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O metasqhmatismìc Cayley

Orismìc:
Gia k�je pÐnaka A ∈ Cn,n, me det(I + A) 6= 0, ìpou I o monadiaÐoc
pÐnakac t�xhc n, h sun�rthsh pÐnakac

F ≡ F (A) := (I + A)−1(I − A)

kaleÐtai metasqhmatismìc Cayley.

Orismìc:
Upì tic proôpojèseic tou prohgoÔmenou OrismoÔ, kaloÔme
Parekballìmeno Metasqhmatismì Cayley, me par�metro ω 6= 0, th
sun�rthsh pÐnaka

Fω ≡ F (ωA) := (I + ωA)−1(I − ωA), ω ∈ C, det (I + ωA) 6= 0
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Efarmogèc

Oi parap�nw metasqhmatismoÐ kai h antÐstoiqh sqèsh twn idiotim¸n
touc mporoÔn na emfanistoÔn se èna meg�lo pl joc epÐlushc
problhm�twn ìpwc:

Linear Complementarity Problem ('Otan to lÔnoume me ton
Algìrijmo tou van Bokhoven [1981]).

Majhmatikìc Programmatismìc.
JewreÐa PaignÐwn.
Parabolikèc M.D.E. (me eleÔjera sÔnora)
Parabolikèc M.D.E. (me kinht� sÔnora)

Ston kajorismì twn bèltistwn paramètrwn se klassikèc ADI
epanalhptikèc mejìdouc(e.m.) gia th lÔsh Grammik¸n
Susthm�twn, pou proèrqontai apì Elleiptikèc M.D.E.
Sthn epÐlush Migadik¸n Grammik¸n Susthm�twn me mia ADI e.m.
qrhsimopoi¸ntac a)Hermitian/Skew Hermitian Splitting pou
eis qjhkan apì touc Bai, Golub and Ng [2003]   b) Normal/Skew
Hermitian Splitting pou eis qjhkan apì touc Ðdiouc [2006].
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To prìblhma kai h beltistopoÐhsh thc lÔshc

Ousiastik� èqoume
'Ena sÔsthma Bx = b me B ∈ Cn,n, b ∈ Cn.
H lÔsh me mia e.m. dÐnei ènan epanalhptikìc pÐnakac Fω(A) me
f�sma idiotim¸n σ(Fω(A)).

H fasmatik  aktÐna ρ(Fω(A)) = maxai∈σ(A)

∣∣∣ 1−ωai

1+ωai

∣∣∣(< 1)

exasfalÐzei th sÔgklish.
H beltistopoÐhsh thc lÔshc epitugq�netai me th lÔsh tou
probl matoc

Prìblhma:
Na prosdioristeÐ h {bèltisth} tim  thc paramètrou ω, h opoÐa epilÔei
to prìblhma

min
ω

ρ(Fω) = min
ω

max
ai∈σ(A)

∣∣∣∣1− ωai

1 + ωai

∣∣∣∣
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H genÐkeush: Apì to diakritì sto suneqèc

Orismìc:
DÐnetai ènac pÐnakac A ∈ Cn,n kai èstw σ(A) to f�sma twn idiotim¸n tou.
KaloÔme kleist  kurt  j kh H tou diakritoÔ sunìlou σ(A) to mikrìtero
kleistì kurtì polÔgwno pou perièqei to σ(A) sto eswterikì tou.

1P' 

H

O

3

2

3

2

1

P' 

P' 

P

P

P ≡

Sq ma: To kleistì polÔgwno sto migadikì epÐpedo me eustaj  A ∈ Rn,n
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H sun�rthsh kai h antÐstrof  thc

w := w(a) =
1− ωa

1 + ωa
⇔ w−1(w(a)) = a =

1− w

ω(1 + w)
, a ∈ H, ω > 0‡

Oi duo sunart seic eÐnai metasqhmatismoÐ Möbius.
Kami� den èqei pìlouc, èqontac to ω > 0, afoÔ Re a > 0.
Kami� den eÐnai h stajer  sun�rthsh, afoÔ isqÔei

det

(
1 −ω
1 ω

)
> 0 kai det

(
1 −1
ω ω

)
> 0.

