot 4.0 ané uévo tou unohoyilet 100 evdtdueco onuela xan T EVWVEL
ue evdUypopua tufuata. o ueyohitepn axp{Bela ypnouomololue TV EVIOAY
>set samples N, 6mou N 1o mhfdog twv eVOLdUECWY OTUEiWY.

IMapddevypa 8.20pilovtag ta dpia ebwtepixd.
219
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>set samples 1000

>set xrange [-pi:pil

>set yrange [-1.1:1.1]

>plot sin(x), cos(x)

O mopandvew evtohés 0ptllouy ta GpLo eEMTEPXA X XEYOLY TN Y.T. TWV OUO
OLVORTAGEWY 07O (B0 GLOTAU AEOVWY UE UeYaAlTERT axp{Beta.

Ou y.1. unopolyv va Yivouv UE Btdpopoug TeOTOUE, Y. UE TNV EVIOAY

>plot sin(x) w 1 1t 3 1w 2

N y.1. yiveto ye ypouus tonou 3 xou Bddouc 2 (w(with) 1(lines) lt(linetype) 3
Iw(linewidth) 2). Me v evtoly
>plot sin(x) w d 1t 3 1w 2

N y.7. yivetu ye otiypéc tonou 3 xon Béddouc 2 (w(with) d(dots) It(linetype) 3
lw(linewidth) 2). Me tnv eviors
>plot sin(x) w p pt 3 ps 2
ny.m. yiveton ye onueio torou 3 xan pueyédouc 2 (w(with) p(point) pt(pointstype)
3 ps(pointsize) 2). Me tnv evtoly
>plot sin(x) w 1p pt 3 ps 2 1w 3 1t 4

N y.m. ylvetu pe onuelo omou 3 xar ueyédoug 2 xan ypopués Bddoug 3 xou
tonov 4 (w(with) Ip(linespoint) pt(pointstype) 3 ps(pointsize) 2).
Me v evtot
>plot sin(x) with something
UTOROUUE VoL ONULOURYHCOUUE 0XOUY TO TOAAEG Y.T., oavTahoTmvTag T AN
something ue wa and g axdrovdec: impulses, steps, fsteps, histeps,
boxes, errorbars, errorlines.

8.2 Etuxéteg, d&oveg xou TAEYUAT

IMTopddevypo 8.3Bdlovtag titAovs oo ypdenpa.

>set title "My first graph"

>set xlabel "Time in years \n 1980 - 2001"
>set ylabel "Cost"

>unset key

>set key t 1

>set key box
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Afveton tithog ot y.T. xou eTUxETEC 6TOUG GEOVES, EV® UE To key avagpéoeTtan 1
dev avagpépetan 1) xdde ouvdptnon otn Véon t(top) 1(left).

IMopddewypo 8.4 pdportas eTikéTe.

>set label 1 "f(x)" at x1, y1 font "Arial, 16" tc 1t 1
>set label 2 "g(x)" at x2, y2 rotate font "Arial, 18" tc 1t 5
>unset label n

Mrnogolue va ypddouye 0, TOATOTE ot TOAEC POpEC UEGA OTO YRAPNUA OTIC
Véoewg (25, y;) pe ypwuo te(texteolor), 6nwe ot lt(linetype) n ¥ va ovoupé-
ooupe To Topamdvew. To >set label ywplc oprdud €€ oplouol eivon 1 eved o
>unset label ywolc aprduo €& oplouot eivon Oha.

IMapdderypa 8.50¢tortag Tipég orous déoveg.

>set xtics axis (""-pi,"" -2, 0, 2, "pi" 3.14, "3*pi/2" 3x*pi/2)
>set ytics border -1,0.25,1

>unset xtics

>unset ytics

EE oplopol 10 mpdypopuo VETEL XAmOlES TWES OTOUC GEOVEC XAl UHAIGTA OTO
mhaioto (border), avéhoyo ye ) y.m. e ouvdptnon ™V onola dnutoupyel. Me
T0 >set xtics xou To >unset xtics umopolue vo EAEYEOUUE TNV XATAGTAO
xou Vo VEGOUUE TIC TWES OTOUC AEOVES 1) VO TIC APALEEGOUUE, VoL Tic VECOUUE UE
i xovoupyLa apy | xon éva xawvovpyto Bruc. BéBata 1 oprodétnon twy aldvwy
et €va omoudaio poho oto grid mou xdvouye.

IMapdderywa 8.6Anuovpydvtag déoves.