‡Afou |w |2 = 1−ω(a+a)+|a|2
1+ω(a+a)+|a|2 , to ω epilègetai jetikì, ¸ste |w | < 1.
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H sun�rthsh kai h antÐstrof  thc

O metasqhmatismìc Möbius metasqhmatÐzei kÔklo se kÔklo kai
kuklikì dÐsko se kuklikì dÐsko.

'Etsi xekin¸ntac me ω > 0 kai ton kÔklo Cω(⊃ w(H)) me kèntro
O(0, 0) kai aktÐna ρ < 1, diadoqik� ìpwc faÐnetai parak�tw
katal goume sto kÔklo C(⊃ H) me kèntro K (c , 0) kai aktÐna R
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O Metasqhmatismìc

|w | = ρ ⇔ ww = ρ2

⇔ 1− ωa

1 + ωa
· 1− ωa

1 + ωa
= ρ2

⇔ ω2(1− ρ2)aa− ω(1 + ρ2)(a + a) + (1− ρ2) = 0

⇔ aa− 1 + ρ2

ω(1− ρ2)
(a + a) +

1

ω2
= 0

⇔ aa− 1 + ρ2

ω(1− ρ2)
(a + a) +

(
1 + ρ2

ω(1− ρ2)

)2

=

(
1 + ρ2

ω(1− ρ2)

)2

− 1

ω2
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O Metasqhmatismìc

⇔
∣∣∣∣a− 1 + ρ2

ω(1− ρ2)

∣∣∣∣2 =

(
2ρ

ω(1− ρ2)

)2

⇔
∣∣∣∣a− 1 + ρ2

ω(1− ρ2)

∣∣∣∣ =

(
2ρ

ω(1− ρ2)

)
⇔ |a− c | = R

ìpou
c :=

1 + ρ2

ω(1− ρ2)
kai R :=

2ρ

ω(1− ρ2)
.
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O Metasqhmatismìc

(c,0) K 

ρ

R

O

C

C

�

a

w

Sq ma: H amfimonos manth apeikìnish tou Cω ston C
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O perikleÐwn kÔkloc (p.k.)

Orismìc:
'Estw o A ∈ Rn,n eustaj c, σ(A) to f�sma twn idiotim¸n tou kai
H h kleist  j kh tou σ(A). K�je kÔkloc C pou ikanopoieÐ tic
parak�tw tèsseric idiìthtec ja kaleÐtai perikleÐwn (p.k.) thc
H.

1 To kèntro tou kÔklou K (c , 0) brÐsketai sto jetikì
hmi�xona.

2 O kÔkloc brÐsketai sto dexiì hmiepÐpedo tou migadikoÔ
epipèdou, dhl. R < c .

3 O kÔkloc perièqei sto eswterikì tou thn kleist  j kh tou
H.

4 O kÔkloc dièrqetai apì mia koruf  thc kleist c j khc tou
H.
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O perikleÐwn kÔkloc (p.k.)

R

(c,0) KP

P

P

1

2

3

O

Sq ma: 'Enac apì touc p.k. thc C
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O perikleÐwn kÔkloc (p.k.)

Je¸rhma
Gia èna kleistì kurtì polÔgwno H, pou eÐnai summetrikì wc proc
to jetikì pragmatikì hmi�xona, up�rqoun �peiroi p.k..

AfoÔ

min
ω>0

max
a∈H

∣∣∣∣1− ωa

1 + ωa

∣∣∣∣ = min
ω>0

max
a∈H

|w(a)| = min
ω>0

ρ = min
ω>0

ρ(w(C)) =

min
ω>0

max
a∈σ(A)

|w(ai )| = min
ω>0

max
a∈σ(A)

∣∣∣∣1− ωai

1 + ωai

∣∣∣∣ = min
ω>0

ρ(Fω)

Je¸rhma
To arqikì prìblhma eÐnai isodÔnamo tou minω>0 ρ(Fω).
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O bèltistoc p.k.

Apì to teleutaÐo Je¸rhma faÐnetai ìti to prìblhma
epilÔetai ìtan broÔme ekeÐnon to kÔklo pou perikleÐei to H
kai mac dÐnei to el�qisto ρ, dhl. to bèltisto p.k..
EkeÐno, loipìn, pou èqoume na k�noume eÐnai na broÔme ta R
kai c pou mac dÐnoun to el�qisto ρ kai to ω.
EÔkola, apì ta prohgoÔmena, prokÔptei ìti

ω =
1√

c2 − R2
, ρ =

R

c +
√

c2 − R2
=

R
c

1 +
√

1− (R
c )2

.
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kai mac dÐnei to el�qisto ρ, dhl. to bèltisto p.k..
EkeÐno, loipìn, pou èqoume na k�noume eÐnai na broÔme ta R
kai c pou mac dÐnoun to el�qisto ρ kai to ω.
EÔkola, apì ta prohgoÔmena, prokÔptei ìti

ω =
1√

c2 − R2
, ρ =

R

c +
√

c2 − R2
=

R
c

1 +
√

1− (R
c )2

.
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O bèltistoc p.k.

L mma:
H sun�rthsh

f (x) =
x

1 +
√

1− x2

eÐnai suneq¸c aÔxousa sto di�sthma [0, 1). EpÐshc, gia k�je
x ∈ [d , e] ⊂ [0, 1), h f (x) lamb�nei thn el�qisth tim  thc sto
aristerì �kro tou diast matoc x = d .

Je¸rhma
'Estw ènac pÐnakac A ∈ Rn,n jetik� eustaj c. H lÔsh tou
arqikoÔ probl matoc me touc mèqric ed¸ periorismoÔc eÐnai
isodÔnamh me th lÔsh tou probl matoc thc eÔreshc tou bèltistou
p.k. apì thn elaqistopoÐhsh tou lìgou R

c .
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Ta nèa dedomèna...

'Estw Pi (βi , γi ), i = 1, 2, . . . , k me
βi < βi+1, i = 1, 2, . . . , k − 1.

'Estw Pj to shmeÐo apì to opoÐo dièrqetai o bèltistoc p.k.
(K ,R) me K (c , 0) kai R = KPj , opìte mac endiafèrei h
elaqistopoÐhsh tou lìgou KPj

KO , tou �gnwstou shmeÐou K .

'Omwc o lìgoc twn apost�sewn enìc shmeÐou apì duo �lla
stajer� shmeÐa jumÐzei Apoll¸nio KÔklo(A.k.).
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O Apoll¸nioc kÔkloc

Je¸rhma
O Gewmetrikìc tìpoc twn shmeÐwn tou epipèdou M, pou oi
apost�seic touc apì duo gnwst� shmeÐa A,B autoÔ èqoun lìgo
λ = MB

MA , eÐnai kÔkloc me di�metro Γ∆, ìpou ta Γ kai ∆ eÐnai ta
suzug  armonik� twn A kai B.

∆

Μ''

Μ'

Μ

ΒΓA

Sq ma: O Apoll¸nioc kÔkloc
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Ti ja doÔme...

Ja exet�soume ìlec tic dunatèc peript¸seic pou mac dÐnoun
bèltisto p.k. kai ja deÐxoume ìti autìc mporeÐ na prokÔyei:

apì èna shmeÐo sto pr¸to tetarthmìrio (Ousiastik� to
f�sma ja eÐnai eujÔgrammo tm ma).
apì duo shmeÐa sto pr¸to tetarthmìrio (Ousiastik� to
f�sma ja eÐnai trapèzio).

EpÐshc
1 Apì trÐa   perissìtera shmeÐa sto pr¸to tetarthmìrio
anagìmaste se mia apì tic prohgoÔmenec katast�seic.

2 O bèltistoc p.k. eÐnai monadikìc.
3 Ja d¸soume ton algìrijmoc eÔreshc.
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k = 1

*K

�

�

�

�

Sq ma: Apoll¸nioi kÔkloi twn shmeÐwn P1 kai O gia di�forec timèc
tou λ < 1
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ProsdiorÐzontac to K (c , 0)

1*R

1
∆ Κ

Β

Α

Ο

P1

*

Sq ma: Prosdiorismìc tou K∗
1 (c∗1 , 0)

EÔkola me Analutik  GewmetrÐa brÐskoume

c∗1 =
β2

1 + γ2
1

β1
kai R∗

1 =
γ1

√
β2

1 + γ2
1

β1
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k = 2

21

21

KK BA

PP

O * *
2 2

Sq ma: Apoll¸nioi kÔkloi twn duo shmeÐwn P1 kai P2 gia di�forec
timèc tou λ < 1, a' perÐptwsh
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k = 2

≡≡ *
1,2K

2

2

221

1 1

1

KK
BB A

A

P

P

O * *

Sq ma: Apoll¸nioi kÔkloi twn duo shmeÐwn P1 kai P2 gia di�forec
timèc tou λ < 1, b' perÐptwsh
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k = 2