>set zeroaxis 1t 5
>set grid 1t 7
>unset zeroaxis
>unset grig

[Na va Yéoouue GEoVES 1) Yol VoL TOUS apop€GOUUE Y PNOLOTOLOUUE TO
>(un)set zeroaxis, eV YL Vo ONULOUEYHCOVUE Eval TAEYUA UE 0PVOYDOVIES Xl
xataxopupeg eudeteg o >(un)set grig. To mAéyuo dnuiovpyeltar oTo onueia
mou emhé€ape e Ta xtics, ytics.
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Teheotéc npdlewv TEAEELS
oOuPolo  mopddELY U enedrynon oLupolro enedrynon

+ a+b npbdoveon exp(x) e’

- a—>b agpoipeon cos () ouvnuitovo

* ax*b TOAMATAAGIAOUOC sin () nuitovo

/ a/b drapeor® tan (x) EPATTOUEVT) |
% a%b uTONOLTO log(x) Inz

ok a * b SUVoN log10(x) Inyo

! al TOEAYOVTIXO ‘ cosh(x) x.hx. uTePPOAIXES
&& a&e&eb Aoyixd xan acos(x) x.AT. avTioTPOYES |
== a==1"> Aoywéd = TELY WVOUETEIXES

I allb Aoyixo 1 sgn(x) TeOONUO

= al=1>b Aoy # floor(z) ox€POo PEPOG

! la Aoyixd oy int(x) amoxoTr SEXABIXOU

"Oav ot aprdpol a, b etvon axépotol o anotéAeoya etvar xi auTd oxépoto, EVE 6TaY EVas amd TOUG
duo ebven mparypotixde o amotéheopa ebven mparypotixd. Etol éyovue £ =0evdr & =0.5

Iivaxag 8.2: Yuyvd ypnotloTololUeVoL TEAEGTES XAl CUVARTYOELS
8.3 Ilpdéeic xo cuvopTRoELS

Or ouvaptrioeig pmopoly va dnuoueYdoly €0X0ha YENOWOTOIWVTIS TIC
AEYOUEVES «UTAEC GUVUPTACELSY XU TOUS YVWOTOUS TEAEGTES TPACEWY .Y

IMapddewypa 8. 7Anuovpydrrag ovvaptioe.

>f (x)=(x+1)/sqrt (x**2+1) +exp(x/3)

>g(x)= (x>2) 72 : (x<-2)7-2:x

>Sh(x)= (x < -1) 7 -2%x : (x > 1) 7 x¥x2 : 1/0

Y10 TUPdBELY U DNULIOURYOUYTAL CUVIRTNHOELS AthoL, AAAd xot TOAAATAO) TUTOL.
Y10 ToRABELYHAL EfVAL Ol CUVAPTHCELS:

r+1 2, wz>2 2z, avz<l
f(z) = 2—4—6%, g(x) = x, olol , h(x)= { 2 ’ow s 1
z®+1 -2, avzr< -2 ’

H ouvdptnon h(z) dev opiletar oto ddotnua [—1,1]. Autd oto nopdderypa
dnhdveton e to 1/0.
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Ytov nivaxa (B2) gaivovton ol mo yvewotol tehectés (hoyxol xon Tediewy)
X0 OL TO YVWOTES ATAEC GUVORTYOELC.

8.4 IMapauetpixeg, TOAXES XA OECOUEVA

IMopdderypa 8.8IIapajetpinés eiowoer.

>set parametric

>plot [-pi:pil] [-3:3] [-2:2] 2*sin(t), cos(t)

>unset parametric
‘Otav ot xaunUAeC divovTon Ue TopaUETEIXES EEIGHOOELS, UTOPOUUE THAL VoL XAVOUUE
™ y.m. pe to Gnuplot. Tdpa n yetafAnth eivon 1 ¢t xon ot ouvaptroec ot z(t)
xou y(t). YTmoypewtxd yivetaw 8%hwor ye to >(un) set parametric. Lnuavtixd
elvon 6Tl TOPA UTOPOUUE VoL GYEDIACOUNE XAl XUUTUAES TOU OEV AVTIOTOLYOUY OE
ouvapThcelg”  Tapandve oyeddleton wa Elkewrn. ‘Ooca €youue mel yi y.7.,
OYETXA PUE TO TARVOC TWV ONUEiWY, UE TO GTUA, TA YPWUATA X.AT., oY DOLY Xou
WP

IMTopddevypo 8.911oAikéS ourTetayéves.

>set grid polar

>set polar

>set angles radians

>plot [0:pi] 2*sin(t), sin(t)

>unset polar
‘Otav ot xaumUleg divovTon Ue TOAXES EELOWOELS, UTOPOUUE TEAL VO XEYOUUE TN
y.m. pe to Gnuplot. IIdh 1 petafinty ebvan 1) . Troypewtixd yiveton 6rHAwon
UE To >set polar xou emavapopd ue To >unset polar. Emmiéov, unopolue va
Vécoupe xo TOMXO TAEYUA, OTWS TapaTneel xdmolog. XTo Topddetyuo efvon duo
xOxhot. EE optopod 1 ywvia etvar oe radians, urnopel ouwe va aAAdEel ye tny
(>set angles degrees).

IMopdderypa 8.10 pagikés tapaotdoes pe dedopiérva.
>plot "c:/gnu_plot/mydata/data.dat" with points
>set data style linespoints
>replot "c:/gnu_plot/mydata/data.dat" using 1:3
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[Swdtepa edxoha yivovTon y.7. BEBOUEVLY, OTWS QaiveTal 6TO Topddetypa. ‘Otay
ToL OEBOUEVAL EVUL GTOV TEEYOVTA XUATAAOYO, TEOPAVWS OE YPELALeETAL OAOXANEN
1 Sodpour|. H €€ opiopol ayediaon eivar g mpdtne () o deltepne (y) othy
Ang. ot600, autd uropel va avatpanel ue To using. AZilel va onuELdCoUUE
OTL 0 €AY Y0C TV Oonueiwy YIVETOL JE TO YVWOTO TPOTO TWV YEAUUU®OY HTOL UE
pt 4 ps 1 1w 2 1t 3. T'papuéc mou Cextvave UE TO # oyVOOUVTAL WS GYOALAL.
H evtol replot elvon oiaitepa onuovTixr ool pog emttpénel vo Balouue 010
(00 oy€do TOAAES Y. . Tou (Blou TOTOU.

IMopddewypa 8.11 ivakag jie dedojéra.
# Typiko paradeigma pinaka

# x X**2 B*x
1 1 5
2 4 10
3 9 15
4 16 20
5 25 25
6 36 30
7 49 35
8 64 40

8.5 ITIoAAamAd ypapriuota

H avdyeiln dopopetixmdyv TOTWY y.7. €V Yével dev emttpénetar. Mnopolye,
01600 Vo avaetfoupe SLapopeTio0g TOTOUS UE TNV EvToh > (un) set multiplot.
Y710 TopoXdTw TAPddEYHA, 0To Bl oVOTIUA afOVKY YIVETAL 1) Y.T. TELOV Olo-
POPETIXWY XUUTOAWY XL UE TOUG TEELC OLUPORETIX0UE TUTOUS GYEDAGNC.

IMopddewypo 8.12[I0AAanAéS ypagikés tapaotdoe L.
>set multiplot

>set yrange [-2:2]

>set xrange [-pi:pil

>plot sin(x) 1t 1

>set key bottom right

>set parametric
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T 2%cos(2%t) coieeee- j j j T sinGo

\ \ . \ sin(lt). cos(t)
-3 -2 -1 o 1 2 3

Yo 8.44: O oyedlaouds TwY TELOY BLAPORETIXWY XouTOAWY 1.

>plot sin(t), cos(t) 1t 2
>unset parametric

>set key top left

>set polar

>plot 2xcos(2*t) 1t 3
>unset polar

>unset multiplot

O oyediaouds twv TapacTtdoewy gatvetoar oto Lyfua BZ4. O oyediacuog autodg
elvon amoTéAEGUA TOU YEYOVOTOG OTL Tplal DLUPOPETINS Gy EDLA Tou (Blou peyédoug
o V€oaue axetBwe To éva tdvw oto dAho. To péyedog eAéyyeton Ue TNV EVIOAR
>set size a,b, eved n ¥éon ue ty >set origin x,y. Apyr yia xdde exdva
VewpEElTalL 1) XATw APLOTERT| YwVid xat oY Y| Yo To GYEDL0 ERIONG 1 XATwW APIGTERY)
yovia pe tpée (0,0)

IMopddevypo 8.13loAAanAéS ypagikés tapaotdoes I1.
>set multiplot

>set yrange [-2:2]

>set xrange [-pi:pil

# H prwti sxediasi

>set size 0.5,0.5

>set origin 0,0
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Z’Lcos(z*t) ..........

Yo 8.45: O oyedlaouds Twv TELOY dLagopeTx®Y xoutOAwy II.