Qrhsimopoi¸ntac stoiqei¸dh Analutik  GewmetrÐa brÐskoume

c∗1,2 =
(β2

2 + γ2
2)− (β2

1 + γ2
1)

2(β2 − β1)
,

R∗
1,2 =

√
[(β2

2 + γ2
2)− (β2

1 + γ2
1)− 2β1β2]2 − 4γ2

1γ2
2

2(β2 − β1)
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k ≥ 3

T¸ra antÐ gia du�dec qrhsimopoioÔme k−�dec. H diadikasÐa eÐnai
ìpwc kai prohgoÔmena. To λ xekin� megal¸nontac apì to 0.
'Estw Pj h koruf  thc opoÐac o teleutaÐoc A.k. ef�ptetai sto
orizìntio hmi�xona sto Kj(cj , 0). 'Hdh ìloi oi prohgoÔmenoi A.k.
tèmnoun ton orizìntio hmi�xona sta shmeÐa Ai kai
Bi , i = 1, 2, . . . , k kai i 6= j . An ìla ta Ai kai Bi brÐskontai
ekatèrwjen tou Kj(cj , 0), tìte autì to shmeÐo eÐnai to zhtoÔmeno
(K ∗

j ). Epomènwc o bèltistoc kÔkloc proèrqetai apì èna shmeÐo.
An up�rqoun shmeÐa Ai kai Bi apì to Ðdio mèroc tou Kj(cj , 0),
tìte suneqÐzoume thn aÔxhsh tou λ mèqric ìtou to plèon
aristerì Bi èstw to Bi1 sumpèsei me to plèon dexiì Ai èstw to
Ai2 , tìte autì to shmeÐo eÐnai to zhtoÔmeno (K ∗

i1i2
). Epomènwc o

bèltistoc kÔkloc proèrqetai apì dÔo shmeÐa.
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Parathr seic...

Pìrisma:
O p.k. pou proèrqetai apì èna shmeÐo eÐnai bèltistoc kai to
shmeÐo pou ton dhmiourgeÐ eÐnai ekeÐno pou èqei th megalÔterh
polik  gwnÐa.
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H monadikìthta...
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111

Sq ma: H monadikìthta tou bèltistou p.k.
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O Algìrijmoc

B ma 1o 'Estw Pi ta shmeÐa twn koruf¸n tou H, me
βi , γi ∈ R, i = 1(1)k .

B ma 2o Brec thn koruf  me th megalÔterh polik  gwnÐa θ

max
i=1(1)k

tan θi = max
i=1(1)k

γi

βi

An up�rqoun duo tètoiec korufèc p gaine sto B ma 3,
alli¸c an o Ci , i ∈ {1, 2, . . . , k} perikleÐei thn H, tìte
autìc eÐnai o bèltistoc p.k., upolìgise ta ω kai ρ,
alli¸c p gaine sto epìmeno B ma.

B ma 3o Prosdiìrise touc
(k
2

)
kÔklouc, pou dièrqontai apì ta Pi kai

Pj kai èqoun to kèntro touc sto jetikì hmi�xona. Apìkleise
ìsouc den eÐnai p.k. (eÐte perikleÐoun thn arq  O eÐte den
perikleÐoun k�poia koruf ). Brec ekeÐnh pou èqei to
mikrìtero lìgo Ri,j

OKi,j
, upolìgise ta ω kai ρ.
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ParadeÐgmata... I

�
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 *

Sq ma: O bèltistoc p.k. ènoc shmeÐou
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ParadeÐgmata... II

O

4,5
*R
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Sq ma: O bèltistoc p.k. duo shmeÐwn
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ParadeÐgmata... III

O O

P P P P

K K1 1,2
* *

1 2
1

2

(β)(α)

Sq ma: O bèltistoc p.k. stic duo peript¸seic tou orjogwnÐou
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F Telik�, h EukleÐdeia GewmetrÐa eÐnai qr simh
kai sth sÔgqronh èreuna !!!

http://users.sch.gr/mtzoumas

http://inf-server.inf.uth.gr/ hadjidim/talk extra EME.pdf

http://inf-server.inf.uth.gr/ hadjidim/paper extra EME.pdf

http://www.math.uoc.gr/ pamfilos/eGallery/Gallery.html
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