>plot sin(x) 1t 1

# H deyteri sxediasi
>set size 0.5,0.5
>set origin 0.5,0
>set parametric

>plot sin(t), cos(t) 1t 2
>unset parametric

# H triti sxediasi
>set size 1,0.5

>set origin 0,0.5
>set polar

>plot 2xcos(2x%t) 1t 3
>unset polar

>unset multiplot

Y10 Yyfuo BT gatveton 1 xawvolpyta oyedlaon. AZiler va mapatrnpricouue
6TL 1600 T a,b oty >set size a,b, 660 xou Ta T,y oTNV >set origin x,y
Tolpvouy THES GTO [0, 1]- TIWES EXTOC TV 0plwY EYEL W¢ ATOTEAECUN Oy EdlaoT
EXTOC OYEDIOU.
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8.6 ’'EEobdog tou ypaprjuatog

To oyédio unopel ebxoha vo petageplel yia enelepyacio 6T0 TEOYEOUUA
paint twv windows xo va To ohcouue wg .bmp apyeto. Ernlong, uropolue va to
UETAPEPOLUE, WS Exova, ot Eyypago tou Word. H yetagopd yiveton wg e&hc:
1) Kdvouge «xhix» otny néve aptotepy ywvio tou oyediou
2) Kdvouye «xhx» oto Options
3) Kdvoupe «xhx» oto Copy to clipboard
H ouvéyeia etvar va xdvouye " paste” oto mpdypouua Tou ETAECOUE.

ITolhot yenowonotoly yio to xelpevd toug o BTEXxon 9éhouy we €€odo
apyela Tomou .ps 7 .pdf, €tor Véhouv ta oy€dd Toug oe .eps uoper. Autd
UTopoUV Vo T0 TETOYOLY TEOCUETOVTAS GTO TEOYQUUUA TOUC TIC DUO EMOUEVES
YpopES:

>set terminal postscript color eps

>set output "c:/mydir/filename.eps"

EZ oplouol o mpoodloploude tou tepuatiol eivar yovoypwpos. H emovagopd
yivetow ye tnv >set terminal windows.

‘Eyive wa tpoomdiela yior Ui EL0OY®YT) 0TO GYEBIAOUS Y.T. OTIC OUO dlo-
otdoelg Ye to Gnuplot. Qotéco o Gnuplot dnurovpyet €€ ioou TOA) xoAd oyE-
Ol xa 6TIG TEEL OlaoTdoelg. Me T eunetplo Tou amEXTNOE 0 AVaY VWG TG efvon
TAEOV 1xavog Vo eEEpEUVHoEL TO VauUdolo auto epYahEio xat VoL TO TPOGUPUOGEL
OTOV EAUTO TOU, YPTOWOTOLOYTUS TNV BorUela ToU TpOoYEAUUATOS.

Téhog xou oty xhelooupe auty| Ty eloaywyr oto Gnuplot, Yo dwoouye duo
TPOTOUS YLl TN YPNOT| TOU TEOYEUUUATOS, EXTOC QUTOU TNG «YPoUUNG dlaToy gy
ToL UdAAoV etvar 0 TpoTO¢ Tou anwiel To yehotn. TIdvta uhdue yio tepi3dAlov
"Windows”.

O mpidtog ebvar o e€hc: IIAnxtpohoyolue to mpdypauua o €va text editor.
ITpotetvouue 1o Crimson Editor, o onofog Satideton Sweedy oto Sladixtio o1
dievYuvon http://www.crimsoneditor.com/, xou agol 10 owoouue e xdmolo
6voua, To emAEYOUPE OAOXANEO xou To avttypdpouue (Copy). Xtn cuvéyew
mnyoivoupe oto Gnuplot xat xdvouye emxdiknon (Paste) and to de&i nhrixtpo
Tou TovTuxtoU. Auté eivon dho!

O delbtepog otnpiletar oTn duvatdTrnTa Tou divet o Crimson Editor yua va tpéyet
T0 TEOYpPoUUd Yoo amd autov. Iapadétoupe Tic 0dnyiec and tn Pordela Tou
TEOYEAUUATOG.

1. Open Preferences dialog box and select User Tools page
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2. Select an empty slot and fill with the following arguments.
- Menu Text: Gnuplot

- Command: C:\gnuplot_x\bin\wgnuplot.exe

- Argument: $(FileName)

- Initial dir: $(FileDir)

- Hot key: None

- Close on exit: Yes

- Save before execute: Yes

Apply

Ipocoyn! Ta va uéver 1 edva oty 096vr Yo TREREL TO TEOYEUUUN VAL TEAELWVEL
TAVTOL UE TNV EVIOAY, >pause -—1.
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